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Abstract

This paper defines a general equilibrium model with exchange and club
formation. Agents trade multiple private goods widely in the market, can
belong to several clubs, and care about the characteristics of the other mem-
bers of their clubs. The space of agents is a continuum, but clubs are finite. It
is shown that (i) competitive equilibria exist, and (ii) the core coincides with
the set of equilibrium states. The central subtlety is in modeling club mem-
berships and expressing the notion that membership choices are consistent
across the population.

JEL Classifications: D2, D5, H4
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1 Introduction

Consumption is typically a social activity. The company we keep affects our de-
mand for private goods, and our consumption of private goods affects the company
we seek. General equilibrium theory in the tradition of Arrow and Debreu focuses
on the anonymous interactions of consumers with the market, largely ignoring
the social aspect of consumption. Club theory in the tradition of Buchanan, on
the other hand, focuses on the social activity of consumption, largely ignoring
the anonymous interactions of individuals with the market. The principal pur-
pose of this paper, and also of our (1997) companion paper, is to integrate club
theory and general equilibrium theory, constructing a framework which incorpo-
rates widespread trading of private goods in competitive markets and individual
consumption in small groups chosen voluntarily in equilibrium. This paper treats
continuum economies and the companion paper treats large finite economies.

Cornes and Sandler (1986, p. 159) define a club.asé voluntary group de-
riving mutual benefit from sharing ...@duction costs, the members’ character-
istics, or a good characterized by excludable benefits.” Following Tiebout (1956),
one tradition in the literature focuses on clubs as political jurisdictions, assumes
that each agent can belong to at most one jurisdiction and takes a partition into
jurisdictions as part of the basic description of a feasible state of the ecdnamy.
different tradition, following an idea of Buchanan (1965), focuses on small clubs:
a marriage, a gym, an academic department, a golfing foursome, or the clientele
of a restaurant. When clubs are not to be thought of as political jurisdictions, we
see no reason why each agent should belong to a single club nor why the club
structure should be (or induce) a partition. In keeping with this view, we build
here a framework in which each agent may belong to several clubs (partitions are
a special case).

Our work builds on a long tradition in the club literature, beginning with
Buchanan (1965), that seeks to demonstrate that club activities can be interpreted

1See for example Berglas (1976), Berglas and Pines (1981), Bewley (1981), Brueckner (1994),
Conley and Wooders (1994), Gilles and Scotchmer (1997), Greenberg and Weber (1986), Green-
berg and Shitovitz (1988) Ellickson (1973, 1979), Konishi (1996), Scotchmer (1985a, 1985b,
1994, 1996), Scotchmer and Wooders (1987a, 1987b), Wooders (1978, 1989).



as competitive, for example, Gilles and Scotchmer (1997), who studied replica
economies. In keeping with the tradition in general equilibrium theory that per-
fect competition is best demonstrated in the continuum, we build a model in which
the space of agents is a continuum, but we restrict clubs to be finite. Thus, as sug-
gested by Buchanan (1965), clubs are “small” compared to society. In the contin-
uum framework, the “integer problem” and other non-convexities disappear. As a
result, we establish the existence of equilibrium and verify a fundamental test of
perfect competition, the coincidence of the core with the set of equilibrium states.
Central to our work is that we view clubs and club memberships as primitives
on equal footing with more conventional primitives of general equilibrium theory.
This view leads to a fuller integration of club theory into general equilibrium the-
ory, and to a more general interpretation of clubs. Other papers in the same spirit
include Makowski (1978) and Cole and Prescott (1994).

We describe a (type of) club as a pair consisting of a description of the external
characteristics of its members and a specified activity; thus we follow Ellickson
(1979) and Mas-Colell (1981) as viewing the activity of a club asilalic project
rather than as provision of some level of a public good. A club membership is
an opening in a club available to agents with specified characteristics. Agents
choose both private goods and club memberships, and private goods and club
memberships are treated and priced in parallel fashion.

Despite the parallel treatment of club memberships and private goods, there
are important differences from exchange economies. First, club memberships are
indivisible. Cole and Prescott (1994) deal with this indivisibility by viewing the
objects of choice as lotteries on private goods and club memberships. It seems
to us that the indivisibility of club memberships is central to understanding clubs,
and we prefer to address it directly.

Second, club membership choices must be consistent across the population. If
a third of the population are women married to men, for example, then a third of
the population must be men married to women. Consistency must hold simulta-
neously for all types of clubs, and allow for the possibility that every individual
may belong to several clubs.

Finally, there is an important difference in the pricing of private goods and



of club memberships: private good prices must be positive, but club membership
prices may be positive, negative or zero.

Our proofs follow lines that are typical of general equilibrium theory, but there
are many subtleties. The central subtlety is in accommodating the club consis-
tency condition, which has no analog in exchange economies.

Our proof of equivalence of the core with the set of equilibrium states follows
an outline parallel to Schmeidler’'s (1969) proof of Aumann’s (1964) core equiv-
alence theorem: Begin with a core state, construct individual net preferred sets
in the space of private goods and club memberships, and then an aggregate net
preferred set. Use the Lyapunov convexity theorem to show that the aggregate
net preferred set is convex and the core property of the given allocation to show
that the aggregate net preferred set is disjoint from an appropriate cone. Obtain
equilibrium prices by separating this aggregate net preferred set from an appropri-
ate cone. Because we work in the space of private goods and club memberships,
however, our argument differs from Schmeidler’s, and we must work much harder
to be certain that the private good prices we construct are not zero. And we must
restrict the space of club memberships to accommodate the matching property.

Our proof that equilibrium exists also follows a familiar outline: Construct
an excess demand correspondence in the space of private goods and club mem-
berships. Use the Lyapunov convexity theorem to show that this correspondence
is convex valued. Apply Kakutani’s fixed point theorem to find a zero. Because
we work in the space of private goods and club memberships, however, and club
membership prices may be positive, negative or zero, there is no natural price do-
main on which to work. We must therefore work in perturbations of the original
economy which have the property that equilibrium prices are knavgnori to
lie in some compact set, construct equilibria for these perturbed economies, show
that equilibrium prices for the perturbed economies can be chosen to be bounded,
and take limits as we relax the perturbations.

2In contrast to the proof outlined above, decentralization is usually accomplished in the club
literature by first constructing prices for private goods and then defining prices for club member-
ships in terms of willingness to pay. Because we allow agents to belong to more than one club, the
sequential construction does not work.



Following this Introduction, Section 2 provides some motivating examples.
The formal model is described in Section 3. Section 4 establishes the first welfare
theorem and Section 5 shows that the second welfare theorem may fail. This is
not surprising in finite economies, but our examples show that it may fail even in
atomless economies. Section 6 establishes the equivalence of the core and the set
of equilibrium states and Section 7 establishes the existence of equilibrium. The
text outlines the main proofs; details are collected in Section 8.



2 Examples

In this section we present four examples illustrating various aspects of competitive
equilibrium in a club economy with a continuum of agents. The first example, a
version of a familiar crowding story, illustrates the nature of competitive equilib-
rium in a setting where the composition of club memberships does not matter.

Example 2.1 Crowding

Consider an economy with a continuum of consumers uniformly distributed on
[0,10] and a single private good. The endowment of consukrisre, = k. In
addition to the private good, consumers have the option of using a swimming pool
which they can enjoy alone or in a club. All consumers have the same preferences:
a consumer who consumesinits of the private good derives utilityx; 0) = x if

using no pool andi(x; n) = 4x/n if she belongs to a swimming pool club with
members. (We assume a consumer can belong to at most one such club.) Building
a swimming pool requires an input of 6 units of the private good.

Although swimming pool clubs could in principle be arbitrarily large, in equi-
librium there will be no clubs of size greater than 4. Since consumers care only
about the number and not other characteristics of fellow pool club members, all
consumers belonging to the same club share equally in its cost. Normalizing the
price of the private good to one, the price of a membership is 6/n for n= 2,

3 or 4. (Consistent with this formula, a swimming pool costs 6, but we prefer to
treat singleton “clubs” separately.) The normalization also implies that consumer
k has wealthkk. Choosing no pool yields utilitk and enjoying a pool by herself
yields utility 4(k — 6). After paying her share of the cost, sharing a pool in a club
with n members yields utility

2(k—=3) ifn=2;
uk—gnn) =< 3(k—2) ifn=3;
k-3  ifn=4.

Solving for the equilibrium choices of individuals is easy: the wealthiest con-
sumers, with wealtk € (9, 10|, have a pool of their own; consumers with wealth
k € (6,9] share a pool with one other person; and the poorest consumers, with
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wealthk € [0,6], consume the private good but do not enjoy the use of a pool.
Clubs of size greater than two do not form in equilibriu.

The second example, motivated by the commentary by Arrow (1972) on Becker
(1957), illustrates the importance of allowing for membership prices which dis-
criminate among types of membership (i.e., on external characteristics).

Example 2.2 Segregation

Consider an economy with a continuum of consumers uniformly distributed on
[0,1]: consumers ir]0,.3) are blue, consumers in3,1] are green. There is a
single private good. All consumers have endownent 2. In addition to the
private good, duplex apartments are available. The utility of a consumer depends
on hisexternal characteristiblue or green), on consumption of the private good,

on whether or not housing is consumed, and on the external characteristic of the
consumer with whom the housing is shared. (We assume that no consumer desires
more than one unit of housing.) A blue or green consumer who consumes no
housing and units of the private good derives utility

ug(x; 0) = ug(x;0) = x

Using the obvious notation for the external characteristics of the occupants of a
duplex, a consumer who lives in a duplex and consumasts of the private good
derives utility

ug(x;BB)=4x and  ug(x;BG) = 6x

if blue and
Us(X;GG)=6x and  ug(x;BG)=4x

if green. Note that a blue (respectively, green) consumer cannot consume housing
in a duplex with two green (respectively, blue) consumers because there would be
no space for her.

