Resurrecting the Expectations Hypothesis: How to
Extract Additional Information From the Term Structure
of Interest Rates

Andrea Carriero*
Universita Bocconi

First draft: March 2004
This version: July 2005

Abstract

In this paper we propose a new way of modelling the Expectations Hypothesis
(EH) of the term structure of interest rates and provide striking evidence validating
it on both statistical and economic grounds. The idea is to model the EH as a noisy
relation, allowing for temporary departures from it. We do so using a Bayesian
framework in which the EH can be viewed as a prior on a gaussian VAR. Importantly,
our approach is very general and comprises the traditional framework as a special
case. Once the EH is modeled as a noisy relation it is strongly supported by the
data and is entirely consistent with the behavior of the U.S. 10-year rate from the
seventies onwards. Moreover, our evidence explains the common result of rejection
and the anomaly found by Campbell and Shiller (1987). Finally, our approach allows
to extract additional information from the term structure and then to significantly
increase the accuracy of a Taylor-rule based model in predicting future short term
rates.
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1 Introduction

The Expectations Hypothesis of the term structure of interest rates (EH) states that
actual long-term interest rates are determined by the market’s expectation of the future
short-term rates. Popularized by the writings of Fisher (1930), Keynes (1930), and
Hicks (1953), this theory continues to be a way that many economists think about
the determination of long-term interest rates. Notwithstanding its important role in
macroeconomics and finance, the EH has been widely criticized on theoretical grounds
and has received little empirical support.

From a theoretical perspective the EH was not viewed as a viable model of the term
structure for several years, due to the result of Cox, Ingersoll and Ross (1981) that the
EH is not consistent with the absence of arbitrage. More recently, however, McCulloch
(1993) and Fisher and Gilles (1998) have presented counterexamples to the Cox, Ingersoll
and Ross (1981) proof, and Longstaff (2000) shows that all traditional forms of the EH
can be consistent with the absence of arbitrage if markets are incomplete. In particular
he demonstrates that the Cox, Ingersoll and Ross (1981) proof hinges on the complete
market hypothesis, which does not necessarily hold, as shown by several studies (see, for
example, Daves and Ehrhardt 1993, Amihud and Mendelson 1991, Kamara 1994, Duffee
1996, Longstaff 1992, Boudoukh and Whitelaw 1991, Cornell and Shapiro 1990, Elton
and Green 1998). Therefore, the EH cannot be ruled out on theoretical grounds and its
validity is purely an empirical issue.

Turning to the empirical validation, the EH has been widely tested, and almost in-
variably rejected. The bulk of the available literature (see, for example, Fama and Bliss
1987, Campbell 1995, and Cochrane 2001) testing the EH has two common features.
First, it uses a single-equation, limited information approach. Second, it uses ex-post
realized returns as a proxy for ex-ante expected returns. There are several problems
related to this testing strategy. First, as noted by McCallum (1994), the limited infor-
mation approach might cause a bias in the estimates due to simultaneity. Moreover,
Elton (1999) asserts that there is ample evidence against the belief that information
surprises tend to cancel out over time. Hence realized returns cannot be considered as
an appropriate proxy for expected returns. Finally, Campbell (1995) finds strong effects
of expectation errors on the single-equation tests, which are confirmed by a number of
papers relating expectation errors to peso problems. Therefore, having a good approx-
imation of expected returns is crucial when testing the theory. Keeping these latter
points in mind, it is not surprising that a single equation approach proxying expected

returns with ex-post realized returns rejects the EH. In many cases expectations that



were entirely reasonable ex-ante may turn out to be completely wrong ex-post. In all
these instances using ex-post realized returns amounts to using irrational forecasts and
this biases the test of the EH.

Campbell and Shiller (1987) circumvent these problems by using a bivariate frame-
work. Their approach provides model-based proxies for ex-ante expected returns. Still,
as noted by Carriero, Favero and Kaminska (2005), their results are biased by the fact
that they use information from the whole sample to simulate investors’ expectations
while investors can only use historically available information to generate predictions of
short-term rates. Campbell and Shiller (1987) implement a Wald test which still rejects
the EH but their analysis of the data leads them to conclude that there is an important
element of truth in the EH. In particular, they find an anomaly: the EH is statistically
rejected but the theoretical yield spread between the long-term and the short-term in-
terest rate based on its validity has a very high correlation with the actual yield spread.
Building on a similar framework, Carriero, Favero and Kaminska (2005) show that these
two spreads are not statistically different, while the high correlation between them leads
Campbell and Shiller (1987) to conclude that “...deviations from the present value model
for bonds are transitory...”.

We take this last point and develop an extended version of the EH in which transitory
deviations from the theory may occur. This is the only key assumption made throughout
the paper, and it seems reasonable. By definition any economic theory is a simplification
of reality, and as such it cannot hold exactly even if the theory is “true”. Indeed, in the
real world there is always some kind of noise which blurs any equilibrium. The proposed
extension leads to a more general framework which comprises the traditional one as a
special case.

Many studies have presented forward rate regressions providing evidence that term
premia in bond returns are time varying. In particular, Fama and Bliss (1987) show
that term premia do vary through time and are forecastable via the forward rates.
Campbell and Shiller (1991) find similar results using yield spreads to predict yield
changes. Recently, Cochrane and Piazzesi (2005) have strengthened these results and
show that the same linear combination of forward rates predicts bonds returns at all
maturities. These empirical results have been interpreted in the literature as strong
evidence against the EH, as the EH is viewed to be consistent only with constant term
premia, and equivalent to the statement that excess returns should not be predictable.

Two comments are in order. First, even if the EH involves a constant (i.e. depen-
dent on maturity only) term premium, our framework does not rule out the possibility

of transitory variations in the term premium. Indeed once we allow for transitory de-



viations from the theory, the constancy of the term premium has a slightly different
interpretation: if (as we will show) the EH holds "on average", then the term premium
can be a time varying process, with the only requirement that it has to revert to its
constant mean. Our results provide evidence that the variations in the term premium
are not large enough to reject the theory. Second, the existence of a time varying term
premium is not necessarily at odds with the EH: Longstaff (1990) has shown that the
EH can actually imply time varying term premia if the time frame for which the EH
holds differs from the return measurement period.

We adopt the Bayesian approach developed by Jeffreys (1935, 1961) as a major part of
his program for scientific inference. In this approach, statistical models are introduced to
represent the probability of the data according to several competing theories, and Bayes’s
theorem is used to compute the posterior probability that a theory is correct. Then the
theories can be compared using the Bayes factor, which is a summary of the evidence
provided by the data in favour of one theory as opposed to another. In particular, we
have two competing theories, represented by two different priors on the coefficients of
a gaussian bivariate VAR. The first theory does not impose any restriction, and it is
shaped into a loose, proper prior. The second theory imposes the restrictions derived
from the EH, and is shaped into a prior on some linear combinations of the coefficients.

