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This paper addresses the issue of measuring
welfare losses due to imposition of a production
quota. The topic of welfare measurement is im-
portant in agriculture because production quotas
are a ubiquitous component of agricultural pol-
icy. While it is probably true that in the arena
of policy decisions, the somewhat subtle dis-
tinctions of alternative measures of loss will
usually be swamped by errors in measuring them;
nonetheless it is important that economists, at
least, be clear about which concepts are being
measured and why. Our objective is to briefly
elaborate two alternative general equilibrium
concepts (Diewert) of the welfare loss due to the
imposition of a production quota, and to illus-
trate their use by considering costs of the U.S.
tobacco program. In addition to the two con-
cepts elaborated here, other alternatives might
be considered, and there is good reason to eval-
uate them for an open economy, rather than the
closed economy model used here. Space con-
siderations dictate that these alternatives be con-
sidered in another paper.

Measures of Deadweight Loss

Since early in the last century, economists have
wrestled with the problem of conceptualizing and
measuring the cost to the economy of various
inefficiencies. The sources of inefficiencies vary,
but Debreu’s classification distinguishes under-
employment (for example, unemployed work-
ers, idle machinery or land), technical ineffi-
ciency in production, and imperfection of
economic organization (producing or consum-
ing units face prices that differ because of taxes,
quotas, subsidies or other institutional restric-
tions.) Under any of these circumstances, a fea-
sible reallocation of resources can make some
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households better off without making others
worse off. At issue is an appropriate measure of
this foregone opportunity, known variously as
“waste,” “deadweight loss,” “excess burden,”
“surplus,” and other less familiar terms. In this
study we use the term deadweight loss, or sim-
ply “loss.”

Dupuit, Marshall, Hicks, and others devel-
oped and extended the notion of consumers’
surplus (and the related idea of producers’ sur-
plus), which is a useful building block in eval-
uating loss. However, such partial equilibrium
concepts are conceptually inadequate because
they do not address the gains or losses imposed
on the remainder of the economy when reallo-
cations are made to particular consumers or in
the markets for particular commodities. Thus the
conceptual framework must be based on some
type of general equilibrium analysis. This ap-
proach to measuring loss has it roots in the work
of Pareto, with more recent contributions by Al-
lais and Debreu, whose work Diewert refers to
as “quantity-oriented” (measuring loss in units
of goods), and by Boiteux, who extended
Hicks’ “price oriented” variations (which mea-
sure loss in terms of currency) to a general equi-
librium framework. While these general equi-
librium approaches (including those of Diewert,
and Kay and Keen who reconciled and extended
the earlier efforts) focused on taxation as the
cause of loss, they can be modified to consider
the case of a public good as a cause (as in Tsu-
neki), or the case of production quotas as is con-
sidered in this paper.

Allais and Debreu measure loss (A-D loss
hereafter) as the amount of a particular good
(Allais) or a particular bundle of goods (the ini-
tial resource bundle, for Debreu) that could be
extracted from the economy and discarded,
without making any household worse off. For a
given state of the economy, the maximum amount
of such a surplus is an intuitive measure of the
loss inherent in that state compared to an effi-
cient reallocation. The Allais-Debreu approach
involves comparison of an existing equilibrium
(presumably distorted) with a hypothetical ref-
erence equilibrium in which all households are
at the same utility level as at the distorted equi-
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librium, but some physical good or goods have
been extracted. The reference equilibrium is hy-
pothetical in that the analysis does not presup-
pose that such a reallocation would actually oc-
cur, even though an omniscient government might
affect such a reallocation and redistribute the
distributable surplus in some way that is urel-
evant to the measure itself.

Itis useful here to refer to the geometric inter-
pretation in figure 1 for the case of a two-good
economy, a numéraire good x and a good ¢ for
which a production quota constrains output to
qo- The right-hand panel shows the production
possibilities curve and a constant-utility-alloca-
tion curve (U) indicating the minimum combi-
nations of goods that can be distributed to keep
all consumers at the levels of utility they enjoy
at the initial distorted equilibrium indicated by
point A. An Allais measure of loss is the quan-
tity of good x indicated by the length of hne
segment AC-AP, where AC indicates consump-
tion at the Allais-Debreu reference equilibrium
and AP indicates production at the reference
equilibrium. It can also be shown that this quan-
tity of v is equal to the triangle abc in the left-
hand panel, where D" is a Hicksian-like utility-
allocation-constant  compensated  aggregate
demand curve for good ¢, and S 1s the marginal
rate of transformation (“supply”™) curve. This
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social surplus triangle differs from comparable
Marshallian surplus triangles in that the supply
curve is a general equilibrium supply curve (no
other prices are held constant; in the two good
case there are no other prices), and in that the
compensated demand curve holds all house-
holds at their initial utility levels.