Assuming that a duplex can be produced using two units of the private good
and that race-discriminatory pricing is possible, the prices blue or green con-
sumers pay for segregated and integrated duplexes must satisfy:

208(BB) = 2
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206(GG) =
as(BG) +9c(BG) = 2

(Again the notation should be self explanatory.) At these prices, a blue or a green
consumer can obtain utility 2 by choosing no housing. Alternatively, a blue con-
sumer can obtain utility 4 by choosing a segregated duplex at price 1 or utility
6(2 — gs(BG)) by choosing an integrated duplex at prigg{BG). Green con-
sumers can obtain utility 6 by choosing a segregated duplex for price 1 or utility
4(2—qs(BG)) by choosing an integrated duplex for prige(BG). In order that
integrated housing be chosen at equilibrium it is necessary tRat 6s(BG)) >

4 and 42— gg(BG)) > 6 or, equivalentlygg(BG)) < 4/3 andqg(BG) < 1/2
whencegs(BG) + g (BG) < %1. However, we already know thgt(BG) +qg(BG) =

2, so no integrated housing will be chosen at equilibrium. Equilibrium prices for
segregated housing agg(BB) = qg(GG) = 1 while equilibrium prices for inte-
grated housing are indeterminate, constrained only by the requirements

4 1
ds(BG) > 7, d6(BG) > 5 , ds(BG) +0(BG) = 2

At equilibrium, all consumers choose segregated housing.

Suppose the government offers a subsidyO0 for integrated housing, reduc-
ing its price to 2- s. Equilibrium prices must then satisfy

208(BB) =
206(GG)
as(BG) +0s(BG) =

N N DN

—S

In order that integrated housing be chosen at equilibrium it remains necessary
that gqg(BG)) < 4/3 andqg(BG) < 1/2. Becausejg(BG) + qg(BG) = 2 -5,
integration is possible only whesi> 1/6.

Suppose that/b < s< 1. The number of green consumers choosing integre-
gated housing must equal the number of blue consumers choosing integregated
housing. Because there are more green consumers than blue consumers, some
green consumensnustchoose segregated housing. Because all green consumers
must enjoy the same equilibrium utility, it follows that(BG) = 1/2 and hence
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gs(BG) =3/2—s> 1/2. In equilibrium all blue consumers and 3/7 of the green
consumers will choose integrated housing; the remaining green consumers will
choose segregated housfhg.

Thus the government subsidy achieves integratidoutenly if housing prices
are discriminatory gg(BG) > 1/2=qg(BG). In order to achieve integration with
non-discriminatory pricesthe government must raise the subsidgto1.* &

Our third example illustrates some of the subtleties inherent in allowing for
membership in several clubs.

Example 2.3 Monogamy, Polygamy and Group Marriage

Consider an economy comprised of a continuum of consumers uniformly dis-
tributed on|0, 11]; consumers irf0, 6) are male, consumers jf,11] are female.
There is a single consumption good; endowments are

_Ja if0<a<®6
711 ife<a<il

(Thus, male endowments are uniformly distributed between 0 and 6; female en-
dowments are identically 1.) In addition to consuming the private good, individu-
als may enter into several kinds of marriage: exclusive monogamy (1 male and 1
female, symbolizedy); non-exclusive monogamy (1 male and 1 female, symbol-
ized mye); and a group marriage (1 male and 2 females, symbolizgd Males

have the option of belonging to one or two non-exclusive marriages; females can
be in only one. (We could incorporate these restrictions into consumption sets
or into preferences.) A consumer consumingnits of the private good derives
utility according to sex and marital status shown in the following table:

single| Me | Mye | 2Mpe | My
M X [ 3x/2|3x/2| 3x |15x/4
F X 9x | 8x 36x/5

3If s=1/6 equilibrium choices are indeterminate, constrained only by the requirement that the
same number of blue consumers and green consumers choose integrated housing.

“We leave it to the reader to examine the welfare consequences of various methods by which
the government could tax individuals to provide the necessary subsidy.
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Note that the choice of two non-exclusive marriages and the choice of a group
marriage are distinct and males prefer the latter (holding consumption fixed).

We assume that all marriages are costless activities. Hemgg(rk), gu (Mne),
gm (mg) are the prices paid by males to enter an exclusive, non-exclusive or group
marriage, respectively, amg (me), gr (Mne), gr (Mg) are the corresponding prices
paid by females, it follows that:

Om(Me) +0r(Me) = O 1)
Om(Mne) +0F(Mhe) = O (2
am(mg) +20r(mg) = O 3

To determine the equilibrium, note first that, because both males and females
find any form of marriage preferable to being single, having both unmarried males
and unmarried females would contradict the Pareto optimality of an equilibrium.
Because males outhumber females, some males must necessarily be single and
hence all females must be married at equilibrium. Waite c, d for the fraction of
males choosing 1 exclusive marriage, 1 non-exclusive marriage, 2 non-exclusive
marriages and 1 group marriage, respectively. Keeping in mind that males who
choose two non-exclusive marriages or one group marriage are involved with two
females, it follows that

a+b+2c+2d=5 (4)

Because non-exclusive marriage is less desirable than exclusive marriage for fe-
males, non-exclusive marriage will be more expensive at equilibrium. Because
males find one non-exclusive or one exclusive marriage to be perfect substitutes,
no men will choose one non-exclusive marriage. Therefore,

b=0 %)

It is evident that wealthier males choose more desirable marriage arrange-
ments. Thus, males {6 — d, 6] choose 1 group marriage, malesén-c—d,6—
d) choose 2 non-exclusive marriages, maleina—c—d,6—c—d) choose 1
exclusive marriage, and the remaining males choose no marriage at all. Because
male 6—d must be exactly indifferent between choosing 1 group marriage or 2



non-exclusive marriages, it follows that:

3(6d— 20 (Mhe)) =, (6~ d— () ©

Similarly, the indifference of male 6 ¢ — d between choosing 2 non-exclusive
marriages or 1 exclusive marriage implies

g(6—c—d—QM(me)):3(6—C—d—ZQM(mne)) (7)

and the indifference of male-6a— c — d between choosing 1 exclusive marriage
or remaining single implies

6—a—c—d:g(6—a—c—d—q,v|(me)) (8)

Because all females are identical, their equilibrium utility is independent of
marital state. Consequently,

91— G () = 8(1— G (he) = 5 (1~ G () ©
Solving equations (1)—(9) yields
a=1 b=0 c=1 d=1

amu(Mme) =1  gm(Mpe) =

IS
o]
S
el

I
w

and
3
O (mg) = —5

IO

ar(me) = =1 Or(Mhe) = —

Thus, at equilibrium, the Wealthieétof males enter into group marriage, the
next wealthies% enter into 2 non-exclusive marriages, the next wealthgatter
into 1 exclusive marriage, and the poorés:rf males remain singlak

To this point, all of our examples have involved a single private good, so
that there is no trade between clubs. Our final example shows that the interac-
tion between the demand for club memberships and the demand for private goods
can have profound and unexpected consequences when there are multiple private
goods.
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Example 2.4 Marriage and the Market

Consider an economy with a continuum of consumers uniformly distributed on
[0,1]; consumers in0, ) are male, consumers [B,1] are female. There are 2
private goods and each consumers has endowegent(10,10). For consumers
remaining single,

um (X1,X2;0) = X1 and UF (X1, X2; 0) = X2

while for those who marry
5
Um (X1, X2; M) = Ug (X1, X2; M) = 5 /X1X9

Write gu, g for the marriage prices paid by males and females, respectively.
(Because sex is the only characteristic that matters to others, we assume that all
males pay the same price and all females pay the same price.) Because marriage is
costless, marriage pricgs + gr = 0 (i.e., one sex bribes the other to be married).

To solve for equilibrium, it is convenient to work backwards from a hypothe-
sized distribution of marriages and single individuals. To give the reader a flavor
of the solution, consider a hypothetical distribution in which all males are married
and some females remain unmarried; of course this req@ires/2.

Normalizing so that private good prices sum to 1, all individuals have wealth
10. Unmarried females spend all their wealth on good 2. Married females spend
gr and married malegy, to enter a marriage, each spending half of their re-
maining income on each of the private goods. Consequently, the market clearing
conditions forx; andx, become:

10—qgwm 10—011
+ = 10
B[ 2p; 2p,
10 [10—qu 10—qp}
1-2B)—+ + = 10
( B)pz B{ 2p; 2p

Solving yieldsp; =B and p, =1— .

To solve for marriage prices, keep in mind that unmarried females and married
females must obtain the same equilibrium utilities and that males, all married,
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must obtain at least as much utility in the marriage as they would if they were
single. These considerations lead to:

2 -2 (5) (=)

and
o ) ()
B2 20 2(1-B)
Solving yields
a0 B
gr =10-8 1— [3
and
gv <10-8 1;8[3

Becauseyy + gr = 0, this entailf3 > 1/5 and hence 5 < 3 < 1/2.

Proceeding in similar fashion for other possible distributions of marriages and
single individuals, we can work out the equilibrium correspondendé ries
from 0 to 1. As in the case above, private good prices vary linearly @vith

pp=B and pp=1-

The proportion of married males is somewhat more complex:

(0 if0<p<1/2;
0,B] if B=1/5;
B if1/5<B<1/2;

1-B  if1/2<B<4/5
0,1-p] if B=4/5;
0 if4/5<p<1.

\

(If B=1/5 or 4/5, the proportion of married males is indeterminate.) Note that,
when the males and females are too far out of balance, marriage is priced out of

12



existence! The pricgr females pay to be in a marriage varies withs follows:

10-8,/-.  ifo<B<1/2;

1-p
o =4 [-2,2 it B=1/2;
~10+8/48; if1/2<B<1.

As the proportion of males increases from 0 to 1/2, the price females pay for
marriage decreases toward 2, and becomes indeterminate in the inte2y2

atp = 1/2. Oncef exceeds 1/2, the position of males and females is reversed:
females receive the subsidy, and it increases as the proportion of males increase.

L )
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3 Club Economies

In this section we describe a club economy and define Pareto optimality, the core
and equilibrium for such economies.

3.1 Private Goods

We assume throughout that there Bre- 1 private goods, each perfectly divisible
and publicly traded:; the space of private goods is therd®dreForx, X' € RN, we
write X > X' to meanx; > x| for eachi, x > X' to mean thak > X' butx # x/, and

x >> X to mean thak > x| for eachi. We write|x| = SN_; [Xal-

3.2 Clubs

We will describe aype of clubby the number and characteristics of its members
and the activity in which the club is engaged.

