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Abstract

This paper develops a limiting theory for Wald tests of weak exo-
geneity in error correction models(ECMs). It is well known that Wald
statistics on cointegrated system may involve nonstandard distribu-
tion and nuisance parameters, if (1) variables are not negligible in
the statistics. To overcome this problem we construct a new statistic
that takes only the I(0) components of a Wald statistic into account
and thus results in valid y? criteria. Applying this to test the weak
exogeneity in ECMs we get a simple and direct y? test.

Keyword : Error correction model, exogeneity, Wald test, VAR, Cointegra-
tion.
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1 Introduction

Vector error correction models(VECM) has now become standard tools to ex-
plore the relation among I(1) variables in econometrics. Research interest has
also been paid to partial system of VECM! that is conditioned on a subset of
the variables. The motivation for such a partial model rather than a full sys-
tem is manifold: One can decrease the dimension of the system analyzed, the
results are sometimes easier to interpret, there are explicit structures in the
partial system that helps to understand the data, and sometimes economists
are particularly interested the parameters of a partial model conditioned on
some other variables. In these cases one would like to model a partial system.

However, valid inference based on the partial system can only be conducted
when the conditioning variables are weakly exogenous? for the parameter
of the partial system. Standard procedure® to test the weak exogeneity of
the conditioning variables have to be based on the estimated cointegration
vectors. This implies that cointegration analysis of the whole system has
to be done before the weak exogeneity can be tested. Habro et al. (1998)
suggests to carry out the full system reduced rank regression first to get valid
estimate of the cointegration vectors, and then test the weak exogeneity.

In this paper we present two procedures to test the weak exogeneity in a
cointegrated system without estimating the cointegration vectors. In section
2 we review the weak exogeneity in VECM. In section 3 we develop the test
procedures. In section 4 we outline some potential applications.

2 Weak Exogeneity in VECM

2.1 Condition for Weak Exogeneity of 1,

We present a cointegration system(CIS) of y; with h cointegration relations
in a VECM.

Ay = JiIAy— 1 + JoAy—o + T 1 Ays—ig1 + Jilp—1 + (2.1)

where y; is a n x 1 vector of variable, J;(i =1, ..,k — 1) are n X n matrices of
parameter; J, = BA’, B and A are h x n vectors of parameters; u; is n x 1
vector of residuals with u; ~ N(0,%,).

!see Habro, Jahansen, Neilsen, and Rahbek (1998)
2For detailed discussion about exogeneity see Robert Engel and Richard (1983)
3see Johansen (1992)
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Following Habro et al. (1998) we partition y; into (yis, y2¢)’, where y1; and
yor are g X 1 and (n — g) x 1 vectors respectively, and g > h. Partitioning
the parameter matrices conformably we have:

Aylt Jia1 Jk—11 By / U1¢
= k Ay, q+... ’ JAV T Ay,
(Aygt ) ( i ) Y1+ +( A ) Yt k+1+( B, ) Yr—1+ us )

(2.2)
Ui¢ ! Wi Wi
here F = :
where ( Ugy ) ( Ut Ut ) ( ng ng )
We transforming (2.2) by premultiplying it with
B —1
(é Wl;WQQ ) (2.3)

We get:
Aylt = ‘]E)k,lAyQt + JilAyt—l + ‘l— JZ_171Ayt—k:+1 + BikAlyt_l —|— Uﬂl(t (24)
Ayy = J128yi—1 + oo + Jom1 208y 1 + By A'yp_q + uy (2.5)

Uiy . r_ (Wi 0
E<u2t)(ult U2t)—( 0 W22>'

Jog = W12W2_21

where

iy =Jia— W12W2_21Ji,2 fori=1,..k—1
B} = —WisWa,' By

To the question of weak exogeneity of yq; for the parameter in the partial
system (2.4) we have following theorem:

Proposition 2.1 (Weak exogeneity of yy, for the partial VECM) The
variable yo is weakly exogenous for the parameters in (2.4) if and only if
By = 0.
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Proof: See Johansen (1992) O

Comments: B, = 0 implies that the cointegrated variables A’y;_; do not
appear in the regression equation of (2.5), i.e. we do not need to consider the
marginal process (2.5) to estimate the cointegration relations in (2.4). This
is essentially the meaning of weak exogeneity.

