Parallel proofs of Arrow’s and the Gibbard-Satterthwaite theorem
Antonio Quesada'
Departament d’ Economia, Universitat Rovirai Virgili, Avinguda de la Universitat 1, 43204Reus, Spain

2nd April 2005
80.19

Abstract

Arrow’s and the Gibbard-Satterthwaite theorems are proved using a common proof strategy based on a
dictatorship result for choice functions. One of the instrumental results obtained shows the inconsistency
between the basic assumption in ead of these theorems and a mild majority principle.
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1. Introduction

It is known that Arrow’s (1963, p. 97 theorem and the Gibbard (1973) - Satterthwaite
(1979 theorem, two of the fundamental results in econamic theory, are dosely related
results. Reny (2001), for instance, provides a single proof of both theorems, whereas
Barbera (2001) presents aresult of which the two theorems are special cases.

This note provides additional conrections between the two theorems. A first conredion
concerns the theorems themselves, since both are proved following a @mmon proof
that relies on a dictatoria result for chaice functions. A seand conredion refers to the
condtions pealliar to each theorem, independence of irrelevant aternatives (11A) in
Arrow’s theorem and stratregy-proofnessin the Gibbard-Satterthwaite theorem. On the
one hand, it is dwown that both 11A and SP are inconsistent with a mild majority
principle; and, on the other, that the same asmption can lead from IIA to the
dictatorship result in Arrow’s theorem and also from stratregy-proofness to the
dictatorship result in the Gibbard-Satterthwaite theorem. These cnrections are briefly
discussd in Sedion 5.

2. Notation and definitions

LetN={1, 2, ..., n} be anon-empty finite set whose members designate individuals, A
a finite set with m > 1 elements representing aternatives, L the set of rankings
(complete, transitive and antisymmetric binary relations) that can be defined on A and
Ln the set of profiles (P4, ... , Pn), where, for al i O N, P; O L. Rankings on A are
identified with sequences (x1, ... , Xm) such that A = {xy, ... , Xy}, the interpretation
being that x; is grictly preferred to xs if, and orly if, r <s.For PO LM & 0 A"and J O
N, & and P; denote the ith comporent of & and P, respedively, whereas P; abbreviates
(Ppjos- For JO N andi O N, —J abbreviates N\J and —i abbreviates N\{i}.

Expresson  means

Kr for 1 < k< m, the kth aternative x intherankingr = (xq, ... ,Xm) O L
p(x, r) the position o x J Aiinranking r O L (the number k such that kr = x)
ris therestriction o r = (Xq, ... ,X,) OLto B[O A, that is, the ranking s = (y1,
.., Yp) such that b =[BCand, for al y O B, p(y, s) < p(y, r)
Xry p(x, r) <p(y, r): x O Aisabove (or comesbefore) y 0 A{x} inr OL

XP3y for JONandP OL", abbreviation d “xPyy, for al j 0 J”



rxy the ranking s 0 L obtained from r [0 L by exchanging x 0 A and y O
A x}: p(x, s) =p(y, r) and,for al zO A{x, vy}, p(z, s) =p(z r)
rix the ranking s 0 L obtained from r O L by ranking x the first: 1s = x and,
foral y OA{x} andz O A{X, vy}, p(y,s) <p(z, ) = p(y,r) <p(zr)
(3, y9) the member & of A" with, fordl j 0 J, § =xand,foral jON\J, &=y
(3, ) the member & of A with, for dl j O J, § =xand,for al j ON\J, & = (;
PyTX for non-empty J O N and P O L", abbreviation d (P;');n;
xcoversyinr p(x,r)+1=p(y,r), wherex 0OA, yOAYx} andr OL

Definition 2.1. A socia welfare function (SWF) is a mapping f : Lh - L. A socia
choicefunction (SCF) isamappingg: L" - A. A chaicefunction (CF) isamapping h:
AN A

Definition 2.2. A set J O N withr = 1 membersis dedsiveif it isdedsivefor al x 0 A
andit isdedsivefor x: (i) inaSWFfif, for al P O L"andy O A{ X}, xf(P)y when xP,y;
(i) inaSCF gif, for al P O LN, g(P) =xwhen, for al i OJ,1P; = x; and (iii) in a choice
functionhif, for all &_; O A, h(x?, &_;) = x.