To ensure the robustness of our results, we extend the testing framework in two
dimensions, by providing statistical results recursively through time, and by adding
macroeconomic information to the picture. The EH implies that monetary policy affects
long-term rates by influencing expectations about future short-term rates, but as central
banks also look at bond markets to extract information about inflation expectations,
monetary policy (i.e. the short-term rate) is likely to respond to bond market conditions.

Our main results are: i) The EH is strongly supported by the data both on statistical
and economic grounds (see Section 4); ii) The EH is entirely consistent with U.S. 10-
year rate dynamics from the beginning of the seventies onwards (see Section 5); iii)
The EH allows to extract additional information from the term structure and therefore
to significantly increase the accuracy of a Taylor-rule based model in predicting future
short-term rates (see Section 6). Moreover, our evidence comprises the common result
of rejection of the EH as a special case and explains the anomaly found by Campbell
and Shiller (1987).

The paper is organized as follows: Section 2 introduces the basic framework, Section
3 derives our extended framework, and Section 4 provides statistical evidence. Section
5 discusses the ability of our model to explain the dynamics of the 10-year rate, Section

6 evaluates forecast accuracy, Section 7 concludes.



2 The Basic Framework

In this section we introduce our basic framework, developed by Shiller (1979) and Camp-
bell and Shiller (1987). First, we formally state the EH, then we derive a set of restric-
tions implied by its validity on a bivariate VAR.

2.1 A linearized expectations model

The EH states that actual long-term interest rates are determined by the market’s ex-
pectation of future short-term rates. Most simple linear term structure models relate
long-term interest rates to an unweighted simple average of expected short rates. Those
models are appropriate for pure discount bonds.

For coupon-carrying bonds Shiller (1979) proposes a linearized model relating the
T-period interest rate (the yield to maturity on T-period bonds) R;r to a weighted

average of expected future one-period (short-term) interest rates ry, 7441, ...:

Ror =17 TZl V' Eyriyi+ TPr. (1)
-7 =0

Here t denotes the time period (month), 7 is a constant of linearization 0 < v < 1, T'Pr is

a constant term premium (i.e. dependent on maturity only) and E; denotes expectations

given information at time ¢. The parameter « is set equal to v = 1/(1 + Rr), where Ry

is the average of R; 7. Then (1) relates R; 1 to the present value of future short-term

interest rates discounted by Rr. Rearranging (1) gives an expression involving the spread

St,T = Rt,T — Tt
T-1 . -
Str = 3 V' EAryi +v° (Ryr —TPp) +Thy. (2)
i=1
As T — oo this simplifies to

o0

St == Z ’yiEtAT‘t+i + TPOO (3)
=1

where T Py, is the term premium for a bond with an infinite maturity.

2.2 Expectations Hypothesis restrictions

Our data set consists of the 1-month certificate of deposit in the U.S. secondary market

rate and the 10-year U.S. Treasury bond yield, at a constant maturity rate. Data are



monthly and go from 1966:1 to 2004:1. Both series are provided by the Federal Reserve
of St.Louis. Following Campbell and Shiller (1987) we consider a VAR for Sy and Ary;:

Ary = k1 + a1Ari_1 + a2Ari_o + azAry_3
+b15¢—1 + b2St—2 + b3St—3 + U1,
St = ko + c1Ar—1 + c2Ari_o + c3Ari_3
+dySt—1 + doSt—2 + d3St—3 + uat,

(4)

where the lag length has been chosen via the Bayesian information criterion performed
over the whole sample with a maximum lag length of 13.

From equation (3) it is possible to derive a set of restrictions implied by the EH on
the VAR in equation (4). In appendix A we show that, provided the VAR is stable,

these restrictions are given by:

[ a1+ ] [0 ]
by +di 1/~
az + c2 0
btd | | 0 | ©)
a3z +c3 0
| b3 +ds | | 0 |

which can be compactly written as:

Hopn = ppm,, (6)
where:
H = [16 691 I6 691}’
!/
agg = {al bi az by a3 b3 ki c1 di c2 dy c3 d3 ko |,
/
MEHOZ[O%OOOO].

The subscript EH denotes the fact that the vector of coefficients « satisfies the restrictions
implied by the EH.
Notice that the validity of the EH implies that the two coefficients attached to a

given variable in the two equations must be perfectly negatively correlated.



3 The Expectations Hypothesis as a Set of Uncertain Re-

strictions

By definition any economic theory is a simplification of reality, and as such it cannot
hold exactly even if the theory is “true”. In this section we develop an extended version
of the EH which allows transitory deviations from the theory to occur. This extension

leads to a more general framework which comprises the traditional one as a special case.

3.1 Adding uncertainty

Suppose the EH does hold, but only on average, i.e. some noise causes temporary
departures from the EH restrictions in (6). Formally, let the uncertainty introduced by
this noise be measured by the parameter o. The resulting set of stochastic constraints

is:

a1+ 0 c 0 0 0 O O

b1 +di 1/v 0 ¢ 0 0 O O

az + c2 0 0 0 « 0 0 O
~ N /'LEHO = 7EEH0 = ’ (7)

ba + do 0 0 0 0 ¢ 0 O

as +c3 0 0 0 0 0 o O

| by +ds | 0 | (000 0 0 0 o]
which can be compactly written as:

Hagy ~ N (g, YEH,) - (8)

It is straightforward to interpret the parameter o as the tightness of the restrictions:
a large value of o implies that the EH restrictions hold with a lot of uncertainty, while
as o decreases the EH restrictions become more binding and eventually become certain.
Therefore it is crucial to calibrate ¢ in an appropriate way. Of course, if we allow for
very little variation (or no variation) this essentially implies ruling out any noise and
imposing the EH restrictions to hold exactly, while allowing for very large deviations from
the restrictions would lead to an insignificant version of the EH. Indeed, any theory is
likely to be supported by the data if we allow its restrictions to hold with a sufficiently
large amount of noise. We will show in subsection 3.3 that our estimate for the parameter
o provides a sensible set of uncertain restrictions, i.e. the implied degree of uncertainty
is sufficiently high to avoid imposing the theory to hold exactly, and sufficiently low to
be effectively binding.