Formally, we letQ be a finite sét of external characteristicgof potential
members of a club). An elemenie Q is (or encodes) a complete description
of the characteristics of an individual that are relevant fordtieer members of
a club. For further discussion of the interpretation of external characteristics, see
Section 3.10.

A profileis a functiontt: Q — Z, = {0,1,...} describing the members of
a club. Forw € Q, T(w) represents the number of members of the club having
external characteristia. For 1t a profile, write|r] = S qT(w) for the total
number of members. We write O for the zero profile (representing the empty
club).

The activities available to a profile of agents belong to a finite Bet We
interpret the elements< I as public projects in the sense of Ellickson (1979) and
Mas-Colell (1980), rather than as public goods in the sense of Samuelson.

SWe could relax the constraint th& be finite, and allowQ to be a compact metric space.
However, this would increase the complexity of the model and of the arguments.
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A club typeis a pairc = (Ty) consisting of a profile and an activity. We
take as given a finite set of possible club tyfgelsibs = {(Tty)}. We find it
convenient to treat singleton clubs separately, so we assumgtthat? for all
(T,y) € Clubs.® Formation of the clulft, y) requires a total input of private goods
equal toinp(ry) € RY.7

A club memberships an opening in a particular type of club for an agent of a
particular external characteristic; i.e., a triple= (w, 11, y) such thatt y) € Clubs
andm(w) > 1. (An agent can belong to a club only if the description of that club
type includes one or more members of his/her external characteristics.) Mrite
for the set of club memberships.

Each agent may choose to belong to many clubs or to norlst & a func-
tion/: M — {0,1,...}; £(w, 1Y) specifies the number of memberships of type
(w, 1Y) chosen by an agent. Write:

Lists = {¢: Zis alist}

for the set of lists. We frequently find it convenient to vikists (which is a set of
functions fromM to {0,1,...}) as a subset RM (which is the set of functions
fromM toR). Forme M we write &y, for the list defined by

lifm=m
Om(m) =
m(fT1) { 0 otherwise

That is,dn is the list specifying 1 membership of typeand no others.

3.3 Agents

The set of agents is a nonatomic finite measure spade,)); that is,A is a
set,F is ac-algebra of subsets & andA is a non-atomic measure d¢n with

6Since activities are not traded, the choice of activities of singleton clubs can be incorporated
into preferences.

"More generally, we could assume that each project could be produced from any input vector
from some specified set and incorporate the choice of production technology into our notion of
feasibility.

15



AA) <8

A complete description of an agem& A consists of his/her external character-
istics, choice set, endowment of private goods and utility functiém external
characteristic is an elememt, € Q. The choice seX, for an agena € A specifies
which bundles of private goods and which choices of club memberships are fea-
sible, soXq ¢ RN x Lists. For simplicity, we assume that the only restriction on
private good consumption is that it be non-negative, soxhat Rﬂ x Lists(a)
for some subselLists(a) C Lists.!® We assume that(w,1y) = O for every
(o, y) € M for whichw # wy; that is, no individual may choose membership in
any club type containing no members of his/her external characteristic. We also
assume throughout that there is an exogenously given upper bbondhe num-
ber of memberships an individual may choose|#&a< M for each? € Lists(a).

The utility function for agent is defined over private goods consumptions and
club memberships and is thus a mappigg Xa — R.

We assume throughout that utility functions are strictly monotone in private
goods; i.e.Ua(x,£) > ua(X,£) for ac A x,X € RY,x > x. However, we make
no assumption that utility is monotone in the level of any activity; indeed, in our
framework it is meaningless to talk about the level of an activity. The ranking of
activities may be different for different individuals, and an individual’s ranking
of activities may depend on his/her consumption of private goods. We take the
view that an agent’s preferences for private goods and for club memberships are
interdependent and cannot be disentangled (except for monotonicity in private
goods)*! Activities are not traded.

8There would be little loss of generality in assuming that [0,1], F is the o-algebra of
Lebesgue measurable sets, arid Lebesgue measure.

%We use utility functions rather than preferences as a matter of convenience; under the assump-
tions made here, the two specifications are equivalent.

10Thus we incorporate into consumption sets various kinds of restrictions on club memberships.
For instance, we may forbid membership in 2 marriages. More general specifications of consump-
tion sets would be easily accommodated at the cost of complicating some definitions (of a linked
state and of an irreducible economy) and proofs (of the coincidence of weak and strong Pareto
optimality and of quasi-equilibrium and equilibrium).

11See Diamantaras and Gilles (1996), Gilles and Scotchmer (1997) and Diamantaras, Gilles and
Scotchmer (1996) for further discussion on this point.
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3.4 Club Economies
A club econom¥t is a mappin@ — (g, Xa, €3, Ua) for which:

e the external characteristic mappiag- w; is a measurable function

e the consumption set correspondereces X, is a measurable correspon-
dence

¢ the endowment mappiray— e, is an integrable function

e the utility mapping(a, x,£) — ua(X,£) is a (jointly) measurable function (of
all its argumentsy

As above, we assume that utility functions are continuous and strictly monotone
in private goods.

We assume that theggregate endowment

e= /Aead)\(a)

is strictly positive, so all private goods are represented in the aggregate.

3.5 States

A stateof a club economy is a measurable mapping
f=(XW:A— RN x RM

A state describes choices for each individual agent, ignoring feasibility at the
level of the individual and at the level of societindividual feasibilitymeans

that (xa, Ua) € Xa. Social feasibilityentails market clearing for private goods and
consistent matching of agents.

121t can be shown that this measurability requirement is equivalent to the usual requirement on
measurability of preferences.

17



We define consistency as a property of choice function® — Lists, and
show that it is equivalent to a property of aggregate membership vegia@h (a).
For each integej and each membershjp, Tt y), let

Ed((}.),T[,y) = {ae B: Ua(wa"ay) = J}

be the set of all agents who chogs@embershipsw, L y). If we interpref\ (E) as
the proportion of agents who belong to aBet A, thenA(E}(w, TY)) is the pro-
portion of agents who choogememberships of typéw, T, y) and j)\(Ed(w, Y))

is the proportion of memberships of typ®, 1t y) chosen by these agents. Hence
the sum

217\ (w,TLy))

is the proportion of memberships of tyge, L y) chosen by agents iA. We
therefore say that a functiqn: B — Lists is consistent for Bf

Y1 JA(Eu(w,my)) _ ()

Siz1IMEy(w,Try))  m(w)

for each(my) € Clubs and eachw, w € Q. Equivalently,u is consistent foB if
for each(m,y) there is a real number(1t,y) such that

i (Ep(w,my)) = a(TLy)mw)

for eachw € Q. Thus, consistency means that the distribution of club membership
choices in the population is the same as in the club itSelf.

We say that a club membership vectos RM is consistentf for every club
type (11 y) there is a real number(1ty) such that

H(w, 1Y) = a(Try) ()

B3Consider Example 2.3 for instance. Keeping in mind that some males may choose one
non-exclusive marriage, and some may choose two, consistency entails that the number of non-
exclusive marriages chosen by males is the same as the number of non-exclusive marriages chosen
by females.
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for everyw € Q. Write
Cons= {fic RM : [Tis consistent

Note thatConsis a subspace &M . Because agents will choose lists of mem-
berships that are nonnegative, the feasible states will have membership vectors in
the positive part o€Cons

The following lemma, whose simple proof is left to the reader, states the rela-
tionship between these two notions.

Lemma 3.1 LetE be a non-atomic club economy, letBA be a measurable set,
and let i B — Lists be an integrable function. Then the function u is consistent
for B if and only if the membership vectfipadA(a) is consistent.

We say that the state= (x, ) is feasible forthe measurable subgdgtC A if
it satisfies the following requirements:

(i) Individual Feasibility
(Xa, Ha) € Xa for eacha e A

(i) Material Balance 4

1.
/B xadA(@) + B(w%EM P (L) ba(ca 1Y) O (2) = /B ead\(a)

14Material balance means that the social consumption of private goods (B)tplos the quan-
tity of private goods used as inputs to club activities (by membeiB)a$ equal to the social
endowment of private goods (withB).
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(i) Consistency

K is consistent foB

We say the staté is feasibleif it is feasible for the seA itself.

Our description of feasible states of the economy is different from the descrip-
tion of feasible states in most of club theory, where the analog of consistency
is expressed by a requirement that clubs form a partitition of the set of agents.
Our description allows for the possibility that agents belong to many clubs, that
different agents belong to different numbers of clubs, and that clubs have overlap-
ping memberships. For instance, agents may be married, have employment in a
firm, belong to a gym, attend movies and concerts, take meals in a restaurant, and
so forth. In the special case that agents can belong to only one Mlab)( the
consistency condition reduces to the assertion that clubs form a partition that is
“measure consistent” in the sense of Hammond, Kaneko and Wooders (1989).

We do not keep track of which person belongs to which club, nor do we need
to do so: every functioqu : A — Lists that satisfies the consistency condition
corresponds to a consistent assignment of individuals to clubs (and vice versa).
Of course, a giveru may correspond to many consistent assignments, but we
do not need to distinguish them, because we assume that individuals care only
about the external characteristics of their consumption partners, not about their
identities. (See Section 3.10.)

3.6 Pareto Optimality and the Core

As in the exchange setting, we distinguish two notions of Pareto optimality and
the core; the stronger notion allows blocking if some agents (in the relevant group)
are made better off and none are made worse off, the weaker notion requires that
all agents be made better off. For exchange economies, strict monotonicity of
preferences guarantees that the two notions coincide. Because choices of club
memberships are indivisible, however, the notions may be distinct, even if pref-
erences are strictly monotone in private goods. In this subsection we define two
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notions of Pareto optimality and the core and give a natural condition that guaran-
tees that they coincide.

