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Abstract

Allocaion rules map preference profiles into al ocations, whereas trading rules map preference profiles
and all ocdions into alocaions. It is siown that no alocation rule can derive from atrading rule based on
voluntary trade and satisfying a weg efficiency condition. If the trading rule dlows compulsory trade
then the only allocation rules that can derive from a trading rule satisfying certain additional mild
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between centralized and decentralized all ocation mechanisms.
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1. Introduction

Arguably, the analysis of alocaion problems constitutes the task that has contributed
most to shape eonamic theory. Solutions to allocaion problems range between two
extreme solutions, the private and the pulic one. The private solution (the “market
solution™) relies on mechanisms of decentralized all ocaion: agents are given property
rights over the objeds to be dlocated and vduntary trade generates the final all ocation.
The pubic solution (the “State solution”) relies on mechanisms of centralized
alocaion: there is no interaction among individuals determining the final al ocaion bu
instead some olledive aithority has the power to chocse axd implement the fina
alocdion.

This nate is concerned with the extent to which a centrali zed al ocaion mecdanism can
replicate the outcome of a decentralized allocaion medhanism. Since adecentralized
medanism is typically more complex than a centralized ore, the possbility that the
latter could be aperfed substitute for the former is at least worth considering from a
metae®namic point of view: in principle, if two medianisms leal to the same resuilt,
the simpler one shoud be preferable. In this resped, it is oddthat textbooks resort to a
centralized alocaion mechanism (the Walrasian auctioneer) to justify the outcomes
(prices and quantities) generated by the reference decentralized all ocation medhanism
(the perfedly competiti ve market).

The model in which the mnnedion between centralized and decentralized al ocation
medianismsis explored is taken from Shapley and Scarf (1974, pp. 2425). Their model
represents the esential elements to analyze exchange and all ocation: agents, indivisible
objeds and the agents’ preferences over the objects. Several recent contributions to the
analysis of the dlocaion d indivisible objeds rely on this model; see Svensson (1994,
1999, Pgpai (2000, 2001, 2003and Ehlers, Klaus and Pgpai (20(2).

At a onceptua level, it is presumed that the existence of property rights over the
objeds to be dlocaed is the basic divide between centralized and decentralized
medianisms. In view of this, alocation rules are asumed to represent centralized
allocaion medianisms, as such rules map profiles of the agents preferences over the
objeds into all ocations, withou taking explicitly into accourt the existence of property
rights over the obeds. On the other hand, trading rules are suppcsed to represent
decentralized alocaion medanisms, because atrading rule maps preference profil es
and all ocations (all ocation that could be interpreted as expressng property rights) into
alocdaions. In this framework, the question d whether a centralized medanism can



mimic adecentralized ore becomes, roughly spe&king, the question d whether (and, if
so, uncer which condtions) an allocaionrule can simulate atrading rule.

The note presents two results, Propasitions 3.2 and 4.4.The first one expresss the
impossbility of having an allocaion rule derive or simulate atrading rule in which
trade is voluntary. Allowing compulsory exchange in atrading rule leads to the second
result, that shows that the only allocation rules that can derive from a trading rule
(satisfying certain additional mild condtions) are those having a hierarchy of dictators,
that is, thereis afixed ordering of the set of agents such that an agent choaoses the most
preferred olged nat already chosen by the previous agents in the ordering. The fina
sedion d the note suggests an interpretation d the two results.

2. Framewor k

Let N={1, ... , n} be anon-empty finite set whase n > 2 elements represent agents and
A a nonempty finite set, with also n elements, representing objeds, tasks or anything
that could be assgned to the agents. An allocaionisabijediona : NO - Athat assgns
adifferent objed to each agent. Denate by A* the set of al all ocations and, for i [J N, let
a; stand for a(i). A preference on A is identified with a sequence (xg, ... , Xn) of
members of A such that {x;, ... , Xo} = A, the interpretation being that xs is grictly
preferred to x; if, and orly if, s<t. The fad that x is grictly preferred to y in preference
pisexpresed asx py. For preferencep = (xi, ... ,X,) andk O {1, ..., n}, define"p = Xk
to be the kth most preferred oljed according to p. Dencte by L the set of all preferences
on A and by L" the set of all preference profiles. Fori ON, QO Land P OL", (Q;, P)
designates the preference profile Rsuch that R = Q; and, for j O N\{i}, R = P,.