Testing weak exogeneity of y9; results in testing Hy : Bo = 0 in the regression
equation (2.5). Standard procedure is to estimate first the cointegration
matrix A by applying reduced rank regression in (2.1), then carry out a
F —test in (2.5) using A'y,_; as regressors. The drawback of this procedure
is that one has to carry out the reduced rank regression of (2.1) to get the
test statistic.

2.2 Implication of Weak Exogeneity of 15; in the VECM

Comparing (2.1) with (2.2) we have

(T e\ _( BA _( BiA B
P\ Jin )T\ B ) T\ BA] ByA, )
where A; and A, are h X h and (n — h) X h matrices; B; and B, are g X h

and (n — g) x h matrices respectively. By = 0 implies Jo. = (Ja1, Ja2) = 0.
And J5. = 0 implies By = 0. Hence we can test By = 0 by testing J,. = 0.

On the other hand if A} is invertible, we have By = ngAl_ll, then Jy; = 0
implies By = 0. In this case we can test By = 0 by testing Jo; = 0. In
following we present two procedure to test the hypothesis Hy : Jo. = 0 and
Hy : J51 = 0 respectively.

3 Test of Weak exogeneity

3.1 Test of J5; =0 in case of invertable A;

The technique used here is basically adopted from Toda and Phillips (1993),
where they look at the Wald statistic for the null hypothesis on the parameter
of the VAR in level. Following Toda and Phillips (1993) it not difficult to
conclude that the Wald statistic for testing Hy : Jo; = 0 is x*((n — g)h)
distributed. Following are the technical details:
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Ay,
Lot @ = (Jy, o, .. J), a1 = :

’

Ay
Yi—1
AY" = (Ayy, Ays, ...Ayr), X' = (21,29, ...x7), and U’' = (uq, ug,...ur) we

can write the VECM (2.1):

Ayt = @f]ft + Ut (36)

The OLS of (3.6) is:

d=AY'X(X'X)™! (3.7)

The hypothesis Jo; = 0 can be formulated as
Hy: S1@S =0or (5] ®85)vec(®) =0

with S; = ( Og;("fg) > is anx(n—g) matrix, S = (e, ®53), ¢}, = (0, ...,0, 1)

n—g

is a k x 1 vector with only last element equals one, S5 is a n x h matrix
I . .
Sy = (;l ).4 vec(P) stack rows of matrix ¢ into a column vector. We have

vec(Jor) = (81 @ S"vee(®). ST ®S"is an (n — g)h X nnk matrix, i.e. we are
testing (n — g)h restrictions on the parameter matrix &.

I_
0 Rl :|®[naek®A7ek®AJ_>a
1x(k—1)

where A} is a n X (n — h) matrix with full column rank and A’A; = 0. Let
2z = H'z; and Z/ = H' X'. We write now z

Define a invertible nkxnk matrix H = < [

Ayt—1

At = AYt—pt1
A,yt—l
Alyt—l

Let zy; denote the I(0) part of z; and z9; detnote the I(1) part. Then
210 = (AY,_1, -+ s Ay—gr1, (A'ye—1)") and z9p = A’ y;—1. We have the follow-
ing asymptotic behaviors of zy; and 29, see Lemma 2 in Toda and Phillips

48, and S pick out the rows and columns of the parameters in ® that is to be tested
under Hy.
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(1993)
L I
P
? Z th2’1t B E1 (38>
t=1
| I
L
ﬁ Z thU; — No (3.9)
t=1
1 & !
7D N / BydB), (3.10)
t=1 0
1 & !
? Z thzit L / B2tdB£t -+ 221 + A21 (311)
t=1 0
1 & !
oy Z ZQtZ;t i> / BgtBétdt (312)
t=1 0
T -1 1
1 1 ’ L / /
T (T S z%ut) L, / BsdB), ( / B%B%dt) (3.13)
t=1 t=1

where 31,%9;, Ag; are matrices of constants; Ny is a (n(k — 1) + h) X n
normally distributed random matrix; B;,. = 1,2,3 are Brownian motions,
see Toda and Phillips (1993)°.

