
Wrzdug dq Hfrqrplf Wkhru| ri Ohdghuvkls=
Ohdglqj e| H{dpsoh�

Ehqmdplq H1 Khupdolq
Xqlyhuvlw| ri Fdoliruqld dw Ehunhoh|

Mdqxdu| 47/ 4<<:

Devwudfw

Wklv sdshu h{soruhv ohdghuvkls zlwklq rujdql}dwlrqv1 Ohdghuvkls lv
glvwlqfw iurp dxwkrulw| ehfdxvh iroorzlqj d ohdghu lv d yroxqwdu| udwkhu
wkdq frhufhg dfwlylw| ri wkh iroorzhuv1 Wklv sdshu frqvlghuv krz d
ohdghu lqgxfhv udwlrqdo iroorzhuv wr iroorz khu lq vlwxdwlrqv zkhq wkh
ohdghu kdv lqfhqwlyhv wr plvohdg khu iroorzhuv1

4 Lqwurgxfwlrq

Ohdghuvkls/ dowkrxjk orqj d uhvhdufk wrslf ri rwkhu vrfldo vflhqfh glvflsolqhv/4

kdv ehhq qhjohfwhg e| hfrqrplfv1 Hfrqrplf dqdo|vhv ri rujdql}dwlrqv kdyh/
lqvwhdg/ irfxvhg rq irupdo ru frqwudfwxdo uhodwlrqvklsv1 Lqghhg/ wkh sod|huv
lq rujdql}dwlrqv zkr zrxog frpprqo| eh fdoohg ohdghuv/ vxfk dv pdqdjhuv/
duh w|slfdoo| prghohg dv djhqwv ri rwkhu sod|huv zkr duh qrw frpprqo| vhhq
dv ohdghuv +h1j1/ vkduhkroghuv,1 Vxfk dqdo|vhv/ ghvslwh wkh juhdw lqvljkw wkh|
kdyh surylghg rq dxwkrulw| dqg frqwuro/ gr qrw vkhg dq| oljkw rq ohdghuvkls1
Lq sduwlfxodu/ wkh| plvv zkdw zh vhh dv wkh gh�qlqj ihdwxuh ri ohdghuvkls= D

WKhosixo frpphqwv iurp Vxvdq Dwkh|/ Kdurog Ghpvhw}/ Wrp Kxeedug/ Gduuhoo
Zlooldpv/ dqg sduwlflsdqwv dw wkh 5qg Ehunhoh|0Vwdqirug LRihvw/ wkh XFOD Ehujpdq
Zrunvkrs lq Exvlqhvv Rujdql}dwlrq dqg Uhjxodwlrq/ dqg wkh Zlqwhu Hfrqrphwulf Vrflhw|
Phhwlqjv lq Qhz Ruohdqv duh judwhixoo| dfnqrzohgjhg1 Sursrvlwlrq 6 lv wkh surgxfw ri d
ohqjwk| glvfxvvlrq zlwk Plfkdho Ndw}1 Vhfwlrq 616 zdv prwlydwhg e| wkh lqvljkwixo frp0
phqwv ri Lo|d Vhjdo1 Frqyhuvdwlrqv zlwk Uxwk Nrqr�/ fr0suhvlghqw ri wkh Ylvwd0PdfJuhjru
SWD/ surylghg vrph h{dpsohv1 Ilqdqfldo vxssruw zdv surylghg wkh X1F1 Ehunhoh| Frp0
plwwhh rq Uhvhdufk/ wkh Zdowhu D1 Kddv Vfkrro ri Exvlqhvv/ dqg wkh Kdurog Ixuvw Fkdlu
lq Pdqdjhphqw Sklorvrsk| dqg Ydoxhv1

4Frqvlghu/ h1j1/ PfJuhjru +4<99,1
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ohdghu lv vrphrqh zlwk iroorzhuv1 Iroorzlqj lv lqkhuhqwo| d yroxqwdu| dfwlylw|1
Khqfh/ d fhqwudo txhvwlrq lq xqghuvwdqglqj ohdghuvkls lv krz grhv d ohdghu
lqgxfh rwkhuv wr iroorz khu15

Hyhq zkhq wkh ohdghu kdv dxwkrulw|�wkh srzhu wr frhufh +gluhfwo| ru
lqgluhfwo|,�vxfk dxwkrulw| lv uduho| devroxwh1 Fhuwdlqo| wkh rujdql}dwlrqdo
ehkdylru olwhudwxuh vwloo vhhv d qhhg iru pdqdjhuv wr hqfrxudjh dqg prwlydwh
d iroorzlqj +wklqn/ h1j1/ derxw exvlqhvv vfkrro ghdqv dqg ghsduwphqw fkdluv
zkr pxvw fdmroh wkhlu idfxowlhv wr wdnh fhuwdlq dfwlrqv,16 Pruhryhu/ wkrvh
shrsoh lq dq rujdql}dwlrq zlwk dxwkrulw| duh qrw dozd|v ru vroho| wkh ohdghuv1
Frqvlghu/ iru lqvwdqfh/ wkdw lq pdq| dfdghplf ghsduwphqwv wkh wuxh ohdghuv
duh riwhq qrw wkh ghsduwphqw fkdluv1 Frqvhtxhqwo|/ wkh lvvxhv ghdow zlwk
khuh dsso| wr d zlgh udqjh ri rujdql}dwlrqv1

Wkhuh duh/ dgplwwhgo|/ pdq| idfhwv wr ohdghuvkls dqg zh fdq*w dgguhvv
doo ri wkhp khuh1 Dv hfrqrplvwv/ zh irfxv rq d udwlrqdo prgho ri ohdghuvkls>
wkdw lv/ zh suhvxph wkdw iroorzhuv iroorz ehfdxvh lw*v lq wkhlu lqwhuhvw wr
iroorz1 Zkdw frxog pdnh lw lq wkhlu lqwhuhvw wr iroorzB Rqh dqvzhu lv wkdw
wkh| eholhyh wkh ohdghu kdv vxshulru nqrzohgjh derxw zkdw wkh| vkrxog gr
wkdq wkh| kdyh1 Ohdghuvkls lv wkxv/ lq sduw/ derxw wudqvplwwlqj nqrzohgjh
wr iroorzhuv1 Exw wklv fdqqrw eh doo wkhuh lv wr ohdghuvkls= D ohdghu pxvw dovr
frqylqfh iroorzhuv wkdw vkh lv wudqvplwwlqj wkh fruuhfw nqrzohgjh> wkdw lv/ vkh
pxvw frqylqfh wkhp wkdw vkh lv qrwplvohdglqj wkhp=7 Frqvlghu/ iru h{dpsoh/
wkh khdg ri vrph yroxqwhhu jurxs olnh d Sduhqw0Whdfkhuv* Dvvrfldwlrq +SWD,1
Jlyhq fxwedfnv lq vfkrro ixqglqj/ wkhuh duh pdq| dfwlylwlhv iru yroxqwhhuv
wr gr1 Wkh khdg ri wkh SWD kdv dq lqfhqwlyh wr jhw yroxqwhhuv iru doo ri
wkhp ehfdxvh wkdw lpsuryhv khu rzq fkloguhq*v hgxfdwlrq1 Khqfh/ vkh kdv
dq lqfhqwlyh wr whoo wkh yroxqwhhuv wkdw doo dfwlylwlhv ghvhuyh wkhlu ixoohvw
h�ruwv1 Udwlrqdoo|/ wkh yroxqwhhuv uhdol}h wkdw vkh kdv wkhvh lqfhqwlyhv dqg
duh/ wkxv/ suhglvsrvhg wr glvuhjdug khu fdoov wr dfwlrq1 Wkh SWD khdg pxvw/

5Kdqg| +4<<6/ s1 <:, ghvfulehv dqvzhulqj wklv txhvwlrq dv rqh ri wkh �Kro| Judlov� ri
rujdql}dwlrq wkhru|1

6Vhh Fkdswhu 7 ri Kdqg| +4<<6, iru d vxuyh| ri fxuuhqw wklqnlqj rq ohdghuvkls lq
rujdql}dwlrqdo ehkdylru1

7Iru h{dpsoh/ Nrwwhu +4<<9,/ dq h{shuw rq exvlqhvv ohdghuvkls/ zulwhv=

Pdmru fkdqjh lv xvxdoo| lpsrvvleoh xqohvv prvw hpsor|hhv duh zloolqj wr khos/
riwhq wr wkh srlqw ri pdnlqj vkruw0whup vdful�fhv1 Exw shrsoh zloo qrw pdnh
vdful�fhv/ hyhq li wkh| duh xqkdss| zlwk wkh vwdwxv txr/ xqohvv wkh| wklqn
wkh srwhqwldo ehqh�wv ri fkdqjh duh dwwudfwlyh dqg xqohvv wkh| uhdoo| eholhyh
wkdw d wudqvirupdwlrq lv srvvleoh1 Zlwkrxw fuhgleoh frppxqlfdwlrq/ dqg d
orw ri lw/ hpsor|hhv* khduwv dqg plqgv duh qhyhu fdswxuhg1�Nrwwhu +4<<9,/
s1 < +hpskdvlv dgghg,1
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wkhuhiruh/ ghylvh d zd| wr frqylqfh wkh yroxqwhhuv wr frph rxw iru wkrvh
dfwlylwlhv wkdw duh wuxo| wkh prvw lpsruwdqw1 Wkhuh duh wzr zd|v wkdw zh
pljkw vhh khu gr wkdw1 Rqh lv ohdghu vdful�fh= Wkh ohdghu r�huv jliwv wr wkh
yroxqwhhuv +h1j1/ d ihz gr}hq grqxwv dw d phhwlqj,1 Wkh yroxqwhhuv uhvsrqg
qrw ehfdxvh wkh| zdqw wkh jliwv wkhpvhoyhv�lqghhg/ wkh jliwv frxog eh sxeolf
jrrgv wkdw wkh| fdq hqmr| uhjdugohvv ri zkhwkhu wkh| uhvsrqg�exw ehfdxvh
wkh ohdghu*v vdful�fh frqylqfhv wkhp wkdw vkh pxvw wuxo| frqvlghu wklv wr eh
d zruwkzkloh dfwlylw|1 Wkh rwkhu zd| wr frqylqfh wkh yroxqwhhuv lv ohdglqj e|
h{dpsoh= wkh ohdghu zrunv �uvw/ sxeolfo| rq wkh dfwlylw|/ wkhuhe| frqylqflqj
wkh yroxqwhhuv wkdw vkh lqghhg frqvlghuv wklv wr eh d zruwkzkloh dfwlylw|1

Wr irupdol}h wklv lqwxlwlrq dqg wr h{soruh lwv lpsolfdwlrqv ixuwkhu/ zh
prgho wkh ohdghu dqg khu iroorzhuv dv phpehuv ri d whdp1 Wkh whdpv prgho/
dv irupxodwhg e| Kropvwurp +4<;5,/ lv zhoo vxlwhg wr vwxg|lqj ohdghuvkls1
Iluvw/ ehfdxvh wkh ohdghu vkduhv lq wkh whdp*v rxwsxw/ vkh kdv wkh qhfhvvdu|
lqfhqwlyh wr h{djjhudwh wkh ydoxh ri h�ruw ghyrwhg wr wkh frpprq dfwlylw|1
Vhfrqg/ ehfdxvh wkh lqirupdwlrq vwuxfwxuh olplwv wkh ohdghu*v delolw| wr frhufh
iroorzhuv/ vkh pxvw lqgxfh wkhlu yroxqwdu| frpsoldqfh zlwk khu zlvkhv1

Lq wkh qh{w vhfwlrq/ zh uhylhz wkh whdpv sureohp xqghu v|pphwulf lq0
irupdwlrq derxw wkh uhwxuq wr h�ruw doorfdwhg wr d frpprq hqghdyru1 Hdfk
whdp phpehu�zrunhu�ghflghv krz pxfk h�ruw wr lqyhvw lq wkh frpprq
hqghdyru yhuvxv lq sulydwh hqghdyruv +lqfoxglqj/ srvvleo|/ klv ohlvxuh,1 Xqghu
plog frqglwlrqv/ wkh rswlpdo vroxwlrq lv iru wkh whdp wr vkduh wkh surgxfw
ri wkhlu frpprq hqghdyru htxdoo|1 Krzhyhu/ dv Kropvwurp +4<;5, vkrzhg/
wklv vroxwlrq lv rqo| vhfrqg0ehvw rswlpdo= Ehfdxvh hdfk zrunhu jhwv rqo|
d iudfwlrq ri wkh ryhudoo +vrfldo, uhwxuq wr klv h�ruw/ kh h{shqgv ohvv wkdq
wkh �uvw0ehvw ohyho ri h�ruw rq wkh frpprq hqghdyru1 Wkdw lv/ ehfdxvh hdfk
zrunhu idlov wr lqwhuqdol}h wkh srvlwlyh h{whuqdolw| klv h�ruw kdv iru wkh whdp/
kh h{shqgv wrr olwwoh h�ruw1 Wklv whdpv sureohp lv/ wkxv/ vlpso| dq h{dpsoh
ri wkh iuhh0ulglqj sureohp hqghplf wr wkh doorfdwlrq ri sxeolf jrrgv1

Lq Vhfwlrq 6/ zh dvvxph wkdw rqo| wkh ohdghu kdv lqirupdwlrq derxw
wkh uhwxuq wr h�ruw doorfdwhg wr wkh frpprq hqghdyru1 Jlyhq dv|pphwulf
lqirupdwlrq/ wkh txhvwlrq lv krz fdq wkh ohdghu fuhgleo| frppxqlfdwh wklv
lqirupdwlrq wr wkh uhvw ri wkh whdp1 Zh frqvlghu wzr srvvleoh vroxwlrqv1
Lq Vhfwlrq 614/ zh ylhz wkh sureohp dv d phfkdqlvp0ghvljq sureohp1 Zh
vkrz wkdw d phfkdqlvp wkdw pdnhv vlgh0sd|phqwv dprqj whdp phpehuv d
ixqfwlrq ri wkh ohdghu*v dqqrxqfhphqw derxw khu lqirupdwlrq fdq gxsolfdwh
wkh v|pphwulf0lqirupdwlrq vhfrqg0ehvw rxwfrph1 Wkh ohdghu*v vlgh0sd|phqw
wr rwkhu zrunhuv lv lqfuhdvlqj lq khu hvwlpdwh ri wkh uhwxuq wr h�ruw�vkh
�vdful�fhv� pruh wkh ehwwhu wkh vwdwh lv1

Lq Vhfwlrq 615/ zh doorz wkh ohdghu wr �ohdg e| h{dpsoh�> wkdw lv/ vkh
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h{shqgv h�ruw ehiruh wkh rwkhu zrunhuv1 Edvhg rq wkh ohdghu*v h�ruw/ wkh
rwkhu zrunhuv irup eholhiv derxw wkh ohdghu*v lqirupdwlrq1 Zh �uvw vkrz/
xqghu idluo| jhqhudo dvvxpswlrqv/ wkdw ohdglqj e| h{dpsoh |lhogv dq rxwfrph
wkdw lv vxshulru wr wkh v|pphwulf0lqirupdwlrq rxwfrph1 Wkh uhdvrq iru wklv
vxusulvlqj frqfoxvlrq lv wkdw wkh klgghq0lqirupdwlrq sureohp �frxqwhu0dfwv�
wkh whdpv sureohp +iuhh0ulglqj,= Wkh qhhg wr frqylqfh wkh rwkhu zrunhuv
lqfuhdvhv wkh ohdghu*v lqfhqwlyhv/ vr vkh zrunv kdughu1 Lq idfw/ zh fdq uh0
gxfh khu vkduh/ exw vwloo ohdyh khu vwurqjhu lqfhqwlyhv wkdq xqghu v|pphwulf
lqirupdwlrq/ dqg/ wkhuhe|/ lqfuhdvh wkh vkduhv ri wkh rwkhu zrunhuv vr wkdw
wkh| wrr zrun kdughu1 Zh wkhq surfhhg wr ghulyh zkdw wkh rswlpdo frqwudfw
+vkduhv, vkrxog eh zkhq wkh ohdghu ohdgv e| h{dpsoh1 Zh �qg wkdw lq d vpdoo
whdp/ vkh kdv wkh vpdoohvw vkduh/ exw lq d odujh whdp/ vkh kdv wkh odujhvw
vkduh1 Xqghu fhuwdlq frqglwlrqv/ ohdglqj e| h{dpsoh grplqdwhv v|pphwulf
lqirupdwlrq hyhq zkhq zh uhvwulfw dwwhqwlrq wr htxdo vkduhv1

Ehfdxvh ohdglqj e| h{dpsoh fkdqjhv wkh vhtxhqfh ri pryhv lq wkh jdph/
lw lv zruwk h{sorulqj wkh ghjuhh wr zklfk lwv dssduhqw vxshulrulw| lv gxh wr wkh
lqfuhdvhg lqfhqwlyhv wkdw ohdglqj e| h{dpsoh uhsuhvhqwv yhuvxv wkh ghjuhh wr
zklfk lw lv gxh wr d fkdqjh lq wkh vhtxhqfh ri pryhv1 Zh gr wklv lq Vhfwlrq
6161 Xqghu d uhdvrqdeoh fodvv ri frqwudfwv/ wkh dqvzhu lv wkdw ohdglqj e|
h{dpsoh*v vxshulrulw| lv gxh vroho| wr wkh lqfuhdvhg lqfhqwlyhv1 Li/ krzhyhu/
wkh fodvv ri frqwudfwv lv h{sdqghg wr doorz �ex|0edfn� frqwudfwv�wkh ohdghu
rzqv 433( ri wkh uhwxuq wr wkh frpprq hqghdyru/ zklfk vkh fdq vhoo wr wkh
rwkhu zrunhuv diwhu vkh zrunv�wkhq v|pphwulf lqirupdwlrq lv vxshulru wr
ohdglqj e| h{dpsoh1 Lq idfw/ zh vkrz wkdw li wkh whdp fdq hpsor| d vhulhv
ri ex|0edfn frqwudfwv lw fdq dfklhyh wkh �uvw0ehvw rxwfrph xqghu v|pphwulf
lqirupdwlrq +Sursrvlwlrq ;,1 Rq wkh rwkhu kdqg/ dv zh glvfxvv/ wkhuh duh
qxpehu ri uhdvrqv wr eh vxvslflrxv ri ex|0edfn frqwudfwv dv d vroxwlrq wr
wkh whdpv sureohp1 Pruhryhu/ ex|0edfn frqwudfwv gr qrw zrun sduwlfxoduo|
zhoo xqghu dv|pphwulf lqirupdwlrq1

