FROM ECONOMIC ACTIVI TY TO UNDERSTANDING SPACES

Diego Iribarren

ESRC Centre for Research

on Innovation and Competition

First Complete Draft

March 2003

Abstract: This paper constructs the probabilityspace underlying the

random variable of any time dependent econometric specification. The

construction links concrete economic activity, both perceived and

recorded, and econometric formulations. Furthermore, it is argued that the

probabilityevents belonging to this space are forms of understandi ng

economic activityheld byeach agent. The model establishes two aspects

of anyeconometric formulation. Mainly, that learning must be unique

between anytwo ticks of the clock and that not all forms of understandings

can indeed become events in the ra ndom variable´s probabilityspace.

Finally, a model of the dependencies based on agent - based understandings,

and evolution thereof, is presented as well.

Author´s email: diribarren@estudios - tecnicos.com

§ I owe much gratitude to myfriends Alexei Vladimirovich Belianin and Tyler Chamberlin for

various conversations related to some of the themes of this essay.

Introduction

The aim of this paper is two fold. First, it describes and develops a mathematical

model of the formation, constitution and evolution of the probabilityspace associated

to the individual disturbance factor l t

i of anytime dependent statistical system.

Second, it describes th e consequences that historybears upon it, i.e. its evolution. To

do so, a detailed exploration into the nature and constitution of learning, as defined in

here, is done. This requires some basic definitions on the nature of knowledge to be

employed in h ere. The role of recorded information is highlighted as a conditioning

factor of learning. Moreover, a difference is made between what is termed as

biological and conventional time 1 in order to fullyexamine mutual influences

amongst agents.

Knowledge and intuitions is characterised as abstract mathematical entities, just as

other approaches have 2 . Our approach, however, is based on elementaryset theory

and topology. Individual understandings are linked to concrete records of economic

activitythrou gh formal operators, i.e. dialectics, learningand probabilities. In order to

technicallyconstruct the agent´s probabilitymeasure, certain assumptions, to be

spelled later on, are made in order to invoke the Riesz Representation Theorem

(RRT). This app roach, which can be found in all its details in the appendix, is only

one of possiblymanyconstructions. We purposelychose it in order to highlight the

core aspects of the dynamics of understandings. That is, to bring historyto the front

of knowledge, and intuition generation within a concrete model. The assumptions

brought into playwill concern the events of understandings disposable to the agent at

everymoment, which will reflect, byconstruction, their ^spot on~ cognitive relation

with the enviro nment. Perhaps, the most striking outcome of the entire description is

that not all forms of understandings can in fact become probable forms of

understandings and learning cannot be arbitraryeither. The entire description will be

done for one random in dividual agent. The aggregate pool of agents follows directly

as the mathematical ^product~ of each individual agent´s behaviour. In this respect

the evolution of the agents´ collected understandings, as well as mutual dependencies,

are represented using elementaryhomotopytheory.

The paper begins with a set of basic definitions, i.e. knowledge, intuitions and

understandings. Then a result from logic on the limits to, what we have termed,

dialectical understandings is stated. The next section descr ibes the basic constituents

of the dynamic process of understandings generation and their mathematical

formulation. Furthermore, it establishes the basic abstract spaces and the

corresponding operators that link them. We also present general results that provide

additional characterisations of these spaces. The next section is entirelydevoted to a

detailed account of the nature of learning, as defined here, and the construction of the

probabilitymeasure associated to the disturbance term of anytime se ries statistical

system. Next, specific use of homotopies is made to model and studythe evolution of

the probabilityspace previouslydescribed. Finally, conclusions are drawn in the last

section.

1 Biological time is a notion of time that arises out of the periodicity of nature. Conventional

time, as the name suggests, is a convention previouslyagreed upon for a specific purpose and use in

measurements of events that ^pass~.

2 For example, the mathematical psychologyand game theoryliterature s.

I Knowledge, intuitions and understandings

In anyca pitalist market with at least two interacting economic agents, individual

beliefs are always based on forms of understandings at least partiallydependent on the

others´ understandings, beliefs and expected behaviour. In the economics literature of

knowle dge this can be traced back to at least Von Hayek (1937). Game theory,

particularlyevolutionarygame theory, relies heavilyon this feature of individual

behaviour, e.g. Weibull (1995), Mailath (1998). Furthermore, those expressions of

understandings re levant to the agents are acquired through particular idiosyncratic

processes, i.e. learning, in each case unique to the agent, e.g. Loasby(1999),

Slembeck (1999). Learning, in this sense, allows individual economic agents to

apprehend economic history. Whence, this begs the question of what knowledge is.

Although manydifferent definitions and approaches can be invoked, the following

will be used for the purposes of the present paper:

Knowledge . W e assume the perspective of the materialistic theoryof knowledge.

Knowledge is the understood (or apprehended) portion of the synthesis of a materially

based dialectical contradiction.

Intuitions . These are forms of knowledge as well. Theyare non - dialectical and

originate from realityitself. Formally, a direct relation between the mind and

something abstract, therefore, not accessible through the senses (Oxford Companion

of Philosophy).

Understandings . These can be either knowledge or intuitions.

Our definitions allow us to highlight the totallysub jective nature of the economic

agents´ understandings. In this sense, the approach to be followed in the paper is

based on the idea of events of understandings rather than problem - solving abilities. It

is more or less in the spirit of Hintikka (1962) 3 bu t different in that the main emphasis

is placed on the inner structure of the understanding spaces rather than in the

construction of systems of understandings through logical operators.

As time develops, whatever its meaning and notion of, economic his toryunravels and

agents (at least attempt to) understand it. Time, historyand understandings are indeed

unavoidablyinseparable. If time were alreadyeternal, historywould cease to exist

and there would be nothing further to discover and understand, M etcalfe (1998).

Moreover, if there were no time, not onlywould economic agents not grasp the

entiretyof their surrounding reality(because human learning is not enough to discover

all of the forces that drive economic activity) but also theywould have no possibility

to expand their horizon of understanding. OnlyShacklian time would continue to

exist as a reflection of individual ^silent contemplation~. In such a situation,

understandings would reduce themselves to a set of rules and recipes upon whic h

routines can follow into perpetuity. A time - independent attractor will have been

reached in which economic activitywill have been reduced to timeless, unchanging,

economic patterns. Without change in time there cannot be change in the facts of

history beyond the equilibrated activityof historical attractors; understandings would

also remain in the same resilient state of affairs. W hence, change (beyond that of

stable equilibrium) in anyone of the three variables, i.e. time, historyand

3 T he full description of Hintikka´s approach can be found in Rubinstein (1998)´s Modelling

Bounded Rationality.

understanding s, necessarilyimplies change in the other two. In this sense, onlypast

dependent processes can induce new forms of understandings, Metcalfe (1998).

Human limitations, e.g. of storage, learning, searching and processing

capacities, etc., allow the po ssibilityof further knowledge to be pursued at all time,

Loasby(1999). In particular, if self - consistent propositional systems are constructed

to generate knowledge, it can be proven that such systems are always incomplete 4 and

hence the knowledge deriv ed thereof is incomplete as well. The consequences of this

theorem, rightlycalled Gödel´s theorem, are immenselyprofound and are certainly

beyond the scope of this work. However, one corollary(of this theorem) does have

direct bearings on this work. Science is all one gigantic set of (sometimes different)

systems of self - consistent propositions. In particular, economics is, as a matter of

practice, a veryelaborate system of propositions based on the axioms of formal

mathematics and additional assump tions about the real world. Now, if the systems of

propositions constructed through binarylogic are always incomplete then knowledge

is always potentially expandable although in a limited boundedlyrational fashion, e.g.

Morgenstern (1935), Koppl and Ros ser (2000) 5 . That is, there is always the

possibilitythat additional yet - undiscovered knowledge and intuitions can influence

recorded economic activityas a matter of empirical evidence. Thus, the veryown

non - quantifiable nature of knowledge and intuit ions implies that, at anypoint in time,

LW�LV�WKH�GLVWXUEDQFH�WHUP�L�H�

& � 1 q i 1

i q i 1

i

t i

t i

i i i

t i º Â Î =

" Â Î = å

£ £ £ £

�

.

The upper limi t of the index set, i.e. q, can of course be À

0

. Different probabilities

maybe constructed for different levels of generalityand abstraction. The relevant

issue in this case refers to the nature of the probabilityspace ( t

i

, D

t

, p t

i

), in particular

to the elements of t

i

. At time t, as a new system of dialectical contradictions

emerges, the agent learns from it and whatever he/she learns is knowledge that is

translated into an (possible) n - fold composite event of knowledge that belongs to t

i

.

As it was mentioned previously, these possible events of knowledge are themselves

complemented by events of intuition . Hence, the n - fold composite event of

knowledge and accompanying intuitions determine the sigma - algebra D

t that will

(under certain restriction s) itself determine the composition of the probabilityspace

( t

i

, D

t

, p t

i

) at t +1. Formally, this space, i.e. t

i

, is defined as

} u u : {u ding} tan unders an is u : {u

in

t k

t t

i

Î Ú Î =

=

where

ition} u int of event an is u : {u knowledge} of event an is u : {u

in

t k

t

=

=

and

¥ < ) m( in

t

for anymeasure m defined on in

t

. Whenever necessary, superscripts as well as

subscripts will be used to identifythe appropriate agent. All that this definition

requires is that an event of understanding at time t must be either knowledge or

intuition, and that the subset of intui tions must be finite under anymeasure. Under

this scheme, historyup to time t feeds the understanding space (and the underlying sigma - algebra) that determines the value of the random variable l t

i at t + 1. The

requirements on the measure of in

t will be explained later on in section VI.

The Links

Having defined the sets H

t

, F

t

, K

t and t

i heterogeneityand diversityof knowledge

follows directlythrough the followingoperators

t

i t t

i t

i t t

i t t t

H :

K :

K H :

®

®

®

termed the dialectical operator (

t

), formal learning ( t

i

) and informal learning ( I t

i

)

respectively, that link these sets amongst them. W e can describe the composition of

an agent´s understanding space in terms of its subspaces. The passage from historyto

knowled ge at t, for agent i, through formal learning, is thus the composite operator

k

i t t t

i t

i

H : ® =

û

$

The passage from historyto intuitions is just

in

i t t

i

) H ( =

The passage from historyto understandings spaces (through anyform of l earning) is

different for everyagent. The space of contradictions, i.e. K

t

, is not, however,

different for each agent. This is a result, basicallyand unequivocally, of the fact that

everyone faces the same history. In other words, everyone faces the same historyand

at the same time everyone understands it differently(because everyone learns

differently). If we assume for the time being that t

i is indeed a proper probability

space and define TS i

t+1 to be agent i´s time series recorded up to t + 1 then we can

represent the dynamics of understandings for agent i as

What this diagram conveys is a graphical representation of the previous section. At t,

agents face a historythat allows them to learn (formallyand informally). The

F t

K t t

i

t t

i K t+1

F t+1 t +1

i

p t

i t +1

i

t +1 p t +1

i

TS i

t+1

H t

H t+1

Other agents´

TS t+1

TS i

t+2

Conventional Time t t+ 1 t

i t +1

i

Diagram 1 understand ings theygather are transformed into probable influences (of knowledge

and intuitions) to be recorded through times series in the next period. The double

arrow between TS i

t+1 and F

t+1 is used onlyto emphasise that, as long as there are more

than one age nt, TS i

t+1 is a proper subset of F

t+1

, i.e. TS i

t+1

Ì F

t+1

.