Let f be a feasible state. We say thiais weakly Pareto optimaif there
is no feasible statg such thatua(g(a)) > ua(f(a)) for almost alla € A; f is
strongly Pareto optimaif there is no feasible statesuch thata(h(a)) > ua(f(a))
for almost alla € A anduy(h(a)) > uy(f(a)) for all ain some subsef’ C A
having positive measure. Note that strong Pareto optimality is a more restrictive
notion than weak Pareto optimality. Similarlf,is in theweak coreif there is
no subseB C A of positive measure and stagethat is feasible foB such that
up(g(b)) > uy(f (b)) for almost every everp € B; f is in thestrong coreif there
is no subseB C A of positive measure and stdtghat is feasible foB such that
up(h(b)) > uy(f (b)) for everyb € Banduy (h(b')) > uy(f(b')) for all b’ in some
subsetB’ C B having positive measure. The strong core is a subset of the weak
core.

In general, weakly Pareto optimal allocations may not be strongly Pareto opti-
mal, and the weak core may be a proper superset of the strong core. The following
assumption, adapted from Gilles and Scotchmer (1997), guarantees that weak and
strong Pareto optimality coincide and that the weak and strong cores coincide.

We say thaendowments are desirabilefor every agenta and every list €
Lists(a), ua(ea,0) > ua(0,£). That is, each agent would prefer to remain single
and consume his endowment rather than to belong to any feasible set of clubs
and consume no private goods. Desirability of endowments is weaker than the
assumption Mas-Colell (1980) refers toessentialityof private goods, which in
our framework would be:

Ua(0,4) = (X*rzli)r&aua(x*,ﬂ*)

for every/ € Lists(a).

Proposition 3.2 If endowments are desirable, then weak and strong Pareto opti-
mality coincide and the weak and strong core coincide.

Proof Let f be a feasible state not in the strong core. By definition, there exists
a subseB C A of positive measure and a stajehat is feasible foB such that
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Up(g(b)) > up(f(b)) for everyb € B and up(g(b)) > uy(f(b) for all b in some
subseB’ C B having positive measure. Because endowments are desirable, in the
stateg all members o8’ must be consuming strictly positive amounts of private
goods. Making use of continuity and strict monotonicity of preferences, we can
find a small transfer of private goods from member84fB’ that leads to a state

g’ which is feasible foB and which all members d strictly prefer tof. That is,

f is not in the weak core.

The same argument with = A establishes coincidence of weak and strong
Pareto optimalitylll

When endowments are desirable, we omit the modifiers and refer unambigu-
ously to Pareto optimality and the core.

3.7 Equilibrium

Our notion of equilibrium involves the pricing of private goods and of club mem-
berships. Private goods pricedie in RN; prices for club membershipslie in

RM., so the vector of all prices lies RY x RM. Because we assume that prefer-
ences are monotone in private goods, we will require that private goods prices be
non-negative. However, prices for club memberships may be positive, negative or
zero; prices for club memberships include transfers between agents in a given club
— some agents may subsidize others. Bof) € RN x RM a vector of private
goods and club memberships amq) € RN x RM a vector of prices, write

(P,0)- (GH) = p-X+Qq-H
for the cost of(x, ).

A club equilibriumconsists of a feasible state= (x, ), private good prices
pe Rﬂ \ {0} and club membership prices= RM | satisfying the conditions:

(1) Budget Feasibility for Individuals

For almost alla € A:
P-Xa+Qg-Ha < Pr€a
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(2) Optimization
For almost all € A:
(Xas Ha) € Xa andua(Xa, Ma) > Ua(Xa, Ma) = P-Xq+ - Hy > P-€a
(3) Budget Balance for Clubs
For each club typér,y) € Clubs:
wgqﬂ(w)q(w, TLYy) = p-inp(Ty)

Thus, at an equilibrium, individuals optimize subject to their budget constraint
and the total cost of memberships in a given club is just enough to pay for the
inputs to the given activity.

A club quasi-equilibriundiffers from a club equilibrium only in the optimiza-
tion condition (2) above is replaced by the weaker quasi-optimization condition:

(2') Quasi-Optimization
For almost all € A:
(Xa, Ha) € Xa andua(Xy, Ma) > Ua(Xa; Ma) = P-Xa+0-Ha > P-€a

That is, nothing that is feasible and strictly preferred can cost strictly less than
agenta’'s wealth. An equilibrium is necessarily a quasi-equilibrium.

3.8 Equilibrium and Quasi-Equilibrium

In the exchange case, the possibility of a quasi-equilibrium that is not an equilib-
rium is frequently viewed as a mere technical problem; the combination of strictly
monotone preferences and strictly positive aggregate endowments is enough to as-
sure that this problem does not occur. However, the indivisibilities and activities
in our setting make the issue more subtle. The following example illustrates the
problems that may arise when private goods are used as inputs to club activities;
see Gilles and Scotchmer (1997) for an example illustrating the problems that may
arise when endowments are not desirable .
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Example 3.3 Consider an economy with two private goods, a single external
characteristiaw and a single clulz = (2,y) consisting of two people, requiring
inputsinp(c) = (2,0). We assume agents are constrained to choose at most one
club membership. All agents are identical, with endowmests (1,1) and util-

ity functions:

Ua(x,0) = 1—e 1%

ua(xaé(w,c)) = VXt+v%

Reminder:d, is the list specifying choice of the unique membersfupc).
Because endowments are desirable, the weak and strong cores coincide. Indeed,
there is a unique statkin the core: all agents belong to clubs, consume none of
good 1 and 1 unit of good 2, and the entire supply of good 1 is used to provide
the input to the club activity. However, the statecannot be supported as an
equilibrium, because the marginal rate of substitution of good 1 for good 2 is
infinite, so the equilibrium price ratio would have to be infinite also. On the other
hand, f can be supported as a quasi-equilibrium: quasi-equilibrium prices are
p=(1,0), q(w,c) = 1. (This isnotan equilibrium, because good 2 is free and
every agent desires more of i)

In the familiar exchange setting, a quasi-equilibrium may fail to be an equi-
librium if some agents are in the “minimum expenditure situation;” that is, when
guasi-equilibrium consumptions require expenditures exactly equal to wealth and
slightly smaller expenditures are not possible. As the example above illustrates,
it is easier for this minimum expenditure situation to arise in club economies,
because private goods are used as inputs to club activities and club choices are
indivisible. Various assumptions would enable us to avoid the minimum expen-
diture setting and guarantee that a quasi-equilibrium is an equilibrium; we take a
route parallel to the exchange setting.

Let E be a club economy and Iét= (x, 1) be a feasible state. Writg for the
consumption bundle consisting of one unit of ggoahd nothing else. Say that
is club linkedif whenever

lud={1,...,N}
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is a partition of the set of private goods axg = 0 for all i € | and almost all
ac A, then for almost ala € Athere exist € R, j € J such that

Ua(€a+rdj,0) > Ua(Xa, Ha)

Thatis, if (as in Example 3.3) thentire social endowment of the private goods in

| is used in the production of club activities, then for almost all agantisere is
some good ¢ | and some sufficiently large level of consumption of ggaalich
that agent would prefer consuming his endowment together with this large level
of good |, and belong to no clubs, rather than consume the bugdlethe club
membershipg,. Say thak is club irreducibleif every feasible allocation is club
linked

Proposition 3.4 LetE be a club economy for which endowments are desirable. If
(f,p,q) is a club quasi-equilibrium and f is club linked, ther-p- Oand(f, p,q)
is an equilibrium.

Proof We show first that all private good prices are strictly positive. If not, ket

the set of indices for whiclp; > 0, and let] £ 0 be the complementary set of in-
dices. Fixi € 1. If x4; # 0 for some set of consumers having positive measure, then
some of these consumers could sell a small amount of their consumptiparaf

buy an unlimited quantity of; (for any j € J) and be strictly better off with a lower
expenditure; this would contradict the quasi-equilibrium conditions. We conclude
that, for each € 1, x5; = O for almost alla € A. Club linkedness guarantees that

all consumers would prefer to consume their endowments plus a large quantity
of some commodity; rather than their quasi-equilibrium consumption. Since
aggregate endowments of private goods are strictly positive, the endowments of
some consumers have a strictly positive value and those consumers would (by
continuity of preferences) prefer to consume a very large fraction of their endow-
ment plus a large quantity of commodity, rather than their quasi-equilibrium
consumption. Again, this would contradict the quasi-equilibrium conditions, so
we conclude that all private good prices are strictly positive.

15We use the terms “club linked” and “club irreducible” because these notions play the same
role for us that linked allocations and irreducibility play in the exchange setting; see Mas-Colell
(1985) for instance.
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If (f,p,q) is notan equilibrium, then there is an agamtho is quasi-optimizing,
but not optimizing. Hence there is a choieg |') € X5 which is strictly preferred
to agent@a’s quasi-equilibrium choice and costs no more than his endowment. De-
sirability of endowments entails thet~ 0, sop- X > 0. Continuity of preferences
entails that there is a bundk€ such thatp- X" < p-X, (X',) € X3 and (X", ()
is strictly preferred to ageras quasi-equilibrium choice — but costs strictly less
than his endowment. This is a contradiction, so the proof is comjiikete.

3.9 Pure Transfers

Our formulation of equilibrium requires that the sum of membership prices in each
club type be exactly sufficient to pay for the inputs required for production of the

club activity. An equivalent notion makes clear the role of membership prices as
taxes and subsidies (and will prove to be more convenient in proofs).

Say thaig RM s apure transfeiif g € Trans, defined as:
Trans = {q € RM . g-p= 0 for eachu € Cons}

Thus for each club typéry) andq € Trans,

%H(w)q(w, my) =0

A pure transfer equilibriumis a triple (f, p,q) where f is a feasible state,
pe RJNr \ {0} is a vector of private good prices and: RM is a vector of mem-
bership prices satisfying the conditions:

(1) Budget Feasibility

For almost ala € A,

1.
P-Xatd-Hat ) P —iNP(TLY)Ha(w,TLY) < p-€a
iy M

(2) Optimization

26



For almost alla € A, if (X, 15,) € X3 and

Ua(X/a, p;l) > Ua(Xa, Ha)

then

1
PXatd bt p-wlnp(mv)ué(w,mv) > p-e
(wmy)

(3) Pure Transfers
g€ Trans

We define a pure transfer quasi-equilibrium in the obvious way.

The following lemma tells us that equilibrium (respectively quasi-equilibrium)
and pure transfer equilibrium (respectively quasi-equilibrium) are equivalent no-
tions; we leave the simple proof to the reader.