We have the Wald statistic for the hypothesis:

Fl = [((Sg ® §yvec(®))' (8] @ 8) (S @ (X'X) (S @ 9)] (8] @ S)vec(d)

= tr [(SgéS)(S’(X’X)—IS)—l(s’é’sl)(s;iusl)—l} : (3.14)

where f]u is the consistent LS estimator of the covariance matrix of the
residuals. Using (3.7) under H, we have

SIS = SIU'X(X'X)LS

Inserting this into (3.14) we get:

Fl=tr ng’X(X’X)—15(5’(X'X)—15)—15’(X’X)—1X’U51(Sgiusl)-l]
(3.15)

>The last equation is not listed in the Lemma 2 of Toda and Phillips (1993). It can be
easily conducted from the third and the fifth equations above.
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Replacing X’ = H~"Z' into (3.15) we get

Fl=tr [SgU’Z(Z’Z)—lﬂ'S(S’H(Z’Z)—1H’S)—1S/H(Z/Z)—1Z’U51(Sgiusl)—l}
(3.16)

For any full rank A x h matrix Ky we have:

Fl=tr [SQU’Z(Z'Z)*lH’SKT(K’TS’H(Z'Z)*H’SKT)*1K’TS’H(Z’Z)*1Z’U51(Sgiusl)*l}
(3.17)

Choose the scaling matrix Y:

T, — VTLyg—1ysn 0O
0 TI, 4

Inserting the scaling matrix into (3.17) we get:

Fl = tr(SYU'ZY (Y Z2' 20 ' Y H SKp (KR S"HY 2N (Y 2/ 20 ) T Y HY S Kop)
Ky S HY 7N Y Z' 20 7 Z2'U S, (S 5,51) 7Y (3.18)

Proposition 3.1

T2 215 ( o fBong >

—1rp1 L No
()
where X1 is a m X m constant matriz, m = n(k — 1) + h.
Proof: These results follow directly from the lemma 2 of Toda and Phillips
(1993).
Notice that

S/H = (e;s’@( ]h 0 )hxn) (( ]ko_l ) ®In7€k®Aaek®AL>
kx(k—1)

O (Ih 0),10A,1® AL,
(Onx(n(k—1))s An, A1n)
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where Aj, and A}, are the first h rows of A and A, respectively.

Choosing K7 = (vV/T1;) we have:

KpS'HY R — (0, A, 0) = (45,0),
where A} denotes the h x (n(k — 1) 4+ h) matrix (0, A).

Taking limit and inserting the results above into (3.18) we get:

L > 0\ /A
FI -2 (8], (Né(/BQdB[’))’)< N fBQBg) ( 0 ) (3.19)
0 - v
o 0 fme | (5
1

)N 0 N N, A
(A;,0)| 0 [ BB, [ BodBy | S1(S12,S1)7)

=t (SINGET AL (ARST AT T AT NoSy (51 2,81) )
= tr(vec(ALSTINGSY) ((A;STAY) @ (S18,51))  tvec(A; BTN S ))

We have

vec(A; ST NGSY) = AT @ Slvec(Ny) ~ N(0, AL AY @ §1%,5))
The Wald statistic in (3.19) has asymptotically a x?((n — g)h) distribution.

Theorem 3.2 If Rank(A;) = h then the Wald statistic in (3.14) has asymp-
totically a x*((n — g)h) distribution.

Comments: Rank(A;) = h means that the first h elements in y; should be
sufficiently cointegrated such that the h x h matrix A; has full rank. Then
the Wald test statistic will have a x*((n — ¢)h) distribution. Similar result is
obtained in Toda and Phillips (1993) for testing Granger causality in VAR in
level of a cointegrated system. If the first h elements of y; are insufficiently
cointegrated such that A; is not invertable, we may not be able to apply this
theorem to test the weak exogeneity of yo;. We turn to these cases in the
next section.
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3.2 Testing Jo. =0

Basic problem in testing J,. = 0 is that the corresponding Wald statistic has
nonstandard distribution and depends on nuisance parameters in general (See
Toda and Phillips (1991) for detailed discussion.), therefore it is difficulty to
conduct a reliable statistic to test J;. = 0. Our situation seems not so
hopeless, because we doe not actually wand to test Jo. = 0 but to test the
weak exogeneity of yo;.