The autopoetic nature of a process driven bythe agents´ understandings of the world

is fullyexposed in diagram 1. At time t more detailed, possiblynew, (imperfect)

expressions of recorded ec onomic activityare brought forth from the last period.

These new expressions enhance and possiblyalter the manner in which the agents can

learn from the forces that determine economic activityup to t. Hence, both history

and its recorded facts determi ne what and how the agents learn. Furthermore, what

the agents learn from these new systems maychange the nature and composition of

their understandings space, however extended or limited is the dialectical knowledge

derived thereof. Innovative non - dial ectical knowledge mayemerge as well. In either

case, the agents´ understanding space will ultimatelyevolve from its previous state at t

- 1. Hence, the agent´s own record of their economic activity, i.e. the time series, will

be influenced through thes e new expressions of understandings brought forward as

events of understandings in t

i

. The outcome of all the agents´ actions, managed

through between t and t + 1 will be recorded at t + 1. These records of historywill

possiblyhave evolved from t onto t + 1 and hence will have possiblyinfluence the

emergence of new dialectical understandings and intuitions about the world. In other

words, understandings at t will have generated new understandings at t + 1 through

knowledgeable economic praxis between t and t + 1. The description presented so far

attains to individual agents and their respective personalised processes of

understanding.

The scheme of understandings generation just describe is general enough to account

for all possible sources of het erogeneity. In fact, it brings to the front the need for

assumptions about the system´s status quo, its mechanisms of change (including its

rate of change) and possible direction of change, i.e. biasness, if there was one. In

other words, it brings forth the need for assumption about what Metcalfe (1998) calls

the fundamental determinants of evolutionarychange. In terms of individuals this

translates into a question of what they can understand, how theycan understand and

what mayultimatelyinfluence t heir beliefs. It means making assumptions about

(individual) distinctions and (collective) similarities in between the agents. This is

contraryto the traditional orthodox neoclassical approach to microeconomic

modelling where just the opposite is assume d or pursued; that is, individual

similarities and collective distinctions.

This should not be taken to mean that varietyshould be chased at all cost and to the

limit. Indeed, some structure is always needed in order to be able to saysomething

about heterogeneous interacting economic activity. The keyis to seek and discover

the sensible limit of varietyin understandings and structure in the system. This should

be a limit that can bind all economic agents under one analytical category, with

common attributes and individual differences, flexible enough to allow for structural

change yet, at the same time, rigid enough to retain it as a functional economic

system.

V Further Characterisations

In this section we discuss some further characteris ations concerning the spaces and

operators used in the previous section. W e will ascribe onlyto a general discussion

and leave the mathematical details for the appendix. Whenever necessarywe will

make certain restrictive assumptions in order to make th e discussions manageable and

the proofs mathematicallyconsistent.

The definitions provided in the previous section allow us to characterise a

fundamental fact, stated before, and claimed bythe Theoryof Knowledge. That is,

that (material) reality, in principle, is a continuum of cognition . Indeed, if we assume

that the forces of history, at t , can be counted and that there exists a suitable form of

aggregation of these forces (at least theoretically) then we can define a ^conjugate~

space of history. Let n be the level of aggregation of forces of history(at least

theoretically) so that the conjugate space can be defined as

H *

t, n = {(a, b): (a, b) are a pair of opposingforces of historyconsidered at the

level of aggregation n , at time t }

It will soon become apparent that the issue of the level of aggregation is fundamental

in the studyof agents´ capabilities in understanding economic activity. For the time

being it can be established that the dialectical operator

t can thus be defined

indistinctivelyover history, i.e. H

t

, or its conjugate, i.e. H *

t, n . If defined over H *

t, n , we

can prove the three followingcomplementarypropositions:

Proposition 1 K

t is closed with respect to unions and intersections, that is

t 2 1 t 2 1 k k k k K K Î Ç Ù Î È for anyk

1

, k

2

Î K

t

.

Proposition 2 The dialectical operator

t

: H *

t, n

® K

t is a one - to - one map for every

fixed level of aggregation n .

Proposition 3 The operator

t

: H *

t, n

® K

t is continuous over H *

t, n

(not t !).

What these three propo sitions, whose proofs can be found in sections A, B and C of

the appendix respectively, entail is a characterisation (given our mathematical

conceptualisation) on the availabilityof knowledge to the agents. Indeed, if K

t is

closed under unions and interc eptions it implies that K

t contains all possible

^dialectical constructions~. In other words, it contains all possible assemblages that

maybe structured upon more basic, primitive dialectical contradictions. Additionally

K

t contains, bydefinition, all the syntheses associated to the (opposing) forces that

define reality(dialectically). When combined with the fact that K

t contains all the

constructs thereof (as stated in proposition 1), no matter how infinitesimallysmall or

aggregated are the phenomen a in question, K

t in fact becomes a direct reflection of

reality. A sort of abstract mirror upon economic activitywhere each component in the

mirror is a synthesis associated to a pair of (opposing) economic forces. This

cognitive reflection, i.e. K

t

, i ndeed makes up a continuum, as claimed bythe Theory

of Knowledge. In the process no part of the economic activityhas been lost through

dialectics, i.e. the dialectical operator is continuous.

In as far as learningis concerned the keyissue, in this case, lies in whether there exists

or not a lower bound on the level of disaggregation of the forces, i.e. a lower bound on

n . A continuum of cognition implies necessarilythat n must, in principle , be capable of becoming infinitesimallysmall. It is up to the economic agents to pursue that

lower bound. This brings to the front an old idea in a different disguise. That is that

agents, in theory, have at their disposal the entiretyof (dialectical) realityfrom which

to learn. If theydo not hold comple te knowledge it is necessarilybecause theyhave

not, or theycannot, learn it all (except neoclassical agents). The core competence

literature recognises this fact and takes it as a corner stone of their approach to the

studyof the firm, e.g. Prahalad a nd Hamel (1990), Foss and Knudsen (1996). It has

also been recognised bysome authors in the economics literature as well. For

example, Von Hayek (1937, 1945) spoke of agents incapable of knowing - it - all and

hence of agents that hold at most focalised, su bjective, bits of knowledge

disseminated throughout the economyand coordinated through a pricing mechanism.

Penrose (1959) and Richardson (1972) also spoke of limited expressions of

knowledge within a firm that onlyholds what its constituent individuals can learn.

The reader byPutterman and Kroszner (1996) contains several investigations on the

nature of the firm as well, including Alchian and Demsetz (1972) studyon industrial

organisation.

Given a fixed level of aggregation n then the syntheses in K

t are necessarily

uniquelyidentified with its constituent forces at that level n of aggregation. If we let

f

1

= (a

1

, b

1

), f

2

= (a

2

, b

2

), f * = (a * , b * ), f ^ = (a ^ , b ^ ) represent four pairs of opposing

forces aggregated at level n , then we can graph their relationship with their syntheses

in the followingmanner:

H *

t, n

K

t

f

2 k

1

k

2 f

1

k*

k^

Diagram2 f^

f* t

We can characterise perfectlyknowledgeable neoclassical agents based on the above

discussions in the followinglemma, which we state without proof.

Lemma . Perfect knowledge, a la neoclassical, implies that the agents can learn as if n

= 0. That is, neoclassical agents hold an infinitely dense , continuum, cluster of

knowledge at a single moment in time.

This is a direct c onsequence of propositions 2,3 and 4. If an agent learns as if total

disaggregation had taken place, i.e. n = 0 at a moment in time, then the agents will

have discovered and understood all of the components of economic activity. Hence,

the agent will hav e (formally) learnt it all and thus will hold perfect knowledge of the

material economic activity, as defined through dialectics. W hat in realitytakes place, that is in a non - neoclassical world, is that agents learn from K

t with n > 0. In other

words, t heylearn with constraints (for the reasons stated at the beginning) thus

generating bounded understandings of the world with incomplete beliefs and limited

inner logic. That is, theylearn in a manner as to induce bounded rationality.

Finally, the pres ent context presents a natural argument against anyidealistic

conception of understandings in economics. In terms of the description presented here

this implies t

i is an open set. Our argument is, again, bycontradiction. If t

i were

closed then there could exist an event of understanding with a neighbourhood

containing some element that might not be an event of understanding. This would

implythat there exists a space * such that t

i

Í * . But since t

i incorporates all

possible understandings arisin g from material economic activity(including intuitions)

then t

i

´s complement (with respect to * ) can onlybe composed of that which has

no origin in material reality 15 . This consideration allows for the possibilityof

understandings to exist and origina te as a possibly idealistic cognisant phenomenon,

i.e. economic understandings might originate from non - material foundations, even if

dialectical in nature. This possibility, although philosophicallyvalid, attempts against

anycommon sense upon economic activity. Loasbý s (1999, 2000, 2001) insistence

on the mental patterns that help individual associate perceived economic phenomena

onlyreaffirms our argument.

Moreover, idealistic knowledge eliminates the possibilityof determining some of the

core dim ensions of the unobserved underlying driving structures of an economic

system. The cycle (or loop) defined through the stages of economic activity -

abstraction - economic activityis lost. Because of its verynature, idealistic

understandings could never pr ovide the necessarycontext for the emergence of this

cycle. W ithout this cycle one could never guarantee the effects that new emergent

understanding will bring onto the industrylater on. In other words, historywould be

lost as a definitive source of u nderstandings. Indeed, some of these effects, and this is

the key, are responses to observed past economic activity . Therefore, it is only

through this cycle that a causal chain of events can be guaranteed to exist.

The next section is entirelydevot ed to the construction of p t

i

, that is the probability

distribution of agent i at time t. To do this, learning must be examined first so that the

required structure, in t

i

, can be identified. At the same time it will also require

making some concrete as sumptions about the possible events of knowledge.