Definition 2.3. Social welfare function f [socia choicefunction g, chaice function h] is
dictatoria if, for somei O N, {i} isdedasiveinf[g, h].

Definition 2.4. A social welfare function f satisfies: (i) PAR (the Pareto principle) if,
for al x 0 A, Nisdecisivefor x; and (ii) IlA (independence of irrelevant aternatives) if,
foral POL", QOLMN xOAandy O A{X}, (P1ilkxy}, -+ » Plxyy) = (Qilxyss -
QnD{x,y}) imp”es’f(P)D{x,y} = f(Q)D{x,y}-

Definition 2.5. A socia choicefunctiongis: (i) onto if, for every x (0 A, thereis P [ L0
such that g(P) = x; and (ii) strategy-proof (SP if, for al i O N, (P;, P5) O Lhand Q; O
L, itisnat the case that g(Q;, P—)Pig(P;, P).

3. A dictatorial result for choice functions

A CFh: A" . Aisinterpreted asavoting rule: for £ 0 Anandi [0 N, &; isthe dternative
for which individual i votes and h(§) isthe dternative the dhoice function chocses. This
sedion pesents a result for CFs on which the ommon proof of Arrow’s theorem and
the Gibbard-Satterthwaite theorem in Sedion 4 hnges.



Al.Foral E0ANh(E) O{&y, ..., &).
A2.Foral & COANIfh(&) =xand {i ON: & =x} O{i ON: ¢ =x} then h({) = x.
A2* Foral & OAN if h(§) =xthen {i O N: & = X} isdedsivefor x.

By A1, if h(§) = x then thereisi [0 N such that & = x, so h(§) is chosen from the set of
alternatives sme voter votes for. A2 can be viewed as an independence cndtion: if h
choaoses x then, as long as the set of individuals voting for x is not reduced, x is dill the
aternative h selects. A2 also admits a nonmanipulability interpretation: when h
choaoses x, the members nat voting for x cannat force h to choose another candidate by
voting otherwise. Observe that A2 is equivalent to A2* above, which asserts that if J [
N can enforce dternative x once then J is decisive for x (this property is related to
Denicol0's (1998 relational independent decisivenesscondtion).

Lemma3.l. Leen=>22<m @#J0ON,xOA yOA{Xx} andh: A" . Asatisfy Al and
A2.1f h(x3, yJ) = x then Jisdecisive.

Proof. Assume h(x?, yJ) = x. By A2, Jisdecisive for x. Consider next z 0 A\{x, y}. By
Al, h(Z, x7) O {x, Z. If h(z, yJ) =y then, by A2, h(xJ, yJ) = y: contradiction. Thus,
h(z, yJ) = zand, by A2, Jisdedsive for z. Consider findly y. By A1, h(yJ, xJ) O {x,
y}. Choose z O A%, y}. If h(yl, x7J) = x then, by A2, h(Z, xJ) = x, contradicting the
fad that Jisdecisivefor z. Hence, by A1, h(x, yJ) = xand,by A2, Jisdedsivefor y.m

Proposition 3.2.1f n>2<mthenevery h: An -, Asatisfying Al and A2 isdictatorial.

Proof. Being N finite and, by A1, decisive, it suffices to show that J 00 N dedsive
implies{i} 00 Jdedsiveor J{i} decisive. Let J [0 N bededsive, i [1J, K=J{i}, xOA,
y OA{x} andz O A{x, y}. By A1, h(xi, yK, z9) O {x,y, z}. If it iszthen, by A2, h(y’,
z) = z, contradicting dedsivenessof J. If it isx, by A2, h(xi, y-) = x so {i} is dedsive
by Lemma3.1.Andif it isy then,by A2 andLemma 3.1,K isdedsive.s

4. Parallel prodfs of Arr ow’stheorem and the Gibbard-Satterthwaite theorem

For SWFf:Ln - L, definef* : A" . . Ato be the mapping such that f*(xy, ... ,Xp) :=
{xOA: x=4(P), for someP O LMwith (1P, ... ,1Py) =(Xq, ... ,Xn)}. For SCFg:Ln -
A let g* : An _ . A be the mapping such that g* (X, ... , Xn) :={x 0O A: x = g(P), for
some P O L" with 1Py, ... ,1Py) = (X1, ... , %)} If F: A" . Alis uch that, for all



& 0 A", F(&) has one dement then F isidentified with the function G : A" . A such that,

foral & O A, G(E) = x, where{x} = {F()}.

