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Abstract

In this note I prove the existence of the optimal all-pay auction when
signals are correlated.
JEL: D44

1 Introduction.

An all-pay auction is an auction in which every bidder pays his bid and the
highest bidder receives the object. Although not the most common auction,
the all-pay auction also happens in the practice. For example in a tourna-
ment, the effort of each participant can be seen as his “bid”. A raffle is
an all-pay auction in which every participant buys one or more of a fixed
number of tickets and the winner is chosen randomly among the sold tickets.
Alternatively we can look at the all-pay auction as a generalized raffle. The
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theoretical studies of all-pay auctions are not very numerous. For example,
Bayer et al.(1996) study the all-pay auction with complete information. Kr-
ishna and Morgan(1997) study the war of attrition and the all-pay auction.
In this paper I study the optimal all-pay auction when signals are correlated.

The study of optimal auctions begun with Myerson(1981). There the
optimal auction of one object when the bidders signals are stochastically
independent is determined. In the symmetric case the optimal auction is a
second price sealed bid auction with a reserve price. However not much is
known about optimal auctions if signals are not stochastically independent.
Page(1998) proves the existence of optimal auctions in a general setting. An
explicit characterization of the optimal auction is, naturally, not possible
in the very general model of Page. However suppose we want the optimal
auction of one object when signals are correlated. Is there a characterization
like Myerson’s in this case? This is not known in general. I will show that
if we restrict ourselves to all-pay auctions then it is possible to obtain the
optimal all-pay auction and its format is analogous to the independent signals
optimal auction format.

2 The model.

The set of bidders is I = {1,2,...,1}. There is one object to be sold at
auction. Bidder ¢ has a signal X; : 2 — R,, a random variable defined
on the probability space (£2,.4, P). The random vector of all signals is X =
(X1,...,X7). Itis possible to consider an unobserved signal S : ) — Rﬂr as in
Milgrom and Weber(1988). This would permit the inclusion of common value
models. However this generalization doesn’t present special difficulties but is
notationally uncomfortable. I therefore decided for the more concise model.
Finally Bidder’s i evaluation of the object is the random variable V; = u;(X),
where wu; : Rﬂ — R is a continuously differentiable function. Define Z =
[I;c1[m;, n;]. The distribution, F, of the random vector X has a continuously
differentiable density f : Z — Ry, [, f 5 f(x)de = 1. For each vector x =
(x1,...,2;) define the vector z_; = (:::1, e i1, Tty e ,:::1) obtained by
the removal of the i coordinate of x. I also Write r = (:cl,x Z). The
distribution function of X, F* has density f¢, f fz (x;,x_;)dx_;.
Here Z_; = {2_;;z € Z}. It is convenient to 1nclude the auctloneer as
bidder 0. Thus B = I U {0} is the set of bidders. If A # () is finite define



S(A) = {(da)aca; D gea @a = 1 and for every a € A, g, > 0}.

Lemma 1 The densities f(x), and f(x_;|x;) are (uniformly) lipschitzian in
€.

Proof. The density f is lipschitzian since its support is compact and its
derivative is continuous. From

Fila |</|f a,7-3) — f(b,xo)|dz_; < L'la— ]

it follows that f* is lipschitzian too. Then using that inf,c7 f(z) > 0 and the
inequality:

fla,wy)  flha)| _ [fla,2-) = f(b,z)] . |£*(b) — f'(a)]
ROBENIONE @) b))
we conclude that f(x_;|z;) = ﬁf(x) is lipschitzian. QED

The auction will proceed in the following way:

1. The auctioneer publicly announces the functions' ¢ : Ri. — S(B) and
P=(P',...,P),P:R, >R 1<i<I;

2. Each bidder knowing his signal, X;, announces a number x; > 0
privately to the auctioneer. The auctioneer forms the vector z =

(xla"'axl);
3. Bidder i € I pays P'(x;);

4. The objects are delivered accordingly to u € B drawn with probability
¢u(z) = q(x)(u),u € B.

As in Myerson(1981), pages 62-63, the direct mechanisms (g, P) will be
chosen among the direct mechanisms that satisfy individual rationality and
incentive compatibility constraints. Define the function 7;(z;) as the ex-
pected utility of bidder ¢ if his signal is x;. Thus we have that

Ti(w;) = /qz'(x)ui(x)f(xﬂxi)dxi — P'(x;). (1)

1Henceforward called direct mechanisms.



If 7 has valuation z; and declares valuation z; then we have the incentive
compatibility constraints:

Ti(z;) > /Qz(‘rgaxz)uz(x)f(xzmz) dax_; — P'(x}). (2)
The individual rationality constraints are:
Ti(x;) > 0. (3)
Lemma 2 The following is true:
1. T; is a primiative: T;(z) = T;(0) + [, T} (u)du for every z > 0;

2. For almost every x; € (m;,n;),

/(@) = [ 60Dy, (w0 (a-ifas)) do . ()
Before proving the lemma we define u;(x) = u;(x) f(z_;|z;).