The diagonal, homoskedastic structure of the matrix Y gy, may not seem very gen-



eral. Regarding diagonality, there is no a priori economic rationale to think that the
restrictions may be correlated, and the independence between restrictions minimizes the
distance from the certainty case. Some rationale could be used instead to question the
homoskedasticity of the restrictions. For example, it could be argued that restrictions
which are linked to variables further away in time could bear more uncertainty than those
which are nearer in time. We have tried alternative specifications consistent with this
latter argument, each specifying different proportions among the variances of each single

restriction and the overall statistical results were very robust to all such modifications.

3.2 The EH in a Bayesian framework

The set of restriction (8) can be thought of in a Bayesian perspective as a prior on
the coefficients of the VAR in equation (4). Therefore, we can test the EH by using
the approach developed by Jeffreys (1935, 1961). In this approach, statistical models
are introduced to represent the probability of the data according to several competing
theories, and Bayes’s theorem is used to compute the posterior probability that a theory
is correct. Then the theories can be compared using the Bayes factor, which is a summary
of the evidence provided by the data in favour of one theory as opposed to another.

In particular, we shall compare two competing theories: the first theory does not
impose any restrictions on the coefficients of the VAR in equation (4), while the second
theory imposes the restrictions derived from the EH. Rewrite the VAR in equation (4)

in the following way:

=Ea +e¢, 9)
with:

r !
Yy = Arg S |,
= = [LeX],
X = | Arp_1 Sie1 Argg Si—2 Ary_z Si3 1]7

r !
a = al b1 as b2 as b3 k‘l C1 d1 Cc2 d2 C3 d3 k2i|,

r !
e = U1t Ut NN(O, Q), Q:Eu ®[T,

where T is the sample size and where y, € and « are 27 x 1, 27 x 1, and 14 x 1 vectors,
and X, =, Y, are T x 7, 2T x 14, and 2 X 2 matrices.

The first theory does not impose any restriction on the coefficients and so it is easily



shaped into a loose prior:
o~ N(Oéo = 14Q<1, Zao = 5[14). (10)

We will refer to the VAR with this loose prior as the unrestricted VAR (UVAR). For a
sufficiently large & the prior does not add any information to that of the likelihood, and
the posterior mean of « is numerically identical to the OLS estimate. With our data,
a value of § = 10 is large enough to ensure that this is the case, and it is innocuous in
terms of our results, as documented in section 4.3.1.

The second theory imposes the restriction scheme (8), implied by the EH:

Hoagg ~ N (ppy,, SEH,) - (11)

We will refer to (11) as the EH prior and to the system consisting of (9) and (11) as the
EH-restricted VAR (RVAR):

Yy =Zapg + €,

Hoga ~ N (ppm,, YemH,) -

(12)

In Appendix B we derive the following alternative representation of the EH prior, ex-
pressed in terms of the vector of coefficients of the VAR rather than in terms of the

vector of restrictions:

apn ~ N (g, Bagm) (13)

where
apmo = | O, 1/7 0, ]/, (14)

and
ol 691 —0ls 691
S, = 196 196 (15)
o —dlg (o0 +0)Ig
L 196 196

The parameter ¢ is the prior variance of the coefficients. Provided that ¢ is sufficiently

large this specification is perfectly equivalent to (11). Again, with our data, a value of

d = 10 is large enough to ensure this is the case. Equations (9) and (13) lead to the



following alternative representation of the RVAR in equation (12):

Yy =Zapg + €,

aEH ~ N (aEHoﬂ ZIOéEHO) .

(16)

To clarify the role played by the tightness parameter ¢ it is worth to look at the

correlation matrix of the coefficients under the EH-prior, which is easily derived from

(15):
Ts 6x1 \;%16 691
0 1 0 0
Corr(agmo) = | 16 (17)
\/0_+516 691 Is 691
L 196 0 196 1 i

Notice that depending on the value of the tightness parameter ¢ we move from the
exact restrictions case (0 = 0) to the unrestricted VAR (as 0 — o0). If 0 = 0, the EH
is in the traditional form and involves perfect negative correlation between six couples
of coefficients of the VAR. Letting o > 0 we allow this correlation to be imperfect. As
o — o0, the correlation across the relevant couples of coefficients goes to zero and the
correlation matrix approaches that of the loose prior (the identity matrix), thus the two

priors become virtually identical.

3.3 Estimation

Both the UVAR and the RVAR are linear regression models subject to a set of stochastic
linear restrictions on the regression coefficients. To estimate such models, Theil (1971)
proposed the method of mixed estimation, which involves using the uncertain restrictions
to supplement data. The added restrictions act as prior information on the coefficients
and GLS is numerically equivalent to Bayesian estimation. Derivations of the posterior
and marginal likelihood are contained in Appendix C. The parameter o is estimated to
be 0.13 by maximizing the marginal likelihood of the model (see Figure 1).

Before moving on, it is crucial to check that the parametrization o = 0.13, § = 10 is
a sensible one. This is ensured by three features. First, neither the loose prior nor the
EH prior should impose any restriction on the individual coefficients. Second, only the
EH prior should impose restrictions on linear combinations of the coefficients. Indeed
the EH does not say anything about individual coefficients, it does say something about
some linear combinations of them. Third, the EH restrictions should be uncertain but

effective, namely they should be binding.
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The RVAR has all these features, as shown in Figures 2 and 3. Figure 2 plots prior and
posterior distributions of the coefficients for the RVAR and the UVAR. Notice that both
priors are very loose with respect to the individual coefficients. However, Figure 2 hides
the key feature of the EH prior, namely to put restrictions on some linear combinations of
the coefficients. To see this feature Figure 3 shows the prior and posterior distributions
of the restrictions imposed by the EH: it is clear that while the loose prior does not
bind, the EH prior is much tighter. Figure 3 also shows that the EH prior is effectively
binding since the posterior estimates are shrunk toward the prior mean.

Turning to the correlation matrix of the coefficients, the parametrization o = 0.13, § =
10 implies a correlation between the relevant pairs of coefficients of —0.99, which is very
close to the value of —1 implied by the validity of the exact restrictions and very far
from the value of 0 implied by the UVAR. Thus, the correlation decreases with respect

to the exact restrictions case, but still remains very high.

4 Statistical Evidence

In this section we provide evidence clearly supporting the EH. We do so by computing
Bayes factors of the RVAR versus the UVAR as a function of the EH prior tightness o.

For derivations of all the formulas used in this section see Appendix C.

4.1 Bayes factor

The Bayes factor is a summary of the evidence provided by the data in favour of one
theory, represented by a statistical model, as opposed to another.

