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Abstract

In this paper I prove that a quasiconcave separable utility defined on an
atomless space is concave.

1 Introduction.

The assumption of a separable utility function is the commonest in economic the-
ory. The discounted utilities so useful in growth theory are separable utilities.
Any von Neumann-Morgenstern utility is a separable utility. In general equilib-
rium with an infinite number of goods, separable utilities also appear, sometimes
in a negative fashion: In Bewley(1972) equilibrium existence paper as an exam-
ple of a Mackey continuous utility which is in general not weakly continuous.
Separable utilities satisfying Inada’s condition furnishes the simplest examples of
preference relations that are not uniformly proper in an essential way. The known
proofs of incomplete markets equilibrium existence with a continuum of states
asks for separable utilities.
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It is easy to give examples of concave separable utilities functions. It is not
so easy to give examples of quasiconcave separable utilities that are not concave.
In this paper I show that this is in the nature of things: a quasiconcave separable
utility defined on an atomless space (likeLp[0;1]) is concave. Moreover its kernel
(i.e the integrand) is therefore almost everywhere concave.

2 Basic definitions.

I denote byR the set of real numbers. Let(Ω;A;µ) denote a complete measure
space. I denote byLp = Lp(Ω;A;µ), p2 (0;∞), the space ofp> 0 integrable,A
measurable functions. Ifp= ∞, Lp is the space of essentially bounded measurable
functions1. The setLp

+
is the positive cone ofLp. The norm of an elementx2 Lp

is denotedjxjp.

Definition 1 (Separable utility) A function U: Lp
+
! R is a separable utility if

there exists v: Ω�R+! R such that:

(a) v isA�B(R+) measurable;

(b) for every x2 Lp
+

the function w! v(w;x(w)) is A measurable and integrable;

(c) For every x2 Lp
+

, U(x) =
R

Ω v(w;x(w))dµ(w).

The functionv is called the kernel ofU . Given a kernelv a functional operator is
naturally defined. Defineρ : R Ω

+
! R Ω by ρ(x)(w) = v(w;x(w)) for w2Ω.

Remark 1 A well known condition for the measurability needed in (b) is that for
almost every w2Ω, v(w; �) to be continuous inR+. If this happens I will say that
the kernel is almost everywhere continuous.

Theorem 1 (Continuity of separable utilities.) Suppose(Ω;A;µ) is a complete
measure space and1� p� ∞. Suppose also that U: Lp

+
! R is a separable

utility with an almost everywhere continuous kernel. Then U is norm continuous.

1more precisely equivalence classes of functions.
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Proof. Suppose to obtain a contradiction thatU is not continuous atx 2 Lp
+

.
Then there is a sequencexn 2 Lp

+
and anε > 0 such thatjU(xn)�U(x)j � ε

and jxn� xjp < 1=n2. Since∑∞
n=1 jxn� xjp < ∞ the series ˜z= x+∑∞

n=1 jxn� xj
converges inLp. Define z = z̃χ

fw;z̃(w)<∞g. The correspondenceS : Ω ! R+,
S(w) = [0;z(w)] has anA �B(R+) measurable graph sincew ! d(x;S(w)) =
miny2S(w) jx�yj= (x�z(w))+ is measurable for everyx2 R+. Define the corre-
spondenceΓ : Ω! R+,

Γ(w) = fx2 [0;z(w)]; jv(w;x)j= maxfjv(w;y)j;y2 [0;z(w)]gg :

The correspondenceΓ has from Lemma III.39 (and its application), page 86 of
Castaing and Valadier(1977) book, a measurable selectionf : Ω ! R+. Since
0� xn(w) � z(w) for almost everyw 2 Ω, jρ(xn)j � jρ( f )j. Since f 2 Lp we
have by hypothesis thatρ( f ) 2 L1. We can therefore apply Lebesgue’s dominated
convergence theorem to obtain

lim
n!∞

U(xn) = lim
n!∞

Z
v(w;xn(w))dµ=

Z
v(w;x(w))dµ=U(x);

a contradiction. ThereforeU is continuous. QED

The following theorem proved by Krasnoselskii(1964) for the interval[0;1] can
be proved with the technique above.

Theorem 2 (Krasnoselskii) Suppose the kernel v is almost everywhere continu-
ous and r� 1. Then ifρ(Lp

+
) � Lr the operatorρjLp

+

: Lp
+
! Lr is continuous in

the norm topology.