We restrict our attention in this study to the
losses from quotas that are optimally distributed
among firms, as would be presumed to occur in
the case of freely tradeable quotas. If quotas are
arbitrarily distributed among firms (as is the case
for tobacco), the distorted equilibrium (point A
in figure 1) will lie inside the production pos-
sibilities frontier, and losses would be incurred
beyond those conceptualized in this paper (see
Alston and Sumner for further consideration of
this point.)

While Hicks developed the concept of com-
pensating variation (as well as other relevant
measures) to measure the value to a particular
consumer of moving from one bundle of goods
to another, it was Boiteux who extended this no-
tion to a general equilibrium concept of loss.
The Hicks-Boiteux measure of loss (H-B loss,
hereafter) is the amount of income equivalent to
the gains consumers would realize by reallocat-
mg from an existing equilibrium in an optimal
way so as to maximize a welfare function that
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Figure 1. A-D and H-B measures of loss due to a quota
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consists of a weighted sum of households™ util-
ity functions. The similarity of the H-B loss to
the notion of compensating variation is evident
from figure 1. Here the initial equilibrium is again
point A, but the reference equilibrium is point
H where the production possibilities curve is
tangent to the curve U’. In direct analogy to the
concept of compensating variation, the H-B loss
is the length of line segment H'-H, the amount
of the numéraire good equivalent (at reference
equilibrium price p"?) to the welfare gain in
moving from point H' to pont H. It may be
shown that this amount is equal to the sum of
the areas of triangles abc and cde in the left-
hand panel of figure 1.

We introduced and geometrically interpreted
A-D and H-B losses from the imposition of a
guota, and from this we observed the similarity
of the A-D loss to the familiar notion of welfare
triangles and we observed the similarity of H-B
loss to the familiar notion of compensating vari-
ation. The H-B loss concept utilizes a reference
equilibrium which could (not necessarily would)
actually be realized if the quota constraint were
relaxed, whereas the A-D reference equilibrium
is more hypothetical. However, evaluation of the
H-B loss requires knowledge of both the “iso-
hedonous” utility-allocation-constant curve and
the weights for households (if more than one)
necessary to redistribute goods in the optimum
welfare-increasing way. The A-D measure has
the advantage of requiring “only” the former.
We proceed now to sketch out the general equi-
librium model that permits us to evaluate these
measures of loss, both in general and in the case
of a one-person, two-good economy as depicted
in figure 1.

Derivation of General Equilibrium
Measures of Deadweight Loss

The description of the economy used here is
similar to that of Kay and Keen, but also bor-
rows heavily from Diewert (1981). There are H
households in the economy, each characterized
by an expenditure function e,(p°, u,) = x, +
P‘qn where x, is consumption of the numéraire
good, g is a vector of other goods, p is a vec-
tor of consumer prices and u, is utility level.
Define the aggregate expenditure function as
E(p®, u) = e, (p°, u,), where u is an index of
the utility allocation u,. This aggregate expen-
diture function defines the minimum total ex-
penditure required to keep each household at u,,
given consumer prices p°. Then E(p°, u) = x +
pPq(p‘, u), where x is the aggregate level of the
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numéraire good, and q(p‘, u) is aggregate de-
mand for other goods.

There are F price-taking firms in the econ-
omy, with the profit function of each charac-
terized as m,(p*) = v, + p'q' + pq,, where v is
the netput of numéraire good (positive if
numéraire good is produced, negative if used),
g is the vector of other netputs, p° is the virtual
price vector and p = p° — p’ is the price wedge
between consumer and virtual prices. The vir-
tual price in the output case is that market price
which would call forth production level q;, in
the tnput case it is that market price which would
call forth input use of g;. In our case, the price
wedge is caused by binding quotas imposed on
the use or production of some of the commod-
ities (virtual prices are equal to market prices for
those commodities with no quota intervention.)
Total firm profits in the economy are 7(p°) = v
+ p'q + pq. consisting of numéraire netput plus
“normal” profits at the virtual price p° plus rents
Pq.

Individual consumers’ expenditures in the
economy are constrained by the amount of the
initial endowment of numéraire good plus prof-
its from firms. Since this economy 1s closed and
has no government sector, aggregate consumer
expenditure is constrained to cqual aggregate
endowment plus aggregate profits. (The utility
distribution 1, will reflect the effects of the dis-
tribution of endowments on the expenditure
function.) Thus the first general equilibrium
equation can be expressed as

(1)

where E. represents the derivative of £ with re-
spect to its vector of price arguments. and so
on.