Following Kass and Raftery (1995), consider some data D assumed to have arisen
under one of the two theories H; and Hy according to a probability density pr(D|H;) or
pr(D|Hz2). Given a priori probabilities pr(H;) and pr(Hz) = 1 — pr(Hp), the data
produce a posteriori probabilities pr(Hi|D) and pr(Hz2|D) = 1 — pr(H;|D). Since any
prior opinion gets transformed to a posterior opinion through consideration of the data,
the transformation itself represents the evidence provided by the data. Once we convert
to the odds scale (odds = probability/(1 — probability)), the transformation takes a
simple form. Using Bayes theorem, we obtain

pr(Hy[D) _ pr(D|Hz) pr(Hs)

pr(Fh1D) ~ pr(DIHy) pr(H)’ (18)

11



so that the transformation is simply multiplication by

pr(D|Ha)

By =22
* 7 pr(DH)’

(19)
which is the Bayes factor of theory Ho as opposed to theory Hj.
Kass and Raftery (1995) suggested the following interpretation for the value of Bg;

and twice its natural logarithm 21n Ba;:

Table 1: Interpreting Bayes factors

2In By Boy Evidence Against H;
0to 2 1to03 Bare Mention

2to6 3 to 20 Positive

6 to 10 20 to 150 Strong

> 10 > 150 Very Strong

We speak here in terms of Bsp, because weighting evidence against a null hypothesis
is more familiar, but Bayes factors can equally well provide evidence in favour of a null
hypothesis. For example, a 21n By; between 6 and 10 provides both evidence against
Hp and in favour of Hs, while a 21n Bs; between —10 and —6 provides both evidence
against Hy and in favour of Hj.

From (19) it is clear that we need pr(D|Hz) and pr(D|H;) in order to compute the
Bayes factor. As shown in Appendix C, when H; is a gaussian VAR with fixed variance,

pr(D|H;) is given by:

o Bl
pr(DIH;) = (22) V772 Q| ’|z 0,‘ exp{~Q/2}. (20)
for ¢ = 1,2, where
Qi =y ly — &S ) a + ao/S,,) o, (21)

and where o0, &; and X,,,, Xa, are prior and posterior means and variances of the
vector of coefficients, and €2 is the variance-covariance matrix of the residuals.

In our case, theory H;j is the UVAR, with a9 = awg, &1 = @, Xy = Zags 2a; = Sas
while theory H> is the RVAR, with aoy = apmo, @2 = QEH, Xaw = Zagper Sas =
Yapy- Thus the Bayes factor for the RVAR versus the UVAR is:

—1/2
EaEHO /
Y -
321 _ |’2Eh‘(| eXp{QU\/AR 5
«@
=]

QRVAR } ) (22)
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4.2 Results

Figure 4 plots the Bayes factor (Ba1) and twice its natural logarithm (21n Byp) as a
function of the EH prior tightness o together with their inconclusive regions. The
inconclusive region for Bo; ranges from % to 3: in this region neither Bs; > 3 nor
By = B;ll >3 = By < % The inconclusive region for 21n By ranges from —2 to 2:
in this region neither 2Iln Bo; > 2 nor 2ln Bis = —2InBy; > 2 = 2InBy; < —2. In
these regions the evidence in favour of theory Hs as opposed to theory Hy and of H; as
opposed to theory Ho are not worth more than a bare mention.

If we allow for very little noise, letting ¢ — 0, the Bayes factor supports the UVAR
(B21 = 4.96e — 007 and 21n By; = —29.031). This is the common result of rejection.
Indeed, letting the tightness go to zero amounts to imposing the EH without noise.
Therefore our general framework nests the traditional one as a special case, and is also
consistent with the empirical findings rejecting the EH.

On the other hand, allowing for very large departures from the EH restrictions,
letting o — 4, leads the Bayes factor to the inconclusive region. Intuitively, the noise
on the constraints becomes too large and data cannot distinguish between the restricted
and the unrestricted VAR. Indeed, if we allow for too large departures from the EH, the
RVAR becomes virtually equivalent to the UVAR, so the Bayes factor Bs; converges to
1 (i.e. the two models end up having the same marginal likelihood) and twice its natural
logarithm 21n By; converges to 0.

For intermediate values of o the Bayes factor strongly supports the RVAR. Impor-
tantly, at the estimated EH prior tightness ¢ = 0.13 the value of 21In Bs; reaches a value
close to 20 denoting very strong evidence in favour of the EH'.

This result formally confirms the informal statement of Carriero, Favero and Kamin-
ska (2005) that once uncertainty is added to the picture the EH cannot be rejected.
Moreover, this result shows that the amount of uncertainty needed is considerably smaller
than that implied by their simulation experiment performed with an unrestricted VAR.

Finally, this evidence explains the anomaly found by Campbell and Shiller (1987),
that the EH is statistically rejected but the theoretical spread based on its validity
is closely correlated with the actual spread. As stressed above, the theory is strongly
supported by the data, which explains the high correlation, but also the EH is perturbed

by some noise which leads the Wald test to reject the exact restrictions.

'The fact that the Bayes factor is maximized by the same value of ¢ maximizing the marginal
likelihood of the RVAR is obvious, as long as the competing prior (the UVAR) does not depend on that
parameter.
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4.3 Robustness

To evaluate the robustness of our results, we next extend the testing framework in two
dimensions, providing statistical results recursively through time, and adding macroeco-
nomic information to the picture. Before doing so, we study the effect of alternative
parametrizations of § on our results. Finally we also look at the likelihood ratios which
is unusual in the adopted Bayesian framework, but still useful to confirm the results

derived so far.

4.3.1 Alternative parametrizations

As mentioned in section 3, a value of 6 = 10 is sufficiently large to ensure that the prior
does not add any information to that of the likelihood, and the posterior mean of « is
numerically identical to the OLS estimate. Still, we may be interested in what happens
if we increase the value § above 10 (i.e. increasing the looseness of the loose prior).
Table 2 and Figure 5 display Bayes factors computed at different values of ¢ and 4.

An increase in ¢ rescales our results, but does not change their qualitative pattern.

Table 2: Bayes factors (21n Bg;) for different o, §.

0 =10 0 =100 0 =200 0 =500
oc—0 —29.031 —15.408 —11.268 —5.794
oc=0.13 19.619 33.339 37.493 42.988
c=19 —0.002 —3.19¢e — 004 —1.60e—004 —6.45¢ — 006

As 0 increases, the magnitude of the Bayes factor at the peak (i.e. when o = 0.13)
increases, while its value at the extremes remains the same: as o — 0 the value of 21n Bo;
goes to —oo (i.e. Bojconverges to 0), while as 0 = ¢ it goes to 0 (i.e. Bgjconverges to 1).