VI The Probability Space of Individual Understandings

So far the space t

i is just the union of the image of t

i and I t

i

. That is, the space that

gathers all events of understanding. These are, forms o f understandings concerning

the state of affairs up to t ˘ 1, achieved through formal and informal learning between

periods t - 1 and t . Even without an explicit recognition of these influences, the

definitions above do not, bythemselves, guarantee that a probabilityspace could be

constructed from t

i for the random variable l t

i at t. The evolution of the present

15 As it was mentioned before intuitions are an acceptable (very much real) formof

understanding originat ed in material reality. In particular, economically relevant intuitions necessarily

emanate from material economic activity itself for, otherwise, agents could understand something about

economic processes without observing them. T hat is, out of coincide nce which, for present ontological

purposes, is meaningless.

state of dependencies of knowledge across the industrywill depend on the industry´s

abilityto perceive and measure i´ s knowledgeable - support ed praxis . That is, it will

depend on the rest of the agents´ abilities to inform themselves of i´s knowledgeable

behaviour. In order for that to happen, understandings must somehow become

available to the rest of the industry, e.g. econometric formulati ons, data banks. For

that, understandings must be conformed in some probabilityspace. Therefore the

question concerning the existence of a Borel s - algebra necessaryin the construction

of a probabilityis fundamental. For this, further conditions on le arning are required.

In fact,

Proposition 4 If the (formal) learning operator, t

i

, is unique (to the agent) at a given

moment in time then t

i is in fact a s - algebra at that moment. Equivalently, for every

(individual) learningprocess there exists a unique s - algebra, i.e. t

i

.

Proof Consider an arbitraryagent i at an arbitrarymoment in time. In order to prove

that t

i is in fact a s - algebra at t it must be proven that

1. t

i

Î t

i

2. For anysubset of t

i its complement also lies in t

i

. That is, for all S Î t

i

,

S C Î t

i

.

3. Any(infinitely) countable union of subsets of t

i lies in t

i

. That is, if {S

i

} is a

countable collection of subsets of t

i then

t

i

i 1 i

S Î

¥ £ £

�

Notice that we have used the belong - to symbol, i.e. Î , instead of the inclusion

symbol, i.e. Í , because t

i is being considered as a collection of (sub)sets and not a

set in itself.

We can triviallyascertain that t

i

Î t

i

(as a sigma algebra) since t

i

Í t

i

.

Hence, the rest of the proof deals with 2) and 3).

Consider two arbitr aryevents in t

i such that w

j

, w

k

¹ f . If one of these objects

were the null set, say w

k

, then we would triviallyhave

t

i j k j

& & & Î = È

for all j, k. The same is true if countablyinfinite unions were considered. Now,

c onsider the pre - image of w

j

È w

k

. There are three possible situations in this case: w

j

,

w

k

Î k

i or w

j

, w

k

Î in

i or w

j

Î k

i and w

k

Î in

i

,. Let´s see them case - by - case:

If w

j

, w

k

Î k

i then the pre - image of

w

j

È w

k

= ] [ ] [

k t

i j t

i k k È

is

[ ]

1

k t

i j t

i

] k [ ] k [

- X È X [a]

Since t

i is unique, it defines a one - to - one relationship between syntheses and events

of understanding. Henceforth, [a] must equal

t k j k k K Î È

byvirtue of proposition 1. In other words, there exists a class of synthesis of

dialectical contradictions, namelyk* = k

j

È k

k that must have an event of knowledge

associated. W hence, i t

i k j k t

i j t

i k j t

i

*] k [ ] k [ ] k [ ] k k [ Î = w È w = È = È

This is valid for an infinitelycountable union since

�

¥ £ £

Î

i 1 t i k K

If w

j

, w

k

Î in

i then

w

j

È w

k

= [History]

[History] t

i t

i

I I È

Now, since intuitions arise out of yet to be discovered protocols of learning we can

identify, at least mathematically, each intuition with a different informal operator.

That is,

k t

i i t

i

& [History]

& [History]

=

=

I

I

~

Now, t he union of both intuitions must necessarilybe an intuition because, otherwise,

it would become knowledge. That is, one of the operators t

i t

i

, I I

~

would be captured (or

transformed into) in t

i

. In other words, the union of intuitions could possiblyalter

the uniqueness of the formal operator at t . Furthermore, the same is true for any

infinitelycountable union of intuitions. If the (infinitelycountable) union were not an

intuition it would mean that one of the undiscovered operators woul d become part of

formal learningand hence violate our initial assumption. Hence,

�

¥ £ £

Í Î

i 1 t

i in

i i

&

Finally, if w

j

Î k

i and w

k

Î in

i

, that is, one event is knowledge and the other intuition,

then

t

i k

i k

i k j

) ( & & = È Î È

for the two events w

j and w

k

. In general, anyinfinitelycountable unions of events

must lie in either k

i or in

i

; that is, it must lie in t

i

.

Finally, w Î t

i then we can define its complement as w C = w

k

È w

in where w

k

and w

in are possiblycomposite (unions of) events o f knowledge and intuitions

respectively. Byvirtue of the previous arguments we have that w

k

Î k

i and w

in

Î in

i

.

Hence,

w C = w

k

È w

in

( k

i

È in

i

) = t

i

for an arbitraryevent of understanding w Î t

i

. Hence , t

i is a Borel s - algebra.

Q.E.D.

What this proposition, whose proof can be found in section D of the appendix, states

is that, as long as there is a uniquelyidentifiable path between systems of dialectical

contradictions and dialectical understandings , then the understanding space itself is a

s - algebra. To use previous terminologyit means that D

t

= t

i

. It is a requirement of

identification. As long as (formal) learning is unique the events of knowledge that it

delivers are identifiable, and hence theycan be counted. It does not require the

learning operator t

i to be the same throughout time, it onlyrequires that it not change

in between ticks of the (conventional) clock. There could possiblybe different

learning operator t

i for everyt; how ever, in the present context the change must take

place instantaneouslyat t.

19

Since bydefinition the subspace of intuitions is of finite measure for anymeasure

constructed on t

i

, then a proper probabilitymeasure is guaranteed to exist if the

eleme nts in t

i possess certain further characteristics, i.e. essentially topological . A

topologyin this case constitutes a set of possible understandings. Moreover, different

topologies give rise to different characterisations of the understandings space be cause,

ultimately, theyrepresent different possibilities. This is verymuch in the spirit of

Belianin´s (2000) approach to the question of topologies in economicallyrelated

abstract sets. In fact, we can prove the following:

Proposition 5 If formal l earning is unique between t ˘ 1 and t then the space ( t

i

, D

t

,

p t

i

) is indeed a probabilityspace for anyt.

Proof . Proposition 4 proved that if learning is unique then D

t

= t

i is a indeed a sigma

algebra. Whence, the proof will be concerned with the construction of the underlying

probabilitydistribution p t

i

. The coming arguments are based on Ash(1972), Edwards

(1972) and W eir (1974), particularlyEdwards (1972).

There are two possible approaches for the construction, the difference being whether

the space of understandings are considered to be continuous of discrete. Both require

assumptions that somehow restrict the generalityof the representation. Nevertheless,

theydo not compromise in anywaywhatsoever the previous arguments. The

requirem ents on the appropriate topologywill be made precise whenever necessary.

First Approach . Assume that t

i

= [a t

i

, b t

i

] = I t

i

Ì Â where 0 Î [a t

i

, b t

i

]. Whence,

the elements of t

i are the subintervals of I t

i

. These subintervals are closed although

theyne ed not be in principle since the difference is constituted bya set of measure

zero, i.e. discrete points. Now, consider then following:

1. Let the space of continuous functions over I t

i be S and fix an arbitraryfunction

f Î S. Now, consider a partition of I t

i

a t

i

< x

1

<x

2

<�.<x

n

<b t

i

where p

i

= x

i

˘ x

i - 1

. Call this partition P

j

={p

i

}.

2. Let

i

i p

p

� dx f ò =

The measure dx is a Lebesgue measure.

3. Let

{ } i j

j p

P

MAX

P

� max � =

This is the maximum value of the integral over the different subint ervals defined bythe partition P j

. In fact, the quantitydefined above is valid for any partition P j

of

I t i

. Hence,

4. The quantity

{ }

MAX

P P f j j

� max � = * is well defined. This quantity * f

� is the maximum value of the area under f fo r an interval, given all pos sible partitions of I t i

.

Now, define F i

:S ® Â through which each f Î S has a real number associated, i.e. * f

� .

F i

is continuous and linear since the process that defines Fi, i.e. steps 1 - 4, onlyinvolve integr ation and choosing. Additionally, all functions in S are continuous as well.

Finally, choose a topology t so that I t i

is both compact and Hausdorff; then the RRT ensures that we can represent F i

as ò = d

� f (f) F

i

where m is a regular Bore l measure that depends on the representation. Take careful

notice that the integral in the above representation of F

i is not the integral of step 2.

This is so because step 2 is onlythe integral over a specific subinterval of the partition

P

j whereas F

i involves maximising the value of the integrals over all possible

subintervals, defined byP

j

, throughout the familyof possible partitions of I t

i

, i.e. {P

j

}.

F

i is, in fact, much more than an integral. It provides an approximation to a central

tendency in the functions considered.

In particular, the identityfunction over this interval Id

i

: [a t

i

, b t

i

] ® [a t

i

, b t

i

] is

continuous under anytopology. Then we can ascertain that

i

] b , [a i i i m d � Id ) (Id F

t

i t

i

= = ò

Notice that

1)(IdF

m

1

i i

i º

We can now consider the same argument on all the subsets of t

i defined as stated at

the beginning. Then the identityfunction over a subinterval subI t

i

, denoted Id

i

( w

j

) :

subI t

i

® subI t

i is again bounded and continuous and hence the RRT is applicable. In

fact we can define a probabilitymeasure for (any) w

j

= [ a

j b

j

] (where of course a t

i

£ a

j

£ b

j

£ b t

i

) byconsidering

1

. )d � ( & Id

m

1

)) ( & (Id F

m

1

) ( & �

j

]

� [

�

J

~ i

t i

subI

Î

f = where J

~ is some indexing set for [a t i

, b t i

] then

1)d �( &Id m

1

) subI ( � ) & ( �

J i

i i i J i

t i

t i

J i

i

t i

º = = å ò å

Î Î Î ~ ~ ~

� [c] where J

~ is the i th member of t he indexing set J

~

. Finally, if {subI t i

} are such that they do not reduce integration to a set of measure zero, i.e.