Definition 2.1. An alocaionruleisamapping f: L" 0O - A*,

An alocdion rule determines, from the agents preferences on A represented by a
preference profile, how the n ojedsin A are dl ocated among the n agents. The objed i
O N receves under adlocaionrule f and preference profile P O L" is denoted by fi(P).

Definition 2.2. Allocaion rule f has a hierarchy of dictators if there is abijedion t: N
0 - Nsuch that, for al P OL": (i) fyyy(P) = 1Pn(l); and (ii) foral i O {2, ..., n}, fr)(P)
= "Pn(i), where k is the smallest r O {1, ... , n} such that ’Pn(i) O A{fyp(P), ... ,
fri-1)(P)}, so that fr)(P) is the first member in the preference Py belonging to the set
A{fy(P), ... . fri-1(P)}.




An dlocaionrule has a hierarchy of dictators if there exists afixed ranking (iy, iz, i3, ...
, in) Of the n agents such that, for every preference profile P: the objed x; the first agent
i1 in the ranking recaves is his most preferred oljed 1Pi1; the second agent i, receves
the most preferred olject x, onthe set of remaining objects A\{x;} according to P;,; i3
receves his most preferred olject on A\{ x;, X2} according to P;,; and so on.

Definition 2.3. A trading rule is a mapping F : L" x A* 0 _. A*. Denoting by Fi(P, a)
theobjea i O Nisassgnedin alocaion F(P, a), abilateral trading rule is atrading rule
F:L"xA* 0. A* suchthat, for al (P, a) OL" x A* andi O N, if Fi(P, a) # a; then
thereisj O N\{i} suchthat Fi(P, o) = a; and Fj(P, a) = a;.

A trading rule represents a mecdhanism that, given the agents' preferences P and some
initial allocaion a of the objects anong the agents, determines a new allocaion F(P,
a). The interpretation is that agents own the rrespondng object in the initia
alocaion and that the final allocation is obtained through some exchange process A
bilateral trading rule makes this process more spedfic by forcing trade to be based on
bil ateral exchange: if some agent i recaves a new object from ancother agent j then i and
| are permuting their objects. For a bilateral trading rule F, the dlocaion F(P, a) does
not aways represent the fina allocaion reached when agents trade with preference
profile P and initial allocaion a, as it may be that further exchange takes placewith
preference profile P and initial allocaion F(P, a). In fact, F(P, a), F(P, F(P, a)), F(P,
F(P, F(P, a))), ... would represent the trading sequence induced by F starting from (P,
a). It is therefore mnvenient to aswociate with a bilateral trading rule F ancther
summarizing trading rule that associates with each (P, a) the first allocation 3 in the
above sequence d which trade stops, namely, F(P, B) = .

Definition 2.4. For bilateral trading rule F, all P O L" and a O A*, define FY(P, a) :=
F(P, a) and, for t = 2, F'(P, a) := F(P, F"}(P, a)). The summarizing trading rule
asciated with abil ateral trading rule F : L" x A* 0 . A* isthetradingrule F: L" x A*
0 - A* such that F(P, a) := B if, and orly if, there eistst = 1 such that F((P, a) =
F*YP, a) =B and,whent>2,foral r 0{1, 2, ... ,t — 1}, F'(P, a) Z F"*}(P, a).

The mapping F is atrading rule summarizing the bilateral trading rule F, so that F(P,
a) isthe dlocaion F(P, o) such that t is the smallest r with F(P, F'(P, a)) = F'(P, a).
The dlocaion F(P, a) is obtained from the first trading rule F' in the sequence (F*(P,
a), F(P, a), F¥(P, a), ... ) having afixed pdnt.
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3. First result

Trading rules are dhosen to represent decentralized alocaion medanisms, since the
initial alocdaion can be interpreted as the spedfication d the agents property rights
over the ojeds. On the other hand, as property rights play no dred role in alocaion
rules, they will be dhasen as representations of centralized all ocation medianisms. As a
way to relate medhanisms of centralized al ocaion with medanisms of decentrali zed
alocdion, the am of this note is to state a ©rrespondence result between bil ateral
trading rules and allocation rules. Spedfically, the motivating questions are two: (i)
when can an allocation rule accurately replicate the outcome of a trading rule?; and (ii)
which types of all ocation rules are successul in this replication?