Thus results are independent from the particular choice of § we make.

4.3.2 Macroeconomic information

Whereas the EH implies that monetary policy affects long-term rates by influencing
expectations about future short-term rates, central banks also look at bond markets to
extract information about inflation expectations. Therefore, policy is likely to respond to
bond market conditions which may introduce an obvious misspecification to our frame-
work: the omission of macroeconomic variables to which the monetary authority reacts.

Fuhrer (1996) uses a simple Taylor-rule type reaction function, the EH and reduced-

form equations for output and inflation, to solve for the reaction function coefficients
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that deliver long-term rates consistent with the EH. He finds that modest and smoothly
evolving time-variation in parameters of the reaction function is sufficient to reconcile the
expectations model with the long-bond data. Favero (2005) extends Fuhrer’s framework
to derive standard errors for long-term rates consistent with the EH. Roush (2001) argues
that previous work on the EH has failed to sufficiently account for interactions between
monetary policy and bond markets in the determination of long- and short-term interest
rates and using a VAR model with macro and financial variables finds strong evidence
supporting a term structure channel for policy that is consistent with the EH. Ang and
Piazzesi (2003) find that macro factors explain a significant amount of the variation in
bond yields: in particular they explain most of the forecast variance of short-term rates
at long forecast horizons, and of long-term rates at short forecast horizons.

Thus we extend our framework to include macroeconomic information. In particular,
we add the CPI inflation rate and the unemployment rate to both the restricted and the
unrestricted VAR. Both series are provided by the Federal Reserve of St.Louis and are
not subject to revision, so they can be used to produce forecasts in real time, as we do in
Section 5. Of course, the inclusion of new variables requires some additional restrictions
to hold under the EH. Appendix D shows how we derived the additional restrictions
implied by the EH on this augmented VAR.

Performing the same analysis in this extended framework does not change the results
(see Figure 6). The estimated tightness decreases to a value of o = 0.11, and at this

point the value of 21In Bo; is above 20, even higher than in the previous case.

4.3.3 Time

It is worth checking whether our results are stable through time. Figure 7 panel A
plots Bayes factors computed recursively from 1984:1 until 2004:8. Figure 7 Panel B
does the same with the RVAR augmented with macroeconomic information. As is clear,

21n By is always above 10, providing strong evidence in favour of the EH.

4.3.4 Likelihood ratios

Figure 8 plots twice the natural logarithm of the likelihood ratio of the RVAR versus the
UVAR as a function of the EH prior tightness. Results confirm those obtained with the
Bayes factor: low values of ¢ imply a significant loss in the likelihood, and this explains
the common result of rejection in the literature. On the other hand, for higher values
of ¢ the loss in the likelihood becomes lower and eventually zero, providing evidence in
favor of the EH.
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5 Explaining Long Term Rate Dynamics

The previous section provided clear statistical evidence in favour of the EH. This sec-
tion complements this result with economic evidence. In particular, we will show that
the behaviour of the U.S. 10-year interest rate from the 1970s onwards has been en-
tirely consistent with the statement of the EH. To demonstrate this we first construct a
theoretical, EH-consistent long-term rate and then contrast it with the actual, realized

long-term rate.

5.1 The EH-consistent long term rate

Recall that under the EH the long term rate Rj p is given by

T-1
Rip = 7 > V' Eireri + TPr, (23)
e

where the star denotes we are under the null of the EH. In our framework the expecta-
tional term FEyryy; can be obtained by the linear projection of the estimated VAR. This
avoids both problems related to the common strategy when testing the EH: we do not
use ex-post data to proxy for expectations, and we avoid the simultaneity problems in-
herent to the single equation approach. This approach has been developed by Campbell
and Shiller (1987).

However, Campbell and Shiller (1987) use information from the whole sample to
simulate investors’ expectations while investors can use only historically available infor-
mation to generate predictions of short-term rates. Indeed, as long as expectations are
formed given the information at time ¢, the estimation window should not contain data
beyond that date.

Therefore, we compute R{ p using a recursive estimation / projection scheme, such
that at each point in time only the available information is used to first estimate the
VAR, and then to project it forward. In particular, our procedure works as follows. i)
The first estimation is performed over the sample 1966:1 1970:12. All the subsequent
estimations are performed over the sample 1966:1 1970:12+¢ where ¢ is the number of
iterations already executed. ii) Using the posterior of the coefficients obtained at point i)
the VAR is projected forward and posterior of the variables Fyryy; and R;T are obtained.
iii) Then we move forward one period, adding one data point to the estimation window,
and go back to point i). This recursive estimation / projection scheme provides time
series of the posterior distributions of the variables Eyri1; and Ry, . As long as we are

under the null of the EH, these variables would also yield the posterior distribution of
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the term premium as T'Pr = R p — (1 =) S A By

5.2 An economic test of the EH

Our recursive estimation/projection scheme provides a simple but effective test of the
Expectations Hypothesis. Indeed, a test for the pure EH (i.e. with TPpr = 0) is im-
mediately performed simply by checking whether the actual long-term rate could be a
plausible draw from the posterior distribution of the EH-consistent long-term rate, i.e.
if Ry 7 lies within some credible bounds of the posterior distribution of R} . This pro-
cedure is very similar to that of Carriero, Favero and Kaminska (2005), but with the
subtle difference that here the uncertainty does not arise from estimation, but is modeled
within the theory.

The implied distribution of Rf 1. is plotted in Figure 9. Interestingly, at the beginning
of the sample there are several instances in which R;T has an asymmetric distribution.
This comes from the fact that in those periods the draws of the coefficients are such that
the VAR is nearly unstable. The forecasts explode and as a result the mean goes very
far from the median. Notwithstanding this initial instability, the actual long-term rate
(Rtr) almost? always lies within the 2.5% and the 97.5% percentiles of the posterior
distribution of the EH-consistent long-term rate < ;:kT> The EH-consistent and the
actual long-term rate are highly correlated, but of course they do not perfectly coincide.
Again, this explains both the common result of rejection and the Campbell and Shiller
(1987) anomaly. The traditional framework to test the EH proxies ex-ante expected rates
with the ex-post realized rates and therefore it understates the amount of uncertainty
that individuals face when forecasting future short-term rates up to 120-month ahead,
which is huge, as measured by the width of the bounds around the EH consistent rate.