0)subI(�

J i

t i

t i

= å

Î ~ then, p t i

has finite variation given by i

] b , [a

i

t i

F d � Id ) V( � t i

t i

= = ò

Equations [E.1] an d [E.2] guarantee that p t i

is indeed a well defined probability measure over t i

= [a t i

, b t i

]. This construction specifies the values in probabilityfor each event of understanding through [b]. Conceptually, it represents an approximation of the central tendencyin the occurrence of the event.

The probabilitydistribution p t system

for the product space, here termed t system

= t

1

´ t

2

´ × × × ´ t n

, is directlyinduced byeach component. Indeed, if each agent´s understanding space t i

= [a t i

b t i

] has an associated topology t i

that makes it compact and Hausdorff then the product topologywill make t system

compact and Hausdorff

(byvirtue of Tychonoff´s theorem and the natural separation of points in t system

).

The analogous linear functional F system

i s now defined the product space S system

= S

1

´

S

2

´ × × × ´ S n

so that n Â ® system system

S : F where n 2 1 system

F F F F ´ ´ ´ =

�

Each one of the components of F

P defines the marginal probabilityupon that

particular agent. The probabilitydistribu tion p t

system is conditioned on the individual

probabilitydistributions and is thus defined as

( ) ( )

å ò å å

÷

÷

ø ö

ç ç

è æ

=

÷

÷

ø ö

ç ç

è æ

=

=

i

2

i j, i

i

2

i i j, i i

i i

2

i j, t

i t

n t

2 t

1 j t

system

)d � ( & Id

m

1

)) ( & (Id F

m

1

) ( & � , , ,

� �

�

where the event of understanding in the entire system is the composite event

n j, j,2 j,1 j

& & & � ´ ´ ´ = �

The value of each one of the c omponents of

( )

t

n t

2 t

1 j t

system

, , , � � � lies, by

construction, between 0 and 1. Geometrically, the probabilitydensitymaybe graphed

as an n - dimensional cube.

Second Approach . Assume that t

i is countable. Hence, there exists an

isomorphism between t

i a nd the natural numbers N that identifies each event of

understanding with an (ordered) natural number. Whence, we can write t

i

={ w

j

}.

This identification also leads naturallyto identification with the rational numbers Q as

well (because of the isomorph ism between N and Q ). In anycase, consider an

arbitraryfunction : t

i

® Â such that

j j r ) (

& =

where r

j are discrete real numbers. Now, we can order the r

j

´s using the induced order

from the real numbers, i.e. £ so that T

i

= {r

j

} is an or dered countable set. Because of

this order T

i thus has a minimum and a maximum value. Call them r MIN and r MAX

respectively. Also, T

i is trivially s - algebra because of the identificabilitywith t

i

.

Onlyunions and complements of elements in T

i that c an be ^traced back~ to t

i have

anymeaning, i.e. are defined. Hence, T

i is necessarilya s - algebra.

Consider now,

1. Let f Î S * ={set of continuous functions on T

i

} be an arbitraryfunction. The

existence of this set is equivalent to saying that the re exists a topology d that gives rise

to a set (actuallya Hilbert space of functions) of continuous functions. Hence, define

MIN

k k r ) f(r )) m(f(r - =

so that

MIN

l k l k r )} f(r ), max{f(r )) f(r ) m(f(r - = +

2. Let

{ }

)) m(f(r max m

k

T

*

f

i

=

Hence, for everyf Î S * there exists an as sociated real number, i.e. m *

f

. W e can then

define the following functional

F

i

(f) = m *

f

F

i is not just the difference between numbers but actuallyinvolves choosing the

biggest difference amongst them as determined byT

i and f. It is a continuous linear

functional since given a fixed set T

i a sequence {g

i

} can always be defined to

approximate anyf Î S * . This is so because of the Cauchypropertyof the real numbers

and anysubset thereof. The Cauchypropertystates that given anyfixed real number

there exists a convergent sequence of real numbers whose difference amongst the

members of the sequence shrinks the further the convergence. Finally, anyf Î S * is

defined over the real numbers and has a range of real numbers. Hence, choose a

topology t ov er T

i that: 1) maintains the continuityof anyf Î S * , 2) makes T

i compact

and Hausdorff. Then, the RRT, allows us to represent F

i as

ò = d � f (f) F

i

In particular,

i

MIN MAX

T T i

� r r d � Id ) (Id F

i i

= - = = ò

so that

1)(IdF

�

1

i T i

i º

The refore, if r

l

< r MAX then

MIN

l l T l T i r r )d � (r Id )) (r (Id F

i i

- = = ò

We can define a probabilitymeasure for the event w

l as

1.

� r r

)d � (r Id

�

1

)) (r (Id F

�

1

) ( & �

l

i

MIN

l

l T

i l T i

i l t

i i i

< =

-

= = = ò [d]

If w

l and w

k are two non - intercepting events then r

l

Ç r

k

= f then we can define the

probabilityof the union as

þ ý ü

î í ì

= È = È = È ò ò ò )d � (r Id

�

1

)d � (r Id

�

1

max )d � r (r Id

�

1

)) r (r (Id F

�

1

) & ( & �

k T

i l T

i k l T

i k l T i

i k l t

i i i i i

,

From this we can ascertain, using the identificabilityof t

i with T

i

, that if

f = �

j

& then

1.)d �r(Id

�

1

)) r ( (Id F

�

1

) & ( �

l l T

i l T i

i j t

i i i å ò £ = = = � � � [e]

In particular, if

i l

T r = � then

1)&(�

j t

i º � [f]

Equations [c], [d], [e] and [f] ensure that p t

i is a proper probabilitydistribution for t

i

at time t.

J ust as in the previous construction, the topological p roperties of the product

space t

system

= T

1

´ T

2

´ × × × ´ T

n follow directlyfrom the properties of each one its

component. A (product) topology t

system that makes t

system

Hausdorff and compact is

one determined bythe product of those topologies t

i th at make each t

i

Hausdorff and

compact. Again, the analogous linear functional is defined as

n *

P system

S : F Â ®

where

*

n

*

2

*

1

*

P

S S S S ´ ´ ´ = �

and

n 2 1 system

F F F F ´ ´ ´ = �

The probabilitydistribution for an arbitrarycomposite even t q

j in t

system is thus

( ) ( )

( ) å å å ò å å

=

÷

÷

ø ö

ç ç

è æ -

=

÷

÷

ø ö

ç ç

è æ

x

=

÷

÷

ø ö

ç ç

è æ

x

=

=

i

2

i j,

2

i i

MIN

i i j, i

2

i j, i

i

2

i i j, i i

i i

2

i j, t

i t

n t

2 t

1 j t

system

.

� r r

)d � r ( Id

1

)) r ( (Id F

1

) ( & � , , , � � �

where

n j, j,2 j,1 j

& & & � ´ ´ ´ = � and a

j,k

£ 1 for k = 1, 2, �, n. Again, each

component

k

MIN

k k j,

� r r -

defines the marginal probabilities of p t

system for each k =

1,2,�, n.

Q.E.D.

It can be seen that a number of different probabilities can be constructed. We

have onlyshown two in order to emphasise the role of learning and understandings in

24

general in the process of formation of the understanding space. Moreover,

assumptions about the agents´ understanding spaces and their relation to the real

numbers are not so restrictive either; especiallyin light of the equivalence of all

measures in Â . The crystalliz ations of understandings are always, at anytime, real

numbers simplybecause theyare pa rt of measured economic activity. Hence, it is by

no means arbitraryto conceptualise the agents´ understandings spaces, in as far as

modelling is concerned, as subsets of Â . As stated previously, this particular

construction of the probabilitymeasure w as chosen for t

i

, which is ultimately

equivalent to a Lebesgue measure (because of the need to crystallise understandings as

measured recordings), essentiallyto highlight the dynamics of understandings.

Having stated this, the constructions are byno me ans unique. Notwithstanding, all

constructions are equivalent in as much as knowledge and intuitions are concerned.

The probabilitydistribution, constructed at time t , based on the dynamics of

understandings generation is of course p t

i

, the probability just constructed, i.e.

[0,1] : � t

i t

i

® [2]

This probability, i.e. [2], is the underlying probabilitymeasure of the random variable

l t in in our general statistical specification of section I. Moreover, theymayhave

different specific forms as far as empirical issues are concerned. However, for the

present context, it is not a concern simplybecause the basis of this probabilityare not

(possibly) repeated experiments nor combinatorial deducts. It is not a subjective

measure of anything either. Theyrepresent the effects of history , as channelled

through learning, borne bythe different agents. Anything else concerning the nature

of these probabilities is an assumption. In particular, for agent i, we have that

t

i t

i

&

t i

& [0,1], x ) ( & �

where

r ) ( & �

Î " Î =

Â Î = given, of course, that a suitable topology t has been chosen to represent the set of possible events of understanding bythe agent at t. In this case, then, the event w takes place as r w

Î Â with probability0 £ x £ 1. In terms of our econo metric specification we have

*

) , ( w

+ = r z h f h t i

t i

t i with probabilityx w *

for some event of understanding w * acquired at t ˘ 1; that is, l t i

( w *) = r w *

and p t i

( w *) = x w *

.

The construction of the probabilitydistributions associated to the random disturbance term l t i

emphasised a couple of points previouslyhinted at. First of all, it made explicit the requirement that learning be unique in between measurements of economic activity, i.e. between ticks of the conventional clock. Second, the requi rement, at everyt, on the topologyof t i

highlighted the fact, recognised in the core competence literature, that not all forms of understandings do indeed become relevant in individual decision making procedures. There are capabilities constraints inhe rent in the internal workings of individuals and firms that restrict the availability in use of understandings to agents and firms. The process was also seen to be entirely subjective in respect to learning. Individual (or firm) limitations on understand ing processing capabilities were reflected in the spread of possible topologies to consider.

Hence, we can always interpret limitations in individual understandings as arising from either learning or inabilities in handling understandings (thus defining c oarser and coarser topologies). There will always exist at least one topology, i.e. the coarsest, that will guarantee the applicabilityof the RRT at each t. However, this case is veryuninteresting and trivial. Agents normallyoperate anywhere in a pos ition between the most trivial topology, i.e. the coarsest, and the finest, i.e. the one that contains all possible subsets of t i

16 . In general, the topologies associated to each t i specifythe possibilities of understandings. The RRT specifies their pr obable occurrence.