In relation to the first question, the problem is to make predse in which sense an
alocaion rule can be seen as reproducing the outcome of a trading rule. The difficulty
lies in the faa that an all ocation rule asciates a unique dlocaion with a preference
profile, whereas a trading rule could asociate, depending on the initial allocaion,
several alocaions with a preference profil e.

Definition 3.1. Allocation rule f derives from a bil ateral trading rule F if, for all P O L",
i ONandQ O L, f(Qi, P-) = F((Q:, P-), f(P)).

Definition 3.1suggests a possble way of inferring that an all ocation rule is mimicking
how a certain bil ateral trading rule operates. The presumption is that the dlocaion rule
implicitly assgns property rights to the agents. This presumption is justified by
interpreting the dlocation rule in a dynamic context. By way of ill ustration, consider
profile P, alocation rule f and the crrespondng allocation f(P). Suppcse that some
agent i changes his preference from P; to Q. This leads to a situation in which the
preference profileis (Q;, P-) andin which f(P) could be considered a starting all ocation
from which the final all ocaion f(Q;, P-;) is obtained. Therefore, if there is sme binary
trading rule F such that f(Q;, P-) agrees with the termina dlocation F((Q;, P-), f(P))
readed by applying the trading rule F then it could be interpreted that f has determined
f(Qi, P-) by considering the final result in the trading processthat F embodes. If this
occurs for every preference profile P, every agent i, every preference Q; and for the
same F then it could beinferred that f all ocaes by resorting to F. In this respect, f would
be reproducing the outcomes of F (or, more spedfically, F). Propacsition 3.2will next
show that it isimposgble for an allocation rule to operate in this way when the trading
rulerelieson vduntary trade. The assumptions of thisresult are stated below.



EO0.Fordl POL" i ONanda OA*, if 'P, = a; then Fi(P, o) = a.

EO expresss a basic implicaion d free aad vduntary trade: if an agent already has his
most preferred ojed then he will not participate in any exchange and will therefore
retain hisinitial objed. For P O L", let o” 0 A* be such that, for al i O N, o = 'P.

El. Foral PO L"anda O A*, if, for al i O Nandj ON\i}, 'P; # 'P, then F(P, a) =

aP.

E1l states ancther likely implicaion d free ad vduntary trade: if al agents have a
different object as the most preferred ore then, no matter the initia alocdion, the
trading processemboded in the binary trading rule must converge to the dlocdion in
which every agent obtains his most preferred oljed. Observe that such an allocaion
turns out to be the only Pareto efficient allocaion gven the preference profile (a O A*
is Pareto efficient given P O L" if, for al B O A* andi O N, B; P; a; implies that, for
somej O N\{i}, 0] Pj BJ)

Proposition 3.2. There is no alocaion rule f that derives from a binary trading rule F
satisfying EO and E1.

Proof. Suppase nat: f derives from atrading rule F that satisfies EO and E1. Choaose x [
Ay OA{x}, i ONandj ON\Yi}. With A{x, y} ={xq, X2, ... , Xa—2} and N\{i, j} = {iy,
i2, ... ,in-2}, consider any P O L" such that 'P; = x, 'P, =y and, for r 0 {1, ... ,n -2},
1Pir =X. By E1, for all o O A*, F(P, a) = a” =: B. Given this and the faa that f derives
from F, f(P) = B. Let Q; O L satisfy *Q; = y. Asf derives from F, f(Q;, P=) = F((Q:, P-),
f(P)) = F((Q:, P-), B). By EO, for al k O N\{i}, Fi((Q;, P-i), B) = Bk Therefore, Fi((Qi,
P-), B) = Bi and F((Q;, P-i), B) = B. In view of this, F((Q;, P-i), B) = B and f(Qi, P-) = B.