Therefore, once we take into account the uncertainty involved in predicting short-
term rates, the EH cannot be rejected. This result would also hold if the actual and the
EH-consistent long-term rates were less clearly correlated: Figure 9 shows that the gap
between the 2.5% and the 97.5% percentiles is considerably wider than the difference
between the actual and the EH-consistent long-term rates. Even if the actual long-
term rate had behaved much more differently from EH-consistent one, it still could be
consistent with the theory.

Thus the dynamics of the 10-year rate in the last 35 years is entirely consistent with

the EH, and this adds an economic validation to our statistical evidence.

2Except for some instances all occurring during the reserves targeting era between the end of the
1970s and the beginning of the 1980s
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6 Does the Expectations Hypothesis Help in Forecasting

Short Term Interest Rates?

Once the EH has been validated on statistical and economic grounds, it is natural to
ask whether it can be used for policy. An obvious use of the theory is forecasting: as
the EH relates future short-term and actual long-term interest rates, it should provide
additional useful information about future short-term rates by extracting it from the
actual long-term rate. In this section we study whether the EH prior produces significant
improvements in forecast accuracy. As the Bayes factor can be interpreted as a summary
of forecasting performance, we expect that imposing the EH restrictions would yield

advantages in terms of forecasting.

6.1 Forecast gains of the EH prior

We compare the forecasting performance of the RVAR versus the UVAR, when both
include macroeconomic information. There are many criteria available to compare pre-
dictive accuracy, for simplicity we choose absolute forecast error (AFE) and squared
forecast error (SFE). A first assessment about predictive accuracy can be done by in-

specting the following regression equations:

AFEJYAR — AFEEE = o+, (24)
SFEVAR — SFEEF = B+ upy, (25)

where h indexes the forecast horizon. Figures 10 and 11 plot the rolling estimates of the
coefficients o and 3 together with their HAC standard error bounds. The performance
of the UVAR is significantly worse than that of the EH-restricted VAR up to 6 months-
ahead for the AFE loss function and from 3 up to 6 months-ahead for the SFE loss
function. In order to interpret this as a valid test of equal predictive accuracy the error
terms should be normally distributed, but this is not the case in the data.? This issue
cannot be solved using asymptotic tests of equal predictive accuracy* as the two models
are nested and so forecast errors would coincide asymptotically under the null.

This problem is solved by implementing the test recently developed by Giacomini
and White (2004). This new test (GW) is based on conditional expectations of fore-
casts rather than on unconditional expectations and can handle the comparison of both

nested and non-nested models and forecasts obtained by nonparametric and Bayesian

3The null of normality is rejected in almost all instances.
4For example, that proposed by Diebold and Mariano (1995).
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estimation. Results of rolling GW test for both SFE and AFE are plotted in Figure 12.
The performance of the UVAR is significantly different to that of the EH-restricted VAR
at all horizons from 1 up to 6 months-ahead for both the loss functions. The sign of the
differences in forecast accuracy can be deduced by Figures 10 and 11 and is positive,

implying a better forecasting performance of the EH-restricted VAR.

6.2 Adding the EH to a Taylor rule: how to extract additional infor-
mation from the term structure

The UVAR augmented with macroeconomic variables can be interpreted as the reduced
form of a model featuring an interest rate rule, for example a Taylor rule.

A large, growing body of empirical literature has established interest rate rules as a
convenient way to model and interpret monetary policy (Taylor, 1993, Clarida, Gali and
Gertler, 1998, 1999, 2000). When allowing for persistence in the short rate interest rate
rules responding to inflation and the output gap tend to track the data well (Rudebush
2002, Soderlind, Soderstrom and Vredin, 2005). They are also capable of explaining the
high inflation in the seventies in terms of an accommodating behaviour towards inflation
in the pre-Volcker era. Thus an interest rate-rule model is the natural benchmark to
evaluate the accuracy of short-term rate forecasts.

Our results provide clear evidence that the EH-restricted VAR outperforms the
UVAR in forecasting short-term rates. This result can be interpreted as evidence that, if
we add to an interest rate rule based VAR also the EH restrictions, then additional infor-
mation about future short-term rates contained into the long-term rate can be extracted
and exploited to increase significantly the accuracy of the forecasts.

Notice that the pattern of results in Figures 10-12 shows a significant increase in the
accuracy of the EH prior after the end of the reserves-targeting period. This provides
evidence that while in the Volcker era interest rates were too volatile for the EH to be
useful in forecasting, in the Greenspan era the stabilization of interest rates makes the
EH useful in extracting information from long-term rates.

To conclude, as the EH relates expected future short-term and actual long-term rates,
it provides additional useful information about future short-term rates by extracting it
from the actual long-term rate. Of course, this additional information can be extracted
only if the EH does hold, which is what we found in the data.
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7 Conclusions

By definition any economic theory is a simplification of reality, and as such it cannot
hold exactly even if the theory is “true”. Indeed, in the real world there is always some
kind of noise which blurs any equilibrium.

This study develops an extended version of the EH in which transitory deviations
from the theory may occur. To model these deviations we derive a set of restrictions
on a VAR and then we let them hold with some degree of uncertainty. This amounts
to deriving from the EH a prior for the coefficients of the VAR. Then, we can contrast
this prior with an unrestricted, loose prior representing a world in which the EH does
not hold. To make the comparison, we use the Bayes factor, which is a summary of the
evidence provided by the data in favour of one theory as opposed to another.

To ensure the robustness of our results, we extend the testing framework towards
two dimensions, providing statistical results recursively through time, and including
macroeconomic information into the picture. Indeed, the EH implies that monetary
policy affects long-term rates by influencing expectations on future short-term rates, but
also central banks look at bond markets to get informed about inflation expectations
and so incidental policy reactions to bond market conditions are likely to occur.

Beyond statistical evidence, we also provide economic evidence. In particular, we
perform an economic test by checking the consistency of the observed long-term rate with
the EH, and we study whether the EH may lead to some improvements in forecasting
short-term rates.