To characterize the possibility of extracting
surplus goods from the economy, the vector
specifying the content of the basket of goods
(numéraire and others) to be extracted is de-
fined as («,, @). The number of baskets is », so
the vector tepresenting the total quantities of
goods extracted is (a,, a)r. Given this, the
equations insuring a quantity equilibrium for each
commodity are

2

X+pE. =x,+t7m=x,+v+(p +pw

x+ ar=x,+y, and

E. + ar = .

The final equilibrium equation specifies the price
wedges previously defined:

3 p=ptp
Differentiation of these equations (invoking the
homogeneity conditions p°’E . = p'w. = 0 where
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appropriate) yields the following set of ditfer-
ential equations describing adjustments in the
general equilibrium:

(4) dx + E.dp® + pPEdu = dy + w.dp’
tpr..dp’ 1 w.dp
de + a,dr = dy
E..dp° + adr = ww..dp
dp* =dp t dp

The two measures of deadweight loss can be ap-
proximated from equations (4) as described next.

The Allais-Debreu Measure of Loss

Although the Hicks-Borteux compensating vari-
ation is a more familiar deadweight loss mea-
sure, we first examine the Allais-Debreu loss
because it is simpler. Recall that this measure
of loss 1s the maximum amount of a good. or a
basket ot goods. that can be extracted from the
economy by a reallocation that keeps all con-
sumers at their initial utibity levels. Thus for this
case, du = 0, i e. there 15 to be no change in
the utility allocation. The system of differential
cquations (4) can be solved for endogenous
variables as a tfunction of dp, obtaining for ex-
ample, the equilibrium change in Jp* as

o

(5) dp' =|-(E..—m) 'm. +t[(qQ - q

tp'm WE. -7 .) 'a) (K
) lalpfw. +(q - qf
tp'm WE.. —m.) "w |ldp

where superscript {7 represents transpose  (For
extraction of the numéraire good alone. a0 = 0,,
and the second expression in brackets can be
shown to disappear.) The solution to the system
of equations also provides an estimate of the slope
dr/dp. but as Diewert poimts out, this s the gra-
dient of r with respect to p at the distorted equi-
librium point (point A n figure 1), whercas at
the reference equilibrium point (point AC) the
slope dr/dp must be zero A Harberger-type ap-
proximation to the loss (exact if 15 a quadratic
function of p) 15

(6) L= —1/2|—dp'm dp' + dp 'E. .dp']

which evaluates dr/dp as the average of values
at pomnt A and pomnt AC.

In the cmpirical example to be considered,
there 1s but one consumer and two commodities
(tobacco and a numéraire good) For such a case,
scaling of the utility function 1s arbutrary and may
be specified such that £, = 1 (see Diewert). and
linear homogeneity of the expenditure function
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in prices then implies that p'E., = E, = 1. We
consider here only the extraction basket (1, 0),
1.e., the loss will be calculated in terms of the
amount of the numéraire good that can be ex-
tracted. In this simpler case, the values of dp'
and dq, for example. are

—-..
17) dp' = —dp

E..— .

J m. . E.. d
g = ———
1 .. — . p

In the approximation to the loss, the wedge be-
tween virtual prices and consumer prices is
clirninated, so the equations are evaluated at dp
= -~ p. The evaluation of the Allais-Debreu loss
using equation (6) for this special case is
straightforward.

The Hicks-Boiteux Compensating Variation

Relaxation of quotas, in the absence of other re-
strictions permits a Pareto superior reallocation
of resources such as depicted at H in figure 1
No commodities are extracted, so r = 0 (and du
# () for this case. The solution to the system
of differential equations (4) may now be eval-
uated. for example for dp', as
i8) dp'=¢ E.. ~w.) YE..p'mw..[/
+(E.. —m.) 'w..] — ém..}.
where ¢ = [E, + pw. (E.. — w..) 'E.]

For the Robinson Crusoe two-good economy,
the solutions for dp' and dq collapse to

T,
m.. t akille
( P
19) ap' = ——- dp
pr..
(E - 7T) + -
P
—-E. ...
dg = ———————dp
p..
(E - 7T) + '——:—
P
Again, for loss approximation, these equations
are cvaluated at dp == —p and the approximation

specified in equation (6) is used.
Application to Deadweight Loss from U.S.
Tobacco Quotas

Tobacco production n the U.S. has been sub-
Jected to production limitations since the 1930s,
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first in the form of acreage limits, then in the
form of production quotas (the latter beginning
in 1965 for flue-cured tobacco and 1971 for bur-
ley tobacco.) We evaluate here the alternative
deadweight loss measures due to this quota. As
we point out above, these loss models are for a
closed economy. Since the United States is an
open economy, with about 40% of the U.S. to-
bacco crop exported, (Alston and Sumner, in fact,
argue quite persuasively that tobacco quotas are
set close to the level implied by an optimal ex-
port tax) this application is more an illustration
of the use of the loss measures than an evalu-
ation of U.S. tobacco policy.