Lemma 3.5 LetE be a club economy. For‘ce Trans define ¢ RM by

% 1.
q°(w,TTy) zq(w,n,v)+p-ﬁlnp(mv)
Then: (f, p,q) is a pure transfer equilibrium (respectively, pure transfer quasi-
equilibrium) if and only if( f, p,g*) is an equilibrium (respectively, quasi-equilibrium).

3.10 Discussion

In our model, agents care about their own consumption and about the external
characteristics of others in their clubs. The characteristics we have in mind should
be observable to others in the club, which is why we call them external. Such
characteristics might include sex, intelligence, appearance, even tastes and en-
dowments, to the extent that such characteristics can be observed by'8tBers.

the other hand, we exclude private characteristics which are known only to the

16But keep in mind that we assume in this paper that the set of external characteristics is finite.
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individual. Because we assume that memberships are priced according to exter-
nal characteristics, our construction can be viewed as a compromise between the
non-discriminatory pricing of competitive equilibrium and the personalized prices
of Lindahl. To capture the essence of club theory, we regard as essential a certain
degree of anonymity, but we also think it important to recognize that clubs offer
different types of membershig.

One restriction in this model, which would be particularly desirable to elim-
inate in future work is that external characteristics are ascriptive, not acquired.
Intelligence and endowments (if observable) are possible external characteristics,
skill and consumption are not.

Of course we could formulate a model in which preferences for club mem-
berships depend on various characteristics of club partners, but insist that prices
be independent of those characteristics. In that case, however, and in contrast to
the results proved here, core allocations might not be decentralizable by prices,
and equilibria could fail to exist. (A similar comment applies to the possibility of
preferences that depend on tensumptionsf club partners.)

'"Much of the club literature indexes both the external characteristics and the tastes and endow-
ments by a single “type;” see Berglas (1976), Gilles and Scotchmer (1997) for instance. Our use
of external characteristics is closer in spirit to Conley and Wooders (1994), Engl and Scotchmer
(1996) and Scotchmer (1996), where prices are understood as “externality prices.” However, these
latter papers treat only finite TU economies with a single private good, restrict agents to belong to
at most one club, and do not discuss existence.
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4 The First Welfare Theorem and the Core

In our club context, as in the exchange case, we easily obtain the first welfare
theorem.

Theorem 4.1 Every equilibrium state of a club economy belongs to the weak core
and, in particular, is weakly Pareto optimal. If endowments are desirable, every
equilibrium state belongs to the strong core and, in particular, is strongly Pareto
optimal.

Proof LetE be a club economy and lét= (x,p) be an equilibrium state, sup-
ported by the pricep € RN Y\ {0},q¢ RM . If f is not in the weak core, there is
a subseB C A of positive measure and a state- (y,v) that is feasible foB and
preferred tof by every member oB. Feasibility ofg for the coalitionB entails
the material balance condition:

/yad)\ +/

and the budget balance condition for each club typg):
> TMw)g(w,my) = p-inp(TLy)

wWeQ
Combining these with the consistency condition, we conclude that

/B (P, Q) - (Ya,Va) dA(a / p-exdA(a

Hence there is a s& C B having positive measure for which

(P,q) - (Y, Vb) < P- &

for everyb € B'. Sinceg is unanimously preferred tb by members oB, this
contradicts the equilibrium nature &f We conclude that is in the weak core,
as desired.

y |n||np(T[,y)va(wT[y)d)\( a)— /Bead)\(a)
mmye

That f is weakly Pareto optimal follows immediately by takiBg= A in the
argument above.

If endowments are desirable, the weak and strong cores coincide and weak
and strong Pareto optimality coincide, so the proof is compliéte.

29



5 Failure of the Second Welfare Theorem

For exchange economies, the second welfare theorem asserts that every Pareto
optimal allocation can be realized as an equilibrium allocation after a suitable re-
distribution of endowments. For finite economies, the second welfare theorem
depends on convexity of preferences; because the indivisibility of club member-
ships introduces an essential non-convexity in our context, it should come as no
surprise that the second welfare theorem may fail for finite club economies. More
surprising is that the second welfare theorem may fail evemdoratomicclub
economies. The following simple examples (see also Example 6.2) illustrate what
may go wrong.

Example 5.1 We consider an economy with a single consumption good. Agents
have one of two external characteristi®s= {M, F } (males and females); a single
club ¢, a monogamous marriage, requiring no inputs, is possible, and agents are
constrained to choose at most one club membership. In thiddasg (M, c), (F,c)}.
Agents in the interval0,1/2) are male, agents in the interya)/2,1] are female.
Males love marriage and females hate it:

Ua(X,0) = X forallac [0,1]
Ua(X, QM) = 2X forallaec [0,1/2) (males)
Ua(X,OEc) = 1—e* forallac[1/2,1] (females)

Endowments are, = 1 for all a. Definex by

v2a

‘o { L forallac [0,1/2) (males)
1 forallac [1/2,1] (females)

and setf = (x,0). It is easily checked that is a Pareto optimal feasible state,

but cannot be supported as an equilibrium following any redistribution of endow-
ments: Whatever the marriage price, some males will be rich enough to desire and
afford marriage; those males will not be optimizidy.
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Example 5.2 The economy is as described in Example 5.1. Consider the feasible
state in which there is no exchange of the consumption good, but all agents are
married. That isg = (1,v), wherev is defined by:

V. — dme forallae[0,1/2) (males)
@7 O forallac[1/2,1] (females)

Again, it is easily checked thatis Pareto optimal, but cannot arise as an equilib-
rium state, no matter what the endowments: No matter what the prices, females
— who hate marriage — cannot be optimizing when they are marded.

The role of unbounded consumption in the failure of the 2nd welfare theorem
seen in Example 5.1 foreshadows the role unbounded endowments will play in
the failure of core equivalence in Example 6.2. The failure of the 2nd welfare
theorem seen in Example 5.2 reflects the fundamental asymmetry between initial
states (in which agents choose no clubs) and other feasible states (in which agents
may choose various club&j.

18This problem might be “solved” by allowing for endowments of clubs, but it is not clear what
endowments of clubs should mean. Here we follows tradition in the club literature and assume
endowments consist of private goods only.
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6 Core/Equilibrium Equivalence

In this section we establish that non-atomic club economies pass a familiar test of
perfect competition: coincidence of the core with the set of equilibrium states.

Theorem 6.1 Let E be a non-atomic club economy in which endowments are
desirable and uniformly bounded above. Then every core state can be supported
as a quasi-equilibrium and every core state that is club linked can be supported
as an equilibrium. In particular, i€ is club irreducible, then the core coincides
with the set of equilibrium states.

In the proof (which we defer to Section 8), we find it convenient to construct
a pure transfer equilibrium. The argument parallels Schmeidler’s (1969) proof of
Aumann’s core equivalence theorem for exchange economies:

1 Construct a preferred net trade correspondence and aggregate net preferred
set.

2 Apply the Lyapunov convexity theorem to show that the aggregate net pre-
ferred set is convex.

3 Use the core property to show that the aggregate net preferred set is disjoint
from a cone that represents feasible net trades (for all coalitions).

4 Construct a quasi-equilibrium price as a price that separates the net aggre-
gate preferred set from this cone. Use linkedness to conclude that the quasi-
equilibrium is an equilibrium.

The argument contains two surprises. The first is that we require endowments
to be bounded; no such assumption is required in the familiar exchange case. This
is not merely an artifact of the proof, however: if endowments are unbounded, the
core may not coincide with the set of equilibrium states and equilibrium may not
exist. The following variant of Examples 5.1 and 5.2 illustrates the problem.
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Example 6.2 We consider an economy with a single consumption good. Agents
have one of two external characteristi®= {M,F} (males and females); a sin-

gle clubc, a monogamous marriage requiring no inputs, is possible, and we we
assume agents are constrained to choose at most one membership. Agents in the
interval [0,1/2) are male, agents in the intervdl/2,1] are female. Males love
marriage and females hate it:

Ua(X,0) = X forallac [0,1]
Ua(X,0mq) = 2X forallac [0,1/2) (males)
Ua(X,0Fc) = 1—e* forallae[1/2,1] (females)

Endowments are,; = —a. It is easily checked that the initial state is the unique
element of the core but cannot be supported as an equilibrium: there is no upper
bound on the amount men would pay to enter a marriage (because males are will-
ing to give up half their endowment to enter a marriage, and male endowments are
unbounded), but no female is willing to enter a marriage at any pce.

The other surprise in the proof is that it will not be quite good enough to find
prices(p,q) that separate the aggregate net preferred set from the cone represent-
ing feasible net trades; we must also be sure phat0. To achieve this we will
separate the aggregate net preferred set from a cone that is larger than the cone
representing feasible net trades. To show that the aggregate net preferred set is
disjoint from this cone, we will need to show thatif= (y,v) is a stateB C Ais
a coalition, and nearly satisfies the consistency condition with respeB} then
there is a large subsBt C B such thav exactlysatisfies the consistency condition
with respect td'.

We formalize this idea in the following Lemma, but we must first introduce a
little notation. For. c RM write conv(L) for its convex hull. We have assumed
that individuals are constrained to choose lists with no moretharemberships;
write

Listsm = {¢ € Lists : [/| <M}

(Recall thatM is the given upper bound on the number of memberships that may
be chosen by any individual.) Set

D = {L C Listsy,conv(L) "nCons= 0}
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and
D = inf {dist(conv(L), Cong):Le D}

Lemma 6.3 Let BC A be a measurable set of positive measure and |8 —
Listsy be a measurable function. Then there is a measurable subseBBuch
that

/B,vbdA(b) € Cons

and
A(B') > \(B) — %dist(/Bvb dA(b) ,Cons) (20)
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7 Existence of Equilibrium
In this Section we establish the existence of equilibrium for non-atomic economies.

Theorem 7.1 LetE be a non-atomic club economy. If endowments are desirable
and uniformly bounded above, then a quasi-equilibrium exists. If in addiien
club irreducible, then an equilibrium exists.