Zh wkhq frqvlghu h{whqvlrqv ri wklv prgho1 Dv qrwhg deryh/ wkhuh lv d
vlplodulw| ehwzhhq wkh whdpv sureohp dqg d sureohp ri sulydwho| surylglqj
d sxeolf jrrg1 Zh h{sorlw wkdw vlplodulw| lq Vhfwlrq 714 wr vkrz zk| lw
pljkw eh rswlpdo wr kdyh sxeolf jrrgv surylghg vhtxhqwldoo| udwkhu wkdq
vlpxowdqhrxvo|> wkhuhe| h{sodlqlqj skhqrphqd olnh d fkdulw| sxeolfl}lqj wkh
dprxqwv grqdwhg e| hduolhu grqruv wr odwhu srwhqwldo grqruv1 Zh wkhq wxuq
wr wkh txhvwlrq ri pxowlsoh ohdghuv/ krz wkh| frpshwh wr lqgxfh wkh whdp
wr iroorz wkhp/ dqg krz wkh whdp ghflghv zklfk ohdghu wr iroorz1 Ehfdxvh
wkhuh lv frpshwlwlrq ehwzhhq srwhqwldo ohdghuv/ hdfk ohdghu lv lqgxfhg wr eh
pruh wuxwkixo lq khu dqqrxqfhphqwv1 Frqvhtxhqwo|/ wkhuh lv ohvv qhhg wr
vdful�fh dqg/ vr/ frpshwlwlrq uhgxfhv ohdghu vdful�fh1 Frpshwlwlrq juhdwo|
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frpsolfdwhv wkh dqdo|vlv ri ohdglqj e| h{dpsoh/ exw zh suhvhqw dq h{dpsoh
lq zklfk ohdglqj e| h{dpsoh lv vwloo d vxshulru v|vwhp/ dw ohdvw iru odujh
whdpv1 Zh glvfxvv/ exw gr qrw dqdo|}h/ wzr ixuwkhu h{whqvlrqv lq Vhfwlrq
7161 Zh frqfoxgh lq Vhfwlrq 81

Dv vxjjhvwhg hduolhu/ zh duh xqdzduh ri dq| hduolhu hfrqrplf olwhudwxuh
h{sorulqj ohdghuvkls1 Wkhuh lv/ frqvhtxhqwo|/ olwwoh suhylrxv olwhudwxuh wr
zklfk wr uhodwh wklv sdshu1 Wkh lghd wkdw rqh vhw ri sod|huv zloo edvh wkhlu
dfwlrqv rq d �uvw0pryhu ehfdxvh wkh| eholhyh vkh kdv lqirupdwlrq ehduv vrph
uhodwlrq wr wkh �khug ehkdylru� ru �lqirupdwlrqdo fdvfdghv� olwhudwxuh +vhh/
h1j1/ Edqhumhh/ 4<<5> Elnkfkdqgdql hw do1/ 4<<5> Vfkduivwhlq dqg Vwhlq/ 4<<3,1
Xqolnh wkdw olwhudwxuh/ wkhuh lv qr lvvxh khuh ri wkh iroorzhuv ljqrulqj wkhlu
sulydwh vljqdov�wkh| kdyh qrqh1 Pruh lpsruwdqwo|/ xqolnh wkdw olwhudwxuh/
wkh �uvw0pryhu khuh kdv dq lqfhqwlyh wr lqgxfh d iroorzlqj1 Ilqdoo|/ xqolnh
wkdw olwhudwxuh/ wkh sod|huv khuh fdq vljq frqwudfwv dprqj wkhpvhoyhv wr di0
ihfw wkh wudqvplvvlrq ri lqirupdwlrq1 Frqwudfwlqj dovr glvwlqjxlvkhv wklv sd0
shu iurp wkh Vwdfnhoehuj0vljqdolqj olwhudwxuh lq lqgxvwuldo rujdql}dwlrq +vhh/
h1j1/ Jdo0Ru/ 4<;:> Pdlodwk/ 4<<6,1 Pruhryhu/ zkhuhdv wkh ohdghu zlvkhv wr
frqylqfh iroorzhuv wkdw wkh vwdwh lv edg lq wkdw olwhudwxuh/ khuh wkh ohdghu
zdqwv wr frqylqfh wkhp wkdw wkh vwdwh lv jrrg1 Wklv sdshu lv dovr uhodwhg wr
wkh jurzlqj olwhudwxuh rq lqirupdwlrq wudqvplvvlrq zlwklq wkh �up +vhh/ h1j1/
Suhqghujdvw/ 4<<6> Ohylww dqg Vq|ghu/ 4<<9,1 Wkdw olwhudwxuh kdv whqghg/
krzhyhu/ wr ylhz wkh �up lq whupv ri irupdo dxwkrulw| dqg lqfhqwlyh frq0
wudfwv/ zkhuhdv zh duh orrnlqj dw ohvv irupdo ohdghuvkls dqg pruh yroxqwdu|
frrshudwlrq1 D ixuwkhu gl�huhqfh lv wkdw olwhudwxuh lv derxw �d ixqgdphqwdo
wudgh0r� ehwzhhq lqgxflqj zrunhuv wr whoo wkh wuxwk dqg lqgxflqj wkhp wr
h{huw h�ruw� +Suhqghujdvw/ 4<<6/ s1 :9<,1 Rxu srlqw/ lq frqwudvw/ pljkw eh
ghvfulehg dv wkh qhhg wr frqylqflqjo| whoo wkh wuxwk fdq ohdg wr pruh h�ruw
ehlqj h{huwhg1

5 Suholplqdulhv

Frqvlghu d whdp zlwk Q lghqwlfdo zrunhuv lqgh{hg e| q1 Hdfk zrunhu
vxssolhv h�ruw h?1 Wkh ydoxh wr wkh whdp ri lwv phpehuv* h�ruwv lv Y @
�
S

�

?'�
h?/ zkhuh � 5 ^3> 4` lv d vwrfkdvwlf surgxfwlylw| idfwru1 Dvvxph � lv

uhdol}hg diwhu h�ruwv kdyh ehhq vxssolhg1 Hdfk zrunhu kdv wkh xwlolw| ixqf0
wlrq z� g +h,/ zkhuh z lv klv zdjh +sruwlrq ri Y , dqg g +�, lv dq lqfuhdvlqj/
frqyh{/ dqg wkulfh0gl�huhqwldeoh ixqfwlrq1 Dvvxph g +3, @ 3 dqg�

g�� +h,
�
2

. g��� +h, A 3 iru doo h A 31 +4,
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Wklv odvw dvvxpswlrq hqvxuhv wkdw surgxfwlrq zloo eh grqh e| wkh ixoo whdp
udwkhu wkdq d vxevhw1

Wkh glvxwlolw|0ri0h�ruw ixqfwlrq/ g +�,/ fdq eh lqwhusuhwhg dv uhsuhvhqwlqj
wkh iruhjrqh xwlolw| ri ohlvxuh1 Dowhuqdwlyho|/ lw fdq eh vhhq dv wkh zrunhu*v
iruhjrqh sur�w iurp uhgxflqj klv h�ruwv vshqw rq klv sulydwh surmhfwv1 Wkh
odwwhu lqwhusuhwdwlrq lv uhohydqw li wkh uroh ri ohdghuvkls lv vhhq/ lq sduw/ wr
idflolwdwh frruglqdwlrq rq frpprq surmhfwv ru remhfwlyhv1

Dvvxph/ nhhslqj zlwk Kropvwurp +4<;5,/ wkdw dowkrxjk frqwudfwv fdq
eh zulwwhq frqwlqjhqw rq Y / wkh| fdqqrw eh zulwwhq frqwlqjhqw rq wkh whdp
phpehuv* h�ruwv1 Dvvxph/ wrr/ wkdw frqwudfwv fdqqrw eh frqwlqjhqw rq �
gluhfwo| +dowkrxjk wkh| fdq eh frqwlqjhqw rq h{ dqwh dqqrxqfhphqwv derxw

�,1 D frqwudfw lv d vhw ri frqwlqjhqw zdjhv
q
z?
�
Y> a�

�r
�

?'�

/ zkhuh z?
�
Y> a�

�
lv zrunhu q*v zdjh zkhq wrwdo ydoxh lv Y dqg wkh dqqrxqfhg ydoxh ri � lv
a�18 Dvvxph wkdw wkh zrunhuv fdqqrw frpplw wr vxejdph0lpshuihfw frq0
wudfwv wkdw zrxog kdyh wkhp iruhjr vrph ri wkh ydoxh +l1h1/ wkh| fdqqrw xvh

frqwudfwv vxfk wkdw
S

�

?'�
z?
�
Y> a�

�
? Y ,1 Wkhuh lv qr h{whuqdo vrxufh ri

ixqgv/ vr
S

�

?'�
z?
�
Y> a�

�
� Y 1 Khqfh/ dwwhqwlrq fdq eh olplwhg wr frqwudfwv

lq zklfk
S

�

?'�
z?
�
Y> a�

�
@ Y iru doo Y dqg a�1 Zh dvvxph z?

�
Y> a�

�
lv

gl�huhqwldeoh lq Y iru doo q dqg a�1 Dowkrxjk pdnlqj dvvxpswlrqv derxw hq0
grjhqrxv ixqfwlrqv lv qrw lghdo/ wklv dvvxpswlrq lv qhfhvvdu| iru wudfwdelolw|1
Pruhryhu/ wklv lv frqvlvwhqw zlwk prvw uhdo0zruog frpshqvdwlrq sodqv/ lq vr
idu dv wkh| duh frqwlqxrxv dqg vprrwk1

Dvvxplqj wkdw z?
�
�> a�
�
lv gl�huhqwldeoh uxohv rxw vr0fdoohg �ervv frq0

wudfwv�= Rqh zrunhu/ wkh Qwk/ lv wkh �ervv� dqg khu frpshqvdwlrq lv

z�
�
Y > a�

�
@

;?= Y li Y ? Y
�
a�
�

3 li Y � Y
�
a�
� 1

Hdfk ri wkh uhpdlqlqj zrunhuv jhwv

z?
�
Y > a�

�
@

;?= 3 li Y ? Y
�
a�
�

T

�3�
li Y � Y

�
a�
� 1

Wkdw lv/ wkh ervv jhwv doo wkh ydoxh li ydoxh idoov ehorz vrph fxwr�> rwkhuzlvh
wkh ydoxh lv glylghg dprqj wkh rwkhu zrunhuv1 Ervv frqwudfwv duh d sduwldo

8Vlqfh wkh zrunhuv duh ulvn qhxwudo/ udqgrp frqwudfwv +vhh Udvpxvhq/ 4<;:, kdyh qr
ydoxh1
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vroxwlrq wr wkh iuhh0ulghu sureohp hqghplf wr whdp surgxfwlrq +Kropvwurp/
4<;5,= Wkh wkuhdw ri orvlqj hyhu|wklqj surylghv h{wuhph lqfhqwlyhv wr wkh
surgxfwlyh zrunhuv +q @ 4> = = = >Q�4,/ zklfk suhyhqwv wkhlu iuhh0ulglqj1 Wkh
frvw lv wkdw wkh ervv vxssolhv qr h�ruw/ vr khu frqwulexwlrq lv orvw1

Ervv frqwudfwv vwulnh xv dv xquhdolvwlf/ dv zh duh xqdzduh ri dq| uhdo0
zruog xvh1 Dv lv zhoo nqrzq/ wkh| duh jhqhudoo| qrw urexvw wr qrlvh +h1j1/
li Y @ �

S
�

?'�
h? . �/ zkhuh � lv dqrwkhu vwrfkdvwlf yduldeoh,1 Pruhryhu/

dqg pruh lpsruwdqwo|/ wkh| duh qrw frdolwlrq0surri= Jlyhq wkdw wkh ervv
jhwv qrwklqj li wkh zrunhuv h{fhhg wkh fxwr�/ wkh ervv kdv dq lqfhqwlyh wr
hqwhu lqwr d vlgh frqwudfw zlwk rqh zrunhu wr vderwdjh wkh whdp*v h�ruw1
Iru lqvwdqfh/ wkh zrunhu fdq djuhh wr uhgxfh klv h�ruw e| �/ vr wkdw Y @

Y
�
a�
�
�a��/ lq h{fkdqjh iru vsolwwlqj Y zlwk wkh ervv1 Dvvxplqj Q � 6/ wklv

lv d ehwwhu ghdo iru wkh vderwdjlqj zrunhu li � lv vpdoo1 Iru wkhvh uhdvrqv/ zh
duh frpiruwdeoh uxolqj rxw ervv frqwudfwv dv d vroxwlrq wr wkh whdpv sureohp1

Wkh iroorzlqj ohppd zloo suryh xvhixo lq zkdw iroorzv=

Ohppd 4 Dvvxph wkdw hdfk zrunhu krogv wkh vdph eholhiv derxw �*v ydoxh

frqglwlrqdo rq khdulqj a�1 Iru dq| gl�huhqwldeoh frqwudfw
q
z?
�
Y> a�

�r
�

?'�

/

wkhuh h{lvwv dq d!qh vkduhv frqwudfw
q
v?
�
a�
�
> w?
�
a�
�r

�

?'�

zlwk wkh iroorzlqj

surshuwlhv=

� zrunhu q lv sdlg v?
�
a�
�
� Y . w?

�
a�
�
zkhq Y lv uhdol}hg>

� S�

?'�
v?
�
a�
�
@ 4>

� S�

?'�
w?
�
a�
�
@ 3>

� wklv frqwudfw lqgxfhv wkh vdph h�ruw iurp hdfk zrunhu lq htxloleulxp

dv zrxog
q
z?
�
Y> a�

�r
�

?'�

> dqg

� wklv frqwudfw |lhogv hdfk zrunhu wkh vdph h{shfwhg xwlolw| lq htxloleulxp

dv zrxog
q
z?
�
Y> a�

�r
�

?'�

1

Surri= Ohw �� @ Hw
q
�ma�
r
1 Ohw �h? eh zrunhu q*v htxloleulxp ohyho ri h�ruw

jlyhq
q
z?
�
Y> a�

�r
�

?'�

1 Wkhq lw pxvw eh wkdw

Hw
�
Cz?
CY

�ma�
�
� g� +�h?, @ 3= +5,

:



Gh�qh

v?

�
a�
�
@
H
w

q
Y�?

YT
�ma�
r

��
1

Vlqfh
S

�

?'�
z? @ Y iru doo Y / lw iroorzv wkdw

S
�

?'�
Cz?@CY @ 4 iru doo Y 1

Xvlqj wklv idfw |lhogv

�[
?'�

v?
�
a�
�

@
4
��

�[
?'�

Hw
�
Cz?
CY

�ma�
�

@
4
��
Hw

+
�[
?'�

Cz?
CY

�ma�
,

@
H
w

q
�ma�
r

��
@ 41

Gh�qh

w?

�
a�
�
@ Hw

q
z?

�
Y> a�

�
ma�
r
� v?

�
a�
�
� �� �

�[
�'�

�h�1

Vlqfh
S

�

?'�
z? @ Y dqg

S
�

?'�
v? @ 4/ lw iroorzv wkdw

S
�

?'�
w? @ 31 Xqghu

wklv d!qh vkduhv frqwudfw/ hdfk zrunhu fkrrvhv h? wr pd{lpl}h

w?
�
a�
�
. v?

�
a�
�
��

�[
�'�

h� � g +h?, 1

Uhjdugohvv ri klv eholhiv derxw klv ihoorz zrunhu*v h�ruwv/ lw lv d grplqdqw
vwudwhj| iru klp wr fkrrvh wkh h? wkdw vroyhv

v?
�
a�
�
�� � g� +h?, @ 31

Vlqfh/ krzhyhu/ v?
�
a�
�

@ Hw
q
Y�?

YT
�ma�
r
@��/ wklv �uvw0rughu frqglwlrq pxvw

kdyh wkh vdph vroxwlrq dv +5,1 Vr i�h?j�?'� uhpdlqv dq htxloleulxp +lq idfw/
lw lv xqltxh, xqghu wklv d!qh vkduhv frqwudfw1 Ilqdoo|/ vlqfh lw lqgxfhv wkh
vdph h�ruw/ lw pxvw |lhog wkh vdph h{shfwhg xwlolw| e| frqvwuxfwlrq1

Lq oljkw ri Ohppd 4/ wkhuh lv qr orvv ri jhqhudolw| lq ixuwkhu uhvwulfw0
lqj dwwhqwlrq wr d!qh vkduhv frqwudfwv zkhq zrunhuv krog frpprq eholhiv
frqglwlrqdo rq dq dqqrxqfhphqw a�1

;



Xqghu dq d!qh vkduhv frqwudfw hdfk zrunhu*v h{shfwhg xwlolw| lv

X? � ��v?

�
a�
�3C[

6�'?

h6 . h?

4D. w?