VII An Example

We will develop the example based on the second approach in the proof of proposition 5. Hence, consider 4 distinct agents each with a countable understanding space, i.e. t i

is countable for i = 1,2,3,4. We can (arbi trarily) define the functions i such that î

í

ì

=

=

= =

î

í

ì

=

=

= =

î

í

ì

=

=

= =

î

í

ì

=

=

= =

2

3 MAX

2

1 MIN j j

j j 4

t

4

MAX

MIN j j

j j 3

t

3

MAX

MIN j j

j j 2

t

2

MAX

MIN j j

j j 1

t

1 r

r where r

9p

q

) ( & :

10 r

3 r where r

5p

q

) ( & :

7 r

1 r where r

3p

q

) ( & :

4 r

0 r where r

2p

q

) ( & :

where q j

and p j

are whole numbers, i.e. q j

, p j

Î Z . W hence, at t, the agents´ probability distributions are j events all for

18p

9p 2q

2

1

9p

q

1

1

) ( & �

j events all for

35p

15p q

3

5p

q

7

1

) ( & �

j events all for

18p

3p q

1

3p

q

6

1

) ( & �

j events all for

8p

q

2p

q

4

1

) ( & � j

j j j

j j

t

4

j

j j j

j j

t

3

j

j j j

j j

t

2

j

j j

j j

t

1

-

= ú

ú û

ù ê

ê ë

é

- =

-

= ú

ú û

ù ê

ê ë

é

- =

-

= ú

ú û

ù ê

ê ë

é

- =

= ú

ú û

ù ê

ê ë

é

=

Each one of the sets T i

is in fact a strict subset of, i.e. it can never be equal to, the rational numbers that exist between the maximum and minimum values in T i

. This is simplybecause of the definitions of i

. W e can depict t his graphicallyfor T i

as in the followingdiagram

16 T his topologyis called the Power Set of t i

and it is denoted as P ( t i

).

r M I N r M A X

t i i

T i

Ì Q

Di ag r am3

The set Q represents the rational numbers, i.e. all numbers that can be written as i

i p

q

.

The probabilitydistribution of the system, i.e. t i

, i s defined as the conditional probability, which in this case is,

( ) t

4

t

3

t

2

t

1 system

, , , � �

Whence, we can define the probabilitymeasure for the system as

( ) ( ) ( ) ( ) ( )

2 j,4

j,4 j,4

2 j,3

j,3 j,3

2 j,2

j,2 j,2

2 j,1

j,1

2 j,4

t

1

2 j,3

t

1

2 j,2

t

1

2 j,1

t

1

t

4

t

3

t

2

t

1 j

t system

18p

9p 2q

35p

15p q

18p

3p q

8p

q

) ( & � ) ( & � ) ( & � ) ( & � , , , � �

÷

÷ ø

ö ç

ç è

æ -

+

÷

÷ ø

ö ç

ç è

æ -

+

÷

÷ ø

ö ç

ç è

æ -

+

÷

÷ ø

ö ç

ç è

æ

=

+ + + = where, j,4 j,3 j,2 j,1 j

& & & & � ´ ´ ´ = and q j,k

, p j,k

are whole numbers for k = 1,2,�, ¥ and w j,i

Î t i

. The cumulative probabilitydensityfunction associated to p t system

maybe depicted as the surface (up to a set of measure zero) of a four - dimensional cube defined by(x

1

, x

2

, x

3

, x

4

) where 0 £ x k

£ 1 for k = 1, 2, 3, 4.

VIII The Evolution of an Agent´s Understanding Space

An agent´s understandings space is defined at anymoment in time bythe present economic activity, as reflected by K t

, and his/her learning capacity. Furthermore, all forms of path dependencyare incorporate d in K t

. Hence, the understandings space´s evolution will follow the path determined byhistory still - to - come . This still - to - come historywill define what he/she can learn. The evolution of his/her learning process, on the other hand, will determine how and to what extent the agent learns. Given certain restrictions the agent´s understanding space´s evolution can be modelled using elementaryhomotopytheory.

Consider the following: let t i

be agent i´s understandings space, where in i

k i

t i

History

History

=

=

] [ I

] [ t i then if there exists a homotopythat can deform the identityover t i

into another function, i.e. some other space´s identityfunction, then i´s understandings space will have been deformed. That is, i´s understandings space will have been deformed if there exists a homotopyH such that

I d I d r e l ( A ) i

t i

t

»

~ where t i

t i

~

, A Ì . A is a subset of both understanding spaces and is of course allowed to be the null set. Note that the set Â È {+ ¥ , - ¥ } is topo logicallythe same, i.e. homeomorphic, to the unit interval I= [0 1]. Therefore if i´s understandings space were to be constituted by Â È {+ ¥ , - ¥ } then it would onlybe necessaryto studythe evolution of the interval [0,1].

Observe an important consi deration with respect to time. First of all, the process just described is pertinent to both biological and conventional time. Through both frames understandings mayemerge and hence the agents´ understandings spaces be deformed. For a matter of concret eness, though, let time be considered in its continuous conventional frame, i.e. t Î [0,1]. Second, the deformation, or evolution, takes place in its entiretywithin the unit interval since - ¥ is identified with 0 and + ¥ with 1. The process is thus a conti nuous deformation through historyreflecting the agent´s evolving adapting expressions of understandings. At t = 0,

0

and 0 i

are identified with the beginning of i ´s historyand at t = 1,

1

and 1 i

with his/her end. In this sense all forms of initial path dependencies of understandings are incorporated in

0 i

, i.e. in the agent´s status quo at t = 0. Finally, the issue of the continuityof the deformation will become crucial when specifying equations as well as the continuous nature of the space thro ugh which the deformation takes place.

Consider now the followingexample: let t i

= [0, 1] so that

I d i

t i

t ( ) [ , ] w w = " w Î = 0 1

Now if the evolution of i´s understandings space is such that it contracts, i.e. it collapses, to a point w in the space then the homotopy

H 1 ( , ) ( )

w w w t t t = + -

[4] continuouslydeform the identityover t i

= [0 1] into the identityover

{ } w = t i

~ since

& 1) H( 1 t

& ) 0 H( & 0 t

= w Þ =

= Þ =

,

,

If w Ï I, i.e. if it were the case that t i

= I È { w }, the homotopydefined in [4] would still be valid. Moreover, geometrically, it would represent the net effect of a reduction of the space itself, i.e.

t i

~

Id t i

w w

Di ag r am4

The homotopyin [4] actuallyrepresents the collapse of a probabilitydensityfunction to a single point. Graphically

1 w

Di ag r am5

The understandings space t i

itself maybe continuous or discrete, i.e. it maydefine a continuous or a discrete probabilitydistribution. This depends on the composition of available forms of understandings. Furthermore, if the spac e is discrete, homotopies are still well defined since continuityof paths over the space depends on the existence of an appropriate topologyon t i

so as to make them continuous (which, tautologically, t i

will always possess). We can express the deforma tion of the agent´s understanding space, i.e. t t,

in terms of the deformation of both of its constituent subspaces. In fact, for t t

and t t

we can define the following homotopies

(over H* t, n

) respectively

) ( I ) ( I ) , (

~

)) ( ( ) ( )) ( ( ) , (

V - + V = V

V - + V = V t i

t) (1 t t H

t 1 t t H

1 i

t t i 1

1 i where V Î H* t, n

. N ote that byconstruction historyhas been identified with the unit interval. Hence, it can be seen that the homotopythat represents t i

´s evolution is determined through the dialectical operator t

and the formal learning operator t i

and the informal op erator I t i

.

This can be taken a step further if we make the further assumption that t i

Í Â n for some n. Then the homotopyin [4] can be thought of as a specific case of a more general type of homotopies. In fact, the function that acts as the identity of the space at t = 1 is unknown a - priori and is also continuous for everyt Î [0,1]. Contraryto the identityof the initial understandings space t i

, whose structure and formation is known, through the learning and dialectical operators, the onlything k nown about the structure and formation of the final understanding space is that it is the result of continuous deformations induced through changes in the composition of understandings acquired bythe agent. In this respect understandings create a backwar d linking systemic web through time. If understandings were complete, i.e.

theydid form a continuum, then each one of constituting elements at t = 1 can be traced back to its origin at t = 0. Since future understandings can at most be speculated about a t present then everyfuture emergent expression of cognition incorporated in the understandings space can at most be interpreted, from our present position in time and space, as future (statistical) noise to be adhered . Indeed, from our present perspectiv e, future historyhas not happen yet. It is at most a possibility, one in the infinitely(perhaps, uncountably) manypossibilities. Hence, from our perspective, future historyis structureless . Historythat has not taken place cannot account for anythin g that might or might not induce, especiallyas time goes on into infinity. This is the essence of Popper (1950) argument: we cannot know the future because history has not yet happened as of yet . This was also insinuated in Polanyi

(1946). Along these lines Popper (1956) proposes an interpretation of scientific knowledge as one made up of conjectures and hypotheses that are subject to verifiability. In this context we can interpret future historyas one composed of pure statistical noise. This require s a hypothesis (or conjecture) concerning the underlying probabilitydistribution of this noise. For a matter of expositional claritywe will assume that this noise has a Gaussian probabilitydistribution with varying degrees of scatteredness, i.e. varyin g variances 17 . Hence, we can interpret our ignorance of the future in such a manner that, from our position in time, i.e. t = 0, the identityfunction of the future knowledge space throughout [0,1] is a Wiener process, i.e. it is Brownian

Motion realisatio n . Hence the (convex) deformation of the original space t i

is given by

1

t)Id 1 ( BM t t) , H( & t i

- + = [5] as long as there exists a space

U

such that

U

t i t

BM Ì , . In this case the

Brownian Motion BM t

represents a realisation thro ugh the space of deformation. That is, an agent´s understandings space´s deformation can always be modelled through a homotopyas long as there exists a larger understandings space that contains both the initial and the final understandings space, e.g.

U

t i t

BM = È upon which H( w , t) is continuous under some topology. At time 1> t * > 0 we can represent t i

´s deformation as t i

Id t * ,i

BM t *

Di ag r am6

Diagram 6 is meant to highlight the simple dynamics of the deformation. At our present point in time t*, future historyhas not taken place yet. The deformation of the space up to t* carries with it the path dependencies generated bypast history. Since we cannot possiblyknow or intuit (at most speculate) about future historythen, from our per spective, the future identitycan be, at most and from our position, a Brownian

Motion process evaluated at t*. The arrows indicate that as time goes on, i.e. t ® 1,

17 In this sense, our conj ecture becomes that the identity of the agents´ understanding spaces in the future is a Brownian Motion process fromour present stance. T his is the claimsubj ected to verifiability.

the agent is reaching his/her economic destinyand the dynamics of understandings are lea ding him/her to it.