The basic idea of the argument will be familiar: construct an excess demand
correspondence, use a fixed point theorem to find a zero, and show that this zero
is an equilibrium price. However, the club structure gives rise to many subtleties:

e The balance condition for private goods translates to the requirement that
the excess demand for private goods be 0O; the balance condition for club
memberships translates to the requirement that the demand for club mem-
berships be ilfCons a more subtle condition to verify.

¢ In equilibrium, prices for private goods must be positive, but prices for club
membership prices may be positive, negative or 0. Hence the relevant space
of all prices is not a proper cone, and the usual forms of the excess demand
lemma will not apply.

e Private good prices can be normalized to sum to 1; club membership prices
admit no obvious normalization or bound. Hence it is not clear how to
construct a domain for prices on which to apply a fixed point theorem.

e We assume that all private goods are present in the aggregate, but we do
not assume that all external characteristics are present in the aggregate, and
some clubs may not be chosen at equilibrium. In effect, therefore, we must
construct reservation prices for unavailable club memberships.

One reason that membership prices may be unbounded is that they may be
indeterminate. The following variant on Example 5.1 illustrates the point.
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Example 7.2 We consider an economy with a single consumption good. Agents
have one of two external characteristi®= {M,F} (males and females); a sin-
gle clubc, a monogamous marriage requiring no inputs, is possible. Agents are
constrained to choose at most one membership. The agent space [i8,1];
agents in0,1/2] are male, agents i1/2,1] are female. Endowments agg= 1

and utility functions for all agents are:

Ua(X,0) = X for all a
Ua(X, O ) = 1-—€e* forael0,1/2)
Ua(X,0Fc) = 1-—e* forae(l/21]

In this example both males and females hate marriage. The core consists of the
single autarkic state, and is supported as an equilibriuranypricesp, q such

that p > 0 andqg(M, ¢) + q(F,c) = 0 (because agents will never choose to marry,

no matter what the subsidyde

With multiple club memberships the problem is more subtle, as the following
example illustrates.

Example 7.3 We consider an economy with a single consumption good. Agents
have one of two external characteristi¢s—= {M,F} (males and females); two

club typescy, ¢y, each consisting of one male and one female and requiring no
inputs, are possible. Agents are allowed to choose at most 2 memberships. The
agent space i8 = [0, 1]; agents in0,1/2] are male, agents ii1/2,1] are female.
Endowments are; = 1. Utility functions for males € [0,1/2) are:

Ua(X, 0) = X

Ua(X, O(m,cy)) = Ua(X0mc,)) = 1-e7%
Ua(X, 28w c,)) = Ua(X,2yc,) = 1-€7”
Ua(X,0 (M,cy) T 5(M cz)) =

(Note thatdy ¢,) +dm.c,) is the list representing choice of one membership of
type (M, c1) and one membership of tyg#, cp).) Utility functions for females
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€[1/2,1] are:

Ua( ) = X
Ua(X, O cy)) = Ua(XQFc,) = 1-e*
Ua(X, 26(F c) = Ua(X,2Fg,)) = 1l-e*

Ua(X,OFc;) +O(Fcy) = 2X

Thus, both males and females hate belonging to a single club or two clubs of the
same type, but love belonging to two clubs of different types. The core consists
of a single point: all agents choose one club of each type and consume their
endowments. This state is supported as an equilibriuamiyyrivate good prices

and club membership prices such tphat 0 and

d(M,c1) +q(F,c1
d(M,cz) +q(F,cz
q(M,c1) +q(M,c;

q(F,c1) +q(F,c2

o O O O

(Because agents will never choose to belong to only one club or to two clubs of
the same type, no matter how big the subsidy.

As these examples suggest, some of the indeterminacy would disappear if we
regarded lists as the primary objects and priced them directly. However, doing
so would lead to a less appealing notion of equilibrium, in which the price of
a list might not be the sum of the prices of its component memberships. We
shall therefore work directly with membership prices, keeping list prices in the
background.

Finding upper and lower bounds for list prices is much simpler than finding
a bounded domain for membership prices: If we normalize private good prices
to sum to 1 and assume that individual endowments are uniformly bounded, then
individual incomes also will be uniformly bounded. Hence i RM is a vector
of membership priceg, € Lists is a list, andy- / exceeds the bound on individual
incomes, then no agent will be able to afford thedjstnd the demand fdrwill be
0. Thus the upper bound on individual incomes provides an upper bound for list
prices. To construct a lower bound for list prices (keeping in mind that list prices
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might be negative), we show that, if some individuals are paying large negative
list prices then others are paying large positive list prices, which is impossible.
The construction we use is formalized in Lemma 8.1.

As does the proof of core/equilibrium equivalence (Theorem 6.1), the argu-
ment for Theorem 7.1 proceeds by constructing a pure transfer quasi-equilibrium.
To deal with the difficulties identified earlier, we work with perturbations of the
true economy, and then take limits as we make the perturbation disappear. The
argument is divided into 8 steps:

1 For eactk, construct a perturbed econofay by adjoining toA a few agents
of each external characteristic, with utility functions unbounded in private
good consumption.

2 For the perturbed econonfsX, identify a compact set of prices in which an
equilibrium price will be found.

3 Construct an excess demand correspondence.

4 Find a fixed point of the correspondence that maximizes the value of excess
demand.

5 Show that, at this fixed point, excess demand for private goods is equal to O
and demand for club memberships is an elemeftans

6 Construct an equilibrium foEK.

7 Show that the equilibrium state can be supported by prices satisfying a uni-
form bound independent &f

8 Take limits of these uniformly bounded equilibrium priceskas> « and
apply Fatou’s lemma to construct an equilibrium Eor
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8 Proofs

Here we collect proofs of most of the results in the text. We first show tivaisif
“almost” consistent foB then it is exactly consistent for a large subseBof

Proof of Lemma 6.3 If Listsy € Consthen dist [gv,dA(b) ,Cons) =0,D =0
andD = «, so we may tak®' = B. Assume therefore thaistsy, ¢ Cons.

For eaclY € Listsy, write
Bj=v (¢{)={becB:vy=1¢}

and letL = {/ € Listsy : A(B;) > O}. Note thaty ;.| A(B;) = A(B) and that

_ _ 1 S ABY
/Bvbd)\(b) _%_7\(8@)6_ \E) % ok

In particular

/Bvbd)\(b) € TlB)conv(L)

If conv(L) N Cons= 0 then the right hand side of (10) is non-positive, so we may
takeB, = 0 for each?. We therefore assume cofly) N Cons# 0.

Consider the linear programming problem:

maximize Z By
lel
subject to 0< By < A(By)

; B¢ € Cons
€L

The feasible set for this problem is non-empty (it contains the origin), so this
problem has a solution; Id3, : £ € L} be any such solution.

For each, write ay = A(By) — By > 0. WriteL' = {£:a, > 0}. If L' =0 we
are done, so assume not. Write= min{a,: £ € L'}. If conv(L')nCons# 0
there are non-negative real numbeyssumming to 1 withy, €,/ € Cons Set
B; =Br+eay for L e’ andPB; =B, for £ ¢ L'. Then{B; : ¢ € L} satisfies
the constraints in the linear programming problem and yields a larger value of
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the objective, contradicting the choice {§,} as the solution. We conclude that
conv(L'ynCons= 0.

For eact’ € Listsy, non-atomicity o\ guarantees that we can cho@ec B,
such thak\(B)) = 3,. Set
B'=|JB)

lel
By construction,

/Ivbd)\(b):;)\(Bg)é € Cons
€L

We need only estimat®(B'). To this end, note first that, becauSensis a linear
subspace,
dist(x —y, Cons) = dist(x,Cons)
and
dist(rx, Cons) = rdist(x, Cons)
for everyx e RM 'y € Consr € R,.. Hence

dist(;L)\(Bg)é,Cons) = dist((;LA(Bg)é—;LBgé),Cons)

= dist( z (A(By) —Br)4, Cons)
Lel!

= dist( z a,¢, Cons)
Lel!

. Ay
= dist oy { }é, Cons
(gg_l gg_l 2reL Oy

. . Ay
— ég_’ag dist ( Lg_, T l, Cons)
> S dist(conv(L"),Cons)
Lel!
= 3 (A(B) —Br) dist(conv(L'),Cons)
Lel!
> DY (MB) B
Lel!
= D A(By) —
[é( (Be) —Be)
= DIA(B) —A(B))]
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Rearranging terms yields the desired inequality (D).
With this lemma in hand, we turn to the proof of core/equilibrium equivalence.

Proof of Theorem 6.1 Let f = (x,) be a core state. We show thhatcan be
supported as a pure transfer quasi-equilibrium.

Step 1 For each agerd, consider the preferred set
P(a) = {(X.£) € Xa: Ua(X,£) > Ua(Xa, Ha) }

For each clulmy) € Clubs, consider the bundlﬁinp(n, y); this is what each
agent would be required to contribute to the claby) if inputs were imputed
equally to all members. Fdre Lists(w,), define

1.
T(é) = z E((,O,T[,y)—lnp(T[,y)
(w,my)eM |T[|

This is the total an individual would be required to contribute to all cluldsisf
the chosen list of memberships and inputs were imputed equally to all members.

Define the net preferred set for ageards:
W(@) = {(x,) e RN xRM : (x+ e~ 1(£),) € D(a)}

and set
W(a) = Y(a)u{0}

It is easily checked tha¥ is a measurable correspondence. Define the aggregate
net preferred set to be the integral of the correspondéhce

Z— /A W(a)dA(a)

(We refer the reader to Hildenbrand (1974) for discussion of the integral of a
correspondence.)

Step 2 In view of the Lyapunov convexity theorerd, is a non-empty convex
subset oRN x RM . (See Hildenbrand (1974).)
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Step 3 Write 1= (1,...,1) € Rﬂ. By assumption, endowments are uniformly
bounded; sag, < W1 for eacha € A. Set

C={(xm eRNxRM :x<0, e Cons}

C is a convex cone ilRN x RM. The core property of implies thatZzNnC =0
and hence that can be separated fro@by a price pair(p, q). Unfortunately, it
might happen that the separating price pas 0. (See Example 6.2.) In order to
guarantee thagp # 0, we separatg from a “fatter” cone.

Define
x o LopM .o W . =
C'={(x,n) e R=xR™ :x< —Bdlst(p, Cons)1}

We claim thaznC* = 0.