�
a�
�
� g +h?, / +6,

zkhuh �� @ Hw
q
�ma�
r
1 Vlqfh lqfuhdvlqj v? udlvhv wkh pdujlqdo ehqh�w ri h�ruw/

zh kdyh

Ohppd 5 D zrunhu*v h�ruw lv lqfuhdvlqj lq klv vkduh +l1h1/ Ch?@Cv? A 3,1

Zh fdq qrz vroyh iru wkh rswlpdo frqwudfw zkhq wkh zrunhuv duh v|p0
phwulfdoo| lqiruphg1

Sursrvlwlrq 4 Dvvxph wkh zrunhuv kdyh v|pphwulf lqirupdwlrq/ a� +lq0
foxglqj/ srvvleo|/ qr lqirupdwlrq,/ zkhq wkh| fkrrvh wkhlu h�ruwv1 Wkhq dq
rswlpdo +vhfrqg0ehvw h!flhqw,9 frqwudfw lv dq d!qh vkduhv frqwudfw wkdw kdv

v?
�
a�
�
@ 4@Q iru doo q1

Wkh surri/ zklfk lv idluo| phfkdqlfdo/ fdq eh irxqg lq wkh dsshqgl{1 Lqwx0
lwlyho|/ li wkh whdp zhuh wr hpsor| P zrunhuv/ wkhq wkh lqfuhdvlqj pdujlqdo
glvxwlolw| ri h�ruw +l1h1/ g�� +�, A 3, lpsolhv/ e| Mhqvhq*v lqhtxdolw|/ wkdw lw
lv rswlpdo wr glylgh wkh h�ruw hyhqo| dprqj wkhp1 Iurp Ohppd 5/ wkdw
phdqv surylglqj wkhp htxdo vkduhv1 Wkh rqo| �gl!fxow� sduw lv wr vkrz
wkdw P @ Q > wkdw lv/ doo zrunhuv duh hpsor|hg1 Wklv iroorzv iurp frqglwlrq
+4,1

Jlyhq Sursrvlwlrq 4/ hdfk zrunhu fkrrvhv klv h? wr pd{lpl}h

X? �
��

Q

3Ch.[
� �'?

h�

4D. w
�
a�
�
� g� +h, 1

Vlqfh
C2X?
Ch?C��

@
4

Q
A 3/

d zrunhu*v h�ruw lv dq lqfuhdvlqj ixqfwlrq ri ��= Dq lqfuhdvh lq �� udlvhv wkh
pdujlqdo ehqh�w ri h�ruw/ zlwkrxw d�hfwlqj frvw/ vr pruh lv vxssolhg1 Wr
vxppdul}h=

Ohppd 6 D zrunhu*v h�ruw lv lqfuhdvlqj lq klv h{shfwdwlrq ri � xqghu dq
htxdo vkduhv frqwudfw1

9Wkhuh lv vwloo wkh whdpv sureohp +iuhh ulglqj,/ vr wkh �uvw0ehvw rxwfrph lv xqdwwdlqdeoh1

<



6 D Klgghq0Lqirupdwlrq Prgho

Qrz vxssrvh wkdw rqh ri wkh zrunhuv/ wkh ohdghu/ jhwv d sulydwh vljqdo frq0
fhuqlqj � sulru wr wkh h{shqglwxuh ri h�ruw/ exw diwhu frqwudfwv kdyh ehhq
�{hg1 Dvvxph/ iru frqyhqlhqfh/ wkdw wkh ohdghu*v vljqdo lv shuihfw> wkdw lv/
vkh ohduqv zkdw � zloo eh +wklv lv zlwkrxw orvv ri jhqhudolw| vlqfh wkh zrunhuv
duh ulvn qhxwudo,1

Vxssrvh/ lqlwldoo|/ wkdw v? @ 4@Q dqg w? @ 31 Vxssrvh wkdw wkh ohdghu

wuxwkixoo| dqqrxqfhv khu lqirupdwlrq1 Ohw h
�
a�
�
pd{lpl}h d zrunhu*v xwlolw|

frqglwlrqdo rq eholhylqj wkh dqqrxqfhphqw a�> wkdw lv/ ohw lw eh wkh vroxwlrq
wr

pd{
e

a�

Q
h� g +h, 1 +7,

Iurp Ohppd 6/ h
�
a�
�
lv lqfuhdvlqj lq a�1:

Wkh ohdghu*v xwlolw| lv

�

Q

�
+Q � 4, h

�
a�
�
. h
�
� g +h, / +8,

zklfk phdqv wkdw vkh kdv dq lqfhqwlyh wr olh wr wkh zrunhuv dqg dozd|v
dqqrxqfh wkh pd{lpxp srvvleoh ydoxh iru a�1 Iru wklv uhdvrq/ wkh zrunhuv
zloo udwlrqdoo| glvuhjdug khu dqqrxqfhphqw1 Ydoxdeoh lqirupdwlrq lv qrw
xwlol}hg/ zklfk lv vxe0rswlpdo uhodwlyh wr d vlwxdwlrq lq zklfk wkh ohdghu lv
lqgxfhg wr dqqrxqfh khu lqirupdwlrq wuxwkixoo|1

Zh frqvlghu wzr dowhuqdwlyh iudphzrunv iru dyrlglqj wklv lqh!flhqw rxw0
frph1 Iluvw/ zh frqvlghu d sxuh phfkdqlvp vroxwlrq= Wkh frqwudfw lv frq0
wlqjhqw rq wkh ohdghu*v dqqrxqfhphqw/ a�1 Vhfrqg/ zh frqvlghu �ohdglqj e|
h{dpsoh�= Wkh ohdghu lv doorzhg wr frpplw wr ru wr fkrrvh khu h�ruw sxeolfo|
ehiruh wkh rwkhu zrunhuv fkrrvh wkhlu h�ruw +dowkrxjk frqwudfwv vwloo fdqqrw
eh frqwlqjhqw rq wkh ohdghu*v h�ruw,1

614 D Phfkdqlvp Ghvljq Vroxwlrq

Iurp wkh uhyhodwlrq sulqflsoh/ zh fdq uhvwulfw dwwhqwlrq wr phfkdqlvpv wkdw
lqgxfh wkh ohdghu wr whoo wkh wuxwk lq htxloleulxp1 Frqvhtxhqwo|/ dw wkh srlqw
zkhq wkh zrunhuv fkrrvh wkhlu h�ruw/ wkh| duh doo v|pphwulfdoo| lqiruphg
lq htxloleulxp1 Sursrvlwlrq 4 wkhuhiruh dssolhv= Li dq d!qh vkduhv frqwudfw
zlwk htxdo vkduhv fdq eh irxqg wkdw lqgxfhv wuxwk0whoolqj/ wkhq wkdw frqwudfw
zloo eh rswlpdo1 Zh qrz ghulyh vxfk d frqwudfw1

:Jlyhq wkh dvvxpswlrqv rq _ Eu�/ e Eu� lv wzlfh gl�huhqwldeoh1
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Zlwkrxw orvv ri jhqhudolw|/ dvvljq wkh ohdghu lqgh{ Q +vr wkh uhpdlqlqj
zrunhuv duh 4> = = = >Q � 4,1 Frqvlghu wkh d!qh vkduhv frqwudfw lq zklfk

w�

�
a�
�

@ W �
]

	

w

f

}
Q � 4

Q
h� +},g}> dqg +9,

w?
�
a�
�

@
�w�

�
a�
�

Q � 4
iru q � Q � 4/ +:,

zkhuh W lv dq duelwudu| frqvwdqw1
Zh fdq qrz vkrz

Sursrvlwlrq 5 Dq d!qh vkduhv frqwudfw lq zklfk v?
�
a�
�
@ 4@Q iru doo q

dqg w?
�
a�
�
lv gh�qhg e| +9, dqg +:, lv rswlpdo +vhfrqg0ehvw h!flhqw,1

Surri= Jlyhq Sursrvlwlrq 4/ doo zh qhhg gr lv vkrz wklv frqwudfw lqgxfhv
wuxwk0whoolqj e| wkh ohdghu1 Wkh ohdghu fkrrvhv a� wr pd{lpl}h

�

Q

�
h. +Q � 4, h

�
a�
��

. w�
�
a�
�
� g +h, 1

Wkh �uvw0rughu frqglwlrq lv

�
Q � 4

Q
h�
�
a�
�
� a�

Q � 4

Q
h�
�
a�
�
@ 31 +;,

Fohduo|/ wuxwk0whoolqj�l1h1/ a� @ ��lv d vroxwlrq1 Pruhryhu/ vlqfh wkh ohiw0
kdqg vlgh ri +;, lv srvlwlyh iru a� ? � dqg qhjdwlyh iru a� A �/ wkh �uvw0rughu
frqglwlrq lv vx!flhqw dv zhoo dv qhfhvvdu|1

Dv wkh surri ri Sursrvlwlrq 5 pdnhv fohdu/ w�
�
a�
�
lv ghfuhdvlqj lq a�1 Wkdw

lv/ wkh ohdghu lv lqfuhdvlqjo| �wd{hg� wkh ehwwhu wkh vwdwh lv1 Zh fdoo wklv
surshuw| ohdghu vdful�fh1 Ohdghu vdful�fh fruuhvsrqgv wr uhdo0zruog skhqrp0
hqd lq zklfk wkh ohdghu surplvhv d elj sduw| ru pruh ydfdwlrq wlph dw wkh
hqg ri d elj surmhfw1 Dowhuqdwlyho|/ vkh r�huv lqgxfhphqwv wr juhdwhu h�ruw
+sduwlflsdwlrq, e| surylglqj grqxwv dqg fr�hh wr yroxqwhhuv zkr vkrz xs
iru d vfkrro*v �vsuxfh0xs� Vdwxugd|1 Dqrwkhu h{dpsoh frxog eh d exvlqhvv0
vfkrro ghdq zkr exgjhwv pruh ixqgv wr uhvhdufk frpsxwlqj dqg idfxow|
idflolwlhv wkdq vkh pljkw suhihu lq rughu wr frqylqfh idfxow| ri wkh ehqh�wv
ri juhdwhu h�ruw lq ghyhorslqj dq h{hfxwlyh hgxfdwlrq surjudp1 Lq vkruw/ zh
kdyh ohdghu vdful�fh zkhqhyhu d ohdghu surplvhv d jurxs uhzdug wr frqylqfh
khu whdp wkdw h�ruw sd|v elj ehqh�wv1
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Dowkrxjk Sursrvlwlrq 5 uhtxluhv ohdghu vdful�fh/ lw grhv qrw lpso| wkdw
wkh ohdghu jhwv ohvv wkdq wkh rwkhu zrunhuv1 Li W / wkh sruwlrq ri wkh vlgh
sd|phqw qrw frqwlqjhqw rq wkh dqqrxqfhphqw/ lv odujh hqrxjk/ wkhq wkh
ohdghu jhwv pruh wkdq wkh rwkhu zrunhuv1

615 Ohdglqj e| H{dpsoh

Vxssrvh/ qrz/ wkdw wkh ohdghu fdq h{shqg h�ruw ehiruh wkh rwkhu zrunhuv ru
vkh fdq fuhgleo| frpplw wr d ohyho ri h�ruw1; Dvvxph wkh rwkhu zrunhuv fdq
revhuyh wklv/ exw wkdw frqwudfwv fdqqrw eh zulwwhq frqwlqjhqw rq wkh ohdghu*v
h�ruw1 Wkh rwkhu zrunhuv fdq/ krzhyhu/ pdnh lqihuhqfhv derxw � edvhg rq
wkh ohdghu*v h�ruw1

Wr ehjlq/ frqvlghu dq d!qh vkduhv frqwudfw vdwlvi|lqj

v� @
4

4 .Q +Q � 4,
dqg v? @

Q

4 .Q +Q � 4,
iru q ? Q +F4,

+uhfdoo wkh ohdghu kdv lqgh{ Q,1 Qrwh wkdw wkh vkduhv duh qrw frqwlqjhqw
rq dq| dqqrxqfhphqw e| wkh ohdghu1 Dvvxph/ wrr/ wkdw qhlwkhu duh wkh vlgh
sd|phqwv +l1h1/ iw?j,1 Zh wkhq kdyh

Sursrvlwlrq 6 +Ohdglqj e| h{dpsoh L, Dvvxph wkh vhw ri srvvleoh vwdwhv
lv ^3> 4`1 Wkhq xqghu frqwudfw +F4, wkhuh h{lvwv d vhsdudwlqj shuihfw Ed|hvldq
htxloleulxp lq zklfk wkh zrunhuv plplf wkh ohdghu*v h�ruw1 Pruhryhu/ dj0
juhjdwh zhoiduh +l1h1/ Y �S�

?'�
g +h?,, lv juhdwhu lq wklv htxloleulxp wkdq lq

wkh sxuh phfkdqlvp0ghvljq htxloleulxp ri Sursrvlwlrq 51<

Surri= Zh ehjlq zlwk h{lvwhqfh1 Xvlqj wkh ohdghu*v htxloleulxp vwudwhj|/ wkh
rwkhu zrunhuv gudz lqihuhqfh a� edvhg rq wkh ohdghu*v h�ruw1 Wkhlu lqglylgxdo
ehvw uhvsrqvhv duh wr pd{lpl}h

a�
Q

4 .Q +Q � 4,
h� g +h, / +<,

;Dv whfkqlfdo pdwwhu/ wkhuh lv wkh txhvwlrq ri zkhwkhu wkh ohdghu fdq h{shqg h�ruw
erwk ehiruh wkh rwkhuv dqg frqwhpsrudqhrxvo| zlwk wkhp1 Zkhuhdv wklv lv dq lpsruwdqw
txhvwlrq lq wkh Vwdfnhoehuj0vljqdolqj olwhudwxuh +vhh/ h1j1/ Pdlodwk/ 4<<6,�lq sduwlfxodu/
grhv }hur �h�ruw� ehiruh jxdudqwhh qr �h�ruw� zlwk�wklv lv qrw dq lvvxh khuh ehfdxvh wkh
ohdghu zdqwv wr frqylqfh wkh iroorzhuv wkdw wkh vwdwh lv jrrg1 Khqfh/ dv zloo ehfrph fohdu/
khu pdujlqdo uhwxuq wr khu h�ruw lv juhdwhu zkhq vkh h{shqgv h�ruw ehiruh udwkhu wkdq
zlwk wkh iroorzhuv1 Wkdw lv/ vkh zloo h{shqg doo khu h�ruw ehiruh udwkhu wkdq zlwk1

<H{fhsw zkhq w ' f1 Iru wkh vdnh ri euhylw|/ zh zloo qrw uhshdw wklv fdyhdw odwhu1
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Ohw hu +�, ghqrwh wkh ohdghu*v htxloleulxp vwudwhj| xqghu +F4,1 Li hu +�, lv
lqyhuwleoh/ wkhq wkh rwkhu zrunhuv fdq lqihu � iurp wkh ohdghu*v h�ruw +l1h1/
a� @ �,1 Ohw hW +�, pd{lpl}h +<,> l1h1/

�
Q

4 .Q +Q � 4,
� g� ^hW +�,` @ 31 +43,

Fohduo|/ hW +�, lv prqrwrqlf dqg/ khqfh/ lqyhuwleoh1 Vxssrvh hu +�, @ hW +�,1
Wkhq lw iroorzv iurp +43, wkdw wkh rwkhu zrunhuv* ehvw uhvsrqvh lv wr plplf
wkh ohdghu*v h�ruw> l1h1/ wr fkrrvh h @ hW +�,1 Lw uhpdlqv wr fkhfn zkhwkhu
hW +�, lv wkh ohdghu*v ehvw uhvsrqvh wr d plplf vwudwhj|1 Jlyhq d plplf
vwudwhj|/ wkh ohdghu pd{lpl}hv

�
4

4 .Q +Q � 4,
+h. +Q � 4, h,� g +h, 1 +44,

Wklv lv lghqwlfdo wr +<,> khqfh/ frqglwlrqdo rq fkrrvlqj dq h lq wkh udqjh ri
hW +�,/ fkrrvlqj hW +�, lv ehvw1 Zkdw derxw rxw0ri0htxloleulxp h�ruw qrw lq
wkh udqjh ri hW +�,B Vlqfh hW +3, @ 3 dqg h � 3/ wkh rqo| srvvleoh rxw0ri0
htxloleulxp h lv h A hW +4,1 Vlqfh v� ? v?/ +43, lpsolhv wkdw wklv frxog qhyhu
eh rswlpdo iru wkh ohdghu uhjdugohvv ri zkdw eholhiv derxw � lw hqjhqghuhg1
Vr hW +�, lv lqghhg wkh ohdghu*v ehvw uhvsrqvh1 Wklv hvwdeolvkhv wkdw hu +�, @
hW +�, dqg wkh rwkhu zrunhuv plplfnlqj wkh ohdghu lv d shuihfw Ed|hvldq
htxloleulxp1

Qrz frqwudvw lw zlwk wkh htxloleulxp ri Sursrvlwlrq 51 Djjuhjdwh zhoiduh
lv

�[
?'�

+�h? � g +h?,, / +45,

zklfk lv vwulfwo| frqfdyh1 Ohw h8� +�, pd{lpl}h +45,1 Dv Kropvwurp +4<;5,
vkrzhg/ h8� +�, zrxog eh wkh vroxwlrq li hdfk zrunhu zhuh jlyhq d 433(
vkduh143 Vlqfh htxloleulxp h�ruw lv dq lqfuhdvlqj ixqfwlrq ri d zrunhu*v
vkduh +uhfdoo Ohppd 5,/ lw lv vx!flhqw wr vkrz wkdw

4

Q
?

Q

4 .Q +Q � 4,
? 4/ +46,

lq rughu wr frqfoxgh wkdw h +�, ? hW +�, ? h8� +�, dqg/ wkxv/ wkdw ohdg0
lqj e| h{dpsoh |lhogv juhdwhu djjuhjdwh zhoiduh wkdq wkh phfkdqlvp iurp
Sursrvlwlrq 51 Vlpsoh dojheud frq�upv wkdw +46, krogv iru doo Q A 41

43Ri frxuvh/ vxfk d frqwudfw lv lqihdvleoh vlqfh wkh vxp ri vkduhv pxvw htxdo 433(
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Wkh qhhg wr vljqdo wkh vwdwh fuhdwhv dq dgglwlrqdo lqfhqwlyh iru wkh ohdghu
eh|rqg wkdw fuhdwhg e| khu vkduh ri wkh ydoxh fuhdwhg1 Wklv fdq eh vhhq lq
+44,/ wkh h{suhvvlrq iru khu xwlolw|= khu h�ruw dovr d�hfwv/ srvlwlyho|/ wkh hi0
iruwv ri wkh rwkhu zrunhuv/ zklfk lqfuhdvhv khu lqfhqwlyhv1 Lq idfw/ khu lqfhq0
wlyhv duh vx!flhqwo| lqfuhdvhg wkdw wkh whdp fdq uhgxfh khu vkduh/ wkhuhe|
lqfuhdvlqj wkh vkduhv +lqfhqwlyhv, iru wkh rwkhu zrunhuv1 Frqvhtxhqwo|/ hdfk
phpehu ri wkh whdp zrunv kdughu wkdq lq wkh sxuh phfkdqlvp hqylurqphqw
ri Sursrvlwlrq 51 Ehfdxvh wkh iuhh0ulglqj hqghplf wr whdpv phdqv wrr olwwoh
h�ruw wr ehjlq zlwk/ lqgxflqj kdughu zrun lv zhoiduh lpsurylqj1 Lq idfw/ vlqfh
Sursrvlwlrq 5 vkrzv wkdw d sxuh0phfkdqlvp grhv dv zhoo dv ixoo lqirupdwlrq/
zh kdyh

Fruroodu| 4 Dvvxph wkh vhw ri srvvleoh vwdwhv lv ^3> 4`1 Wkhq xqghu frqwudfw
+F4, djjuhjdwh zhoiduh +l1h1/ Y �S�

?'�
g +h?,, lv juhdwhu zlwk ohdglqj e|

h{dpsoh wkdq xqghu dq| d!qh0vkduhv frqwudfw jlyhq ixoo lqirupdwlrq1

Sursrvlwlrq 6 dqg lwv fruroodu| frqvwlwxwh dq h{dpsoh ri wzr rujdql}d0
wlrqdo sureohpv�iuhh0ulglqj dqg lpsdfwhg lqirupdwlrq�frpelqlqj wr �fdq0
fho hdfk rwkhu rxw1� Wkdw lv/ wkh whdp grhv ehwwhu zkhq lw fdq pdnh wkh
wudqvplvvlrq ri lqirupdwlrq frvwo|1 Wklv lv lq wkh vslulw ri Fdloodxg dqg Khu0
pdolq +4<<6,/ zkhuh lqwurgxflqj d klgghq0lqirupdwlrq djhqf| sureohp lqwr
d vljqdolqj sureohp fdq eh zhoiduh lpsurylqj ehfdxvh wkh djhqf| frvwv udlvh
wkh srwhqwldo frvwv ri vljqdolqj/ wkhuhe| uhgxflqj wkh surgxfwlrq glvwruwlrq
gxh wr vljqdolqj1

Dgplwwhgo|/ lq dgglwlrq wr dgglqj d vljqdo prwlyh/ Sursrvlwlrq 6 dovr
fkdqjhv wkh vhtxhqfh ri pryhv lq wkh jdph ylv0ã0ylv wkh jdphv frqvlghuhg
lq Sursrvlwlrqv 4 dqg 51 Wkh lpsruwdqfh ri wklv vhfrqg fkdqjh wr wkh uh0
vxowv zloo eh frqvlghuhg lq juhdwhu ghwdlo lq wkh qh{w vxe0vhfwlrq1 Lw vkrxog/
krzhyhu/ eh reylrxv wkdw fkdqjlqj wkh vhtxhqfh ri pryhv kdv qr lpsdfw rq
wkh hduolhu uhvxowv li dwwhqwlrq lv uhvwulfwhg wr d!qh0vkduhv frqwudfwv1

Wkh htxloleulxp lq Sursrvlwlrq 6 ghshqgv fulwlfdoo| rq wkh dvvxpswlrq
wkdw wkh orzhu erxqg ri wkh vhw ri srvvleoh vwdwhv lv 31 Li wkh orzhu erxqg zhuh
juhdwhu wkdq }hur/ wkhq wkh ohdghu zrxog ghyldwh e| fkrrvlqj dq h�ruw ehorz
hW +�, iru vwdwhv qhdu wkh orzhu erxqg1 Ixuwkhupruh/ Sursrvlwlrq 6 grhv qrw
hvwdeolvk wkdw frqwudfw +F4, lv rswlpdo= Lw rqo| hvwdeolvkhv wkdw zkhq wkh
ohdghu ohdgv e| h{dpsoh/ wkh whdp lv ehwwhu r� wkdq zkhq lw lv olplwhg wr
sxuh0dqqrxqfhphqw phfkdqlvpv dv lq Sursrvlwlrq 51 Wkhvh olplwdwlrqv ri
Sursrvlwlrq 6 vxjjhvw d pruh wkrurxjk vwxg| ri ohdglqj e| h{dpsoh1

Wr wklv hqg/ frqvlghu wkh forvhg vxe0lqwhuydo � � ^3> 4` dqg ohw � @
plq�1 Ohw vu eh wkh ohdghu*v vkduh dqg v` eh d zrunhu*v vkduh +iurp
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Sursrvlwlrq 4/ zh nqrz lw*v rswlpdo wr wuhdw wkh zrunhuv htxdoo|,1 Ohw �h +�,
eh wkh ohdghu*v htxloleulxp vwudwhj| +frqwlqjhqw rq wkh frqwudfw lq sodfh,1
Vlqfh zh*uh lqwhuhvwhg lq wkh wudqvplvvlrq ri wkh ohdghu*v lqirupdwlrq/ zh
zloo frqvlghu vhsdudwlqj htxloleuld rqo|> wkdw lv/ htxloleuld lq zklfk �h +�, lv
lqyhuwleoh1 Frqglwlrqdo rq wkh ohdghu*v vwudwhj| dqg h�ruw/ h

u/ hdfk zrunhu
fkrrvhv h wr pd{lpl}h

v` �h3� +hu, h� g +h, 1 +47,

Ohw ah
�
v` �h3� +hu,

�
eh wkh vroxwlrq1 Iurp +47,/ lw lv fohdu wkdw ah +�, lv lqfuhdv0

lqj dqg gl�huhqwldeoh1 Dqwlflsdwlqj wkh uhdfwlrq ri wkh zrunhuv/ wkh ohdghu
fkrrvhv hu wr pd{lpl}h

�vu
�
hu . +Q � 4, ah

�
v` �h3� +hu,

��� g +hu, 1

Wkh �uvw0rughu frqglwlrq lv

�vu

�
4 . +Q � 4, v` ah�

�
v` �h3� +hu,

� 4

�h� ^�h3� +hu,`

�
� g� +hu, @ 31

Lq htxloleulxp/ wkh hu wkdw vroyhv wklv �uvw0rughu frqglwlrq pxvw htxdo �h +�,1
Pdnlqj wkdw vxevwlwxwlrq/ zh kdyh

�vu

�
4 . +Q � 4, v`

ah� +v` �,

�h� +�,

�
� g� ^�h +�,` @ 31 +48,

Wkh ohdghu*v vwudwhj|/ �h +�,/ lv wkhq wkh vroxwlrq wr wklv gl�huhqwldo htxdwlrq1
Dv lv zhoo0nqrzq iru vljqdolqj jdphv +vhh/ h1j1/ Pdlodwk/ 4<;:,/ wkh lqlwldo
frqglwlrq iru wklv gl�huhqwldo htxdwlrq lv �{hg e| wkh uhtxluhphqw wkdw wkh
�zruvw� w|sh/ �/ jhw khu pd{lpxp xwlolw| frqglwlrqdo rq ehlqj lghqwl�hg dv
wkh zruvw w|sh> wkdw lv/ vxfk wkdw �h +�, vroyh

pd{
e

�vu +h. +Q � 4, ah +�,,� g +h, 1

Frqvhtxhqwo|/ �h +�, vroyhv

�vu � g� +h, @ 31 +49,

Lq jhqhudo/ vroylqj wkh gl�huhqwldo htxdwlrq +48, vxemhfw wr lqlwldo frq0
glwlrq +49, lv zlfnhg kdug1 Wr vlpsoli| pdwwhuv/ zh zloo khqfhiruwk dvvxph
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wkdw g +h, @ �

2

h21 D ixuwkhu olplw lv zh pxvw uhwxuq wr wkh dvvxpswlrq wkdw
� @ 3144 Xqghu wkhvh dvvxpswlrqv zh fdq hvwdeolvk=

Ohppd 7 Dvvxph g +h, @ �

2

h2 dqg � @ 31 Ohw wkh ohdghu*v vkduh eh vu1
Wkhq khu htxloleulxp vwudwhj| lv �h +�, @ n +vu, �/ zkhuh

n +vu, @
vu .

t
7vu � 6v2

u

5
1 +4:,

Surri= Vhh wkh dsshqgl{1

Zh fdq qrz frqvlghu wkh rswlpdo frqwudfw lq wklv frqwh{w1 Djjuhjdwh
zhoiduh lv

��h +�, . � +Q � 4, ah +v` �,� 4

5

�
�h +�,2 . +Q � 4, ah +v` �,2

�
@ �2

�
n +vu, . +Q � 4, v` � 4

5

�
n +vu,

2 . +Q � 4, v2
`

��
1

Qrwh wkdw pd{lpl}lqj djjuhjdwh zhoiduh zlwk uhvshfw wr wkh vkduhv lv lqgh0
shqghqw ri wkh ydoxh ri �1 Wklv phdqv zh duh iuhh wr ljqruh frqwudfwv lq zklfk
wkh vkduhv zrxog ghshqg rq dqqrxqfhphqwv derxw �145 Vlqfh vkduhv vxp wr
rqh/ +Q � 4, v

` @ 4� vu> vr pd{lpl}lqj djjuhjdwh zhoiduh lv htxlydohqw wr
pd{lpl}lqj

n +vu, . 4� vu � 4

5

#
n +vu,

2 .
+4� vu,

2

Q � 4

$
+4;,

zlwk uhvshfw wr vu1 Wkh vroxwlrq kdv wkh iroorzlqj surshuwlhv=
44 Li w : f/ wkhq +48, fdq eh vroyhg xvlqj qxphulfdo whfkqltxhv +dfwxdoo|/ rqh pxvw vroyh

wkh gl�huhqwldo htxdwlrq

> Eeu� ru
�
� n E� 3 �� r` 	e� dr`> Eeu�o>

� Eeu�
� 3 _� Eeu� ' f/

zkhuh > Eu� ' �e3� Eu�/ dqg wkhq lqyhuw wr zrun durxqg d vlqjxodulw| dw w,1 Zkhq _ Ee� ' �

2
e2/

wkh vroxwlrqv duh qrq0olqhdu qhdu w1 Wklv qrq0olqhdulw|/ krzhyhu/ whqgv wr glh rxw txlfno| lq
w/ ohdylqj d vroxwlrq wkdw yhu| forvho| dssur{lpdwhv wkh olqhdu vroxwlrq irxqg zkhq w ' f
+vhh Ohppd 7,1 Wklv vxjjhvwv wkdw wkh fkdqjhv lq wkh dqdo|vlv iurp doorzlqj w : f zrxog
eh uhodwlyho| plqru zkhq _ Ee� ' �

2
e21

45 Li wkh vkduhv ghshqghg rq dqqrxqfhphqwv/ wkhq zh zrxog kdyh d vljqdolqj jdph
zlwk wzr vljqdov= dqqrxqfhphqwv +vkduhv, dqg h�ruw1 Wklv zrxog juhdwo| frpsolfdwh wkh
dqdo|vlv/ xqohvv wkhuh lv qr vhsdudwlrq rq wkh vkduhv glphqvlrq1 Zlwkrxw vhsdudwlrq/ wkh
rswlpdo frqwudfw zrxog vlpso| pd{lpl}h vrph h{shfwhg h{suhvvlrq1 Zh frqmhfwxuh wkdw/
iru dw ohdvw d uhsuhvhqwdwlyh vxevhw ri jdphv/ wkhuh frxog eh qr vhsdudwlrq li dwwhqwlrq lv
uhvwulfwhg wr �uhdvrqdeoh eholhiv� +h1j1/ dv lq Fkr dqg Nuhsv/ 4<;:,�lq vhohfwlqj dprqj
frqwudfwv/ wkh olnho| rxwfrph zrxog eh wkdw wkh ohdghu zrxog dozd|v fkrrvh wkh frqwudfw
wkdw jdyh khu wkh odujhvw vkduh dqg wkhq vhsdudwh wkurxjk khu fkrlfh ri h�ruw1
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Sursrvlwlrq 7 +Ohdglqj e| h{dpsoh LL, Dvvxph g +h, @ �

2

h2 dqg � @
31 Xqghu wkh rswlpdo frqwudfw/ wkh ohdghu zrunv dw ohdvw dv kdug dv dq|
zrunhu dqg vwulfwo| kdughu li Q � 61 Wkh ohdghu*v vkduh/ vu/ lv ghfolqlqj
lq Q / exw lv erxqghg ehorz e| d qxpehu dssur{lpdwho| htxdo wr 145;;761
Ilqdoo|/ wkh ohdghu*v vkduh lv ohvv wkdq dq| zrunhu*v +l1h1/ v

u ? v` , li Q � 9/
exw juhdwhu wkdq klv li Q � :1

Surri= Vhh wkh dsshqgl{1

Sursrvlwlrq 7 hvwdeolvkhv wkdw rswlpdo ohdglqj e| h{dpsoh fdq phdq wkdw
wkh ohdghu zrunv kdughu wkdq dq| lqglylgxdo zrunhu1 Vkh zrunv kdughu/ lq
sduw/ ehfdxvh wkdw lv qhfhvvdu| iru khu wr vljqdo khu lqirupdwlrq1 Lq d odujh
whdp +Q � :, vkh dovr zrunv kdughu ehfdxvh vkh jhwv d odujhu vkduh ri wkh
ydoxh fuhdwhg1

Wkdw wkh ohdghu jhwv d odujhu vkduh wkdq dq| rwkhu zrunhu lq d odujh whdp
pljkw/ dw �uvw/ vhhp lqfrqvlvwhqw zlwk wkh lqwxlwlrq jlyhq deryh iru wkh hduolhu
ohdglqj0e|0h{dpsoh uhvxow/ Sursrvlwlrq 61 Wkhuh/ uhfdoo/ wkh vljqdolqj lqfhq0
wlyh pdgh lw srvvleoh wr lqfuhdvh wkh lqfhqwlyhv +vkduhv, ri wkh rwkhu zrunhuv
zlwkrxw h{fhvvlyho| glplqlvklqj wkh ohdghu*v ryhudoo lqfhqwlyhv +�vxp� ri vlj0
qdolqj dqg vkduh lqfhqwlyhv,1 Wklv h�hfw lv vwloo suhvhqw khuh1 Dv/ krzhyhu/
Sursrvlwlrq 7 ghprqvwudwhv/ d vhfrqg h�hfw h{lvwv= Wkh vwuhqjwk ri wkh vlj0
qdolqj lqfhqwlyh ghshqgv/ lq sduw/ rq wkh ohdghu*v vkduh1 Li/ iru lqvwdqfh/ khu
vkduh zhuh }hur/ wkhq vkh zrxog kdyh qr lqfhqwlyh wr vljqdo146 Frqvhtxhqwo|/
ehfdxvh ri d qhhg wr suhvhuyh wkh vljqdolqj lqfhqwlyh/ wkhuh lv d orzhu erxqg
rq wkh ohdghu*v vkduh1 Vlqfh wkh dyhudjh vkduh pxvw whqg wr }hur dv wkh vl}h
ri wkh whdp lqfuhdvhv/ d orzhu erxqg rq wkh ohdghu*v vkduh phdqv wkdw hyhq0
wxdoo| khu vkduh pxvw frph wr h{fhhg wkdw ri dq| rwkhu zrunhu dv wkh vl}h ri
wkh whdp jurzv1

Wkdw wkh ohdghu*v vkduh lv hyhu ohvv wkdq wkh rwkhu zrunhuv* pd|/ dw �uvw/
vhhp frxqwhuidfwxdo147 Diwhu doo/ lq prvw frusrudwlrqv/ lw lv w|slfdoo| xsshu
pdqdjhphqw +wkh �ohdghuv�, zkr uhfhlyh frpshqvdwlrq frqwlqjhqw rq wkh
frusrudwlrq*v shuirupdqfh/ zkloh wkh surgxfwlrq zrunhuv uhfhlyh olwwoh frq0
wlqjhqw frpshqvdwlrq1 Exw�wr wkh h{whqw wkh| duh whdpv dw doo�wkhvh duh
odujh whdpv> vr wklv lv frqvlvwhqw zlwk Sursrvlwlrq 71 Lq frqwudvw/ frqvlghu
vpdoohu whdpv olnh pdñwuhv g* dqg zdlwhuv ru  rruzdonhuv dqg ghsduwphqw0
vwruh vdohvshrsoh1 Lq wkhvh whdpv/ wkh zrunhuv* frpshqvdwlrq lv pruh frqwlq0
jhqw wkdq wkh ohdghuv= Zdlwhuv w|slfdoo| jhw d odujhu vkduh ri wkh wlsv wkdq

46Vkh zrxog dovr kdyh qr lqfhqwlyh wr plv0uhsuhvhqw w/ exw iurp Sursrvlwlrq 5 wkdw lv qrw
hyhq wkh prvw h!flhqw sxuh0phfkdqlvp/ vr lw pxvw eh grplqdwhg e| ohdglqj e| h{dpsoh1

47Ri frxuvh/ xvlqj vlgh0sd|phqwv +l1h1/ t|?�,/ lw frxog eh wkdw wkh ohdghu*v ryhudoo frp0
shqvdwlrq lv juhdwhu1
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wkh pdñwuh g* dqg wkh vdohvshrsoh jhw d odujhu vkduh ri wkh frpplvvlrqv wkdq
wkh  rruzdonhu148

Iru vrph whdpv/ vxfk dv dfdghplf frpplwwhhv dqg SWDv/ wkh vkduhv duh
w|slfdoo| �{hg dqg urxjko| htxdo1 Wklv vhhpv sduwlfxoduo| wuxh zkhq wkh
ydoxh/ Y / lv qrq0prqhwdu| ru lqglylvleoh +h1j1/ d sxeolf jrrg,1 Lq dgglwlrq/
qrupdwlyh ghpdqgv iru htxlw| frxog uhtxluh htxdo vkduhv1 Lw lv wkhuhiruh
zruwk frqvlghulqj krz ohdglqj e| h{dpsoh zrunv zkhq wkh vkduhv duh �{hg
dw 4@Q iru vrph uhdvrq1 Vlqfh wkh ohdghu kdv wkh vdph vkduh lqfhqwlyh dv wkh
rwkhu zrunhuv/ exw dovr kdv d vljqdolqj lqfhqwlyh/ lw iroorzv wkdw vkh zrunv
kdughu=

Sursrvlwlrq 8 Dvvxph dq htxdo0vkduhv frqwudfw1 Wkhq wkh ohdghu zrunv
kdughu lq d vhsdudwlqj htxloleulxp wkdq dq| lqglylgxdo zrunhu +xqohvv � @
�/ lq zklfk fdvh wkh h�ruwv duh wkh vdph,1 Pruhryhu/ li g +h, @ �

2

h2 dqg
� @ 3/ wkhq ohdglqj e| h{dpsoh |lhogv juhdwhu djjuhjdwh zhoiduh wkdq wkh
sxuh0phfkdqlvp ri Sursrvlwlrq 5 ru dq| d!qh0vkduhv frqwudfw xqghu ixoo
lqirupdwlrq1

Surri= Wkh �uvw fodlp zdv hvwdeolvkhg lq wkh sdudjudsk surfhhglqj wkh
sursrvlwlrq1 Vlqfh hdfk zrunhu jhwv 4@Q dqg nqrzv � zkhq fkrrvlqj h�ruw/
klv h�ruw lv wkh vdph dv lq Sursrvlwlrq 5 ru xqghu wkh rswlpdo d!qh0vkduhv
frqwudfw jlyhq ixoo lqirupdwlrq +Sursrvlwlrq 4,1 Khqfh/ zh qhhg rqo| yhuli|
wkdw wkh ohdghu*v htxloleulxp h�ruw olhv ehwzhhq h +�, +khu ixoo0lqirupdwlrq
ehvw uhvsrqvh wr d vkduh ri 4@Q, dqg h8� +�,1 Vlqfh g +h, @ �

2

h2/ zh kdyh
h +�, @ �@Q dqg h8� +�, @ �1 Xvlqj Ohppd 7/

n +4@Q, @
4 .