Proof. For the original proof I refer the reader to Krasnoselskii(1964) book,
theorem 2.1, pages 22-25. A proof along the lines of theorem’s 1 proof can easily
be done and will be omitted.

3 Quasiconcavity and separable utilities.

In this section I prove the main result of this paper.

Theorem 3 Suppose(Ω;A;µ) is an atomless complete measure space and1�
p� ∞. Suppose U: Lp

+
! R is a quasiconcave separable utility with an almost

everywhere continuous kernel. Then U is concave.
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Proof. SupposeU : Lp
+
! R is a quasiconcave separable utility function with

an almost everywhere continuous kernelv. Supposex;y 2 Lp
+

, λ 2 (0;1) and
θ= 1�λ. I will prove thatU(λx+θy)�λU(x)�θU(y)� 0. First take a sequence
of A measurable simple functionsxN :=∑mN

n=1xnNχEN
n
� 0,yN :=∑mN

n=1ynNχEN
n
� 0

such thatjxN�xjp! 0 andjyN�yjp! 0. Sinceµ is atomless, using Lyapunov’s
theorem we can suppose without loss of generality that limN!∞ maxn�mN µ(EN

n )=
0. Consider for eachN� 1 the function

φ : R mN
+

! R ;φ(x) =
mN

∑
n=1

φn(xn); whereφn(xn) = ∑mN
n=1

R
EN

n
v(w;xn)dµ:

Sinceφ(x) = U(∑mN
n=1xnχEN

n
) the quasiconcavity ofφ follows from the quasicon-

cavity of U . A quasiconcave function which is a sum ofmN functions of inde-
pendent variables is by a theorem of Debreu-Koopmans(1982) a sum of at least
mN�1 concave summands. More precisely at most one of the summandsφn is
not a concave function. Define for a givenN, EN

0 = /0 and definekN = 0 if all
summands are concave. If not all summands are concave definekN 2 f1; : : : ;mNg
as the index of the unique non-concave summand. Then we have the following:
U(λxN+θyN)�λU(xN)�θU(yN) =

∑
n6=kN

(φn(λxnN+θynN)�λφn(xnN)�θφn(ynN))+

φkN(λxkNN +θykNN)�λφkN(xkNN)�θφkN(ykNN)�
φkN(λxkNN +θykNN)�λφkN(xkNN)�θφkN(ykNN) =Z

EN
kN

�
v(w;λxkNN +θykNN)�λv(w;xkNN)�θv(w;ykNN)

�
dµ= (1)

U((λxN+θyN)χEN
kN
)�λU(xNχEN

kN
)�θU(yNχEN

kN
):

Now supposep< ∞. Then fromjxNχEN
kN
jp� jxN�xjp+ jxχEN

kN
jp! 0 and by the

same reasons,jyNχEN
kN
jp! 0, it follows from the continuity ofU that

U((λxN+θyN)χEN
kN
)�λU(xNχEN

kN
)�θU(yNχEN

kN
)! 0:

ThereforeU(λx+θy)�λU(x)�θU(y)= limN!∞U(λxN+θyN)�λU(xN)�θU(yN)�
0: Suppose now thatp= ∞. TakeM � jxNj∞ for all N. Then, for example,

j
Z

EN
kN

v(w;xN
kN
)dµj �

Z
EN

kN

jv(w;xN)jdµ�
Z

EN
kN

jv(w; f (w))jdµ! 0:
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Here f is such thatjv(w; f (w))j= maxfjv(w;y))j;0� y� Mg. Analogously we
consider the other summands in (1). ThereforeU(λx+θy)�λU(x)�θU(y)� 0
as well. QED

Remark 2 The discussion of convexity index in Debreu-Koopmans has been gen-
eralized and simplified by Crouzeix-Lindberg(1986) to which I refer the reader.

A quasiconcave utility may not be concave if the space has atoms. The example
below is valid in any measure space which has at least two finite measure atoms.

Example 1 (Quasiconcave but not concave separable utility)Let us considerU:
R 2
+
! R given by U(x;y) =�e�x+(y+1)2. This is a strictly monotonic utility.