The strategy to prove both Arrow’s theorem and the Gibbard-Satterthwaite theorem is
summarized below (the “[T" implicaions are not proved as they are eay to prove). On
the one hand, it is hown that, when n> 2 <m, if a SWF f satisfies PAR and I 1A then f*
isa chaicefunctionthat satisfies A1 and A2. By Propasition 3.2,f* is dictatorial. Since
f* dictatorial makes f dictatorial, it then foll ows Arrow’ s theorem. On the other hand, it
is srown that, when n > 2 <m, if a SCF g is onto and strategy-proaf then g* is a doice
function that satisfies A1 and A2. By Propcsition 3.2, g* is dictatoria. Since g*
dictatorial makes g dictatorial, it then foll ows the Gibbard-Satterthwaite theorem.

Arrow' s theorem

Gibbard-Sdterthwaite theorem

Withn=2<mandf:L". L

f satisfies PAR and [1A
U U
H(Pq, ... ,Pp) O{1Py, ... , 1Py}

Py, ... ,Py) =ximpliesthat
{i ON: 1P; = x} isdedsivefor xinf

U U

f* such that f*(xq, ... ,Xn) = {xOA:
x = (P), for some P [ L" such that

(*P1, ... ,IPr) = (Xq, ..., Xn)}
is sngle-valued and dctatorial

U U

f dictatorial

Withn=2<mandg:L"- A

g isonto and strategy-proof
O O
g(Pl, ,Pn) EI {1P1, ,1Pn}

g(P1, ... ,Py) =ximpliesthat
{i ON: 1P, =x} isdedsivefor xing

U U

g* such that g* (X, ... , %) :={xOA:
x=g(P), for some P [0 L" such that

(1P11 LR | 1Pn) = (X].! 1Xn)}
is sngle-valued and dctatorial

U U

g dictatorial

In this resped, the Gibbard-Satterthwaite theorem could be viewed as an ursuccessul
attempt to escgpe from Propasition 3.2by transforming the domain of the CF from An




to L", whereas Arrow’s theorem could be viewed as an ursuccesdul attempt to escape
from Propasition 3.2by simultaneously transforming the domain of the CF from A" to
Lnandits codamain from Ato L".

Lemma ARL statesthat if x isat the top d the socia ranking f(P) and 1A hdds then: (i)
X remains a the top when an individual changes his preference ©ncerning two
aternatives that he ranks both above x or baoth below x; and (ii) if some individual
exchanges in hisranking the position o x with a contiguous aternative y then the social
topisxory. Lemma GS1 states the same for a strategy-proof SCF g.

LemmaARLl Letn=2<m,f:Ln . L satisfy IIA and,for agiven P O LN, 1f(P) = x.

If Q; OLissuchthat {y OA: xQy} ={yOA: xP,y} then 1f(Q;, P5) = x. Q)
If x coversyinP; and Q; := P then {(Q;, P-j) O {x, y}. 2

Proof. (1) Since if(P) = x and, for al y O A{x}, Pilyxyt = Qilyxy, by lIA, x is above
every y O A{x} inf(Q;, P5), so H(Q;, P5) = x. (2) As1f(P) = x and, for all v O A{X, y},
Pilkxw = Qilkx\y. by A, v canna be ébove xin f(Q;, P). Thus, 1f(Q;, P5) O {x, y}.=

LemmaGSl. Letn=>2<m,g:L" - AbeSPand,foragiven P OL" g(P) = x.

If Q OLissuchthat {y O A: xQyy} ={y O A: xP;y} then g(Q;, P_j) = x. ©)]
If x coversyin P; and Q; := P then g(Q;, P-) O {x, y}. 4)

Proof. (3) Suppee 9(Q;, P) =y # x. If xQyy then, as g(P;, P_j) =X, gisnat SP. If yQ;x
then, asyPix, g isnat SP. (4) Suppee 9(Q;, P5) =z 0 A X, y}. If zQ;y then gisnaot SP
becaise g(Q;, P-)Pig(Pi, P5). If xQjzthen gisnot SPbecause g(P;, P)Qio(Q;, P_j).m

Whereas Lemmas AR1 and GS1 are purely instrumental results, Lemmas AR2 and GS2
are arguably the most significant results in the paper; seeSection 4.By Lemma AR2, if
x is a the socia top in f(P), IIA hads and the set of individuals ranking somey # x at
the top is non-empty then, for at least one of thosey, X remains at the social top when'y
israised to the topin all the rankings in which x was not at the top. Lemma GS2 (whose
proof mimics exadly the proof of Lemma AR2) expresss the same result for a
strategy-proof SCF g.