Brownian Motion processes reflect further undertakings to the processes of evolving individual understanding. For anypoints in time 0 £ t

1

< t

2

<�< t k

£ 1 the changes in Brownian Motion [BM t2

˘ BM t1

], [BM t3

˘ BM t2

],�,[BM tk

˘ BM tk - 1

] are all independent multivariate Gaussian such that [BM s

˘ BM t

] ~ N(0, s - t) for all s and t in [0,1]. That is, changes in the realisations of the Brownian Motion process, i.e.

changes in the future understanding space, are not expected to occur and the dispersion of these changes increases with time. These characteristics of Brownian

Motion, conceptually, reflect the precise nature of the changes to an agent´s understandings space. Understandings become a possibilityonlythrough history, which, in the future, has not taken place yet. Hence, understandings should not be expected to change from their actual form and essence when looked at from the present. To put it differently, changes in understandings should be expected to take place incrementally; that is, as white noise processes.

In order to model an agent´s understandings space in a somewhat realistic fashion it should be assumed that the agent in fact holds limited information that contributes to some individual articulation of his/her bounded rationality. In particular, the agent´s learning mechanisms allow him/her to develop and adapt a proper understandings space that reflects what he/she is capable of learning from past observations on the environment. This mere postulate eliminates the p ossibilityof using continuous mathematical tools, e.g. continuous real analysis, differential equations (stochastic or not), etc., in order to model the evolution of understanding spaces. Notwithstanding, homotopies can be used to describe the changes to the agents´ understanding spaces byassuming (and constructing if so desired) that there exists a coarse enough topologyas to make all function defined over

U

continuous.

If t i

is a discrete then the BM t

term in [5] must be replaced 18 . This is so beca use all of the events in t i

, according to the logic from above, will follow themselves a BM t process. In section G of the appendix further details of this issue can be found. We can represent this diagrammaticallyas t i

Id

0 , i

Di ag r am7

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

The v ertical lines are meant to represent the Brownian Motion process for each event and the black dots simplyrealisations of this events at different points in time after 0,

18 Basically, this implies that the entire space would be described as a family of Brownian motion.

i.e. t > 0. Initially, all events in the understanding space lie in the 45 - degree li ne. As time goes on theymove up and down in an entirelycontinuouslyrandom manner, i.e.

followingBrownian Motion processes.

The discrete - continuityquestion concerning the composition of the initial understandings space brings forth an additional issu e, the one concerning the connectivityof understandings (within the bounded limits of our problem herein). For if the understanding space is connected (in the topological sense) then it would be possible to define connected paths of understandings. If t his were the case then it must implythat there exist appropriate syntheses of dialectical contradictions that connect differentiated individual manifestations of understandings across the understandings space. Since the system of dialectical contradictio ns that reflects economic activity, i.e. K t

, is concatenated, i.e. connected then t i

is connected which implies that individual learning must be intricate and refined enough to give rise to links that can bind the entire space. These links are local in na ture and maydevelop to create an interconnected network of understandings. Through the connectivityin this space, understandings disperse and ultimatelybind themselves, in a sort of enveloping event. Furthermore, in the limit, connectivity(of knowled ge and intuitions) creates s tr uctur e . If this structure of understandings is indeed found then understandings - driven non - random developmental evolution within the industrycan be, at least conceptually, guaranteed to give rise to some abstract model of it . Moreover, in the presence of structure, this type of understandings - related evolution will inevitably emerge. Section IX is devoted to this topic. First, though, we make further use of homotopies to studymutual influences amongst agents through under standings. Then, we deal with some bounded rationalityissues as theyemerge in this context.

IX Mutual Influences Through Understandings

If there are n agents at time t and each agent´s adapting process of understanding economic activityaround him /her is as described in diagram 1 then there are n simultaneous such processes taking place between t ˘ 1 and t (assuming of course that there has been no entryor exit in between t ˘ 1 and t). In order to guarantee that each agent´s understanding space t i

was a s - algebra at t, the learning process was required to be unique. In other words, it could not change between t ˘ 1 and t if t i

is to define a s - algebra upon which, through the RRT, a probabilitymeasure could be constructed. No matter what the r est of the agents´ bearing is on an agent, the

(formal) learning operator must be one and onlyone if it is to allow a proper probabilityspace to be constructed. This implies that learning routines must not change in between ticks. The learning mechanis ms that the agent had at t ˘ 1 must carryhim/her to t. This situation implies that no other agent can aid the agent in learning, essentially, because aid could possiblychange the agent´s learning routine and the required uniqueness of the process would be lost. There cannot be anymutual influence between agents in between ticks of (conventional) time in a wayto alter the nature of the (formal) learning operator of either agent. In this section we relax this requirement upon learning and studythe con sequences. That is, we further studythe learning operator byincluding the possibilityof mutual influence and hence leave open the possibilitythat a probabilityspace might not be constructible at all times.

More importantly, if the agents can influen ce each other´s learning routines, i.e.

operators, then theycan influence what each understands. In this way, theycan influence each other´s understandings. Also, the necessaryassumptions to assure a probabilityspace at all times will be revealed in light of mutual influence of understandings.

What do mutual influences amongst agents reallymean? Consider two agents, sayj and i, at time t. If one of them, sayj, does something, whether purposelyor not, upon whose actions, i changes his/her learn ing practices, between t - 1 and t, then j directly or not, intended or not, will have influenced i´s learning practice. In the context of diagram 1 this means that the nature of the learning operator, i.e. t i

and possiblyits functional specification, h as somehow changed. This ^influence~ on the learning operator takes place through a possibly distinct mode of time from that in which dependencies in understandings are represented. Indeed, influences between j and i need not occur through anyconvened e xpression of time. Nor do influences need to be measured in arbitrarysequentiallyspaced units of time. Hence, to incorporate features bywhich agents could influence each other implies a consideration of possiblytwo distinct frames of time: a conventi onal one and a biological one.

Furthermore, as mentioned before, in principle, these two time frames need not intersect although conventional time can always be interpreted as an approximation of biological time. That is t 0 t 1 t 2 t n

Co n v e n t io n a lt ime ( t )

Bio lo g ic a lt ime ( t b i o )

Di ag r am8

�

�

Whatever the manner through which these influences playthemselves out the outcome is always, at anypoint in (conventional) time, the ultimate possibilityof changes to t i

. Additionally, if this influence, developed amongst the agent s through biological time, coincides in the time frame with that of conventional time, i.e. theyare both the same, then the required uniqueness of the learningoperator might be lost.

Consider two agents, sayi and j; if agent i begins influencin g j´s learning operator indefinitely, ad per petum through t bio

, then there will come a point where j´s learning modes and routines will have changed to a point of being equivalent to that of i´s.

This process, when taken to the limit, will have completely altered j´s learning operator into i´s operator. Hence, in the present context, mutual influences always deform the agents´ formal learning operators into the other´s formal learning operator, however small is the induced change. Note that the complete deformation of one formal learning operator into the other does not implythat the agents´ understandings spaces must ever be the same, i.e.

t,j

¹ t,i

. This is so, ultimately, because intuitions are always and at anypoint in time, through anyframe of it, different and hence heterogeneous in the population. Nevertheless, mutual influences can be modelled mathematicallywith the aid of a (special type of) homotopy; one that can deform one operator, i.e. t i

, into the other, i.e. t j

. In fact, if we fur ther require that

33

· The homotopythat deforms these operators H i,j

(t bio

, k), where k Î K t

, also be continuouslydifferentiable at all points

· Biological time t bio

be also normalise to an interval (just as in the last section), basicallybyidentifying ± ¥ wit h the end points of an interval, call it I bio

Noting that, although different, conventional time is contained in biological time then t

U bio bio j i,

I : k) , (t H K

~

® ´ [6] where t j

t i

t

U

È = and � bio I t

t

Î

= K K

~ completel ydescribes anymutual influence through biological time between i and j bydeforming t i

into t j

and, if need be, vice - versa. Note that the subscripts depicted in the learning operators and the understandings spaces are measurements of conventional time whereas possible deformations of these operators into each other take place through a different frame of time, i.e. biological . Formal learning, in both i´s and j´s cases, is the composite outcome of the two - fold process taking place through convention a nd nature, i.e.

factographyand the biological concourse of nature respectively. This can be represented graphicallyas

H t

t ,i K t t ,j

D t t j

t i

H i ,j ( t b i o

, k )

Di ag r am9

Co n v e n t io n a lt ime ( t )

When can t i

become a s - algebra, in light of mutual influences through biological and conventional time, then? If we assume that conventional time and biological time develop through the same frame irrespective of how discrete are the measurements that define conventional time, then the homotopý s derivative with res pect to

(biological) time j i j i bio

H H dt

d

. ,

� = [7]

defines the rate of change of t

i into t

j and vice versa. In other words, [7]

determines how one learning operator is being transformed into the other through

continuous biological time. To put it differently, [7] tells whether at one point in time

(which is the same for both frames of time byassumption) there is actual deformation,

i.e. anymutual influence between i and j, at all or not. Therefore, if at

bio t t = , i.e.

bot h conventional and biological, we have that

0 H

t j i

=

,

� then each formal learning operator, at t , bears no influence from the other agent.

Hence, t

i maybecome a proper s - algebra at t. From this argument, it beco mes clear

that either the evolution of mutual influence (or its functional representation) must be

known, i.e. the evolution of t

i

, or the influences must be specified through a

particular (everywhere differentiable) homotopyH

i,j

(actuallythese two thin gs are

logicallyequivalent). Hence, having assumed that conventional time and biological

are the same, then the learning operator for (say) agent i could be finally(and

definitively) be specified as

))kt(Ht(

j i, t

i t

i

, , = [8]

where t and H

i,j develop through the same frame of time.

In general, note that in order to discover whether t

i can indeed become a s - algebra it

is sufficient to evaluate

j i

H

,

� at every

{ }

N n n t

Î where each t

n is a measurement in

conventiona l time. If 0 H

n t j i

=

,

� then

t,i is a s - algebra at t

n

.

The above arguments can be easilygeneralised to the entire system of n

agents. With n agents then (any) an arbitraryagent, sayj, faces possible influences

from n ˘ 1 agents. Henc e, both n - 1 homotopies and their rate of change must be

known or n - 1 possiblydistinct mutual influences, with j, must be known. Agent j´s

learning operator is thence

)H,,H,H,,H,H,(

n j, 1 j j, 1 j j, j,2 j,1 t

j t

j

� �

+ -

= t [9]

In this case, for j´s understanding space t

i to actuallybe a s - algebra at t it must be

true that

0 H

t l j

=

,

�

for l = 1, 2,�, j - 1, j + 1,�, n. This is a highlyunlikelysituation in actual, real and

concrete, economic activityto saythe least. If we assume t hat I

bio

= [t

1

, t

2

] then we

can depict the possibilityof deformations for agent i´s learning operator in reference

to the other agents, throughout biological time t

1

< t < t

2 as

1 t

i

�

.

.

.