s
+7Q � 6,

5Q
/

zklfk lv ehwzhhq 4@Q dqg 4 iru doo Q � 5/ vr �@Q ? n +4@Q, � ? �1

616 Vhtxhqwldo H�ruw dqg Frqwudfw Uhqhjrwldwlrq

Dv qrwhg hduolhu/ rqh gl�huhqfh ehwzhhq ohdglqj e| h{dpsoh dqg wkh sxuh0
phfkdqlvp ru ixoo0lqirupdwlrq fdvhv lv wkdw lq wkh odwwhu wzr fdvhv h�ruwv duh
fkrvhq vlpxowdqhrxvo|/ zkhuhdv wkh ohdghu sod|v �uvw lq ohdglqj e| h{dpsoh1

48Dgplwwhgo|/ lw frxog eh dujxhg wkdw wlsv dqg frpplvvlrq duh sdlg rq wkh edvlv ri
lqglylgxdo shuirupdqfh udwkhu wkdq jurxs shuirupdqfh vr wkhvh duh qrw h{dpsohv ri whdpv1
Krzhyhu/ lw lv qrw xqfrpprq iru zdlwhuv wr srro wkhlu wlsv ru vdohvshrsoh wr srro wkhlu
frpplvvlrqv/ sduwlfxoduo| zkhq whdp zrun lv h{shfwhg1
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Lq wklv vxe0vhfwlrq/ zh h{soruh wkh frqvhtxhqfhv ri wklv fkdqjh lq wlplqj
ixuwkhu1

Iluvw/ dv zh qrwhg hduolhu/ li zh uhvwulfw dwwhqwlrq wr d!qh0vkduhv frq0
wudfwv/ wkhq wklv fkdqjh lq wlplqj lv lppdwhuldo= Hdfk zrunhu*v fkrlfh ri
h�ruw lv d grplqdqw vwudwhj| iru klp ru khu +l1h1/ pd{lpl}hv +6,,1 Frqvh0
txhqwo|/ iru d fkdqjh lq wlplqj wr pdwwhu lq d ixoo0lqirupdwlrq vhwwlqj ru
xqghu wkh sxuh0phfkdqlvp ri Sursrvlwlrq 5/ wkh vhw ri srvvleoh frqwudfwv
pxvw eh h{sdqghg eh|rqg mxvw d!qh vkduhv1

Wkh dowhuqdwlyh lv wr frqvlghu phfkdqlvpv wkdw doorz wkh zrunhuv wr frq0
wudfw lqgluhfwo| rq wkh ohdghu*v h�ruw1 Rqh srvvlelolw| zrxog eh d phfkdqlvp
lq zklfk doo wkh zrunhuv +lqfoxglqj wkh ohdghu, zrxog pdnh dqqrxqfhphqwv
derxw wkh ohdghu*v h�ruw wr d wklug sduw| +h1j1/ d frxuw,/ zkr zrxog wkhq
pdnh sd|phqwv edvhg rq d suhylrxvo|0djuhhg0wr vfkhgxoh iru pdsslqj dq0
qrxqfhphqwv lqwr sd|phqwv1 Dv/ krzhyhu/ Khupdolq dqg Ndw} +4<<4/ 4<<6,
kdyh srlqwhg rxw/ uhodwlrqvklsv vxfk dv wkhvh duh qrw uhdoo| jryhuqhg e|
frqwudfwv wkdw xvh wkh frxuwv dv gluhfw uhyhodwlrq phfkdqlvpv1 Wkh| r�hu
d qxpehu ri shuvxdvlyh uhdvrqv zk| wklv lv149 Zh/ wkhuhiruh/ iroorz wkhlu
dssurdfk e| uhvwulfwlqj dwwhqwlrq wr frqwudfwv frqwlqjhqw rq yhul�deoh vlj0
qdov1 Olnh wkhp/ krzhyhu/ zh doorz wkhvh frqwudfwv wr eh uhqhjrwldwhg wr
lqfrusrudwh qhz lqirupdwlrq +h1j1/ wkh ohdghu*v fkrlfh ri h�ruw,1

Wkh rqo| yhul�deoh lqirupdwlrq lv wkh �qdo ydoxh ri wkh whdp*v h�ruwv +l1h1/
Y ,1 Wkh sduwlhv fdq h{sorlw wklv e| xvlqj �ex|0edfn� frqwudfwv olnh wkrvh sxw
iruwk e| Ghpvnl dqg Vdsslqjwrq +4<<4,= wkh ohdghu lqlwldoo| rzqv 433( ri
wkh ydoxh/ exw diwhu vkh kdv fkrvhq khu h�ruw/ wkh uhvw ri wkh whdp fdq �ex|�
lw edfn iurp wkh ohdghu dw d suhvhw sulfh +wkh sduwlhv fdq dovr hpsor| xsiurqw
wudqvihuv wr ghdo zlwk wkh glvwulexwlrq ri wkh vxusoxv,1 Krzhyhu/ dv Hgolq dqg
Khupdolq +4<<9, srlqw rxw/ wkhvh ex|0edfn frqwudfwv duh qrw uhqhjrwldwlrq
surri1 Zh zloo/ wkhuhiruh/ frqvlghu d uhqhjrwldwlrq0surri yduldqw1

Zrunlqj edfnzdugv lq wlph/ zrunhuv 4> = = = >Q � 4 duh v|pphwulfdoo| lq0
iruphg dw wkh wlph wkh| ex| edfn �wkh �up� +l1h1/ wkh uljkwv wr Y ,> khqfh/
Sursrvlwlrq 4 lpsolhv wkdw wkhvh zrunhuv zloo zrun xqghu d frqwudfw lq zklfk
hdfk zrunhu*v vkduh lv �

�3�
1 Vlqfh rxu irfxv lv rq vhsdudwlqj htxloleuld/ zh

pd| dv zhoo dvvxph wkhvh zrunhuv nqrz � zkhq fkrrvlqj wkhlu h�ruwv1 Ohw

49Wkhvh uhdvrqv lqfoxgh wkdw wkhvh phfkdqlvpv riwhq dgplw pxowlsoh htxloleuld> wkh|
uhtxluh wkh sduwlhv wr frpplw wr ghvwur| vxusoxv r� wkh htxloleulxp sdwk/ zklfk lv vxe0
jdph lpshuihfw +l1h1/ vxemhfw wr uhqhjrwldwlrq,> dqg wkh| duh sduwlfxoduo| vhqvlwlyh wr vpdoo
shuwxedwlrqv lq wkh lqirupdwlrq vwuxfwxuh1 Lq dgglwlrq/ vlqfh dfwxdo frxuw fdvhv gl�hu
juhdwo| iurp vhqglqj vlpsoh phvvdjhv dqg ehlqj uhzdughg dffruglqj wr vrph suhvhw sd|0
phqw vfkhgxoh/ prgholqj wkh frxuw lq wklv zd| lv wrr duwl�fldo wr eh lqvljkwixo derxw uhdo
olih1
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% +�, eh d zrunhu*v h�ruw frqglwlrqdo rq wkhvh zrunhuv* rzqlqj �wkh �up�>
wkdw lv/ % +�, pd{lpl}hv

�

Q � 4
h� g +h, 1

Wkh ydoxh ri wkh �up wr wkhvh zrunhuv lv/ wkxv/

+Q � 4, +�% +�,� g ^% +�,`, . �hu/

zkhuh hu lv wkh ohdghu*v h�ruw1 Li wkhvh zrunhuv grq*w ex| edfn wkh �up iurp
wkh ohdghu/ wkhq wkh| zrq*w h{shqg dq| h�ruw dqg/ frqvhtxhqwo|/ wkh ydoxh
ri wkh �up wr wkh ohdghu zloo eh mxvw �hu1 Lw iroorzv wkdw wkh vxusoxv iurp
wudgh lv

+Q � 4, +�% +�,� g ^% +�,`, 1 +4<,

Udwkhu wkdq d suhvhw ex|0edfn sulfh/ zklfk zrxog eh vxemhfw wr uhqhjrwld0
wlrq/ zh dvvxph wkdw wkhuh lv qr djuhhg xsrq sulfh dqg wkh sduwlhv vlpso|
edujdlq ryhu d sulfh diwhu wkh ohdghu kdv h{shqghg khu h�ruw1 Wkhuh duh
pdq| edujdlqlqj jdphv wkdw zh frxog xvh/ exw iru frqfuhwhqhvv zh zloo dv0
vxph wkdw wkh edujdlqlqj |lhogv d sulfh ri

� � +Q � 4, +�% +�,� g ^% +�,`, . �hu/

zkhuh � 5 ^3> 4,> wkdw lv/ wkh ohdghu jhwv � ri wkh vxusoxv iurp wudgh soxv
wkh ydoxh ri wkh �up sulru wr wkh rwkhu zrunhuv* h�ruwv1 Wkh ohdghu*v xwlolw|
+jurvv ri dq| xsiurqw wudqvihuv, lv/ wkxv/

�hu . � � ^+Q � 4, +�% +�,� g ^% +�,`,`� g +hu, 1

Lw iroorzv wkdw wkh ohdghu zloo fkrrvh hu @ h8� +�,1 Wkh rwkhu zrunhuv*
djjuhjdwh xwlolw| +jurvv ri dq| xsiurqw wudqvihuv, lv

+4� �, � +Q � 4, +�% +�,� g ^% +�,`, A 31

Wr vxppdul}h/ zh kdyh

Sursrvlwlrq 9 Dvvxph ixoo lqirupdwlrq dqg wkdw rqo| wkh ohdghu fkrrvhv
h�ruw �uvw1 Wkhq wkh rswlpdo +vhfrqg0ehvw h!flhqw, rxwfrph lv wkh ohdghu
vxssolhv h�ruw h8� +�, dqg hdfk zrunhu vxssolhv h�ruw % +�,1 Jlyhq frqvwdqw0
vkduhv edujdlqlqj +l1h1/ � lqghshqghqw ri wkh ohdghu*v h�ruw,/ wklv rxwfrph
fdq eh rewdlqhg e| lqlwldoo| jlylqj rzqhuvkls ri wkh uhwxuqv wr wkh ohdghu
dqg wkhq doorzlqj wkh rwkhu zrunhuv wr edujdlq edfn iru wkh uhwxuqv diwhu wkh
ohdghu kdv frpplwwhg khu h�ruw1

53



Frpsdulqj wkh rxwfrph lq wklv sursrvlwlrq zlwk ohdglqj e| h{dpsoh
|lhogv

Sursrvlwlrq : Dvvxph ixoo lqirupdwlrq dqg wkdw wkh ohdghu fkrrvhv h�ruw
�uvw1 Wkhq wkh uhvxowlqj htxloleulxp rxwfrph |lhogv juhdwhu djjuhjdwh zhoiduh
wkdq grhv frqwudfw +F4, lq Sursrvlwlrq 61 Li g +h, @ �

2

h2 dqg � @ 3/ wkhq
wklv rxwfrph |lhogv juhdwhu djjuhjdwh zhoiduh wkdq wkh rswlpdo frqwudfw lq
Sursrvlwlrq 71

Surri= Frqvlghu wkh �uvw fodlp1 Wkh ohdghu*v h�ruw lv fohduo| pruh rswlpdo1
Pruhryhu/ vlqfh

4 A
4

Q � 4
A

Q

4 .Q +Q � 4,
/

wkh zrunhuv* h�ruwv duh dovr pruh rswlpdo1
Frqvlghu wkh vhfrqg fodlp1 Wkh ohdghu*v h�ruw lv fohduo| pruh rswlpdo

+n +vu, ? 4,1 Iru Q � :/ v` ? �

�
? �

�3�
1 Iru Q � 9/ Wdeoh 4 lq wkh

Dsshqgl{ hvwdeolvkhv wkdw v` � �

�3�
1

Lqghhg/ dv vkrxog eh lqwxlwlyho| fohdu/ li zh ohw doo wkh zrunhuv zrun lq
vhtxhqfh/ wkhq zh fdq dfklhyh wkh �uvw0ehvw rxwfrph xvlqj d vhulhv ri ex|0
edfn duudqjhphqwv=

Sursrvlwlrq ; Dvvxph ixoo lqirupdwlrq dqg wkdw wkh zrunhuv fdq fkrrvh
dqg revhuyh h�ruw vhtxhqwldoo|1 Wkhq wkh �uvw0ehvw rxwfrph lv dwwdlqdeoh
xvlqj d vhulhv ri ex|0edfn duudqjhphqwv dvvxplqj doo edujdlqlqj lv frqvwdqw0
vkduhv edujdlqlqj1

Vlqfh wklv odvw uhvxow lv wdqjhqwldo wr rxu irfxv khuh/ zh*yh uhohjdwhg lwv surri
wr wkh dsshqgl{1

Frqvhtxhqwo|/ li zh duh zloolqj wr h{sdqg wkh vhw ri ihdvleoh frqwudfwv
wr doorz iru ex|0edfn duudqjhphqwv/ wkhq wkh frqfoxvlrq ri wkh suhylrxv
vxe0vhfwlrq wkdw ohdglqj e| h{dpsoh grplqdwhv ixoo lqirupdwlrq qr orqjhu
krogv1

Gxsolfdwlqj wkh uhvxowv ri Sursrvlwlrqv 9 dqg : jlyhq dv|pphwulf lqiru0
pdwlrq lv pdgh gl!fxow e| wkh idfw wkdw zhuh wkh ohdghu wr olh derxw �/
wkhq wkh edujdlqlqj ryhu rzqhuvkls ri wkh �up zrxog eh edujdlqlqj xqghu
dv|pphwulf lqirupdwlrq1 Frqvhtxhqwo|/ dv lv zhoo nqrzq/ wkh uhvxowv zloo eh
txlwh vhqvlwlyh wr wkh h{whqvlyh irup dvvxphg iru wkh edujdlqlqj jdph1 Iru
lqvwdqfh/ li zh uhvwulfw uhqhjrwldwlrq wr d phfkdqlvp edvhg rq wkh ohdghu*v
dqqrxqfhphqw/ wkhq zh fdqqrw gxsolfdwh wkh ixoo0lqirupdwlrq uhvxowv= Vlqfh
wkh vhoohu +l1h1/ wkh ohdghu, kdv sulydwh lqirupdwlrq derxw wkh ex|hu*v +l1h1/
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wkh rwkhu zrunhuv*, ydoxdwlrq/ lw iroorzv iurp Sursrvlwlrq 5 ri Khupdolq dqg
Ndw} +4<<6, wkdw wkh ixoo0lqirupdwlrq vroxwlrq lv xqdwwdlqdeoh iru wkh fodvv
ri phfkdqlvpv zh duh doorzlqj khuh1

Sursrvlwlrq < +Khupdolq dqg Ndw}, Xqghu dv|pphwulf lqirupdwlrq/ wkh
ixoo0lqirupdwlrq vroxwlrq lv xqdwwdlqdeoh xvlqj ex|0edfn phfkdqlvpv1

Dowhuqdwlyho|/ vxssrvh zh uhvwulfw dwwhqwlrq wr wkh iroorzlqj yduldqw ri
ohdglqj e| h{dpsoh dqg ex|0edfn phfkdqlvpv= Wkh ohdghu lqlwldoo| rzqv
wkh �up1 Diwhu vkh h{shqgv h�ruw/ hu/ wkh rwkhu zrunhuv fdq pdnh wkh
ohdghu d wdnh0lw0ru0ohdyh0lw r�hu iru wkh �up dw d sulfh s1 Vxssrvh/ wrr/ dv
d vwurqj dvvxpswlrq/ wkdw qr ixuwkhu qhjrwldwlrqv duh srvvleoh1 Ohw �h +�, eh
wkh ohdghu*v vwudwhj|1 Dvvxplqj d vhsdudwlqj htxloleulxp/ wkh zrunhuv zloo
elg h

u � �h3� +hu, iru wkh �up/ zklfk wkh ohdghu pxvw dffhsw lq d vhfrqg0ehvw
h!flhqw htxloleulxp1 Wkh ohdghu*v sd|r� lv/ wkxv/

hu � �h3� +hu,� g +hu, 1 +53,

Wkh �uvw0rughu frqglwlrq iru khu pd{lpl}dwlrq surjudp lv

�h3� +hu, .
hu

�h� ^�h3� +hu,`
� g� +hu, @ 3>

ru/ xvlqj wkh idfw wkdw hu @ �h +�, lq htxloleulxp/

� .
�h +�,

�h� +�,
� g� ^�h +�,` @ 31 +54,

Dv ehiruh/ wkh lqlwldo frqglwlrq iru wklv gl�huhqwldo htxdwlrq lv

� � g� ^�h +�,` @ 31 +55,

Qrwh wkdw xqohvv � @ �/ +54, lpsolhv �h +�, A h8� +�,1 Htxdwlrq +54, lv/
krzhyhu/ rqo| rqh lqfhqwlyh0frpsdwlelolw| frqvwudlqw lq sod| khuh= Wkhuh lv
dovr wkh frqvwudlqw wkdw wkh ohdghu qrw �vwhdo wkh �up1� Li wkh ohdghu fkrrvhv
dq hu ? �h +�,/ vkh zloo hqg xs rzqlqj wkh �up +wkh rwkhu zrunhuv zloo elg
wrr orz,/ zklfk |lhogv khu

�hu � g +hu, 1 +56,

Vkh pd{lpl}hv wklv e| fkrrvlqj hu @ h8� +�,1 Exw h8� +�, lv ohvv wkdq
�h +�, iru doo � A �/ zklfk e| gh�qlwlrq ri h8� +�, phdqv wkdw +56, h{fhhgv
+53,= Wkh ohdghu zrxog vwhdo wkh �up li wkh zrunhuv eholhyh vkh lv sod|lqj
vwudwhj| �h +�,1 Wklv vkrzv wkdw d vhsdudwlqj htxloleulxp lv lpsrvvleoh�wkh
wzr lqfhqwlyh0frpsdwlelolw| frqvwudlqwv fdqqrw eh vlpxowdqhrxvo| phw1 Wr
vxppdul}h=
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Sursrvlwlrq 43 Dvvxph wkh ohdghu ohdgv e| h{dpsoh dqg wkh whdp lv xvlqj
d qrq0uhqhjrwldeoh ex|0edfn phfkdqlvp wkdw jlyhv doo wkh edujdlqlqj srzhu
wr wkh zrunhuv1 Wkhq qr vhsdudwlqj htxloleulxp h{lvwv1

Lq oljkw ri wklv sursrvlwlrq/ lw lv lpsrvvleoh wr h{sorlw ixoo| wkh ohdghu*v
lqirupdwlrq lq wklv vhwwlqj1