To see this, suppose not; we construct a blocking coalition. Chpose
(X*,u*) € ZNC*. By definition, there is a measurable selectior (ya,Va) from
the correspondenc# such that

Z = [ (vava)dN(@)

LetB={ac A:(ya,Va) € Y(a)}; this is the set of agents for whof¥, va) is in
their net preferred set. Note thatB) > 0 and

Z = [ (Yava)d(a)

SO

X = [ ya0h(@), 0" = [ vadh(a) (11)
We now apply Lemma 6.3 to chooBeC B such that
/B’vadA(a) € Cons (12)
and
A(B') > A(B) — %dist( /B vy dA(b) ,Cons) (13)
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We assert thaB' is a blocking coalition. To see this, note first that, because
endowments are bounded aboveWdy, net preferred sets are bounded below by
—W1. Hence

[ yadh(@) = ~ABWL

B

Because" = (x*,u") € C*, equation (11) entails that
/ dA(a) < —V—Vdist(/v dA(a),Cons)
Bya D B a ’

Hence
dist(/ vadAi(a),Cons) < A(B)D
B

soA(B') > 0. Define a statg by
g(@) = (Ya+€ —T1(Va), Va)

To see that the statgis feasible foB’ note first that equation (11) and the defini-
tion of C* entail that

X' = /yadA < - Vﬁvdist(u*,Cons)l =— Vﬁvdist(/ vadA(a),Cong)l  (14)
B B

Additivity of integration entails that

/yad)\:/ yad)\+/ YadA (15)
B B B\B'

Our bound on endowments and the definition of individual excess demand entails
that

yadA > —A(B\ B)W1 (16)
B\B'

Combining equations (13), (14), (15) and (16) yields

[ yadh(@ <0
B!

and hence that

[ttt dN@ < [ eadh
B! B
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which is the material balance condition. Since equation (12) entails consistency
for B', we conclude that the statgis feasible forB’. By constructiong is pre-
ferred tof = (x, 1) by every member oB', so this contradicts the assumption that

f is a core state. We conclude tlat C* = 0, as asserted.

Step 4 We now use the separation theorem to find priges) € R’j'r x RM
(p,9) # (0,0) such that

(p,g)- (X <0 for each(x; ) € C*
(p,q)-z>0 for eachze Z

BecauseC* contains the cone-RY x {0}, it follows that thatp > 0. Because
C* contains the subspad®} x Cons, it follows that q vanishes orCons and
hence that] € Trans. To see thap # 0, supppose to the contrary that= 0. By
construction(p,q) # (0,0) soq+ 0. Hence there isa&RM such thaty- 1> 0.
Fore > 0 sufficiently small(—1,ep) € C*, so that(p,q) - (—1,ep) < 0. However

(p,@)-(—Lepw = (0,0)-(—1,ep)
= gqu

which, by our choice ofy, is positive. This is a contradiction, so we conclude that
p # 0, as desired.

We claim that(f,p,q) is a pure transfer quasi-equilibrium. Feasibility of
f is guaranteed by assumption; we need to check budget feasibility and quasi-
optimization. To this end, |d; C Abe the set of agents for whoffa) = (Xa, Ma)
is not in their budget set; that ia,c E; if and only if expenditure strictly exceeds
income:

expendituréa) = p-[Xa+T(Ma)]+ 9 Ha
> p-ey=incomea)

Write E; for the set of agents for whom income strictly exceeds expenditure. Mea-
surability of the endowment mappiregimplies thatE;, E, are measurable sets.
Feasibility of f implies that the integral (ovek) of expenditure must equal the
integral of income. Hence, X(E;) > 0 it must also be the case thatE,) > 0.
Strict monotonicity of preferences in private goods means that, foraeachand
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eache > 0, the choice vectofxa + €€, Ha) is strictly preferred tdf (a) = (Xa, Ha)-
Hence ifa € E; then there is am; > 0 such thaixa + €a€, la) costs strictly less
thane, and is strictly preferred td (a); we may choose, to be a measurable
function ofa. Defineg: A — R_'\: x RM by

(a) = (Xa+€a€—€q,la) ifack
&= (0,0) otherwise

By constructiong is a measurable selection from the correspondéhes® [, g(a) dA(a) €
Z. However, our construction guarantees that

(p.0): [ g@dA@) = [ (p.0)-gl@)dA(@) <O

which contradicts the fact thdip,q) separateZ from C*. We conclude that
A(Ep) = 0; that is, almost all agents are choosing in their budget set.

To check the quasi-optimization conditions, wiiigfor the set of agents who
are not quasi-optimizing in their budget set; suppose x(Bgt) > 0. Note that
ac Ezif and only if there is a choice vectdy,, va) which is strictly preferred to
(Xa, Ma) @nd costs strictly less thas endowment; we may choose these choice
vectors so that the mappirg— (Ya,Va) is measurable. Defirte: A — Rﬁ x RM
by

(Ya—€a,Va) ifacks
h(a) = .
(®) { (0,0) otherwise
By constructionh is a measurable selection fro#so [, h(a) dA(a) € Z. How-
ever, our construction guarantees that

(p.0)- [ a(@)dr@) = [ (p.0)-g(@)dN(&) <O

which contradicts the fact thdip,q) separateZ from C*. We conclude that
A(E3) = 0; that is, almost all agents are quasi-optimizing in their budget set.

It follows that(f, p,q) is a pure transfer quasi-equilibrium. Setting
. 1 .
O = Gm+ p-inp(TLy)

for eachm e M vyields a quasi-equilibriuni, p,g*. If f is club linked, it follows
from Proposition 3.4 thatf, p,q*) is an equilibrium.
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Finally, if E is club irreducible, then every feasible state is club linked and
hence every core state can be supported as an equilibrium. By Theorem 4.1, every
equilibrium state belongs to the core. Hence the core coincides with the set of
equilibrium statesll

We now turn to the task of establishing existence of equilibrium. We begin by
finding upper and lower bounds for list prices.

Write Listsy = {/ € Lists : |¢| < M}. By analogy with a notion from coop-
erative game theory, we say that a ket Listsy is strictly balancedf there are
strictly positive real numberge (¢) : £ € L} (which we callbalancing weights
such that

;SL(E)K € Cons
L

Lemma 8.1 There is a constant Rwith the following property:

If L C Listsy is a strictly balanced collection andg Trans is a pure
transfer then

maxd-¢ > —R*ming-¢
lel q - lel 9

Proof For each strictly balanced collectidn choose strictly positive balancing
weights{e  (¢) : £ € L} and set

~ max{eL(£):£ecL}
()= min{e (¢): £ €L}

Define
R = mLax<R(L)(|L| —1))

where the maximum extends over the finite set of strictly balanced colledtions

To see thaR* has the desired property, lgtc Trans be a pure transfer and
observe that

T e (06 =q- e (H)L=0 (17)

lel lel
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Choose a list* € L such that

g-£*=maxq-/
Lel
Rearranging terms in equation (17) and carefully keeping track of signs, we find:
1
g-£r = — . eL(0)q-¢
eL(¢ )éegﬂ*
eL(4)

el EL(LY)

> — (L] - i :
> —(L/-Dmin(RL)(9-0))
> —(ming-/)R*
>~ (mpa-t)R
which is the desired inequalitil
With this lemma in hand we establish the existence of equilibrium.

Proof of Theorem 7.1 By assumption, aggregate endowmeist strictly positive
and individual endowments are uniformly bounded above; sayethawl >> 0
and thate; <Wplfor all a € A. Write W = max{Wp, 1}. We assume without loss
thatA(A) = 1.

Step 1 Fix an integekk > 0. Choose a familyfAX : w e Q} of pairwise disjoint
intervals inR, each of length k. Write
A=A
weQ

We define the agent spap&, F K, A¥) for the perturbed econonisX by setting
Ak = AUA*, definingFK to be theo-algebra generated Hy and the Lebesgue
measurable subsets Af, and defining\K to beA on A and Lebesgue measure
on A*. Note that\k(A) = 1+ 2. External characteristics, consumption sets,

endowments and utility functions of agentsArare just as in the original club
economyE. For agents € AX, we define:

W = ®
Xa = RWYx{£eListsy:(w,my)=0if & # 0}
e = W1

Ua(X,£) = [X
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Step 2 The demand functions of these added agents is such that, for commodity
prices near the boundary of the simplex and for membership prices that are large
in absolute value, their commodity excess demand will be very large. This will
lead to aggregate excess demands that are impossibly large. As a consequence,
we can write down compact price sets that contain an equilibrium pride*for

To define these sets, set
M* = max{|m : (T, y) € Clubs}

Choose a real number> 0 so small that

W Q| Q|
[1-(N—-1)g] [k_l\ls -W(1+ T)] —e(N-DW(1+ T) >0
Having choserg, choose a real numb&> 0 so big that
R Q] Q]
[kNM* -W(1+ T)] [1-(N—-1)g]—e(N—D)W(1+ T) >0

Of courseg,R depend ork. Define a price simplex for private goods and a
bounded price set for club memberships:

A = {peRY:p,>eforeachn}

Qr = {geTrans:|gm < Rforal me M}

Step 3 We define an excess demand correspondence. As in the proof of Theorem
6.1, define

1.
T(é) = z E(va[vy)_lnp(Tgy)
(wmy)eM T

Let p € Ag,g € Qr. For each agerd € A, write
B(a,p,q) = {(x,£) € Xa: p-X+q-£+p-T1({) < p-€a}

As in the proof of Theorem 6.1, this is ageals budget set, assuming that he is
required to pay his share of the inputs to club activities. Let

d(a, p,q) = argmax{ua(x, ) : (x,) € B(a,p,q) }
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be the set of utility optimal choices in ageai$ budget set; that isd(a, p,q) is
agenta’s demand set. Define agegis excess demand set to be

{(a,p,q) =d(a p,q) — (€a,0)

It is easily checked that excess demand sets are uniformly bounded (because en-
dowments are bounded, private good prices are bounded away from 0 and club
membership prices are bounded above and below). Moreover the correspondence
(a,p,q) — ¢(a, p,q) is measurable and, for each fixads upper hemi-continuous

(in p,q). Define the aggregate excess demand correspondence

Z:0: x Qr— RY x RM

to be the integral of the individual excess demand correspondences:

Z(p.d) = [ L(ap.a)dr@

As the integral of an upper hemi-continuous correspondence with respect to a non-
atomic measurez is upper hemi-continuous, with compact, convex, non-empty
values.