Under the assumption that the cointegration system has h cointegrating re-
lations and yo is weakly exogenous, we have: Jo. = By A’ and rank(A) = h
i.e. there exits a h x h sub matrix in A’ with rank h, hence there exits a
corresponding (n — ¢g) X h sub matrix in J,. whose Wald statistic will have a
standard x?*((n — g)h) distribution, as show in the last subsection. We could
test the weak exogeneity of o, by looking at the Wald statistics of certain
(n — g) x h sub matrix of Js., if we would know that the corresponding sub
matrix of A would have rank h. This provides us a hint that actually we do
not need to look at every component of Js., it is sufficient to look at those
components of J,. that corresponds to I(0) combinations of ;. In other
words, we need only to look at the Wald statistic of J. in its (0) directions
but not the I(1) direction that would have resulted in nonstandard distribu-
tion. In following we construct a statistic that modifies the Wald statistic of
Jo. by looking only at its 7(0) directions.

To prepare the main presentation we provide two lemmas first.

Lemma 3.3 Let >, be a h x h full rank positive definite matriz and A be a
n x h matriz with rank(A) = h(n > h). Let ¥, = AX, A’, P, is the matriz
of eigenvector of ¥, and Ay, is the diagonal matriz of non-zero eigenvalues

of Xy. It holds then:
AP0
-1
)3 :A’Py< 8 0>P;A.

Proof: Using the definition of eigenvector and eigenvalue we have:

P3P, = P AS,A'P, = A,

AP0 L ) ANV ON (IO
(0 O)PyAZxAPy boo)=l0 o)

Now we define Py, = B, ( A8 ’ > . Then
nxh

P I, 0
yh !/ * — h
(O>HXHAZ,EA (75, 0) (O O>
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Note that P;,;A is a h x h matrix with rank h. Thus we can inverse it and
get

Therefore
A_;
-1 _ * k' A 2 -1
2= A’PyhPyhA_A’Py< 8) h<Ah2 O)WP;A
nx

AL O
—an (% %) ma

|

Lemma 3.4 Let fly £, ¥, and P is the matriz of eigenvector of f]y and Ay,

1s the matriz of h largest eigenvalues of f]y, then Py N P, and Ay £, Ay,

Proof:

Because eigenvalues is continuous function of the corresponding matrix, we
have:

s Ly p p

>y Py A
0

For the further calculation we introduce the following notations. We denote

a random sequence {X;}i~o = 0,(1T7%) if plimTXfTa = 0. And we denote
T—o0

{X:}=0 = O,(T ™) if there exists a random variable X such that 2L NS¢

For two random sequences O,(1) and o0,(1) we have:
0p(1)Op(1) = 0,(1).
Especially, for a > 0, we have
T7*0,(1) = 0,(1).

Proof:

Suppose that X; = o0,(1) and Y¥; = O,(1). Following Slucky Theorem
Y. X, L ¥ %0 =0 it follows then Y, X, Z.— 0 Hence we have

Op(1)op(1) = 0,(1)
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O
Example 1:

From proposition 3.1 we have:
I~ , »
T Z 21127 — 21.
t=1
We can rewrite this equation as follows:

T

1

f ZZMZit — 21 = Op(l).
t=1

Example 2

/ T T -1

1 T 1 ! 1 !

75 D iy 21y T Dim1 21621 s D im1 A1t2y
1L N~T / 1N 1 T !

T thl ZotUy P D=1 P21t T2 D i1 ZotZ

!/

-1
_ \/%7 i Aty ( Y1+ 0,(1) 0:1;(1) )
% Z;‘le 294Uy op(1) %2 thl 2ot Zh,

DY EETA ( (= +0,(1) op(1) )

% Zle Zosly op(1) (% Zle 20129) "+ 0p(1)
= (((HFZL 2wy +0,1), (3 XL zaw) (5 Ty ah) !+ 0,(1) )
= (((HFZL 2= +0,(1), 0,(1) +0,(1) )

The second quality follows from the Lemma 2 of Toda and Phillips (1993).
The third equality follows from the fact:

(Do gl (S | el) )_1)_1:I+0p(1).