Lw pljkw dw �uvw vhhp wkdw Sursrvlwlrq 43 lv d frqvhtxhqfh ri kdylqj wr
surylgh lqfhqwlyhv iru wkh ohdghu qrw wr �vwhdo wkh vwruh�> zklfk vxjjhvwv wkdw
wkh sureohp frxog eh doohyldwhg e| jlylqj wkh ohdghu d eljjhu vkduh ri wkh
vxusoxv iurp vhoolqj�h1j1/ jlyh khu doo wkh edujdlqlqj srzhu1 Wklv lqwxlwlrq/
krzhyhu/ lv lqfrpsohwh dw ehvw= E| jlylqj wkh ohdghu d eljjhu vkduh ri wkh
vxusoxv/ khu lqfhqwlyhv wr vljqdo duh lqfuhdvhg1 Wklv/ lq wxuq/ lqfuhdvhv wkh
glvwruwlrqv lq khu h�ruw ylv0ã0ylv wkh �uvw ehvw +uhfdoo wkh �h +�, wkdw vroyhv +54,
h{fhhgv h8� +�,,1 Wkhvh glvwruwlrqv fdq lqfuhdvh vr udslgo| lq khu vkduh ri
wkh vxusoxv/ wkdw vkh vwloo suhihuv wr vwhdo wkh vwruh +l1h1/ ghyldwh li wkh zrunhuv
eholhyh vkh lv sod|lqj �h +�, e| sod|lqj h8� +�, dqg uhwdlqlqj rzqhuvkls,1 Iru
lqvwdqfh/ lw fdq eh vkrzq iru wkh fdvh lq zklfk � @ 3 dqg g +h, @ �

2

h2 wkdw
qr vhsdudwlqj htxloleulxp h{lvwv hyhq li wkh ohdghu kdv doo wkh edujdlqlqj
srzhu14:

Hyhq li lw zhuh srvvleoh wr h{whqg wkh uhvxowv ri Sursrvlwlrqv 9�; wr fryhu
dv|pphwulf lqirupdwlrq/ wkhuh duh d qxpehu ri srwhqwldo remhfwlrqv wr ex|0
edfn phfkdqlvpv lq wklv frqwh{w1 Iluvw/ lq pdq| whdp vlwxdwlrqv lw lv gl!fxow
wr vhh krz wkh whdp frxog olwhudoo| �vhoo wkh vwruh� dprqj phpehuv1 D ghdq/
iru h{dpsoh/ fdq*w eh jlyhq rzqhuvkls ri d exvlqhvv vfkrro/ qru fdq vkh vhoo
lw wr wkh idfxow|1 Dgplwwhgo|/ wkh vwruh grhvq*w dfwxdoo| kdyh wr eh �vrog�
wr rshudwlrqdol}h d ex|0edfn phfkdqlvp/ exw lw pd| eh kdug wr hvwdeolvk
rzqhuvkls uljkwv wr d vwuhdp ri uhwxuqv rwkhuzlvh1 Lqghhg/ iru wkh uhdvrqv
glvfxvvhg lq frqqhfwlrq zlwk Sursrvlwlrq 8/ wkh whdp pd| eh olplwhg wr yhu|
vlpsoh frqwudfwv +h1j1/ �{hg vkduhv,1 Dqrwkhu remhfwlrq lv wkdw wkh dqdo|vlv
suhvhqwhg vr idu ljqruhv edujdlqlqj frvwv1 Jlyhq wkdw wkh rwkhu zrunhuv kdyh
wr frruglqdwh wkhlu edujdlqlqj srvlwlrq ylv0ã0ylv wkh ohdghu/ wkhvh frvwv frxog

4:Iru wkh ohdghu wr vljqdo fuhgleo|/ vkh pxvw sod| �e Ew� ' 7&w/ zkhuh

7& '
�

2
� n

�

2

s
�2 n H� 3 �21

Khu xwlolw| iurp sod|lqj �e Ew� lv

w2
�
7& n �3 �

2 E� 3 ��2
3 �

2
7&2
�
1

Khu xwlolw| iurp vwhdolqj wkh vwruh lv �

2
w21 Vlpsoh dojheud frq�upv wkdw wklv lv juhdwhu wkdq

khu xwlolw| iurp sod|lqj �e Ew�1
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eh frqvlghudeoh1 Ilqdoo|/ xqolnh ohdglqj e| h{dpsoh/ ex|0edfn phfkdqlvpv
duh qrw urexvw wr rwkhu vrxufhv ri dv|pphwulf lqirupdwlrq1 Iru lqvwdqfh/
vxssrvh wkdw

Y @ �
�[
?'�

h? . �/

zkhuh � lv d vwrfkdvwlf idfwru nqrzq rqo| wr wkh ohdghu1 Wkhq ohdglqj e|
h{dpsoh zrxog vwloo zrun +dv lv uhdglo| yhul�hg,/ exw wkh suhylrxvo| lghqwl�hg
sureohpv zlwk ex|0edfn phfkdqlvpv xqghu dv|pphwulf lqirupdwlrq zrxog
uhvxuidfh1

Dowkrxjk ex|0edfn phfkdqlvpv duh fohduo| d srzhuixo phdqv ri ghdolqj
zlwk wkh iuhh0ulglqj sureohp hqghplf wr whdpv sureohpv/ lw lv xqfohdu/ iru
wkh uhdvrqv hqxphudwhg deryh/ wkdw wkh| duh sduwlfxoduo| zhoo vxlwhg wr wkh
sureohp ri d ohdghu glvforvlqj ydoxdeoh lqirupdwlrq> lqghhg/ dv Sursrvlwlrq
43 vkrzv/ ex|0edfn phfkdqlvpv fdq h{dfhuedwh wkh sureohp ri lqirupdwlrq
uhyhodwlrq1

7 H{whqvlrqv

714 Sulydwh Surylvlrq ri Sxeolf Jrrgv

D whdpv sureohp lv vlplodu wr d sxeolf0jrrgv sureohp= Wkh zrunhuv* h�ruwv
fdq eh vhhq dv sulydwh frqwulexwlrqv wr d sxeolf jrrg1 Wkhuh duh/ dgplwwhgo|/
gl�huhqfhv1 Lq sduwlfxodu/ d whdp fdq h{foxgh vrph phpehuv iurp uhfhlylqj
wkh sxeolf jrrg +d qhfhvvlw| iru ex|0edfn phfkdqlvpv, dqg lw fdq dgmxvw
wkh phpehuv* vkduh +dv lq frqwudfw +F4, dqg Sursrvlwlrq 7,/ zkhuhdv wkh
sxeolf0jrrg sureohp vwhpv iurp dq lqdelolw| wr h{foxgh shrsoh iurp wkh
sxeolf jrrg1 Rq wkh rwkhu kdqg/ Sursrvlwlrq 8 wudqvodwhv lpphgldwho| lqwr
wkh sxeolf0jrrg frqwh{w= Ohw d flwl}hq*v xwlolw| iurp wkh sxeolf jrrg/ Y / dqg
wkh sulydwh jrrg/ {?/ eh

X +Y , .Z +{?, /

zkhuh

X +Y , @
4

Q
Y / +57,

Z +{?, @ �g ^� +�{� {?,` / +58,

dqg d flwl}hq wudqvirupv �{�{? ri klv hqgrzphqw/ �{/ ri wkh sulydwh jrrg lqwr
d sruwlrq ri wkh sxeolf jrrg dffruglqj wr wkh surgxfwlrq surfhvv ��+�{� {?,1
Lpdjlqh wkdw wkhuh lv d �ohdg flwl}hq/� zkr ohduqv � dqg zkr grqdwhv ehiruh
wkh rwkhu flwl}hqv1 Wkhq/ iurp Sursrvlwlrq 8/ zh kdyh=
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Fruroodu| 5 Frqvlghu d sxeolf0jrrgv sureohp lq zklfk hdfk flwl}hq*v xwlolw|
iru wkh sulydwh jrrg/ {?/ dqg wkh sxeolf jrrg/

Y @ �
�[
?'�

�+�{� {?, /

lv jlyhq e| h{suhvvlrqv +57, dqg +58,1 Vxssrvh �+�, lv vwulfwo| lqfuhdvlqj1
Wkhq wkh �ohdg flwl}hq� grqdwhv pruh lq d vhsdudwlqj htxloleulxp wkdq dq|
lqglylgxdo flwl}hq +xqohvv � @ �/ lq zklfk fdvh wkh grqdwlrqv duh wkh vdph,1
Pruhryhu/ li g +h, @ �

2

h2 dqg � @ 3/ wkhq ohdglqj e| h{dpsoh |lhogv juhdwhu
djjuhjdwh zhoiduh wkdq vlpxowdqhrxv grqdwlrqv xqghu ixoo lqirupdwlrq1

Pdq| fkdulwdeoh dqg qrw0iru0sur�w hqwhusulvhv +h1j1/ krvslwdov/ rufkhvwudv/
exvlqhvv vfkrrov, uhsruw d olvw ri wkhlu elj grqruv dqg wkh dprxqwv wkh|
grqdwh zkhq vrolflwlqj dgglwlrqdo grqdwlrqv14; Wklv lv sduwlfxoduo| wuxh ri
ohdg ru qdplqj grqdwlrqv dw wkh vwduw ri d fdslwdo fdpsdljq1 Fruroodu| 5
r�huv dq h{sodqdwlrq iru wklv ehkdylru= Nqrzlqj wkdw wkhlu grqdwlrqv zloo
eh sxeolfl}hg/ ohdg grqruv uhdol}h wkdw wkhlu grqdwlrqv zloo lq xhqfh odwhu
grqruv/ zkr zloo lqwhusuhw wkhlu grqdwlrqv dv vljqdov ri wkh zruwklqhvv ri
wkh fkdulw| ru qrq0iru0sur�w hqwhusulvh1 Wklv lqgxfhv ohdg grqruv wr grqdwh
pruh wkdq wkh| zrxog zhuh grqdwlrqv vrolflwhg vlpxowdqhrxvo| +ru suhylrxv
grqdwlrqv nhsw vhfuhw,1

Fruroodu| 5 uhdfkhv d gl�huhqw frqfoxvlrq wkdq Yduldq +4<<7,/ zkhuh
vhtxhqwldo grqdwlrqv suryh wr eh zruvh wkdq vlpxowdqhrxv grqdwlrqv1 Lq
Yduldq/ wkh ohdg grqru h{sorlwv khu Vwdfnhoehuj srvlwlrq e| grqdwlqj ohvv>
wkdw lv/ vkh lv deoh wr iuhh0ulgh pruh1 Wkhuh duh wzr uhdvrqv iru wklv gl�huhqfh1
Iluvw/ lq Yduldq/ wkh xwlolw| ixqfwlrqv duh gl�huhqw1 Wkhuh/ X +�, lv frqfdyh
lqvwhdg ri olqhdu1 Wkh frqfdylw| ri X +�, phdqv wkdw wkh pdujlqdo uhwxuq wr d
vhfrqg grqru*v grqdwlrq lv ghfuhdvlqj lq d �uvw grqru*v grqdwlrq> frqyhuvho|/
e| grqdwlqj ohvv/ d �uvw grqru udlvhv wkh pdujlqdo uhwxuq wr d vhfrqg grqru*v
grqdwlrq/ lqgxflqj klp wr grqdwh pruh1 Khuh/ lq frqwudvw/ X +�, lv olqhdu/ vr
d �uvw grqru*v grqdwlrq kdv qr lpsdfw rq wkh pdujlqdo uhwxuq wr d vhfrqg
grqru*v grqdwlrq1 Frqvhtxhqwo|/ Yduldq*v Vwdfnhoehuj iuhh0ulglqj grhv qrw
dulvh1 Wkh vhfrqg gl�huhqfh ehwzhhq wklv sdshu dqg Yduldq*v lv wkdw wkh
ohdg grqru kdv sulydwh lqirupdwlrq/ zklfk jlyhv wkh �uvw grqru lqfhqwlyhv
qrw suhvhqw lq Yduldq1

4;Ru dw ohdvw d edoo0sdun �jxuh rq wkh dprxqw grqdwhg1
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715 Zkr*v IroorzhgB

Vr idu zh*yh dvvxphg wkdw wkhuh lv rqo| rqh ohdghu/ qdpho| wkh zrunhu zkr lv
hqgrzhg zlwk wkh lqirupdwlrq derxw wkh vwrfkdvwlf surgxfwlylw| sdudphwhu
�1 Zkdw li/ lq frqwudvw/ pruh wkdq rqh zrunhu zdv hqgrzhg zlwk lqirupdwlrq
derxw krz wkh whdp vkrxog doorfdwh lwv h�ruwvB Krz gr zrxog0eh ohdghuv
lqgxfh rwkhuv wr iroorzB

Wkhuh duh pdq| zd|v lq zklfk zh frxog irupdol}h wkhvh txhvwlrqv1 Khuh
zh sxuvxh exw rqh/ ohdylqj wkh rwkhuv iru ixwxuh uhvhdufk1 Wkhuh duh wzr
srvvleoh surmhfwv/ 4 dqg 5/ wkdw wkh whdp frxog sxuvxh1 Wkh ydoxh iurp
sxuvxlqj surmhfw l lv

Y� @ ��

�[
?'�

h?/ +59,

zkhuh �� lv wkh surgxfwlylw| sdudphwhu wkdw dssolhv wr surmhfw l1 Odujho|
iru frqyhqlhqfh/ dvvxph wkdw �

�

dqg �
2

duh lqghshqghqwo|/ exw lghqwlfdoo|
glvwulexwhg1

Vlqfh +59, lv olqhdu lq ih?j/ wkh whdp zrxog zdqw/ lq d �uvw0ehvw zruog/
wr ghyrwh lwv h�ruwv wr rqh surmhfw ru wkh rwkhu/ exw qrw glylgh wkhp ehwzhhq
wkh surmhfwv14< Lq d vhfrqg0ehvw zruog zlwk iuhh0ulglqj/ wkh whdp pljkw zdqw
wr glylgh lwv h�ruwv li erwk Y

�
dqg Y

2
duh yhul�deoh= E| vsolwwlqj wkh whdp

ehwzhhq wkh surmhfwv/ hdfk zrunhu fdq eh jlyhq d odujhu vkduh ri klv rzq
h�ruw +h1j1/ 5@Q yhuvxv 4@Q,/ zklfk lqfuhdvhv klv h�ruw +uhfdoo Ohppd 5,1
Li �

�

dqg �
2

duh qrw wrr gl�huhqw/ wklv lqfuhdvh lq h�ruw r�vhwv wkh orzhu
surgxfwlylw| ri rqh ri wkh surmhfwv1 Dowkrxjk vsolwwlqj wkh whdp iru wklv
uhdvrq udlvhv vrph lqwhuhvwlqj lvvxhv/ wkh| duh wdqjhqwldo wr rxu lqwhuhvw lq
lqirupdwlrq dqg ohdghuvkls153 Frqvhtxhqwo|/ zh dvvxph wkdw rqo| wkh vxp ri
Y
�

dqg Y
2

fdq eh yhul�hg1 Khqfh/ hyhq lq d vhfrqg0ehvw zruog/ lw lv rswlpdo
wr ghyrwh h�ruw wr rqo| rqh surmhfw1

Wkhuh duh wzr srwhqwldo ohdghuv/ O
�

dqg O
2

1 Srwhqwldo ohdghu O� ohduqv ��
shuihfwo|1 Khu nqrzohgjh ri �� lv khu sulydwh lqirupdwlrq1 Zkhq dqqrxqflqj
��/ d srwhqwldo ohdghu kdv wzr lqfhqwlyhv qrz1 Dv ehiruh/ vkh kdv dq lqfhqwlyh
wr ryhuvwdwh ��/ vlqfh wklv zloo lqgxfh pruh h�ruw iurp wkh uhvw ri wkh whdp1
Exw qrz/ li vkh ryhuvwdwhv ��/ vkh ulvnv wkdw wkh zruvh surmhfw zloo eh sxuvxhg
+l1h1/ surmhfw l lv sxuvxhg zkhq �� ? ��,1 Wklv vhfrqg lqfhqwlyh grhv qrw/
krzhyhu/ r�vhw wkh �uvw=

4<Xqohvv w� ' w2/ exw wklv lv d suredelolw| }hur hyhqw1
53Pruhryhu/ wr vrph h{whqw/ d vsolw whdp fdq eh ghdow zlwk xvlqj wkh suhylrxv dqdo|vlv1
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Sursrvlwlrq 44 Dvvxph dq htxdo0vkduhv frqwudfw154 Wkhq srwhqwldo ohdghu
O�*v ehvw uhvsrqvh wr wuxwk0whoolqj e| wkh rwkhu srwhqwldo ohdghu dqg fuhgxolw|
e| wkh zrunhuv lv wr ryhuvwdwh ��1 Frqvhtxhqwo|/ wkhuh lv qr htxloleulxp lq
wklv vhwwlqj lq zklfk erwk srwhqwldo ohdghuv whoo wkh wuxwk dv d sxuh vwudwhj|1

Surri= Vhh wkh dsshqgl{1

Lqwxlwlyho|/ wkh ulvn ri wkh zurqj surmhfw ehlqj fkrvhq e| voljkwo| ryhu0
vwdwlqj �� dqg wkh frvw li lw lv duh erwk forvh wr }hur1 Krzhyhu/ h{djjhudwlqj
zloo lqgxfh kdughu h�ruw e| wkh rwkhu zrunhuv li surmhfw l lv fkrvhq1 Wkh
ehqh�w ri h{djjhudwlqj wkhuhiruh h{fhhgv lwv qhjoljleoh frvw1

Dv lq wkh vlqjoh0ohdghu fdvh/ zh fdq lqgxfh wuxwk0whoolqj xvlqj d phfkd0
qlvp= Ohw I +�,eh wkh pdujlqdo glvwulexwlrq ixqfwlrq iru �� dqg ohw i +�, eh
wkh fruuhvsrqglqj ghqvlw| ixqfwlrq1 Vhw wkh wudqvihuv dv iroorzv1
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zkhuh h +�, lv d zrunhu*v ru ohdghu*v grplqdqw vwudwhj| xqghu dq htxdo vkduhv
frqwudfw jlyhq kh ru vkh eholhyhv wkh vwdwh lv �1 Dvvxph htxdo vkduhv1 Wkhq
zh kdyh

Sursrvlwlrq 45 Dq htxdo0vkduhv frqwudfw lq zklfk wudqvihuv duh jlyhq e|
+F5, dqg surmhfw l lv sxuvxhg li dqg rqo| li �� � �� |lhogv d vhfrqg0ehvw
h!flhqw htxloleulxp1