Let Q O L satisfy 'Qj = x and R := (Q,, P). As f derives from F, f(R) = F(R, f(P))
= F(R B). By EO, for al k O N\{j}, FiR, B) = Bx. Consequently, Fj(R, B) = B; and F(R,
B) = B. Asaresult, F(R, B) = B and f(R) = B. With S:= (Q;, R5), by E1, for all a [
A*, "F(S a) = a®=:y. In view of this, by the assumption that f derives from F, f(S =v.
Observethat y # 3. In fad, y differsfrom 3 only in that y; = 3j =y and y; = 3; = X. Sincef
derives from F, (P}, S3) = F((P;, Sy), f(9) = F((P;, S5), ¥). By EO, for al k O N\{j},
Fu((Pj» S4), Y) = W Thus, Fi((Py, S), y) = v and F((P;, S5), y) = y. Accordingly, F((P;,
Sy), V) = yand (R, S,) = v. But (P}, ;) = (Q, P-), 0 f(P;, S) = f(Q;, P-) must be
case. Nevertheless f(Q;, P-) =B, f(P;, Sj) = yand 3 # y: contradictiono



The problem causing the impasshili ty can be better ill ustrated in the caen = 2. With N
={1, 2}, A={x y} andf deriving from some F satisfying EO and E1, let xy represent
the preference (x, y) in which x is preferred to y and yx represent the reverse preference.
Consider the preference profil e (xy, yx) inwhich 1 pefersxtoy and 2 pefersy to x. By
E1, f(xy, yxX) = (X, y¥), namely, 1 oldains x and 2oltainsyy. If, starting from this stuation,
1 reverses his preferencethen EO ensures that 2 retainsy. Thus, f(yx, yx) = (X, y).

If, starting from the original situation (xy, yx) and f(xy, yx), 2 reverses his preference
then EO ensures that 1 retains X, so that f(xy, xy) = (x, y). If, starting from this stuation,
it is 1 who reverses his preference then, by E1, f(yx, xy) = (y, X). Finally, if, starting from
this stuation, 2reverses his preference then, by EO, 1retainsy and f(yx, yx) = (y, X):
contradiction.

The source of this contradiction is that two ways of reaching the preference profil e (yx,
yx) lead to two dfferent allocaions. The dlocaion rule therefore gpears to generate
two conflicting claims over y under preference profile (yx, yx): reaciing (yx, yx) through
(xy, yx) grantsthe right to oltain y to agent 2; reading (yx, yx) through (yx, xy), grants it
to agent 1. Sincey must be dl ocated to just one agent in (yx, yX), it seems that this agent
shoud be given the right to expropriate y when necessry in order to preserve the
consistency of the dlocation rule. The next sedion shows that, by allowing this sort of
compulsory trade in a binary trading rule, it is possble to have dlocaion rules that
derive from binary trading rules. Nonetheless thoughthe imposshility is removed, it
also follows that a very specific type of alocaionruleis consistent with this demand.

4. Second result

Droppng EO is the strategy followed to try to escgpe from the imposshility that
Propasition 3.2 expresses. This means that some agent could “expropriate” another
agent’s objed despite the fact that the second agent is not willi ng to part with hisobjed.
As this posgbility thregens voluntary trade, it will be restricted as much as possble. In
particular, an agent will be &le to expropriate, at most, another agent (if agent i can
expropriate everybody then i is a dictator, in the sense that i aways obtains his most
preferred ojead). The following definition formali zes these wnsiderations.

Definition 4.1. A bilateral trading rule F : L" x A* 0 _ A* embodes an expropriation
functione : NO - Nif,foral POL", i ON,jONanda OA*, g(i) =j impliesthat it is
not the caethat Fj(P, a) P, Fi(P, a).



Definition 4.1 pesumes that a cetain function € specifies whether an agent can
expropriate another agent: if €(i) =i then i can expropriate no aher agent; if €(i) =) #1i
then i can expropriate j. Hence the no expropriation case dedt with in Sedion 3
corresponds to the identity expropriation function: for al i [ N, €(i). By Definition 4.1,
the basic implication d €(i) =j isthat, at the end d the trading process it canna be that
] obtains an ojed that i prefersto the objed i himself obtains, for in that case i would
expropriate j the objed j recaves. Asfor the direct assumptions on a binary trading rule
F, E1 from Sedion 3isrestated next in an equivalent form.

El.Foral POL"anda OA*,if {*Py, ... ,'P,} = Athen F(P, a) = a”.

E2.Foral POL" i ONanda OA*, if (a) foral j ON, o; P; o; implies Fj(P, a) = g;
and(b) foral j O N, a; P, a; implies€(j) # i, then Fi(P, a) = a;.