LemmaAR2. If n=2<mandf:L" . L satisfieslIA then, for all P O Ln, if f(P) = x
andK :={i ON: 1P; £ x} # O then, for somev O {1Pq, ... ,1P}\{x}, H(Pk'Y, P—«) = .



Proof. Thereis nathing to proveif, for al i 0K andj OK\{i}, 1P; = 1P, solety and z be
two members of {1P;}io\{x}. With | := {i O N: 1P; =27, chocsej O K\l with 1P; = y.
By a smple induwction argument it is enough to show that 1f(P), Pj'z, P_qgy)) = X or
H(PY, Py, Pogy) = %
» Case 1. zPjx. By (1), (P, P2, P_(|D{j})) =X
* Case2: xPjz. Let J:={i O . xPjy}.
e Case2a J=0.By (1), (P, P, P_(||:|{j})) =X
» Case 2b: J # 0. With Q; defined from P; by putting z just below x,
1(Qy, Pj) = xby (). Let R = Q2. By (2), (R, P5) O{x, 2.
e Case 2bl 1f(Rj, P_j) =x. By (1), (P, R'% P_(||:|{j})) =X. Since
Pj1z= Rz H(Py, P2 Pogy) =X
* Case 2b2 (R, Pj) = z Fori 0 J, let Q; := P. By (1), (Q;,
R, P_aogiy) = z By (2), (Qu Q;, P—uogjyy) O {x, 7. If it is z by (1), H#(P,, Q;, P-
@0{j})) = Z which contradicts 1f(Qj, P_) =x. Thus, itisx. By (1), 1f(Q;, P, P_aogjp)) = X
Also by (1), #(QyY, Pna'Y, Pj, P_qogjy) = X AsPy'y = QyY, H(P,1Y, Py, Pogjy)) = X.m

Lemma GS2.Ifn=22<mandg:L" . AisSPthen,foral POL" if g(P) =xandK :=
{i ON: 1P; #x} # O then, for somev O {1Py, ... , TP }\{x}, g(P«'V, P—) = x.

Proof. In the proof of Lemma AR2, replace “1f”, “(1)” and “(2)" by, respedively, “g",
“(3"and“(4)".m

Lemma ARS3 assrts that the top in the social ranking is one of the tops in the
individuals' rankings. This result requires 1A to be complemented by some assumption

of the Paretian type, such as (5). The interpretation d Lemma GS3 is analogous.

Lemma AR3.Ifn=2<mandf:L" - L satisfieslIA and (5) below then, for al P O
Ln, f(P) O {1Py, ... ,1Pp}.

Foral PO LM andx O A, if 1Py = ... = 1P, = x then 1(P) = x. )

Proof. Suppase nat: for some P O Ln, 1f(P) = x O X := {1P, ... , 1P,}. By successve
application d LemmaAR2, for somey O X\{ x}, f(Py'Y) = X, which contradicts (5).m

Lemma GS3.Ifn>2<mandg:L" . AisSPandsatisfies (6) below then, for al P O
L, g(P) O {1Py, ... , 1P}



Foral POLnandx O A, if 1P = ... = 1P, = x then g(P) = x. (6)

Proof. In the proof of Lemma AR3, replace “if”, “(5)” and “AR2” by, respedively, “g",
“(6)" and“GS2” .=

By LemmaAR4, a SWF satisfying I1A and (5) is monaonic: if x is at the social top and
raised in some individual ranking, x remains at the social top. Observe that this result
requires at least three dternatives. The interpretation d Lemma G4 is anaogous.

LemmaAR4. Letn=2<m,f:L" . Asdtisfy lIA and, for given P O L, 1f(P) = x. If
(5) hdds andy covers x in P; then (P, P_j) = x.