We must make additional heroic assumptions,
as well. First, we consider the U.S. public to
be a single consumer. For the single consumer
we can characterize the expenditure function di-
rectly, whereas for many consumers the model
calls for a utility-allocation constant (“iso-he-
donic” in Allais’ terms) aggregate expenditure
function. We are also able to evaluate E, = 1
by a scaling argument for the utility function,
whereas for the many-consumer economy a more
complex and arbitrary welfare function would
be required to evaluate any of the Pareto-better
utility allocations that would be feasible once
the constant-utility-allocation assumption is re-
laxed. We further assume there are just two
commodities, tobacco and a composite numéraire
good. This creates a problem in that we have
empirical data (prices, quantities, and elastici-
ties) on the raw tobacco market on the one hand
and on domestic demand for cigarettes on the
other hand. Neither set of numbers conforms
conceptually to the requirements of our two-good
Robinson Crusoe model, in which tobacco must
be a consumer good that is produced using the
composite good which is also a consumer good.
The assumptions made to resolve these empiri-
cal discrepancies are specified below.

We base our empirical estimates on data for

Table 1.
Tobacco Quotas
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the 32 year period (1950—-82) examined by Ful-
giniti and Perrin, during which the average level
of tobacco production was 1.8 billion lIbs. The
average farm price of tobacco, in 1982 dollars,
was $1.80/1b and the average virtual price was
$1.33/1b, which implies an average price wedge
of $0.47/Ib. (Alston and Sumner evaluate the
two prices for 1987 as $1.50 and 1.25, which
is not inconsistent with the above numbers be-
cause both the price and the wedge gradually
fell between 1950 and 1990 due to increased
foreign competition.) Fulginiti and Perrin esti-
mate the supply elasticity at about 7.0 (com-
pared to Alston and Sumner’s 5 to 10 range),
which for the average price and quantity implies
.. = 16.76. Although the demand elasticity for
raw U.S. tobacco is probably in the vicinity of
—1 to —3, much of this elasticity is due to the
availability of both foreign tobacco and other in-
puts as substitutes for raw U.S. tobacco in the
production of cigarettes and other consumables.
For this study, we use Alston and Sumner’s es-
timate of domestic demand for cigarettes of —0.3
as the (Marshallian) demand elasticity for our
two-good model. The Hicksian price elasticity
required would be only slightly smaller than this,
due to the small share of incomes spent on cig-
arettes. Given the average price ($1.80) and
quantity (1.8 billion 1bs) above, this implies E..
= —0.30. (Note our assumption here that the
entire tobacco crop is consumed domestically.)

Given these parameter estimates, compari-
sons may be drawn between the two measures
of deadweight loss (see table 1.) The Allais-De-
breu loss, 0.0758 units of the numéraire good,
is graphically represented in figure 1 as the length
of line AC-AP in the right panel or as the area
abc in the left panel. The “Allais-Debreu™ ref-
erence price of tobacco is p*” = $1.338, with
¢** = 1.939. The Hicks-Boiteux loss is 0.0776
units of the numéraire good, equal to the length
of line H'H in the right panel or area abde =

Comparisons of Allais-Debreu and Hicks-Boiteux Measures of Loss Due to

Variable Allais-Debreu loss Hicks-Boiteux loss

dp' — (supply price) E.. E..

r PPy P ——(p) = 0 0083 (p =0011
(E. — 7)) (E. —m. )+ pm. [Df

dp* — (demand price) . -7 + pm "

i P — (p) = —0 4617 pm_/p (p) = —0.4589
(E.—m.) (E ~-7m )+pm [pf

dg — (tobacco qty)

Loss

7w dp' = 0.1385
[m..(dp’)’ — E. (dp'))]/2 = 0.03255

7. dp® = 0 1863
{7..(dp'Y — E..(dp'})]/2 = 0.03262
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abc + cde in the left pancl. The Hicks-Boiteux
reference price and quantity are p’* = 1.341,
and ¢"® = 1.986. The sizes of these measures
of waste relative to the transfer achieved by the
quotas (pq” = (.846 units of x), demonstrate that
welfare triangles are small (the Allais-Debreu
triangle abc is 3.85% of the total transfer), and
that differences among triangles are even smaller
(the Hicks-Boiteux triangles are 0.2% larger than
the Allais-Debreu triangle.)
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