It is not concave since Uyy = 2> 0. To check that it is quasiconcave consider for
a given C> 0 the indifference curve

U�1(C) = f(x;y(x)) :�e�x+(y(x)+1)2 =Cg:

I will show that y(x) is convex. Note that y(x) =
p

C+e�x� 1. The first two
derivatives of y are:

y0(x) =
�e�x

2
(C+e�x)�

1
2 and y00(x) =

e�x(C+e�x)�
1
2

2
[1� 1

2
e�x

(C+e�x)
]> 0:

The concavity ofU imply as a corollary that the kernel must be for almost every
w concave.

Theorem 4 In an σ-finite measure space every concave separable utility has an
almost everywhere concave kernel.

Proof. First it shall be clear thatv(w; �) is concave for almost everyw2 A if A
is an atom ofA. So we can suppose without loss of generalityµ to be atomless.
Sinceµ is σ-finite there is a sequenceOi 2A such that[∞

i=1Oi =Ω andµ(Oi)<∞.
If v(w; �) is concave for almost everyw2Oi then the proof will be done. We may
therefore without loss of generality suppose thatµ is an atomless finite measure
space. TakeD � R+ a countable dense set. And fixx;y 2 D, λ 2 D\ (0;1) and
θ = 1�λ. Sinceρ(x) andρ(y) are measurable and the space is atomless there is
a sequence of partitions ofΩ, fEnN;1� n� Ng such that

f N
x (w) :=

N

∑
n=1

�
1

µ(EnN)

Z
EnN

v(w;x)dµ

�
χEnN(w)! v(w;x(w))
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for almost everyw. Analogously we definefy and fλx+θy for y andλx+ θy re-
spectively. From the concavity ofU we haveU(λxχEnN+θyχEnN)� λU(xχEnN)+
θU(yχEnN). Therefore ifw2 EnN the following inequality is true:

1
µ(EnN)

Z
EnN

v(w;λx+θy)dµ(w)� 1
µ(EnN)

Z
EnN

(λv(w;x)+θv(w;y))dµ(w):

So f N
λx+θy(w) � λ f N

x (w) + θ f N
y (w) for almost everyw 2 Ω. Hence passing to

the limit N ! ∞ we havev(w;λx+θy) � λv(w;x)+θv(w;y) for almost everyw.
Now sinceD is countable we obtain as well this inequality for everyx;y2 D and
λ 2 D\ (0;1). From the continuity ofv(w; �) we finish the proof:v(w;λx+θy)�
λv(w;x)+θv(w;y) for almost everyw and everyx;y2R+;λ2 (0;1) andθ= 1�λ.
QED

In the same vein we prove that if the separable utility is monotonic then the kernel
is non-decreasing for almost everyw.

Theorem 5 If the separable utility is monotonic then for almost every w2 Ω the
kernel is non-decreasing. Moreover if U is strictly monotonic the kernel is almost
everywhere increasing.

4 How to make examples of separable utilities.

If there is anα 2 L1 and aβ > 0 such thatjv(w;x)j � α(w) + βxp for almost
everyw2Ω we have thatρ(Lp

+
)� L1 and therefore that the separable utility with

kernelv is well defined. This condition, in atomless spaces, has been proved by
Krasnoselskii (theorem 2.3 page 27 of his book), to be also necessary forU to
be well defined. However the following condition is probably easier to apply for
concave kernels. I denote byv+(w;y) the right-handed derivative ofv(w; �) at
y2 R+. And v+(y) = (v+(w;y(w))w2Ω if y2 Lp

+
. As usualq is the conjugate of

p (i.e. 1=p+1=q= 1).

Theorem 6 Suppose the kernel is positive and almost everywhere concave. If
there exists an y2 Lp

+
such thatρ(y) 2 L1 and v+(y) 2 Lq thenρ(Lp

+
)� L1.

Proof. Takex2 Lp
+

. For almost everyw, 0� v(w;x(w))� v(w;y(w))+v+(y)(w)(x(w)�
y(w)). Sincev+(y) 2 Lq, v+(y)(x�y) 2 L1. Henceρ(x) 2 L1.
QED
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Remark 3 The condition in the theorem above has a nice interpretation if y2
Lp
++

. The requirement v+(y) 2 Lq is then the requirement that the utility U to
have a continuous price supporting the endowment y (were the utility defined).
Then we conclude that the utility is really defined on Lp

+
and has a support at y.
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