Proof. By Remark AR6, PAR hadlds. By (2), 1f(P, P_) O {x, y}. Suppceit isy. With
zOA{X vy}, 1:={j ONYi}: xPy} and J :={j O N\{i}: yPjx}, let R O L" differ from
(P, P5) only in that xRzZRyy, XxRzRy and yRxR;z. By PAR and xRz, (R) # z. As
If(Py, PL) =y, by lIA, H(R) = y. Let SO Ln differ from P only in that zSySx, zSxSy
and yS;zSx. As 1(P) = x, by 1A, (S O {x, zZ}. AszS, by PAR, (S # x. Thus, (9
=zandlIA fails: yf(R)z, Z(S)y bu, for al j ON, RCy» = Sy .=

Lemma GS4. Letn=22<m,g:L" - AbeSPand, forgiven P OL" g(P) =x Ify
coversx in P; then g(P, P5) = x.

Proof. With Q; := P, assume g(Q;, P_j) =z A{x}. If zP;x then g(Q;, P_)Pia(P;, P_),
so gisnat SP. If xP;jz then xQ;z that is, g(P;, P-)Qig(Q;, P5) andgisnot SPm

By Lemma ARS5: (i) (1Pq, ... , IPy) = (1Qq, ... , 1Qy) implies f(P) = 1f(Q) and,
therefore, f* isa CF; and (ii) 1(P) = x makes {i O N: 1P; = x} dedsivefor xin f*. Thus,
a SWF satisfying 1A and (5), and hence PAR, induces a CF satisfying A2. Lemma GS5
isan analogous result for SP EFs stisfying (6) (see Remark GS6).

Lemma ARS. Letn>2<mandf: L" - L satisfy IIA and (5). Then, for al P O L",
1f(P) = ximpliesthat {i O N: 1P; = x} isdedsivefor xinf.

Proof. Let 1f(P) =xand | :={i O N: 1P; = x}. By asimple induction argument it suffices
to choose j O N and show that f(Q;, P5) = x, with Q; obtained from P; by exchanging
two contiguous alternativesv and zsuch that x 0 {v, z} if j O I. Soletj O N and vP;z

» Case1: xO{v, Z. By (1), (P) = x yields 1f(Q;, P) = x.

e Case2: z=x. LemmaARA4.



* Case 3: v = x. By (2) and 1(P) = x, (Q;, P5) O {x, Z. With 1P, = y 0 A\{x,

z}, it rests to derive a ontradiction from f(Q;, P) = z By Lemma AR3, K := {i O N:
IPy=2 #0. Let J:={i OK: xPyy}. For k0 J, let Qx := Pv.

« Case 3a J# 0. By (1), 1(Q;, P5) = zimplies 1f(Q;, Qs P—yngj)) = Z
By (2), 1f(Pj, Qs P—uogipy) U {x, 7. If z by (1), 1f(Pj, P1, P_ungj))) = z contradicting
If(P) = x. Sinceit isx, for k 0 J, define R := Qz and, for k [0 K\J, define Ry := Pz By
(1) and %(P;, Qs, P_gjy) = % H(Pj, Re, Pogjy)) = x. Thisand (2) yield H(Q;, Rq, P-
«ogjyy) O {x Z. Itisnot z by Lemma AR3. Hencg, it is x. By (1), 1#(Q;, Qs Py, P-
(KD{j})) =X. By LemmaAR4, 1f(Qj, P, Pxus P—(KIZI{j})) =X, contradicting 1f(Qj, P_j) =z

e Case3b: J=0. By LemmaAR4, (1) and 1f(P) = x, 1(Qx, P«) = x. By
(1), H(Qy, P) = zimplies 1(Q;, Qk, Pnyjy)) = z which isan instance of case 3a.m

Lemma GS5.Letn=2<mandg: L" - A be SPand satisfy (6). Then, for all P O LN,
g(P) = ximpliesthat {i O N: 1P, = x} isdedsivefor xin g.

Proof. In the proof of Lemma AR5, replace “if”, “(1)”, “(2)", “AR3”" and “AR4” by,
respediively, “g”, “(3)", “(4)", “GS3" and “GS4".m

Remark ARG6. If f: LN - L satisfies Il A then f satisfies PAR if, and orly if, (5) hads.