Proof. Suppose m; < a < b < n;. From the incentive compatibility
constraints we have

T(b) — Ti(a) > / gilas 2s) [a(b, 2s) — (e, )] da_s.

There exists K such that |u;(b,x_;) — u;i(a,z ;)| < K|b— a| and |f(x_;|b) —
f(z_ila)| < K|b— a| for every x_;. Since 3!, ¢;(x) = 1 we have that

Ti(b) = Ti(a) = —K|b — al.

Changing places between a and b we obtain T;(a) — T;(b) > —K|b — a|. So
|T;(b) — T;(a)| < K|b— a|. Therefore T; is absolutely continuous since it is
lipschitz. Hence it is almost everywhere differentiable and a primitive. This
proves item (1). Suppose a € (m;, n;) is a point of differentiability of T;. If
b > a then

w =z /qi(a,xi)ai(b’x_il)) : Zi(ajx_i)dxi- (5)



Hence using the dominated convergence theorem,
T!(a) > /qi(a,x_i)Daﬂi(a,x_i)daj_i. (6)

Analogously if b < a we obtain the inequality (6) reversed and therefore (4).
QED

Lemma 3 If D,(ui(z,z ;) f(zi|2)) > 0 for every (2,2 ;) € Z and ¢;(z,7 ;)
is increasing in z then the mechanism (q;, P');cr satisfy the incentive compat-
ibility constraints (2).

The proof is easy and will be omitted.

2.1 The auctioneer revenue.

From the definition of 7; we obtain the payment function, Pi:

Piz) = / G5z )iz )dz s — TH(0) — /0 T (w)duw.

Since the individual rationality constraint requires that 7;(0) > 0 the auc-
tioneer will choose T;(0) = 0. Therefore the auctioneer expected revenue
from Bidder ¢ is

[ P = [ P s -
/ i ()i () f (vifi) £ () — / X0y (W) T (w) (i) dw d; =
[atu@ e~ [ atwn)0 = F @) Dulistw, e

Above I used (4) to eliminate T}. Define

(1- Fl(xz))Da:z (ui(z) f(2_i|zi))
f(z)

if i € T and h%(z) = 0. The auctioneer revenue is

W (x) = ui(w) —

(7)

1

/Zpi(x)f(x)dx - /Zq,-(x)hi(x)f(x) i = /Zqi(x)hf(x)f(x) dz.

1=0



The following hypothesis permits to obtain the optimal auction in analogy
with Myerson(1981):

W' (z) =1 (z) and i # j = aa (R (2, w—i) — W (af, w—3)) > 0,¥a} > ;. (8)

[

Theorem 1 Suppose (8) and that D,, (u;(x)f(z_;|z;)) > 0 for every x;.
Then the optimal auction (g;, pi Vel has the following form

1. i) { 0 if h'(x) < maxjep b (x);
¢ #{ieﬂ;hi(w):;ax]-em hi(z)} if h'(z) = maxjes I ().
2. Pl (z;) = [ qi(@)t;(z)de_; — fomi [qi(w, x_;) Dyt (w, x_;)dz_;|dw.

Moreover the auctioneer expected revenue is [ max;ep h'(z) f(z)dx.

Corollary 1 The auctioneer expected revenue is less than [ max;er u'(z) f (v)dx
if for every i, Dy, u;(x) > 0 for every x € Z.

Proof. Immediate since h'(z) < u’(z) for every i € I.

Remark 1 Corollary 1 shows that in general the optimal all-pay auction
doesn’t extract all the surplus. It however sometimes do as an example in
Bulow and Kemplerer(1994) shows.

In the following, an example showing the calculations necessary to find the
optimal auction is presented.

Example 1 There are two bidders with valuations u;(x1,xs) = z;, i = 1,2.
The signals vector X = (X1, Xs) has a distribution with density f(z,y) =

4(1+xy) ,(z,y) € [0,1]%. The first thing to calculate is the margmal fl( ) =
fo x,y)dy = M The distribution of X1 is therefore F*(x fo 2)dz =
4:”;.:“: . Now we need the conditional density f(y|r) = J;(f(i/)) — (izy)' Thus

from (7) we have

(5 — 4z — 2*)D, (xQ(Hmy))

24z
hi(z,y) =z —




Since D, <x2(;’rzy)> = 2(2t§f§)rf2y) we obtain:

5—dx — 1?)(2 + day + 2* y)
22+ 2)%(1 + xy)

The auctioneer expected profits is therefore:

W (wy) =2 - (

1
4
/ max{h'(z,y), h*(y, x), 0}5(1 + zy)dx dy ~ 0.457.
0

To compare for example with the war of attrition we define F (y|x) = fo z|z)dz
and Ay|x) = % The expected payment of each bidder, if his signal is
x, is given by(see Krishna and Morgan(1997) page 352, equation(13).):

)= [ ortwie) Yy

Thus the auctioneer expected revenue is

1
2/ eV () fH(x)dx ~ 0.389.
0
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