E2 replaces EO as a rule determining when an agent does not trade: agent i retains the
obed x heisinitialy owning if: (a) every agent j having an oljed that i prefers to x
does not trade (so i does nat have achance to oltain a more preferred oljea); and (b)
every agent j preferring the objed i has to his own oljed canna expropriatei (soi can
be sure that no aher agent has the incentive and the power to strip him of x).

Definition 4.2. An expropriation function€ : N 0 - N is hierarchical if there eists a
ranking (i, iz, ... ,In) Of the members of N such that (i) =i, and,foral t 0 {1, ... ,n—
1}, E(it) = it+1.

In a hierarchical expropriation function, the agents are linearly ordered so that an agent
can expropriate the next one in the order, nobaly can expropriate the first agent and the
last one can expropriate nobaly.

Lemma 4.3. If alocaion rule f derives from a binary trading rule F that embodes an
expropriation function € and satisfies E1 and E2 then € is hierarchicd.

Proof. With A ={xy, Xo, ... , X}, let PO L" satisfy, forall i ONandr O{1, ... ,n}, 'P;
=X.. Asf(P) is such that, for all x 0 Athereisauniquei O N with fi(P) =x, let (iy, ip, ...
, in) be the ranking of the members of N such that, for r O {1, ... , n}, f; (P) = X;. The
proof consists of showingthat (i) =i, and,foral t 0 {1, ... ,n— 1}, &(iy) = its1.

—_a-



Asf derivesfrom F, thereis B O A* such that f(P) = F(P, B) = a. Clearly, for al s {1,
.,n=1andtO{s+1, ... ,n}, Fi(P, B)P; Fi(P, B). It then follows from the fact
that F embodes the expropriation function € that

foral sO{1, ... ,n=1}andtO{s+1, ... ,n}, €(iy) Z s (D]

Therefore, for al i O N\{in}, €(in) # i and, consequently, €(in) = in. Choose next i, [ {iy,

.., in-1}. The proof concludes by showing that (i) = ix+1. TO this end, assume £(iy) #
i+1. Recdling that f(P) = a, choose Q O L" such that, for al r O {1, ... ,n}, 1Qir = ;.
As f derives from F, there is B O A* such that f(Q) = F(Q, B). By E1, for dl y O
A*, "F(Q,y) = Y° = a. Consequently, f(Q) = a. Choose R, O L with 'R, = a;,, and °R,, =
o, andR,,, OL with 'R, = a;, and°R;,, = aj,...

k+1 k+1

Let S:= (R, Q). Asf derivesfrom F, f(S) = F(S f(Q)) = F(S a). Consider F(S a).
Given that, for every i O N\{ iy}, thereisnoj O N such thet o; S @i, it follows that (a) in
E2 hddsfor al i O N\{ix}. Since, for every i O N\ i1}, thereisnoj O N such that a; §
aj, it follows that (b) in E2 hddsfor all i O N\{ix.1}. With resped to ix.1, observe that iy
isthe only j O N such that a;,,, § a;. By assumption, €(i) # ix+1. Thus, (b) in E2 also
halds for i = ixq. Accordingly, by E2, for al i O NYiy}, Fi(S a) = a;. Given this, i = ik
aso satisfies (a) in E2. By E2, Fi (S a) = a,. In sum, F(S a) = a. In view of this, F(S,
o) =a and, hence, f(S) = a.

With T:= (R,.,, Si..,) = (Qi,, T-i,), asf derives from F, f(T) = F(T, f(9) = F(T, a). By
E1l, F(T, a) = a', so f(S) = a' =: 3. Observe that a and d differ only in that &, = a;,,,
and §;,., = aj,. Consider finaly V := (R,.,, Q,.,). Sincef derives from F, f(V) = F(V,
f(T)) = F(V, d) but dso f(V) = F(V, f(Q)) = F(V, a). The proof concludes by deriving
the contradiction F(V, 8) # F(V, a).

In faa, for every i O NY{ix.1}, thereisnoj O N such that o; V; aj, so that (a) in E2 hdds
for all i O N\iw1}. Moreover, for every i O N\{iy}, thereisnoj O N such that ; V; q;,
so that (b) in E2 hddsfor all i [0 N\{iy}. Asfor iy, ndicethat ix+1 istheonly j O N such
that a;, V; a;. By (1), €(ik+1) # ix. Therefore, (b) in E2 hdds as well for i = iy. In view of
this, by E2, for al i O N\{ix1}, Fi(V, a) = a;. Thisresult ensuresthat i = iy satisfies (a)
in E2, too. By E2, F;,(V, a) = a;,,. Summing up, F(V, a) = a. It finally follows from
F(V, a) =a that F(V, a) =a.