Remark GS6. By Lemma G4, if g : Lh - Ais SP then g is onto if, and only if, (6)
holds.

Arrow’stheorem: If n> 2 < mthen every social welfare functionf : L" - L satisfying
PAR and I1A isdictatorial.

Proof. By Remark AR6, PAR implies (5). By Lemma AR5, f* is a function satisfying
A2.By Lemma ARS3, f* satisfies A1. By Propasition 3.2,some {i} isdedsivein f*. By
LemmaARS, {i} dedsiveinf.m

The Gibbard-Satterthwaite theorem: If n > 2 < mthen every onto and strategy-proof
socia choicefunctiong: L" - Aisdictatorial.

Proof. In the proof of Arrow’s theorem, replace “AR6”, “PAR”, “(5)", “AR5”, “f” and
“AR3” by’ r@edivdy’ 1] G%”’ “Omorms” 1] (6)”’ 1] GSS”, 1] g” and 1] GSg” ..



5. Comments

It is worth recapitulating the cnnedions and similitudes between Arrow’s and the
Gibbard-Satterthwaite theorem that emerge from the results in Sedion 4.

To begin with, bah theorems can be reduced to a common impossbili ty result for CFs:
Propasition 3.2.0n the one hand, this suggests that bath theorems could be viewed as
unsuccesdul attempts to escape from that imposgbili ty result. On the other, it indicates
that it isasif a SWF sastisfying the cndtions in Arrow’s theorem generated the social
top, and the way a SCF sastisfying the cndtions in the Gibbard-Satterthwaite theorem
seleded the socia choice by resorting to an extremely simple rule: a CF (which in
addition heppensto be dictatorial).

In ead theorem, the two assumptions are necessary for the CF reduction to be possble.
In fad, 1A would be objectionable if a SWF satisfying IIA made f* a function, as this
would mean that the social top is determined dsregarding how individuals rank below
the top. The same objection could be alduced against strategy-proofnessif a SP CF
made g* a function. The following examples prove that, for n > 2 < m, nane of these
objedions can be raised: the inversely dictatoria SWF (thereisi [0 N such that, for all
P O Ln, {(P) = mP;) satisfies 1A but f* is nat a function; and the SCF g such that, for
somex O A, somei ONandal POL" g(P) =1 if 1P, # x and g(P) = 2P; if 1P; = X, is
SPbut g* isnot afunction.

This notwithstanding, (essentially) the same asumption ((5) for SWFs and (6) for
SCFs) added to 1A and SP yields Arrow’s and the Gibbard-Satterthwaite theorem,
respedively. The weaknessof that assumption suggests that 11A and SP put SWFs and
SCFs too close to dctatorship (Wilson's (1972 theorem is aready evidence of this
observation for SWFs, seeSaari (1998 for an ill uminating analysis of 11A).

But perhaps the most interesting conrection between I1A and SP that the proofs in
Sedion 4reved comes from Lemmas AR2 and GS2. Actually, these results sustain the
following common criticism to IIA and SP. for n = 3 < m, bah IIA and SP are
inconsistent with the mild majority principle MP according to which, if a strict majority
of individuals (but not al of them) rank some dternative x at the top, then x must be &
the top d the social ranking for SWFs and must be the social choice for SCFs. To see
this, let x, y and z be different alternatives and {l, J, K} apartition d N such that | and J
have: (i) n/3 membersif nisamultiple of 3; (i) (n+ 1)/3 membersif n+ 1isamultiple
of 3; and (ii) (n + 2)/3 — 1membersif n + 2 is a multiple of 3. Consider P [0 L" such

-10-



that, for al i O1,1P; =x; foral i 0J,1P;=y; andfor al i 0K, 1P, = z Asame llA. If
f(P)=w O {x, Y, z}, by LemmaAR2,there aev O {x,y, z,t O{x Yy, Z2\{Vv} andi ON
such that 1P; = t and 1f(P;, P_;'V) = w, which contradicts MP. If, onthe other hand, 1f(P)
O {x, y, Z} then, assuming withou loss of generality that 1f(P) = x, by Lemma AR2,
1f(Py, P, Pk'Y) = x, contradicting MP. The same result applies to SP $Fs by invoking
Lemma GS2 instead of Lemma AR2.
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