2 t

1

�

2 t

2

�

2 t

1 - n

�

2 t

n

�

Diagram 10 t bio

Evolving compound dependencies

Finally, the need for assumptions should be note d. It is necessaryto make

assumptions in order to make anysensible economic model of understandings

interdependencies in a system composed of heterogeneous agents that learn through

conventional and biological time, influence each other through biologic al (and

possible conventional) periods and keep records of their activitythrough conventional

stances. These assumptions, for the case of formal learning, could be summarised as

· Conventional time and biological time develop through the same frame

irresp ective of how theyare both measured.

· Either the evolution of mutual influences (manifested through the formal

learning operators) or the corresponding homotopies and their derivatives must be

known. These requirements are logicallyequivalent.

X Conclu sions

The passage from historyto understandings spaces was seen to be essentiallya two -

fold sequential process. First, an elaboration of a system of materially - based

dialectical contradictions takes place. Second, formal individual learning takes place

over this system. The result is knowledge, which is complemented through informal

learning that determines intuitions. Moreover, it is at this latter stage, the learning

stage, in which heterogeneityis guaranteed. Knowledge becomes an individual

human attribute once it is internalised. All forms of individual understandings are

gathered in the agents´ understandings space.

History, it was argued, exposes new facts, which are incorporated to the ^stock~ of

information. Ergo, time presents itself as the required vertex through which

possibilities of understanding new syntheses sprout. These new possible

understandings, depending on each individual agent, mayor maynot become new

probable events of understandings. The keyissues in this respect were seen to be

· The required uniqueness of learning

· A suitablychosen topologyin the space of understandings.

This implied that not all possible forms of understandings could become probable

understandings. In other words, for everysuitable topologyt here is a set of (possibly

distinct) probable understandings. A suitable topologywas seen to be one that made

the agent´s understandings space a Borel s - algebra so that a proper probabilityspace

can be defined through the application of the RRT. In sho rt, the first fundamental

result was that for everydifferent learning procedure and everydifferent topology

(and anycombination thereof) there exists a possiblydistinct probabilitydistribution

associated to l t

i

. The details of this construction can b e found in section E of the

appendix.

It was seen that the effects that historybears upon the agents´ understandings

space, i.e. their evolution, can be modelled as a continuous deformation of the space

through time. This required several assumpti ons as well. If it is assumed that

· Biological and conventional times take place in the same frame of time

· Either all learning operators are known or the homotopies that deforms them are

known

· The homotopies are continuouslydifferentiable then mutual i nfluences through understandings can be studied as deformation of one

(formal) learning operator into another. The value of the (time) derivative

homotopies at each moment determines the rate of deformation, i.e. mutual influence.

Finally, and this is th e second fundamental result of the paper, section VIIestablishes

that if the three assumptions above hold and the value of all the derivatives at a

moment in time are zero then the agent´s understandings space is a Borel s - algebra.

This requirement is lo gicallyequivalent to the first fundamental result, established in

section VI.

References

Alchian, Armen (1951). Uncertainty, Evolution and Economic Theory. Jour nal of

Political Economy . 60 a, pp. 211 - 221.

Alchian, Armen and Demsetz , Harold (1972). Production, Information Costs, and

Economic Organization. The Ame rican Economic Rev iew . 62 , pp. 777 - 795.

Albert, D., Schrepp, M. and Held, T. (1994). Cons tr uction of Knowledge Space s for

Pr oble m Solving in Che ss . In G.H. Fischer & D. Laming (Eds.),

Contributions to mathematical psychology, psychometrics, and methodology.

Berlin. Springer - Verlag.

Ash, Robert (1972). Re al Analys is and Pr obability . New York. Academic Press.

Belianin, Alexei (2000). Pr efere nce Rev er sal Re vis ited: Theor etical and

Ex per imental Analy sis . Ph.D. thesis at the School of Economic Studies in the

Universityof Manchester, U.K.

Doignon, J .P. and Falmagne, J .C. (1998). Knowle dge Spac es . New York. Springer -

Verlag.

Edwards, R.E. (1972). Inte gration and Har monic Analy s is on Compact Groups .

Cambridge. Cambridge UniversityPress.

Foss, Nocolai and Knudsen, Christian (1996). Towards a Compe tenc e Theor y of the

Firm . London. Routledge.

Grimmett, G. and Stirzaker, D. (1982). Pr obability and Random Pr oces s es . Hong -

Kong. Oxford Science Publications.

Hamilton, J ames D.(1994). Time Se ries Analys is . Princeton, New Jersey. Princeton

UniversityPress.

Hintikka, J . (1962). Knowle dge and Belief . Ithaca, NY. Cornell UniversityPress.

Hocking, J ohn and Young, Gai l (1961). Gener al Topology . Reading, MA. Addison -

Wesley.

Hillier, Brian (1997). The Economics of Asymmetr ic Infor mation . Basingstoke.

MacMillan.

Hut, P., Ruelle, D. and Traub, J. (1998). Varieties of Limits to Scientific Knowledge.

Complex it y . 5 , pp. 33 - 38.

Kelly, John (1955). Gener al Topology . New York. Van Nostrand.

Kirzner, Israel (1994). Clas s ics in Aus tr ian Economics : A s ampling in the Histor y of

a Tr adition, Vol . 1 - 3. London. Pickering and Chatto.

______(1997). Entrepreneuri al Discoveryand the Competitive Market Process: An

Austrian Approach. Jour nal of Economic Liter atur e . 35 (1), pp. 60 - 85.

Kopple, Roger and Rosser, J. B. (2000). All That Ihave to SayHas AlreadyCrossed

Your Mind. Downloaded from

http: // www. gmu. edu/depar tments /ec onomics /pboettke/kaplans 01.htm

Lachmann, Ludwig (1976). From Mises to Shackle: An Essayon Austrian

Economics and the Kaleidic Society. Jour nal of Economic Liter atur e . 14 , pp.

54 - 62.

Langlois, R. (2001). Rationalityin Economics. Downloaded from

http://www. sp. uconn.e du/~langlois/r700. htm

Loasby, Brian (1999). Knowle dge, Institutions and Evolution in Economics . The

Graz Schumpeter Lectures. London, England. Routledge.

______(2000). Market Institutions and Economic Evolutio n. Jour nal of

Ev olutionary

Ec onomics . 10 , pp. 297 - 309.

______(2001). Cognition, Imagination and Institutions in Demand Creation. Jour nal

of Evolutionar y Economic s . 11 , pp. 7 - 21.

Mailath, George (1998). Do People PlayNash Equilibrium? Lessons Fr om

EvolutionaryGame Theory. Jour nal of Economic Lite rature . 36 , pp. 1347 -

1374.

Marx, Karl (1867). Das Kapital: Kr itik de r politis chen Ök onomie . Hamburg. Otto

Meissner.

McCabe, Brendan and Tremayne, Andrew (1993). Elements of Moder n Asy mptotic

T heor y with Statis tic al Application . Manchester. Manchester University

Press.

McFadden, Daniel (1999). Rationalityfor Economists? Jour nal of Ris k and

Uncer tainty . 19 (1 - 3), pp. 73 - 105.

Metcalfe, Stanley(1998). Ev olutionary Ec onomics and Cr eative De s tr uction .

London, England. Routledge.

Minkler, Alanson (1993). The Problem with Dispersed Knowledge: Firms in Theory

and Practice. Kyk los . 46 (4), pp. 569 - 588.

Morgenstern, Oskar (1935). Perfect Foresight and Economic Equilibrium. English

Tra nslation made byFrank H. Knight of the original German article

Vollkommene Voravssicht und wirtschaftliches Gleichgewicht. Zeitsc hirft für

Nationalökonomie . 6 (3), pp. 337 - 357.

Nelson, Richard (1991). WhyDo Firms Differ, and How Does it Matter? Str ate gic

Management Jour nal (Winter); pp. 61 - 74.

Nonaka, Ikujiro, Toyama, Ryoko and Konno, Noboru (2000). SECI, Ba and

Leadership: a Unified Model of Dynamic Knowledge Creation. Long Range

Planning . 33 , pp. 5 - 34.

Oxford Companion to Philosophy(1995). Oxford. Oxford UniversityPress.

Øksendal, Bernt (1985). Stoc hastic Diffe rential Equations . New York. Springer -

Verlag.

Penrose, Edith (1959). The Theor y of the Gr owth of the Fir m . Reprint from 1955

edition. Oxford. Oxford Unive rsity Pres s .

P olanyi, Michael (1946). Science , Faith and Soc iety: A Sear ching Ex amination of the

Meaning and Nature of Scientific Inquir y . London. Oxford UniversityPress.

Popper, Karl (1950). Indeterminism in Quantum Physics and in Classical Physics, I -

II. Br iti s h Jour nal for the Philos ophy of Sc ience . 1 , pp. 117 - 130, 173 - 195.

______(1956). Three Views Concerning Human Knowledge. In Conje ctur es and

Re futations : The Gr owth of Sc ientific Knowle dge , 5 th edition (1989). London.

Routledge.

Prahalad, C.K. and Hamel, G. (1990). The Core Competence of the Corporation.

Harv ard Bus ines s Rev iew . 90 (3).

Putterman, Louis and Kroszner, Randall (1996). The Economic Natur e of the Fir m: A

Re ader . New York. Cambridge UniversityPress.

Richardson, G.B. (1972). The Organization of Industry. Ec onomic J ournal . 82, pp.

883 - 896.

Rubinstein, Ariel (1998). Modelling Bounded Rationality . Cambridge,

Massachusetts. The MIT press.

Sargent, Thomas (1993). Bounde d Rationality in Macroe conomics : The Anne Ry de

Mem or ial Le ctur es . Oxford. Clarendon Press.

Schrepp, Martin (1997). A Generalization of Knowledge Space Theoryto Problems

with More Than Two Answer Alternatives. Jour nal of Mathematic al

Ps yc hology . 41 , pp. 237 - 243.

Shackle, George (1961). Decision, Or der and Time in Human Affairs . Cambridge.

Cambridge UniversityPress.

Slembeck, Tilman (1999). Lerning in Economics: Where Do We Stand? A

Behavioral View on Learning Theory, Practice and Experiments. Dis cus sion

Pape r . Department of Economics, U niversityof St. Gallen.

Smith, Adam (1776). An Inquir y into the Natur e and Cause s of the We alth of

Nations . Reprinted bythe LibertyFoundation, 1981. Ann Arbor, MI.

Edwards Brothers, Inc.

Stigler, George (1961). The Economics of Information. J our nal of Political

Ec onomy . 69 , pp. 213 - 225.