T T
op(1) % Zt:l 22124 op(1) (% Zt:l 221254

The last equality follows from the Lemma 2 of Toda and Phillips (1993).
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For the LS estimation of the VECM we have:

A

d—d
= UX(X'X)™"!

= U(ZH YHYZzH )™
= U'Z(ZZ)'H

= UZY (Y220 ' H

1
! T T -1 In(i—
1 ZT ’ 1 roo A ! 7 An(k—1)+h
— ( VT Lat=1~1tU ) ( T Dt 1670 3 D1 A1ty 0

1T / A NT 1T /
T thl Zot Uy T3 D im1 2R T2 D i1 ZotZ

0

1 T 1 %In(k_l)+h 10
- ( \/_Tthl Up 21207 +Op(1)v Op(l) + Op(l) ) 0 \{_TA/
0 :TAIL

),

3~

T
1 (1 S _1>
= [_ = Ugz1,20 +0p(
ﬁ \/thl n(k—1)

1 1 < PR / 1 / /
+ﬁ <ﬁtzlutzltzl >hA "‘Op(ﬁ)“‘O( A +Op(T)Ai]

Here <\/LT ST utzit2f1>

(n(k—1)) and last h columns of the matrix (\/LT ZtT:l utzjth) respectively.

T —

For testing weak exogeneity we are only interested in Ji — Ji i.c. the last n
columns of & —®. When only look at the last n columns of the last equation
we have:

T
n 1 1 1
_ = | — | — - A/ T—1/2 A/ A/
Ji — J \/T(\/_ El U2y, 2 )h + 0,( )+O( ) —i-Op(T) fl
It follows:

VT (Jy—Jy) =

. 71 / 1 , 1 ,
( ;utzlt >hA —l-Op(l)—l—Op(ﬁ)AJ_ +Op<ﬁ>AJ‘]
(3.21)
Then,

S -1 !
<_T Zutzltzl )h + 0,(1), Op(_T) + Op(ﬁ)]
(3.22)

3 o

Nl
s

S

e~
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Now we look only at some h columns of VT (J, — J;,) denoted by
VT (Jes — Jin). Analog to (3.21) we have

T
7 1 !/ v— ! 1 / 1 !
VT (Jin—Tin) = Kﬁ 2w ) A+ 05(1) + Op( ) e + 00l ) Al
h
(3.23)

where A, and A, denote the h selected rows of the A and A, matrix
respectively. Because A has rank h there exists at least one sub matrix Ay,
that is invertible. From now on we denote A, such invertible sub matrix
and Jjj, the corresponding h columns of J;. According to this definition we
have:

V(U= Ju) A5 = [(% 2 2) +0,(1)+ Oyl 7=2) +0,( =)
t=1 h
(3.24)

For simplicity of presentation but without loss of generality we consider test-
ing the weak exogeneity of the last variable Y,;. In this case i.e. n —g = 1.
We have following hypothesis:

Hy: Jypn» =0 Hy : Jypp # 0

where Jj, 5+ denote a 1 x h submatrix of of the last row of J;. The problem
of carrying out the test is that we do not know A henceforth we do not know
where is the Jj 5+ that corresponds to a invertible A, consequently we can
not calculate the Wald statistic, even we know the this Wald statistic would
have x?(h) distribution. We solve this problem by calculating a statistic that
is asymptotically equivalent to the Wald statistic of j;mh For this reason
we look at the Wald statistic of jkmh* — Jinn+. Under Hy we have:
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Wald(j — Jk nh*)
= Wald(J, )
Wald(\/_ (Jimns))