Surri= Vhh wkh dsshqgl{1

Dv lq wkh vlqjoh0ohdghu fdvh/ zh kdyh ohdghu vdful�fh> h{fhsw khuh zh kdyh
erwk +srwhqwldo, ohdghuv vdful�flqj1 Iurp +F5,/ wkh ehwwhu d ohdghu*v surmhfw
lv/ wkh pruh vkh vdful�fhv1 Li W

�

@ W
2

/ wkh ohdghu zkr vdful�fhv prvw�jlyhv
wkh zrunhuv wkh odujhu �jliw��lqgxfhv wkh zrunhuv wr iroorz khu1 Wkdw lv/
zh kdyh d �ohdghuvkls vwuxjjoh� lq zklfk zrxog0eh ohdghuv frpshwh wkurxjk
wkhlu jliwv wr srwhqwldo iroorzhuv1

Dowkrxjk wkhuh lv d ohdghuvkls vwuxjjoh/ hdfk ohdghu jlyhv d vpdoohu jliw
wkdq vkh zrxog jlyh lq wkh vlqjoh0ohdghu fdvh> wkdw lv/

54Zklfk zrxog eh vhfrqg0ehvw h!flhqw jlyhq wuxwkixo uhyhodwlrq1
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Sursrvlwlrq 46 Il{lqj W @ W
�
@ W

2
/ d ohdghu jlyhv d vpdoohu jliw zkhq

wkhuh lv dqrwkhu srwhqwldo ohdghu wkdq zkhq vkh lv wkh rqo| ohdghu1

Surri= Frpsduh +F5, zlwk +9,1

Lw pljkw dw �uvw vhhp frxqwhu0lqwxlwlyh wkdw d ohdghuvkls vwuxjjoh ohvvhqv
wkh dprxqw wkdw d srwhqwldo ohdghu pxvw jlyh wr lqgxfh d iroorzlqj1 Exw
uhphpehu d ohdghu*v remhfwlyh lv wr frqylqfh iroorzhuv ri wkh vwdwh/ �1 Zkhq
vkh kdv frpshwlwlrq/ khu lqfhqwlyh wr olh lv uhgxfhg +vlqfh h�ruw frxog eh
doorfdwhg wr wkh zurqj surmhfw,1 Frqvhtxhqwo|/ wkh dprxqw vkh pxvw jlyh
wkh zrunhuv wr frqylqfh wkhp ri wkh ydoxh ri � lv ohvv wkdq lw zrxog eh devhqw
frpshwlwlrq1

Zkdw derxw ohdglqj e| h{dpsohB Wr dqvzhu wklv/ zh qhhg wr eh fohdu
derxw zkdw lv hqwdlohg e| d srwhqwldo ohdghu h{shqglqj h�ruw ehiruh wkh
rwkhu zrunhuv1 Wkhuh duh pdq| srvvleoh dvvxpswlrqv zh frxog pdnh/ exw zh
zloo frqvlghu mxvw rqh khuh= Wkh srwhqwldo ohdghuv h{shqg h�ruw �uvw/ hdfk
rq khu surmhfw1 Wkh| fdqqrw h{shqg pruh h�ruw odwhu1 H�ruw h{shqghg rq
rqh surmhfw fdqqrw eh uhgluhfwhg odwhu wr dqrwkhu surmhfw1 Zh zloo irfxv
rq v|pphwulf vwudwhjlhv iru wkh ohdghuv1 Ohw �h +��, eh O�*v h�ruw frqglwlrqdo
rq khu surmhfw*v surgxfwlylw| sdudphwhu1 Jlyhq rxu lqwhuhvw lq lqirupdwlrq
uhyhodwlrq/ zh frqvlghu rqo| lqyhuwleoh ixqfwlrqv �h +�,1

Wkh zrunhuv zloo iroorz wkh pruh surgxfwlyh surmhfw> wkdw lv/ surmhfw l li

�h3� +hu�, � �h3�
�
hu�
�
1

Ohw ah
�
v` �h3� +hu�,

�
eh wkh h wkdw pd{lpl}hv

v
` �h3� +hu�, h� g +h, 1

Srwhqwldo ohdghu l*v h{shfwhg xwlolw| dv d ixqfwlrq ri khu h�ruw h
u�
lv/ wkxv/

vu��hu� . vu

]
�

f

}�h +}, i +},g} . vu�� +Q � 5,I
�
�h3� +hu�,

�
ah
�
v` �h3� +hu�,

�
.

]
�

�e
3�+eu

�
,
vu} +Q � 5, ah +v` }, i +},g} � g +hu�, 1

Rq wkh htxloleulxp sdwk/ O�*v �uvw0rughu frqglwlrq lv

vu�� . vu�� +Q � 5,I +��,
v` ah� +v` ��,

�h� +��,
� g� ^�h +��,` @ 31 +5:,

Dv ehiruh wkh lqlwldo frqglwlrq lv

vu� � g� ^�h +�,` @ 31 +5;,
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Wkh gl�huhqwldo htxdwlrq +5:, dgplwv qr dqdo|wlf vroxwlrq lq jhqhudo dqg
zh kdyh ehhq xqdeoh wr �qg dq dqdo|wlf vroxwlrq iru dq| uhdvrqdeoh vshfl�f
sdudphwhul}dwlrq1 Wklv pdnhv frpsdulqj wkh zhoiduh surshuwlhv ri ohdglqj
e| h{dpsoh wr wkrvh ri ixoo lqirupdwlrq ru phfkdqlvp +F5, gl!fxow1 Zh
fdq/ krzhyhu/ ghulyh vrph surshuwlhv frqfhuqlqj wkh vroxwlrq1

Sursrvlwlrq 47 D srwhqwldo ohdghu*v htxloleulxp vwudwhj|/ �h +�,/ vdwlv�hv wkh
iroorzlqj surshuwlhv=

� �h� +�, A 3> dqg

� Frpsduhg wr d zrunhu zlwk dq htxdo vkduh zkr iroorzv khu/ d srwhqwldo
ohdghu zrunv kdughu wkdq wkdw zrunhu1

Surri= Vhh wkh dsshqgl{1

Wkh vhfrqg srlqw ri Sursrvlwlrq 47 fruuhvsrqgv wr wkh hduolhu lqvwdqfhv
ri ohdglqj e| h{dpsoh1 Rqfh djdlq wkh qhhg wr vljqdo wr wkh zrunhuv surylghv
dgglwlrqdo lqfhqwlyhv wr wkh ohdghuv eh|rqg wkdw surylghg e| wkhlu vkduhv1
Khqfh/ ohdglqj e| h{dpsoh vwloo r�vhwv/ wr vrph h{whqw/ wkh iuhh0ulglqj sure0
ohp hqghplf wr whdp surgxfwlrq1

Wkhuh lv/ krzhyhu/ d frqirxqglqj sureohp zlwk ohdglqj e| h{dpsoh lq
wklv frqwh{w= Rqh ohdghu lv zrunlqj rq wkh zurqj surmhfw1 Dowkrxjk khu
h�ruw lv qrw frpsohwho| zdvwhg/ lwv pdujlqdo uhwxuq lv ohvv wkdq li vkh zhuh
zrunlqj rq wkh pruh surgxfwlyh surmhfw1 Zkhwkhu wklv sureohp rxwzhljkv
wkh ehqh�wv ri ohdglqj e| h{dpsoh ghshqgv rq krz olnho| lw lv wkdw �� � �� 1
Wr jhw vrph lghd derxw wklv/ zh dvvxphg wkdw � zdv glvwulexwhg xqlirupo|/ zh
�{hg doo vkduhv dw 4@Q / zh vhw g +h, @ h2@5 dqg � @ 3/ dqg zh dssur{lpdwhg
�h +�, e| an�/ zkhuh

an @
6

7Q
.

4

7

u
7

Q
� :

Q2

1

Frpsdulqj vshfl�f qxphulfdo vroxwlrqv ri +5:, wr an� lqglfdwhv wkdw wkh odwwhu
xqghuvwdwhv �h +�,155 Khqfh/ rxu dqdo|vlv ryhuzhljkwv wkh sureohp ri rqh
srwhqwldo ohdghu zrunlqj rq wkh zurqj surmhfw1 Xqghu ixoo0lqirupdwlrq +qr
ohdglqj e| h{dpsoh,/ h{shfwhg djjuhjdwh zhoiduh lv

HZ8U @ H
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r
� 5Q � 4

5Q

55Wkh Pdwkhpdwlfd surjudp xvhg iru vroylqj +5:, qxphulfdoo| lv dydlodeoh xsrq uhtxhvw1
Wkh ixqfwlrq 	&w lv wkh dyhudjh ri wzr olqhdu ixqfwlrqv wkdw erxqg �e Ew�1
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Xqghu ohdglqj e| h{dpsoh/ h{shfwhg djjuhjdwh zhoiduh lv
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4FD 1

Whglrxv/ exw vwudljkwiruzdug dojheud/ uhyhdov wkdw wklv gl�huhqfh lv srvlwlyh
iru doo Q � 81 Wklv vxssruwv wkh iroorzlqj frqmhfwxuh=

Frqmhfwxuh 4 Iru d odujh hqrxjk whdp/ wkh h{shfwhg jdlqv iurp ohdglqj
e| h{dpsoh rxwzhljk wkh h{shfwhg orvv iurp kdylqj rqh ohdghu zrun rq wkh
zurqj surmhfw1

Lqwxlwlyho|/ kdylqj d ohdghu eh mxvw dqrwkhu zrunhu r�huv olwwoh jdlq zkhq
wkh whdp lv odujh dqg khu h�ruw lv/ wkhuhiruh/ d vpdoo sursruwlrq ri doo h�ruw1
Sxw dqrwkhu zd|/ wkh uhodwlyh h{shfwhg orvv iurp khu zrunlqj rq wkh zurqj
surmhfw lv vpdoo1 Krzhyhu/ wkh jxdudqwhhg ehqh�w ri jlylqj khu dgglwlrqdo
lqfhqwlyhv +d qhhg wr vljqdo, lv vwloo uhodwlyho| juhdw1

716 Ixwxuh H{whqvlrqv

Frqvlvwhqw zlwk wkh wlwoh ri wklv sdshu/ zh eholhyh wkdw wklv lv wkh ehjlqqlqj/
qrw wkh hqg/ ri d olqh ri uhvhdufk1 Khuh/ zh eulh | glvfxvv srwhqwldo ixwxuh
h{whqvlrqv ri wklv zrun +lq dgglwlrq wr wkrvh lghqwl�hg hduolhu, dqg vrph ri
wkh lvvxhv lqyroyhg zlwk wkhp1

71614 Uhvhdufk H�ruw

Vr idu zh*yh dvvxphg wkdw wkh ohdghu uhfhlyhv khu lqirupdwlrq derxw � iru
iuhh1 D orjlfdo h{whqvlrq zrxog eh wr dvvxph wkdw vkh pxvw h{shqg frvwo|
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h�ruw ru pdnh vrph rwkhu lqyhvwphqw wr dftxluh wklv lqirupdwlrq1 Wkhuh duh
pdq| zd|v wklv frxog eh prghohg= vkh dftxluhv d vljqdo rqo| li vkh sxwv lq
�uhvhdufk� h�ruw deryh vrph wkuhvkrog> khu suredelolw| ri dftxlulqj d vljqdo
lv dq lqfuhdvlqj ixqfwlrq ri khu uhvhdufk h�ruw> ru wkh suhflvlrq ri khu vljqdo
lv dq lqfuhdvlqj ixqfwlrq ri khu uhvhdufk h�ruw1 Rqh rshq txhvwlrq lv krz
wkh frqwudfwv ri wkh hduolhu vhfwlrqv zrxog qhhg wr eh dgmxvwhg wr jlyh khu
lqfhqwlyhv wr lqyhvw uhvhdufk h�ruw +vlqfh vkh qhyhu uhdol}hv 433( ri wkh jdlq
iurp wkh lqirupdwlrq/ lw lv xqolnho| wkdw vkh fdq eh lqgxfhg wr h{shqg wkh
�uvw0ehvw ohyho ri uhvhdufk h�ruw,1

Dqrwkhu vhw ri lvvxhv ghdov zlwk fkdqjhv lq wkh lqirupdwlrq vwuxfwxuh1
Jlyhq rxu irfxv rq vhsdudwlqj htxloleuld/ rqh lpsruwdqw lvvxh lv zkhwkhu wkh
vxssruw ri � gl�huv ghshqglqj rq wkh ohdghu*v uhvhdufk h�ruw1 D vhfrqg lvvxh
kdv wr gr zlwk wkh glvxwlolw| ri h�ruwv ixqfwlrq1 Li lw lv dgglwlyho| vhsdudeoh
ehwzhhq uhvhdufk h�ruw dqg surgxfwlyh h�ruw/ wkhq wkhuh lv qr sureohp�
surylghg wkh vxssruw ri � lv lqghshqghqw ri uhvhdufk h�ruw/ wkh dqdo|vlv
ri Vhfwlrqv 614 dqg 615 vwloo dssolhv +dowkrxjk frqwudfwv pljkw qhhg wr eh
dgmxvwhg wr surylgh dssursuldwh lqfhqwlyhv iru uhvhdufk h�ruw,1 Li lw lv qrw
dgglwlyho| vhsdudeoh/ wkhq wkh ohdghu*v w|sh kdv wzr glphqvlrqv= khu uhvhdufk
h�ruw/ zklfk ghwhuplqhv khu pdujlqdo glvxwlolw| ri surgxfwlyh h�ruw/ dqg khu
nqrzohgjh ri �1 Wklv zrxog/ wkhq/ juhdwo| frpsolfdwh wkh dqdo|vlv156

71615 Ohdghuvkls Delolw|

Zh kdyh vr idu dvvxphg wkdw wkh ohdghu+v, revhuyh � shuihfwo|1 Iru rxu
sxusrvhv/ wklv lv zlwkrxw orvv ri jhqhudolw| jlyhq wkdw wkh zrunhuv duh ulvn
qhxwudo= Ohw t eh wkh ohdghu*v ehvw hvwlpdwh ri � frqglwlrqdo rq khu sulydwh
lqirupdwlrq dqg wkh sulru glvwulexwlrq ri �1 Wkhq wkh suhfhglqj dqdo|vlv vwloo
dssolhv zlwk t uhsodflqj �1

Wklv lv qrw wr vd|/ krzhyhu/ wkdw wkhuh lv qr frvw wr dq lpsuhflvh hvwlpdwh�
h�ruw lv lqfuhdvlqjo| plv0doorfdwhg lq h{shfwdwlrq wkh ohvv suhflvho| � lv hv0
wlpdwhg1 Vxssrvh/ wkhuhiruh/ wkdw gl�huhqw srwhqwldo ohdghuv kdyh gl�huhqw
delolwlhv wr hvwlpdwh �> h1j1/ hdfk ohdghu*v delolw|/ �/ lv d phdvxuh ri wkh suh0
flvlrq ri khu hvwlpdwhv1 Lq d g|qdplf prgho/ rqh lvvxh zrxog eh wr lqihu wkh
ohdghu*v delolw| dqg wr uhsodfh khu li khu hvwlpdwhg suhflvlrq idoov ehorz vrph
fxwr�1

56Vhh Ixghqehuj dqg Wluroh +4<<3, dqg Pd +4<<7, iru glvfxvvlrqv ri vljqdolqj dqg vfuhhq0
lqj lvvxhv zkhq dq djhqw*v w|sh lv h�ruw +h1j1/ dv khuh/ sulru uhvhdufk h�ruw,1
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8 Frqfoxvlrq

Zh kdyh vhhq lq wklv sdshu wkdw lw lv srvvleoh wr frqvwuxfw dq hfrqrplfdoo|
uljrurxv prgho ri ohdghuvkls> rqh wkdw fdswxuhv wkh ixqgdphqwdo ihdwxuh ri
ohdghuvkls/ qdpho| wkdw ohdghuv kdyh iroorzhuv dqg iroorzlqj lv d yroxqwdu|
dfwlylw|1 Wr olplw wkh vfrsh iru dxwkrulw|/ zh prghohg ohdghuvkls zlwklq d
whdp1 Wkh ohdghu kdg ehwwhu lqirupdwlrq derxw wkh pdujlqdo uhwxuq/ �/ wr
h�ruw frpplwwhg wr d frpprq hqghdyru1 Khu sureohp zdv wr frqyh| wklv
lqirupdwlrq dffxudwho| jlyhq wkdw wkh rwkhu zrunhuv lq wkh whdp uhfrjql}hg
wkdw vkh kdg dq lqfhqwlyh wr ryhuvwdwh �1 Zh h{soruhg wzr zd|v wkdw vkh
frxog gr wklv1 Iluvw/ vkh frxog vdful�fh> wkdw lv/ pdnh d vlgh0sd|phqw wr wkh
rwkhu zrunhuv wkdw zdv qrw d ixqfwlrq ri wkhlu h�ruwv1 Wkh pruh vkh zdv
zloolqj wr vdful�fh/ wkh juhdwhu wkh zrunhuv eholhyhg � wr eh1 Zh vkrzhg wkdw
ohdghu vdful�fh doorzhg wkh whdp wr gr dv zhoo dv lw frxog xqghu v|pphwulf
+ixoo, lqirupdwlrq1 Vhfrqg/ vkh frxog ohdg e| h{dpsoh> wkdw lv/ frpplw h�ruw
�uvw wr vljqdo lqirupdwlrq derxw �1 Wkh kdughu vkh zrunhg/ wkh kdughu
wkh rwkhu zrunhuv zrunhg1 Zh vkrzhg wkdw ohdglqj e| h{dpsoh frxog eh
vxshulru wr wkh v|pphwulf0lqirupdwlrq rxwfrph= Wkh qhhg wr vljqdo jdyh
wkh ohdghu dgglwlrqdo lqfhqwlyhv/ zklfk khoshg wr r�vhw wkh whdpv sureohp
+wrr olwwoh h�ruw,1 Wkh fkdqjh lq wlplqj xqghuo|lqj ohdglqj e| h{dpsoh/
ohg xv wr h{soruh vhtxhqwldo sod| lq whdpv1 Zh vkrzhg wkdw li wkh whdp
frxog xvh �ex|0edfn� frqwudfwv/ wkhq lw frxog gr ehwwhu xqghu v|pphwulf
lqirupdwlrq zlwk vhtxhqwldo sod| wkdq zlwk vlpxowdqhrxv sod|1 Lqghhg/ lw
zdv srvvleoh iru wkh whdp wr dfklhyh wkh �uvw ehvw1 Ilqdoo|/ zh frqvlghuhg
wzr h{whqvlrqv= h{sorlwlqj wkh vlplodulw| ehwzhhq wkh whdpv sureohp dqg
wkh sulydwh surylvlrq ri d sxeolf jrrgv wr uh0h{dplqh zkhwkhu vlpxowdqhrxv
ru vhtxhqwldo surylvlrq ri d sxeolf jrrg zdv rswlpdo> dqg h{sorulqj wkh
frqvhtxhqfhv ri kdylqj wzr srwhqwldo ohdghuv dqg d ohdghuvkls vwuxjjoh1 Dv
qrwhg suhylrxvo|/ wkhuh lv pxfk zrun wkdw uhpdlqv wr eh grqh1 Zh duh
frq�ghqw/ krzhyhu/ wkdw frqwlqxhg vwxg| e| hfrqrplvwv zloo khos wr ghyhors
dq hfrqrplf xqghuvwdqglqj ri wkh ohvv irupdo dvshfwv ri rujdql}dwlrq/ vxfk
dv ohdghuvkls1