Suck, Reinhard (1999). A Dimension - Related Metric on the Lattice of Knowledge

Spaces. Jour nal of Mathematic al Psy chology . 43 , pp. 394 - 409.

Von Hayek, F.A. (1937). Economics and Knowledge. Ec onomica . 4 , pp. 33 - 54.

______(1945). The Use of Knowledge in Society. Amer ic an Ec onomic Review .

35 (4), pp. 519 - 530.

Von Mises, Ludwig (1957). Theor y and History . New Haven, CT. Yale University

Press.

Weibull, Jörgen (1995). Ev olutionary Game Theor y . Ca mbridge, Massachusetts.

The MIT press.

Weir, Alan (1974). Gener al Meas ure and Integr ation . London. Cambridge

UniversityPress.

Wolpert, D.H. (1996). An Incompleteness Theorem for Calculating the Future. Santa

Fe Institute Working paper # 96 - 03 - 0 08.

APPENDIX

A. Proposition 1

Consider two arbitrarycontradictions from K

t

, sayk

i and k

j

. Beyond the

expression´s digital symbolism, the union (of anything) captures the idea of two

aggregated entities, in this case of two contradictions. W hen p ut together these two

contradictions can represent either a more extensive system than the one defined by

each of the contradictions separately 19 or a new more aggregated (and less specific)

contradiction. Furthermore, two facts stand out: there exist at l east four (opposing)

forces that define the new contradiction (or system) and there exists a path that

concatenates k

i and k

j together (because of the connectivityof K

t

). Let (a, b) « k

i and

(d, e) « k

j be the four forces that underlie the new (aggregate d) context. If the

aggregation of forces is (arbitrarily) defined to be (a, b) + (d, e) = (a Å d, b Å e) where

Å is some form of aggregation of forces (at least conceptually) then what the union of

contradictions, i.e. k* = k

i

È k

j

, represents is simplya new unityof opposites where

the thesis and antithesis are a Å d and b Å e respectively. The particular definition of

the aggregation of forces just presented onlyattempts to maintain consistencyin the

notation and conceptual coherence. However, it ne ed not be the onlyform of

aggregation. Moreover, the case for the interception of contradictions, i.e. k

i

Ç k

j

, is

even more direct. Indeed, if the interception in non - empty, i.e. f ¹ k

i

Ç k

j

, then the

interception of either the theses, i.e. a and c, or the antitheses, i.e. b and d, or both is

non - empty. That is, either a Ç c ¹ f or b Ç d ¹ f or both. Hence, the interception k^ =

k

i

Ç k

j of both contradictions is itself a contradiction defined bythe (opposing) forces

(a Ç c \ a Å c, b Ç d \ b Å d). In both case the forces are defined to be what is mutual

minus what is not shared. In this case, the commonalityin the theses and antitheses is

what defines the possibly^smaller~ contradiction k^. Finally, notice a subtletyin the

manner that the element s of K

t are handled: aggregation is always indirect and not

necessarilyunique whereas interception is not. The reason is that the interception of

forces is always readilydefined in terms of commonalitywhereas aggregation of

forces requires a mechanism, or rule, of aggregation.

B. Proposition 2

Our argument is intrinsicallybycontradiction. If

t is defined over H *

t, n

, i.e.

t

:H *

t, n

® K

t

, and it is not a one - to - one map then there exists at least one k Î K

t such

that [k] - 1 = [

t

( V

t

)] - 1 is not a single ton. That is, the preimage of k is not a singleton.

To put it differently, there exist at least 2 distinct pairs of economic opposing forces,

at t , i.e. V

t

¹ V *

t

, such that

t

( V

t

) = k =

t

( V *

t

). But, since the level of aggregation n of

forces is fixed a nd both V

t and V *

t give rise to the same synthesis, i.e. k, then

necessarilytheymust both represent the same aggregate of forces. That is, V

t

= V *

t

.

This is a contradiction since

t was assumed not to be one to one. Whence, it must be

one to one for a fixed level of aggregation n .

19 In strict rigour, what the two aggregated contradictio ns, in fact, formis a subsyst em of the

entire system.

C. Proposition 3

In order to prove the continuityof

t it is sufficient to consider an arbitrary

convergent sequence { V

t

} of events in

t

´s domain. If {

t

( V

t

)} is convergent as well

then

t is continuous. As before

t is defined over H *

t, n (this means that V

t is a pair of

opposing economic forces at t ). The level n of aggregation of economic forces

induces a natural topologyon H *

t, n that maybe termed t

t, n . This topologyis, by

construction and nature, countable and is composed of all of the countable subsets of

H *

t, n at a fixed level n of aggregation. This topologyis the finest topologyinduced by

the level of aggregation n . Also, it should be clear that this (finest) topology changes

with n . Hence, if { V

t

} is a convergent sequence then it means that the sequence has a

cluster point under some topology, possiblycoarser than t

t, n

. Call this topology r

t, n

,

i.e. r

t, n

Í t

t, n

, and the sequence´s cluster point

t

V . That is, for all neighbourhoods

N(

t

V ) of

t

V , under r

t, n , there exists at least one V

l

Î { V

t

} different from

t

V such that

)

� � � � [D.2]

Equation [F.2] is a special case of a more general categoryof stochastic differential equations called ^noise~ processes, i.e.

t t t

t BM X t X t b dt

dX

) , ( ) , ( s + = where in this case 22 ,

20 Byconvex homotopy we mean a homotopy such that the expression H = t y + (1 - t) j is always well defined over the spaces where y and j are defined, e.g.

U

.

21 In our scheme, the origin of noise i s not - understood, untraced (backwardly), unrecorded expressions of, knowledge.

22 Also, note that if BM and BM* are two Brownian Motion processes then so are BM × BM* and

BM/dt.

1 ) , (

) ( )) ( ( ))) ( ( ( ) , ( º s

x x x j - º

º j t

t t t i

t t i t

t t

X s

X s b

X

� � � [D.3]

The term BM t

dBM t

in [D.2] is distributed as a t × c 2

(1) variable across realisations.

The Ito interpretation of equation [D.2] is that there exists a function j such that j satisfies the stochastic integral

( ) ò ò + x x x j - j = j

] , 0 [ ] , 0 [

0

) ( )) ( ( ))) ( ( ( t

t t t

t t t i

t t i t

dBM BM ds � � � [D.4]

The stochastic process henceforth defined in [D.4] is called an Ito diff usion. The key issue in finding a solution to [D.4] is the second integral for the rules of integration of stochastic calculus have nothing to do with those of deterministic calculus. In this sense, there arises the issue as to what type of integral shou ld be used to solve the problem, Øksendal (1985). For a matter of clarityand exposition the Ito integral (and

Ito´s one dimensional formula) will be used in this instance.

Notice that [D.2] as well as [D.4] contain a deterministic part (defined bythe learning and dialectics operators) and a stochastic part. Hence, usingIto´s formula the solution to [D.4] is ò - + j + j = j

] 1, 0 [

2

1 2 t 2

1

0 t

t BM ds ) , s ( b [D.5] where

)())(()))(((),s(b t t t i

t t i

x x x j = j � � �

Is there always a solution to this (Ito) diffusion problem? If s o, is it unique? In order to determine the existence and uniqueness of the solution certain conditions must be met bythe b(s, X t

) and s (s, X t

) functions in [F.3], Øksendal (1985). Concretelyin this case, if b(s, X t

) : [0,T] ´ Â ® Â is such that

] T , 0 [ , x ; 1 |) x | 1 ( C ) x , ( b Î Â Î - + £ t t and

] T , 0 [ , y , x ; y x D ) y , s ( b ) x , ( b Î Â Î - £ - t t for real constants C and D and there exists a random variable Zwith finite second moment, i.e. E[|Z| 2 ] < ¥ then the stochastic differential equation

Z X , T t 0 ; ) , t ( b

0 t t t t

= £ £ + j = j dBM BM dt d has a unique t - continuous solution j t

, Øksendal (1985). These conditions essentially require that the composite outcome of formal learning and dialectics be represented by a bounded process, (in the mathematical sense), throughout the entire deformation of the knowledge space. Hence, the exi stence and uniqueness of the solution of [D.2] depends entirelyon the nature of both the learning and dialectical operators. Also, notice again, that for everyformal learning process there is a different stochastic differential equation.

To summarise: if the nature of formal learning and dialectics are such that the previouslystated conditions at the beginning are met and the composite synthesis of learning and dialectics is a bounded process then there exists a unique stochastic differential equation that represents the continuous deformation of the original knowledge space. Its familyof solutions will depend on the composite representation of learning and dialectics and the type of stochastic integral used, i.e. whether it is an

Ito integral or any other integral such as the Strationovich integral, Øksendal (1985).

The main difference between the two types of deformation, i.e. homotopies and stochastic differential equations, resides in that in the homotopic case one can always fine a coarse (or fin e) enough topology u on

U

so as to make anypath or function defined on it continuous. This is a mechanical mathematical procedure that holds no relationship to the nature of the economic problem in hand. This situation allows, of course, the existence of dis cr ete knowledge spaces (in the sense that its elements can be counted) that define discrete probabilitydistributions. In this situation the measure of the integral must be modified. Usuallya Lebesgue measure will permit integration over highlydi screte function, e.g. the characteristic function over the rationals that lie in [0,1]. However, if the degree of discreteness is such that no integration is possible and hence the cumulative probabilityfunctions must be replaced with fine sums of point - wise accumulated probabilities. On the other hand, stochastic differential equations can be used onlyin a continuous context, i.e.

continuous flow of information and continuous knowledge spaces.

Finally, as a matter of practical concern, if the learni ng, dialectics and the initial identityfunction are defined then the solution to [D.2] will require some specification of a Brownian Motion process BM t

. It is impossible to develop such a specification a - priori because of the verynature of process itsel f (i.e. probabilistic realisations with N(0, D ) increments between t and t + D ). However, a Brownian

Motion process can always be approximated bydiscrete random walk processes by virtue of Kolmogorov´s continuitytheorem, Øksendal (1985), McCabe and Trema yne

(1993), Hamilton (1994). Computer simulations can develop refined enough process to actuallyapproximate Brownian Motion through random walks, as found in

Grimmett and Stirzaker (1982), p. 492. In effect, equation [D.5] makes explicit the impossibili ty of knowing a - priori what will be known tomorrow (this is Popper´s

(1956) argument). It is rather through observation and experience, which tautologicallymust occur in the past, however near it might be, and later reflection and learning that an agent´ s understanding of the surroundings maybe enhanced. In this sense, the Brownian Motion process in [D.5] sets a bound to human understanding of the economic environment and reaffirms the limited available possibilities for adaptation to the evolving mater ial conditions of economic activity.