Our results show that the EH is strongly supported by the data and is entirely con-
sistent with the dynamics of the US 10-year rate from the seventies onwards. Moreover,
the proposed framework is able to explain the very common result of rejection of the
EH, to solve the anomaly found out by Campbell and Shiller (1987) and to significantly
improve forecast accuracy of a Taylor-rule based model in predicting future short-term

rates.
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8 Appendices

A. Derivation of the EH restrictions

Stack the VAR as:

[ ATt 1 [ kl 1 [ a; ag as b1 bQ b3 11 Art—l 1 [ Uit 1
AV 0 1 0 0 0 0 O Ary_o 0
Ary_s. _ 0 i 0 0 0 0 O Ary_s. n 0 ’

St ko cp ca c3 dy dy ds Si—1 Uy
Si—1 0 0 0 0 1 0 O Si_2 0
Si2 | o] | 000 1 0| Ss | |0

or, more succinctly:
2zt = C+ Az 1 + v

The trace statistic for the null of no cointegration (with the intercept both in cointe-
grating equation and in the VAR) is well above the critical value (207.811 while the 1%

critical value is 20.04).
Recalling (3), the EH would put on the VAR the following set of nonlinear restric-

tions:

oo i—1
gz = Z’yih' (Z A"C + Aizt> + TPy,

=1 n=0

© i—1 © '
= h [Z’yl Z ACl + Y YW Az + TP,
i=1 n=0 =1

o0
(I-A)'C+) v'WA% + TPy,
=1

= I [Zvi(l — A"

where ¢’ and b/ are selector vectors with 6 elements, all of which are zero except for the

4th element of ¢’ and the first element of A’ which are unity. Since the above expression

(I —A)~1C and® for

has to hold in general, it holds also for TPy, = —h/ [Z’yi(f — A%
any z =t

m . .
g/ _ Z"}’Zh,AZ.
=1

’Notice that by adding the restriction TP; = 0 we could test the PURE EH.
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As this VAR is stable we can exploit the properties of geometric series to write:

g =hyAI —yA)""

Postmultiplying by (I —vA) provides the following set of linear restrictions:

le.:

1—vax
-

0
—ver
0
0

—~as
1
-y
—7C2
0
0

—as
0
1
—ves
0
0

—vby
0
0
1—~dy
-
0

g'(I —vA) = h'vA,

—vba
0
0
—d2
1
-

—7bs
0
0 _ h,
—~ds
0

1

yai
Y
0

0
0

a2
0
y

YC2
0
0

As ¢’ and R/ select respectively the 4th and 1st row we obtain:

—ycr —yex —vyez 1—vdy —vyds _7d3]:{7a1 yaz yaz

Thus the EH imposes the following constraints on the individual coefficients of the

VAR:

a; +c
by +di
as + ¢2
by + da
as + c3
bs + ds

1/

o O o O
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B. Representation of the EH prior in terms of the vector of coefficients
rather than in terms of the restrictions

Write the VAR as:

y = Za+e,
Yy = g
N ~ ——
A ~
"t = [Iy® X ] * « + “ ,
St L Tx(pM+1) M(pM+1)x1 U9
MTx1 MTxM(pM+1) MTx1
X = | Arg_1 Sie1 Argg Si—9 Aryz Si—3 1 ]>
r !
a = |ar by azx by a3 b3 ki c1 di c2 do c3 d3 ko } ;

g ~ N<O,Q: Yu® IT>,
MTxMT
where M = 2 is the number of equations, p = 3 is the number of lags included, and T is
the sample size.
The generic form of a normal prior with fixed variance for the vector of coefficient «

would be:
a~ N(ay,2a,),

The unrestricted VAR corresponds the following loose prior:
a~ N(a, = 14(%, Yoo = 0114),

and for 0 = 10 the posterior mean of « is identical to the OLS estimator.

Now consider the set of restrictions implied on the unrestricted VAR by the EH:

a1 +c1 0 c 0 0 0 0 O
b1+ di 1/~ 0O 0o 00 0O
as + c2 0 0 0o 00 O
bytdy | N [FEHT g [PPERT 0 0 g 4 0 0
as + c3 0 0 0 0 0 o O
_b3+d3_ i 0 | _0 0 00O o |

Denoting with agppy the vector of coefficients of the VAR when it satisfies the EH-
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restrictions we can write:

HO(EHNN(MEHO;ZEH())a (26)
where
(1000000100000 0]
01 000000100000
H_ 001 00000010000
10001 000000T1000
000010000O0O0T1O0O0
(0000010000001 0 |

The RVAR consists of the VAR plus the EH-restrictions:

y=Zapgte¢
Hagy ~ N (pp,, YEH,)

There is an alternative way to write the EH restrictions. The generic form of a normal

prior satisfying the EH restrictions would be:

OEH ~ N(OZEHOa 2OzEHo)7

which implies:

Hagy ~ (Hapgo, HSayu H'). (27)

QXEHO

Under the EH both (26) and (27) must hold, so there is the following relation between

the prior moments of the vector of restrictions and those of the vector of coefficients:

Sea, = HYapH',

e, = Hopmo.

The above system has no unique solution since there are 14 coefficients and 6 restrictions,
8 coeflicients are not restricted and H is not invertible. To solve this problem simply set
a loose normal prior with mean 0 and variance § (the same of the UVAR coefficients)
on the unrestricted coefficients. This provides an invertible H without affecting the EH

restrictions and the analysis.

24



The restrictions become:

Hyapy ~ N (topw,, S2EH, ) ;

with:

)

!/

[000000001/700000}

H2EH,

6 0 0 OO O O O

0 6 00O O O O

0 0 6 00 0 0 O

0 0 06 0 O 0 O

0 0 006 0 0 O

0

0 00O 0O 66 0 O
0 0 00O 0O 0 ¢
0 0 0 00 0 O

0
0

0
0

0
o

g

0 0 0 00 0 0 O

0 0 0 00O 0 0 O

0 0 000 0 0 O

0 0 0 00O 0 0 O

0 0 000 0 0 O

0 0 0 00O 0 0 O

YoEH, =

o o0 0 0 0 0 00O 0 0 0 00O

1
0

1

0 0o 0o 00 0 0 0 0 O0 0 O

1

0 0 O

0 0 0 00O OO O O O0 O

1

0 0 0 O

0 0 00 0 0 OO0 00O

1

0 0 0 0 0 0 0 0 O

1

0 0 0 0 0 0 0 O

0 0 0 0 O

1 0 0 0 OO0 0O

0 0 0 0 0 O

0 0 0 0 0 O
1
0 0 0 0 0 O

1

1
0 0 0 0 0 O

1

0 0 0 0 0 O
0 0 O

1
0

0 0 0 0 O
1
0 0 0 0 0 O

1

0 0 0 O

1

0 0 O

1

0
1

0 0 0 0 0 O

1

0 0 0 O

0 0 0 0 0 O

0 0 0 0 O

1

0o 0 0 0 0 0 0 0 O 0 o0 0O

With ¢ sufficiently big (which is the case in the paper) the form of the EH restrictions

is not affected and this specification is equivalent to the preceding one.
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Now it is possible to invert the restriction matrix and to get an explicit prior for

OAFH-:

)

!/

o

o

o

o

o

N/

~

—

- o
T

g o
A

- o
o

= o
3

— o
2,

N 0

T o
S

3 o

Il

T

S

N

1ur

=

=H.