On the other hand, for every i O N\{i}, thereisnoj O N such that & V; &;, so that (a) in
E2 hddsfor all i O N\{ix}. In addition, for eachi [0 N\{ix+1}, thereisnoj O N such that



& V; 9, so that (b) in E2 hdds for al i O N\Y{ix1}. Concerning ix1, nae that iy is the
only j OO N such that g;,,, V; §. By assuumption, £(ix) # ik+1 and, as a cnsequence, (b) in
E2 hddsfor i = ix1. Thus, by E2, for al i O NYiy}, Fi(V, 0) = &. Given this, i =iy also
satisfies () in E2. By E2, Fi (V, 8) = §;. All inall, F(V, 8) = &. Thisimplies F(V, ) =&
# a: contradictiono

Proposition 4.4. An allocation rule f derives from abinary trading rule F that embodes
an expropriation function € and satisfies E1 and E2 if, and only if, f has a hierarchy of
dictators.

Proof. “00” If alocation rule f has a hierarchy of dictators (i, ... ,in), define the binary
trading rule F as follows. For P O L" and o O A*, let i be the first member in the
sequence (i, ... , in) such that o; # fi(P), let j O N satisfy a; = fi(P) and let k be the

immediate predecessor of j in theranking (iy, ... ,in). Then F(P, a) := aj, F(P, a) := ok
and, for al r 0O N\{j, k}, F(P, a) := a,. This trading rule is binary and embodes the
hierarchicd expropriation function € such that (i) =i, and,for al t 0 {1, ... , n— 1},
&(i) = irs1.

Intuitively, F(P, a) identifies the first member in the hierarchy of dictators not having
the objed that he recaves in the dlocaion determined by the hierarchy, identifies next
the agent | who hes that object and makes the immediate predecessor k of j in the
hierarchy expropriate this objed from j. This medhanism ensures that i will eventually
recave the objed he obtainsin the wrrespondng hierarchica alocation. Asaresult, E1
holds and f derives from F. With respect to E2, it is plain that if the objedsi prefersto
his current objed a; have been already asdgned by F in (P, a) and those agents |
preferring i’s objed to a; canna expropriate a; from i then the ébove medanism yields
Fi(P, a) = a;, which isthe objed that i recavesin f(P).

“0” By Lemma4.3,thereisaranking h := (is, ... , in) of the members of N such that
glin) =ipand, for al t O {1, ... , n = 1}, &(iy) = i+1. Chocse ay P O L". The proof
amourts to showing that f(P) = a, where a is the dlocation determined by h when
viewed as a hierarchy of dictators: fi (P) = 1Pi1 and,foral tO{2, ... ,n}, fi(P)isthe
first element of P; in A{f;,(P), ... ,fi_,(P)}. Choose Q O L" such that, for all i O N, Q=
ai. By the assumptionthat f derives from F, thereis B O A* with f(Q) = F(Q, B). By E1,
for al y O A%, "F(Q, y) =y° = a. Therefore, f(Q) = a.

Consider R:= (P;,, Q-)). Note that 'P;, = 'Q;,. Sincef derives from F, f(R) = F(R, f(Q))
= F(R a). Clearly, for every i O N, thereisnoj O N such that a; R ai, so () in E2
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holds for all i O N. Furthermore, for every i [ N, thereisnoj O N such that o; R aj, so
(b) in E2 hddsfor all i O N. Thus, by E2, F(R, a) = a, whichimplies F(R, a) = a. Asa
consequence, f(R) = a.

Choose ix O {i2, ... ,in} and, arguing induwctively, suppcse that f(P;,, ... , Pj, ,, Qi, ...
Q) = a. The proof concludes by showing that f(P;, ... , Pi, Qi..,, -.- » Qi) = a. To this
end,let S:= (Pil, ’Pik—l’ Qik’ cee Qin) andT := (Pil, ,Pik, Qik+1’ 'Qin)' Asf derives
fromF, f(T) = F(T, f(§) = F(T, a), the last step by the induction hypothesis. Given that
1Pi1 =i, (@) in E2 hdds for i = i;. The fact that, for all j O N, &(j) # i, guarantees that
(b) in E2 hddsfor i =i;. Hence, by E2, F; (T, a) = aj,.