= VT (Jen)Var ™ (VT (Jimne )VT (Ji )’
- \/_(Jknh*)Ah*Var_l(T_l/QZutzlt o) A VT (i)
+\/T(Jknh*)0p(1)\/_(Jknh*)
= (T2 w1 + 0p(1) (Var (T2 w7 ) )
T_I/QZutzlt D + 0,(1)) + 0,(1)

= (T71/2 Z w227 nn (VC” ((Tﬁlﬂ Z Utzitzfl)nh> ) (T Z U2y S

Here (T7Y/2> " w2t 371 )un denotes the last row of (T2 w24, 37 ).

-1

Let 3. Jun be a consistent estimator of VT times the covariance matrix of

the LS estimator of the last row of J: Var(\/T(jkvn — Ji.n)) and pJ,m be
the matrix of the eigenvectors such that

-, ~ ~ -
PJk’nZ']k,nPJk,n - A

We choose the h in absolute value greatest eigenvalues of A and denote it as

Ah. Let
% D A_ 0
PJk,TL — P‘]k:,n ( 8 0) .

According to (3.21) we have:

SIS

Var(VT(Jom—Jin)) = A Var ((—ZWH 1) >A’+0p(1) (3.26)
\/_ nh

Using Lemma 3.3 nd Lemma 3.4 we have:

- A0 ; . 1 « .
APy ( h )Pj, A=Var! ((—Zutz;t&l) ) + 0,(1)
. 0 0 k, VT = .
(3.27)

6 A ready candidate of the con51stent estimator is T, (X' X);,}, where (X'X); ! denoted
the low right n x n block of (X'X)~! and &, is a consistent estimator of the variance of
the residual in the last equation of the VECM.

(3.25)

Jnh + 0p(1)
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Now we look at following statistic:
VT (i = Jun) B, P NT(Jen = Jin)

A~ A A _1 A
= VT(Jin— Jin) Py, ( Ay 0 ) Py NT(Jin = Jen)

1
(T2 w2, 5 on (VCW ((Tfm >, Utzitzfl)nh» (T2 ez, T+ 0p(1)

Comparing the equation above with (3.25) we get:

Wald(Jng. = Jni) = VT (i = Jea) P Pr NT (i — Jin) = 0 (3.28)

This implies that although we can not calculate the Wald statistic for jk’nh*
we are able to calculate its asymptotical equivalent statistic:

\/T(J;m — Jk:n>ij,nsz;,n \/T(J;m — Ji.n). Using this statistic we can test the
weak exogenity of y,;. We summarize this result in following theorem.

Theorem 3.5 For the Hy : Jy - = 0, the Wald statistic s asymptotically
equivalent to the statistic \/T(Jkn — Jkn) P, nPj; n\/T(Jkn — Jin); and they
have asymptotically x*(h) distribution.

For general case of testing the weak exogeneity of the (n — g) x 1 variable yy,
we have the hypothesis:

HQIJQh*:O Hlijgh*%o
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where Jy,+ is a (n— g) X h submatrix of J5. Let 3, be a consistent estimator
of \/T times the covariance matrix of the LS estimator of Jo: Var(v/TJ,).
Let Pj, be the matrix of the eigenvectors such that

PSP = A,

We choose the h(n—g) in absolute value greatest eigenvalues of A and denote

A1
A2 0) .
h(g 9) o) Similar to the case of testing

weak exogeneity of one variable we have following theorem:

it as Ay(n — g). Let Pt’,; = P,

Theorem 3.6 For the Hy : Jop» = 0, the Wald statistic is asymptotically
equivalent to the statisticy/Tvec(Jo — Jo) P Pyv/Tvec(Jy — Jy), and they
have asymptotically x*(h(n — g)) distribution.

4 Concluding Remarks

In this paper we present two alternative procedures to test the weak exo-
geneity in cointegrated system. This procedure can be applied to test the
weak exogeneity before the cointegration analysis and thus make it possible
to reduce the dimension of the problem in cointegration analysis. Further
studies is planed to explore the performance of this test procedures and to
study its relevance for empirical research.
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