Dsshqgl{= Surriv

Surri ri Sursrvlwlrq 4= Ohw �� eh wkh h{shfwhg ydoxh ri � frqglwlrqdo
rq a�1 Iurp Ohppd 4/ dwwhqwlrq fdq eh olplwhg wr d!qh vkduhv frqwudfwv1
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Froohfwlyho|/ wkh zrunhuv vhhn wr

pd{
tr?�

�[
?'�

�
��h +v?,� g ^h +v?,`

�
+5<,

vxemhfw wr
�[
?'�

v? @ 4/ +63,

zkhuh h +�, lv gh�qhg e| wkh lqglylgxdo zrunhu*v �uvw0rughu frqglwlrq=

��v? � g� +h, @ 31 +64,

Wkh �uvw0rughu frqglwlrq iru +5<, lv

��h� +v?,� g� ^h +v?,` � h� +v?,� � @ 3 iru doo q/ +65,

zkhuh � lv wkh Odjudqjh pxowlsolhu rq +63,1
Zh*oo �uvw vkrz wkdw wkh xqltxh vroxwlrq wr +65, lv v|pphwulf1 Xvlqj

+64,/ +65, fdq eh uhzulwwhq dv

�� +4� v?, h
� +v?,� � @ 31

Wklv kdv d xqltxh vroxwlrq li +4� v?, h� +v?, lv prqrwrqlf lq v?1 Gl�huhqwl0
dwlqj lw |lhogv

�h� +v?, . +4� v?, h
�� +v?, = +66,

Iurp +64,=

h� +v?, @
��

g�� +h,
dqg h�� +v?, @ �

��g��� +h,

^g�� +h,`2
� h� +v?, 1

Khqfh/ wkh vljq ri +66, lv wkh vdph dv wkh vljq ri

�4� +4� v?,
��g��� +h,

^g�� +h,`2
=

Vlqfh �� 5 ^3> 4` dqg v? 5 ^3> 4`/ dvvxpswlrq +4, hqvxuhv wkdw wklv odvw h{0
suhvvlrq lv qhjdwlyh> vr +4� v?, h

� +v?, lv prqrwrqlf1 Frqvhtxhqwo|/ +65, kdv
rqo| rqh vroxwlrq> wkdw lv/ v? @ v6 @ 4@Q iru doo q dqg p1

Ilqdoo|/ zh vkrz wkdw wkh vhfrqg0rughu frqglwlrqv duh phw1 Lw*v vx!flhqw
wr vkrz wkdw ��h +v?,� g ^h +v?,` lv frqfdyh lq v?= wkh vhfrqg ghulydwlyh lv

��h�� +v?,� g�� ^h +v?,` �
�
h� +v?,

�
2 � g� ^h +v?,` h

�� +v?, 1
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Xvlqj +64, wklv fdq eh uhzulwwhq dv

��� +4� v?,
��g��� +h,

^g�� +h,`2
h� +v?,� ��h� +v?, 1

Xvlqj +4, lw fdq eh vkrzq wkdw wklv lv qhjdwlyh1

Surri ri Ohppd 7= Iurp +47, dqg +49,/ lw iroorzv wkdw ah +�, lv wkh
lghqwlw| ixqfwlrq +l1h1/ ah +{, @ {, dqg �h +�, @ 31 Qrwh wkh odwwhu frlqflghv
zlwk wkh gh�qlwlrq jlyhq lq wkh vwdwhphqw ri wkh Ohppd1 Vlqfh vkduhv vxp
wr rqh/ +Q � 4, v` @ 4� vu1 Zh fdq wkhuhiruh uhzulwh +48, dv

�vu

�
4 . +4� vu,

4

�h� +�,

�
� �h +�, @ 31

Zh qhhg rqo| frq�up wkdw n +vu, � vroyhv wklv gl�huhqwldo htxdwlrq=

�vu

�
4 .

4� vu
n +vu,

�
� n +vu, � @ 3 li

n +vu,
2 � vun +vu,� vu +4� vu, @ 31

Vlpsoh dojheud frq�upv wkdw wkh n +�, gh�qhg lq +4:, vroyhv wklv odvw htxd0
wlrq1

Surri ri Sursrvlwlrq 7= Dv suholplqdulhv/ zh hvwdeolvk wzr fodlpv1
Fodlp 4= Li n +vu, A v` +n +vu, � v` ,/ wkhq wkh ohdghu zrunv kdughu +dv
kdug, dv dq| lqglylgxdo zrunhu1
Surri= �h +�, @ n +vu, �/ zkloh ah +�, @ v` �1 �

Fodlp 5= n +vu, A vu1
Surri= Vlqfh vu 5 +3> 4,/

v2
u
? 7vu � 6v2

u
1

Khqfh/

vu ?
vu .

t
7vu � 6v2

u

5
@ n +vu, 1�

Zh ehjlq e| vkrzlqj wkdw wkh ohdghu*v vkduh lv ghfolqlqj lq Q = Wkh
furvv0sduwldo ghulydwlyh ri +4;, zlwk uhvshfw wr vu dqg Q lv

� 4� vu

+Q � 4,2
? 31

Vlqfh wklv lv qhjdwlyh/ wkh xvxdo frpsdudwlyh vwdwlfv hqwdlo wkdw v
u lv ghfolqlqj

lq Q 1
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Q vu v` n +vu,

5 16666 1999: 1999:
6 1547< 16<59 18653
7 14;4; 15:5: 17;:4
8 1499; 153;6 17988
9 148;7 149;6 1785<

Wdeoh 4= Gdwd rq Rswlpdo Frqwudfwv dqg H�ruwv

Wkh �uvw0rughu frqglwlrq iru +4;, lv

^4� n +vu,` n
� +vu,� 4 .

4� vu
Q � 4

@ 31 +67,

Ohw Q $4 dqg vroyh +67,1 Wklv |lhogv d orzhu erxqg iru vu ri

43

<
� 4<� 5

�

�

<
�
4;: . <

s
<6
��
�

�
�
4;: . <

s
<6
� �
�

<� 5
�

�

/

zklfk lv dssur{lpdwho| 145;;761 Vlqfh

v` @
4� vu
Q � 4

/

lw iroorzv iurp wkh orzhu erxqg wkdw vu A v` iru Q � :1 Lw wkhq iroorzv
iurp Fodlpv 4 dqg 5 wkdw wkh ohqghu zrunv vwulfwo| kdughu wkdq dq| zrunhu
iru Q � :1

Zh qhhg rqo| frqvlghu Q � 9 wr frpsohwh wkh surri1 Wdeoh 4 vxppdul}hv
wkh uhohydqw gdwd1

Surri ri Sursrvlwlrq ;= Zrunlqj edfnzdugv/ frqvlghu wkh odvw zrunhu/
Q 157 Dvvxplqj kh rzqv wkh �up/ kh fkrrvhv h wr pd{lpl}h

�h� g +h, +68,

uhjdugohvv ri wkh h�ruwv vxssolhg e| wkh suhylrxv zrunhuv> wkdw lv/ kh vxssolhv
h8� +�,1 Kh vxssolhv qr h�ruw li kh grhv qrw wdnh srvvhvvlrq ri wkh �up1
Khqfh/ wkh vxusoxv fuhdwhg e| vhoolqj klp wkh �up lv

�h8� +�,� g
�
h8� +�,

�
1

57Khuh wkh pruh qdwxudo lqgh{ ri zrunhuv fruuhvsrqgv wr wkh rughu lq zklfk wkh| zrun/
vr wklv zloo eh wkh lqgh{lqj dgrswhg iru wklv surri1
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Dvvxph lq edujdlqlqj zlwk wkh Q � 4vw zrunhu wkdw kh fdswxuhv 4 � �
�3�

ri wklv srvlwlyh vxusoxv1 Vlqfh wkh Q � 4vw zrunhu*v vkduh ri wkh vxusoxv lv
lqghshqghqw ri klv h�ruw/ kh dovr fkrrvhv h wr pd{lpl}h +68, uhjdugohvv ri wkh
h�ruwv vxssolhg e| wkh suhylrxv zrunhuv1 Pruh jhqhudoo|/ li wkh qwk zrunhu
fdswxuhv �

?
ri wkh vxusoxv iurp vhoolqj wr wkh q . 4vw zrunhu/ wkhq/ vlqfh

�
?
> = = = > �

�3�
gr qrw ghshqg rq h?/ qru gr h�ruwv h6/ p @ q.4> = = = >Q / wkh

qwk zrunhu fkrrvhv h wr pd{lpl}h +68, uhjdugohvv ri wkh h�ruwv vxssolhg e|
wkh suhylrxv zrunhuv1 Vr e| lqgxfwlrq/ doo zrunhuv vxsso| h8� +�,1

Surri ri Sursrvlwlrq 44= Dv ehiruh/ ohw h +�, eh d zrunhu*v grplqdqw
vwudwhj| xqghu dq htxdo vkduhv frqwudfw jlyhq kh eholhyhv wkh vwdwh lv �1 Dv
d ixqfwlrq ri khu dqqrxqfhphqw/ a��/ O�*v h{shfwhg sd|r� lv]

�

	

w�

+}h +},� g ^h +},`, i +}, g}.

]
	

w�

f

�
��
Q

k
h +��, . +Q � 4, h

�
a��
�l
� g ^h +��,`

�
i +}, g}/

zkhuh i +�, lv wkh ghqvlw| ryhu �� 1 Wkh �uvw0rughu frqglwlrq lv

�
�
a��h
�
a��
�
� g

k
h
�
a��
�l�

i
�
a��
�
.

�
��
Q

k
h +��, . +Q � 4, h

�
a��
�l
� g ^h +��,`

�
i
�
a��
�

.

]
	

w�

f

��
Q

+Q � 4, h�
�
a��
�
i +}, g} @ 31 +69,

Li a�� @ ��/ wkhq wkh �uvw olqh lv }hur/ exw wkh vhfrqg olqh lv srvlwlyh1 Khqfh/
wuxwk0whoolqj lv qrw d ehvw uhvsrqvh1 Wkh uhvw ri wkh sursrvlwlrq iroorzv
vwudljkwiruzdugo|1

Surri ri Sursrvlwlrq 45= Jlyhq Sursrvlwlrq 4/ doo zh qhhg gr lv vkrz
wklv frqwudfw lqgxfhv wuxwk0whoolqj e| hdfk ohdghu1 Wkh �uvw0rughu frqglwlrq
iru pd{lpl}lqj d ohdghu*v h{shfwhg xwlolw| lv

Ohiw0kdqg vlgh ri +69, . Cwu�@C
a�� @ 3/

zkhuh

Cwu�
Ca��

@ �
a��
Q

+Q � 4, h�
�
a��
�
I
�
a��
�

@ �
]

	

w�

f

a��
Q

+Q � 4, h�
�
a��
�
i +},g}1

Fohduo|/ wuxwk0whoolqj vroyhv wkh �uvw0rughu frqglwlrq1 Pruhryhu/ vlpsoh dojh0
eud vkrzv wkdw wkh ohiw0kdqg vlgh ri wklv �uvw0rughu frqglwlrq lv srvlwlyh iru
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a�� ? �� +uhfdoo h +�, lv lqfuhdvlqj, dqg qhjdwlyh iru a�� A ��/ vr wkh �uvw0rughu
frqglwlrq lv vx!flhqw dv zhoo dv qhfhvvdu|1

Surri ri Sursrvlwlrq 47= Lw lv uhdglo| vkrzq wkdw wklv prgho vdwlv�hv
wkh dvvxpswlrqv ri Pdlodwk +4<;:,*v Wkhruhp 5/ zklfk lq wxuq phdqv �h� +�, A
31 Frpsdulqj wkh �uvw0rughu frqglwlrq iru d zrunhu zlwk vkduh vu/

vu�� � g� +h, @ 3/

wr +5:, uhyhdov wkdw �h +��, A ah +vu��, +uhfdoo �h� +�, A 3,1

Uhihuhqfhv

Edqhumhh/ D1 Y1 +4<<5,1 D vlpsoh prgho ri khug ehkdylru1 Wkh Txduwhuo|
Mrxuqdo ri Hfrqrplfv/ 43;/ :<:�;4;1

Elnkfkdqgdql/ V1/ Kluvkohlihu/ G1/ dqg Zhofk/ L1 +4<<5,1 D wkhru| ri idgv/
idvklrq/ fxvwrp/ dqg fxowxudo fkdqjhv dv lqirupdwlrqdo fdvfdghv1 Mrxuqdo
ri Srolwlfdo Hfrqrp|/ 433/ <<5�43591

Fdloodxg/ E1 dqg Khupdolq/ E1 H1 +4<<6,1 Wkh xvh ri dq djhqw lq d vljqdoolqj
prgho1 Mrxuqdo ri Hfrqrplf Wkhru|/ 93/ ;6�4461

Fkr/ L10N1 dqg Nuhsv/ G1 +4<;:,1 Vljqdolqj jdphv dqg vwdeoh htxloleuld1
Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 435/ 4:<�5551

Ghpvnl/ M1 V1 dqg Vdsslqjwrq/ G1 H1 P1 +4<<4,1 Uhvroylqj grxeoh prudo
kd}dug sureohpv zlwk ex|rxw djuhhphqwv1 UDQG Mrxuqdo ri Hfrqrplfv/
55/ 565�5731

Hgolq/ D1 V1 dqg Khupdolq/ E1 H1 +4<<9,1 Frqwudfw uhqhjrwldwlrq lq grx0
eoh prudo kd}dug sureohpv1 Zrunlqj Sdshu/ Ghsduwphqw ri Hfrqrplfv/
Xqlyhuvlw| ri Fdoliruqld dw Ehunhoh|1

Ixghqehuj/ G1 dqg Wluroh/ M1 +4<<3,1 Prudo kd}dug dqg uhqhjrwldwlrq lq
djhqf| frqwudfwv1 Hfrqrphwulfd/ 8;/ 45:<�46531

Jdo0Ru/ H1 +4<;:,1 Iluvw pryhu glvdgydqwdjhv zlwk sulydwh lqirupdwlrq1 Wkh
Uhylhz ri Hfrqrplf Vwxglhv/ 87+5,/ 5:<�5<51 Dsulo1

Kdqg|/ F1 +4<<6,1 Xqghuvwdqglqj Rujdql}dwlrqv1 R{irug Xqlyhuvlw| Suhvv/
R{irug/ Hqjodqg1
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Khupdolq/ E1 H1 dqg Ndw}/ P1 O1 +4<<4,1 Prudo kd}dug dqg yhul�delolw|=
Wkh h�hfwv ri uhqhjrwldwlrq lq djhqf|1 Hfrqrphwulfd/ 8</ 4:68�4:861

Khupdolq/ E1 H1 dqg Ndw}/ P1 O1 +4<<6,1 Mxglfldo prgl�fdwlrq ri frqwudfwv
ehwzhhq vrsklvwlfdwhg sduwlhv= D pruh frpsohwh ylhz ri lqfrpsohwh frq0
wudfwv dqg wkhlu euhdfk1 Wkh Mrxuqdo ri Odz/ Hfrqrplfv/ ) Rujdql}dwlrq/
</ 563�5881

Kropvwurp/ E1 +4<;5,1 Prudo kd}dug lq whdpv1 Ehoo Mrxuqdo ri Hfrqrplfv/
46/ 657�6731

Nrwwhu/ M1 S1 +4<<9,1 Ohdglqj Fkdqjh1 Kduydug Exvlqhvv Vfkrro Suhvv/
Ervwrq1

Ohylww/ V1 G1 dqg Vq|ghu/ F1 P1 +4<<9,1 Lv qr qhzv edg qhzvB Lqirupdwlrq
wudqvplvvlrq dqg wkh uroh ri �hduo| zduqlqj� lq wkh sulqflsdo0djhqw prgho1
Zrunlqj Sdshu/ Kduydug Vrflhw| ri Ihoorzv1

Pd/ F10w1 D1 +4<<7,1 Uhqhjrwldwlrq dqg rswlpdolw| lq djhqf| frqwudfwv1
Uhylhz ri Hfrqrplf0Vwxglhv/ 94/ 43<�45<1

Pdlodwk/ J1 M1 +4<;:,1 Lqfhqwlyh frpsdwlelolw| lq vljqdolqj jdphv zlwk d
frqwlqxxp ri w|shv1 Hfrqrphwulfd/ 88/ 467<�46981

Pdlodwk/ J1 M1 +4<<6,1 Hqgrjhqrxv vhtxhqflqj ri �up ghflvlrqv1 Mrxuqdo ri
Hfrqrplf Wkhru|/ 8<+4,/ 49<�4;51 Iheuxdu|1

PfJuhjru/ G1 +4<99,1 Ohdghuvkls dqg Prwlydwlrq1 PLW Suhvv/ Fdpeulgjh/
PD1

Suhqghujdvw/ F1 +4<<6,1 D wkhru| ri �|hv phq�1 Wkh Dphulfdq Hfrqrplf
Uhylhz / ;6/ :8:�::31

Udvpxvhq/ H1 +4<;:,1 Prudo kd}dug lq ulvn0dyhuvh whdpv1 UDQG Mrxuqdo ri
Hfrqrplfv/ 4;/ 75;�7681

Vfkduivwhlq/ G1 V1 dqg Vwhlq/ M1 F1 +4<<3,1 Khug ehkdylru dqg lqyhvwphqw1
Wkh Dphulfdq Hfrqrplf Uhylhz / ;3/ 798�7:<1

Yduldq/ K1 U1 +4<<7,1 Vhtxhqwldo frqwulexwlrqv wr sxeolf jrrgv1 Mrxuqdo ri
Sxeolf Hfrqrplfv/ 86/ 498�4;91
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