Chooseis O {iy, ... ,ix} and,arguing inductively, suppcse that, for al i O {iy, ... , is-1},
Fi(T, a) = a;. This and the way a has been defined imply that, for all j O N such that o;
Ti, ai, Fi(T, a) = a;. Thismeans that (a) in E2 hdds for i = is. Besides, only membersj
of N\{is, ... ,is} can be such that a;_ T a;. But, being € hierarchicd, nosuch j satisfies
() =ls. That is, (b) in E2 hddsfori =is. Thus, by E2, F; (T, a) = a;_. It then foll ows by
inductionthat, for al i O {iy, ... , ik}, Fi(T, a) = q;.

Asfori ON\iy, ... , i, itisplainthat, owingto 'Q, = a;, (a) in E2 hddsfor any suchi.
Moreover, (b) in E2 hdds for any such i because, for j O N, it is not the case that a; T;
;. Thisisimmediate for j O N\{iy, ... , i}, given that 1Qj =aq;. Forj O {iy, ... ,ik}, 0 T;
a; follows from the fad that j is before i in the hierarchy that determines the dlocaion
o. Summing up, by E2, for al i O N\{iy, ... , i}, Fi(T, a) = a;. The final conclusionis
then F(T, a) = a.o

Propasition 4.4isin line with severa other results in which all ocation is determined by
a hierarchical structure when strategic considerations are taken into accourt; see for
instance, the theorems by Svensson (1999, p. 562and Papai (2000, p. 142p

5. Concluding comments

Propasition 3.2shows the impaosshility of constructing an al ocation rule (according to
Definition 3.1 from an efficient (condtion E1) trading rule based on vduntary trade
(condtion EQ). Propasition 4.4 contributes to make precise how strong requiring an
efficient alocaion rule to derive from a binary trading rule is. On the one hand, by
Propasition 3.2,if the dficiency condtion E1 is retained, the binary trading rule must
allow compulsory trade. By Lemma 4.3, even if the possbility of compulsory trade is
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restricted so that an agent can at most expropriate another agent, the binary trading rule
is subjed to a hierarchy of compulsory trade: agents form a dhain in which an agent can
only expropriate the agent coming immediately after him. On the other hand, by
Propasition 4.4,the dlocation rules that can derive from binary trading rules satisfying
E1l and E2 dstribute the power to determine the final alocaion herarchicdly.
Paradoxicdly, the @tempt to replicate what in principle is a decentrali zed all ocaion rule
(represented by a bilateral trading rule) turns out to generate the aguably most
centralized alocdion rule, in which an agent always gets his most preferred olject, a
secondagent always gets the most preferred olject not already taken by the first agent, a
third agent always gets the most preferred ojed not already taken by the first two
agents and so on.

These results sem to suggest that there exists some sort of drastic divide between these
two kinds of all ocaion medanisms, in the sense that the degrees of freedom that can be
asciated with a decantrali zed all ocation medianism are not superfluous insofar as they
make futile any attempt by a centralized al ocaion medanism to, in generd, replicate
its outcomes. The decantralized medhanism must lost the sufficient degrees of freedom
(in terms of all owing expropriation) for the centralized medhanism to be életo yield its
outcomes.

As a matter of fad, Propasition 3.2 appears to indicae that property rights are the
dedsive degreeof freedom establishing the divide. In a sense, Propasitions 3.2 and 4.4
shodd na come & a surprise: if one wants a medianism in which property rights are
not a valuable inpu to reproduce the results of a mechanism in which property rights
are vauable then the posghility of overcoming these rights must be dlowed. Using
expropriation functions to redize that posshility, the consistency of the dlocaion
medianism leads to a partition d the expropriation pcsshilities in the form of a
hierarchy of expropriators: expropriation appears to be such a powerful and dsturbing
measure in atrading context that the power to expropriate has to be distributed in anon
conflicting way among the agents. Finally, as a by-product of the resulting hierarchicd
distribution d the expropriation paver, the dlocaion d objects itself has to foll ow this
hierarchicd pattern.

The &owe results an to suggest the following moral: an econamic system’s attempt

to imitate the behaviour of amore complex eanamic system may forcethe first system
to beacome simpler.
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