Step 4 We find a fixed point of the excess demand correspondence, in a slightly
roundabout way. Note first that individual income comes from selling private
good endowments and receiving subsidies for club memberships; because private
good endowments are boundedWly private good prices are bounded beloweby
and sum to 1, and club membership prices lie in the intérvBl +R], this means
that individual demand for private goods is bounded abov§(W+ RM). Hence
individual (and aggregate) excess demands for private goods lie in the compact
set

X={xeRV:-W<x,< %(W+RM) for eachn}

By assumption, agents can choose at nMsmemberships, so individual and
aggregate demands for club memberships lie in the set

C={meRY: Zwﬁ(m)sl\/l}

me

Define a correspondence

DA XQrXXXC =0 xQrx X xC
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by
d(p,q, X, 1) = [argmax{(p*,q*) (1) 1 (P, d°) € Be x Qr} | X Z(p,0)

It is easily checked thab is upper hemi-continuous with compact convex values.
Hence Kakutani’s fixed point theorem guarantees @hats a fixed point. Thus
there is a price paifp¥, ) € A x Qg and a consumption/club membership pair
(2, 1F) € Z(pX,g¥) such that

(pkvqk) ) (Zk?ljk) = max{(p*,q*) : (Z,ﬂ) : (p*aq*) € Ag X QR> (va S Z(pkvqk)}

Walras’s law implies that

(P09 - (21 =0

Step 5 We show thai = 0 andf € Cons The argument is in several parts.

Step 5.1 We show first that - p = 0. Suppose that this is not so. We obtain a
contradiction by looking at excess demands (at prigleg®) of agents inA<\ A,
Maximality and the definition ofp entail thatg* - ¥ > 0 (because Ok = 0).
Maximality entails that) € bdyQg so that/g¥,| = Rfor someme M. The budget
balance condition for clubs means that if some price has large magnitude and is
positive then some other price must have large magnitude and be negative. Thus
there is a membershipi such thatg, < —R/M*. The agents irAX, (whom

we have adjoined to the original set of agents, and whose external characteristic
is w*), could obtain a subsidy d&/M* by choosing the membership* (and no
other). Because agentsA'éo* don't care at all about club memberships and find

all private goods to be perfect substitutes, they will choose to consume only the
least expensive private good and to choose all club memberships whose prices
are negative and no club memberships whose prices are positive. It follows that
their excess demand for the least expensive private good — which we may as well
suppose is good 1 — is at least

k ~K
>
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Keeping in mind thah (AX,) = 1/k and that the excess demand of each agent is
bounded below by-W1, it follows that the aggregate excess demand for good 1
and for other private goods satisfy:

1 R Q|
A4 2w WEER0)
Q
2 > w2

Definep € A¢ by:

[ 1-(N-1¢ if n=1
Pn=1 ¢ if n>1

Calculation shows that

Q| Q|
KNM — (1+T) —8(N—1)W(1+T)

Our choices oR € guarantee that this is strictly positive, so that

(p,0) - (2,1 > 0= (p*,0) - (&, i)

p-zkz[l—(N—l)e][

which contradicts maximality. We conclude thgt pk = 0, as desired.

Step 5.2 We show next thagi e Cons. If not,we could find a pure transfef e
Trans such thag®* - pX > 0 and hence could findgt* € Qg such thaty™ - ik > 0,
contradicting maximality.

Step 5.3 We claim thatpﬁ > ¢ for eachn. Suppose not; we once again obtain a
contradiction by considering the excess demand of agers #a A\ A. Every
agent inA* finds all commodities to be perfect substitutes, and therefore demands
only the least expensive commodities. Because agewshiave endowment1
and hence wealtiV/, there is at least one commodity, say commodity 1, for which
the excess demand of each agemins at least
Ga(apd) > Nﬂs

Integrating over all agents and keeping in mind that individual excess demands
are bounded below byW1 and thai\(AX) = 1/k, we conclude that

z'{ 1W Q]

> -0 =2
2 N T WEERO)
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Definep € A¢ by
{1—(N—1)s if n=1
Pn= .

Calculation gives

p-ZX>[1— (N-1)] [% ~W(1+ '—f') —e(N—1)W(1+ '—f')

Our choice of guarantees that this is strictly positive and hence that
(pao) ' (Zkvgk) >0= (pkaqk) ' (Zkvgk)
which again contradicts maximality.We conclude thét> € for eachn.

Step 5.4 We show thatX = 0. If Z # 0 there are indiceis j such thatk < 0 and
> 0. Since(p*, g) - (&, %) = 0 andg- ¥ = 0 it follows thatp®- 2 = 0. Since
p}‘ > €, wWe can construct a prige€ A¢ by setting

pi—3(p—¢) ifn=i
pr=1 Pi+3(pf—g) ifn=]
pK otherwise

SincepX-Z = 0, it follows thatp Z > 0, a contradiction. We conclude thgt= 0.

Step 6 By definition, there is a selecti@ia) = (ya, Ua) from the individual excess
demand sets which integrates(#, ). Set

Ya=Ya+€a—T(la)

Settingfk = (y*, ) yields a state of the econonfyf. Since we have just shown
that commodity excess demamti= 0 and thatX € Cons, we conclude that
(K, pX,g¥) constitutes a pure transfer quasi-equilibrium Bt SinceEX is club
irreducible,( ¥, pk, g¥) in fact constitutes a pure transfer equilibrium Ef.

Step 7 Our price normalization entails that private good priptsre bounded by
1; our construction entails that club membership prigeare bounded bfR, but
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R depends ok. We now replace the sequence of membership prité&y mem-
bership pricesfwhich lead to the same demands and are bounded independently
of k.

Passing to a subsequence if necessary, we may assume that féedasts)
the sequencég- ¢) converges to a limi6,, which may be finite or infinite. De-
fine:

L = {¢elistsy:q*-¢{— G, R}
L, = {¢clistsy:q¢-f— +oo}
L. = {¢clistsy:q¢ £ — —oo}

ChooseG € R so large thatgX- ¢| < G for eachk, each? € L.

Define a linear transformatioh: Trans — R" by T(q), = g £. Write ranT =
T(Trans) C R* for the range ofl and kel = T-1(0) c Trans for the kernel
(null space) off . The fundamental theorem of linear algebra implies that we can
choose a subspa¢e C Trans so thatH NkerT = {0} andH + kerT = Trans.
Write Ty for the restriction ofT to H. Note thatTy, : H — ranT is a one-to-
one and onto linear transformation, so it has an inv&seanT — H. Because
Sis a linear transformation, it is continuous, so there is a congtasuch that
|S(x)| < K|x| for eachx € ranT.

Let R* be the constant constructed in Lemma 8.1. Chdg@sso large that
k > kg implies

> +2KG+W  iflely
< -2KG-RW ifrel_

q-
q-£
Write ST for the composition oSwith T. For eachk > kg set
q“ = ST(d) — ST(d©) + ¢ € Trans
BecauseS Ty are inverses the compositidrSis the identity, so
T(A) = TST(A) - TST(©) + T(d°) = T(d)
We claim that foik > ko, the triple( ¥, pX, g¥) constitutes a pure transfer equi-

librium. To see this, we first consider the prices of lists. FerL, G- £ = ¢*- ¢ be-
causeT () = T(*). For¢ e L, G- £ > W becauséST(q¥)| < KG, |[ST(q)| <

53



KGandg ¢ >W +2KG. Forl € Ly, Gf-£ < —R'W becauséST(g")| < KG,
IST(q*°)| < KG andg - £ < —R*W — 2KG.

To check the equilibrium conditions, keep in mind that individual demands for
private goods and club memberships depend only on the prices of private goods
and of lists, not directly on the prices of memberships. Because endowments are
bounded above by and private goods prices sum to 1, individual wealth is also
bounded above by. Hence no list whose price exceatfss ever demanded; in
particular, no listirL. is demanded at pricgs, g€ or at pricesp¥, g¢. Moreover,
because the set of lists demanded at an equilibrium is strictly balanced, it follows
from Lemma 8.1 that no list ib_ is demanded at pricgs’, g. By construction,
prices for lists irL _ are higher with respect f than with respect tg¥, so no lists
in L_ are demanded at pricg&, g<: if no one is willing to buy a list when a large
subsidy is provided, no one will be willing to buy it when the subsidy is reduced.
Since prices for lists it are the same with respectab as with respect tof, it
follows that demands are the same with respepttg as they are with respect to
pX, g¥. (In words: When we replace membership prigesith membership prices
< we lower the prices of some unaffordable lists, but we keep them so high that
they remain unaffordable. We also lower the subsidies of some lists, but lists that
are not demanded when subsidies are large will not be demanded when subsidies
are smaller. Hence we do not change demands.) It follows(tffapX, g¥) is a
pure transfer equilibrium foEX. By construction|g- ¢| < 2KG + |gko - ¢| for
k,Z; because singleton memberships are themselves lists, it followgihas a
bounded sequence imans.

Step 8 In view of this construction, we have bounded sequer{@¥s of pri-
vate goods pricegd¥) of membership prices ang) of aggregate membership
choices. Passing to a subsequence if necessary, we may assurpe-that*,

< — g*, g — . We may now employ Schmeidler’s version of Fatou’s lemma
(see Hildenbrand (1974)) to conclude that there is is a measurable magping
A— RY x RM such that

e foralmostallac A, f*(a) € B(a, p*,q") C Xa

e for almost alla € A, f*(a) belongs to agerd’s quasi-demand set; that is,
there does not exigk’, £') € Xa such thatiz (X, £) > ua(f*(a)) and(p*,q*) -
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(X, )+ p 1) < p*-ea
o [af(a)dA = (&)
By definition, (f*, p*,q*) is a pure transfer quasi-equilibrium f&r. Club irre-

ducibility implies that(f*, p*,q*) constitute a pure transfer equilibrium fir, so
the proof is completdll
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