Cp o

where

1 1—1
YorH,Hy

2

= H

EOZEHO

o+46

o+46

o+

o+46

o+9

o+ 0

0

So the RVAR can be written as:

=Zagg +¢
apg ~ N(aEH07 ZOtEHo)

Y
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The prior correlation matrix of the coefficients is:

1 0 0 0 0 0o 0 =& 0 0 0 0 0 0
0 1 0 0 0 o 0o 0o =& o0 0 0 0o 0
0 0 1 0 0 0 0 0 o =£ 0 0 0o o0
0 0 0 1 0 0 0 0 0 0o =L o0 0 0
0 0 0 0 1 0 0 0 0 0 0 =Z 0 0
0 0 0 0 0 1 0 0 0 0 0 0o =Z o
0 0 0 0 0 0 1 0 0 0 0 0 0o 0
=% 0 0 0 0 o o0 1 0 0 0 0 0o 0
o =£ 0 0 0 0 0 0 1 0 0 0 0o 0
0 0o =& o 0 0 0 0 0 1 0 0 0 0
0 0 o =£ 0 0 0 0 0 0 1 0 0o o0
0 0 0 0 =Z 0 0 0 0 0 0 1 0o 0
0 0 0 0 0 =Z 0 0 0 0 0 0 10
0 0 0 0 0 0 0 0 0 0 0 0 0o 1

As 0 — oo this matrix converges to the correlation matrix of the UVAR (i.e. the
identity matrix), while as o — 0 it converges to the correlation matrix of the VAR under
the exact EH restrictions.

To estimate the VAR define:

—VEHt = QEH — QEH, ™ N (0, ZchHo) g
agH, = apH+VEHt VEHE~ N (0,X0,,,)
then plug in:
YEH = ZEHQEH +EEH,
v EEH EEH
G G, P e
Art {IM X " ()](\'4 1):| U1t
St - P x apg + gy )
MTx M(pM~+1) MM )1
AEHo [IM(pMH)} VEH¢t
(MT+M (pM+1))x1 (MT+M(pM~+1))x M(pM~+1) (MT4M(pM+1))x1

Q= [X, ® I7] 0
egg ~ N O,QEH: MTxMT
0 ECVEHO
(MT+M(pM+1))x(MT+M (pM+1))
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The same procedure is applied to the competing model. The UVAR is:

Define:

then plug in:

YUV AR
YUV AR
A'I’t
Sy
aO
(MTH+M(pM+1))x1

EUVAR

y==a-+¢
an~ N(a, = 14(11,20 = 0114)

v = a—a,~N(0,%,) =
a, = a+v, v~N(0,%,),

EUVARQ + EUV AR,
ZUVAR

o
Tx(pM+1)

* (67
AfTXAiQmJ+1) Af@AI+UX1

a1y
(MT+M (pM+1))x M (pM+1)

N |0,Quvar = MTxMT
0

EUVAR
N

Uit
U2t

v
(MT+M(pM+1))x1

0

Yo

(MT+M(pM+1))x (MT+M(pM+1))
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C. Posterior densities, marginal likelihoods, Bayes factor

Here we compute the posterior and the marginal likelihood of the vector of coefficients
a. Results apply to both the models at hand (RV AR and UV AR).

) =
—— N f—fa
A
[ rt] = [IM®X]*O£+ ult],
Sy Txk Mkx1 Uy
MTx1 MTxMk MTx1
a ~ N(apg,Xq),
kx1 kxk
e ~ N(0,9), Q= [Z, Ir].
MTxMT

where M = 2 is the number of equations, p = 3 is the number of lags included, k& =
pM + 1 is the number of regressors and T is the sample size. Here og and X, can be
both the UVAR and the RVAR prior moments. In compact notation:

Yy ==z=a-+e.
The prior density is:
pa) = (2m) M2 |50, |72 exp {=1/2(a — a0) S5} (@ — a0) }
the likelihood is®:
p(yla) = (2m) M2 Q7 exp {=1/2(y — Ea) Q7 (y — Ea)}
a posterior density kernel is:

pyla)p(e) = (2m) MTHH/2|q /2|5, |71/

o {_1 | -E0y-2a) ]}

+(a — ao)’E;Ol(a — )

Snotice that: [Q7Y2 = |2, @ Ip| Y2 = (|Zu|” [Ir|M) V2 = |8, T/2.
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Now define’:
1

i

Ya

[Sod +E'Q7'E]
o= g * [Z;Olag + E'Q_ly] .

Using the above definitions and completing the square yields:

(y—Za)Q Hy — Za) + (a — ag) Sy (@ — ag)
= Oy —yQ 20— FO Y+ 'Z0 12

/N — INV— INV— IS —
+a anla — o anlag — anla + o anlao

= YO ly—[YO'E+ 'S, Ja— [EQ7y + 5 a]
+d[E'Q7 2 + 2;01]04 + aolEgolag

=y Q 'y —[27'a)a - d[S7a] + o/ [237 o+ ad' S5 ao
_ 0=l _ ~ry—1 Iy—1= ry—1 ry—1
=y Q y—ad; a-aXy atalya+ay X, ap.

This can be rewritten as®:

(y—Za)Q  (y — Za) + (o — a0) Sy (@0 — )

@Q

= yQly—a'Sla+ (@— )37 (a - a) + 'S, ao,

"Notice that:

1

Yo = [ +EQ7E T =20, + (In ® X) (Zu @ Ir)(In ® X))
= [Say + IuSulu @ X'IrX] ™ = [So) +u @ X'X]

)

a Sa * [Sapa0 + E'Q7y] = Ta * [S55a0 + (I ® X)' (S0 © I7)y]
= Ya*[Saga0+ (IySe @ X'Ir)y] = Sa * [Sag a0 + (Su ® X')y] .
8Since:
dTila = (~a+a-a)Si'(~a+a-a) =(a-a)Ti'(a-a)
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so a posterior density kernel can be also written as follows:

plyla)p(e) = (2m) MITTR/2 Q712 |5, |71/

oxo {_1 P (a - a)S;' (@ o) ] }

y'Q 1y — 5/25154 + Ozo'Z];Olozo
_ (271_)—M(T+k)/2 |Q|71/2 |Ea0|71/2

exp {~1/2[(a — a)S3N (@ - a) + Ql},

where:
Q — y/Q_ly — @/251@ —+ (XOIZ;OlOéo.

Forgetting constants:
p(yla)p(a) < exp {~1/2[(a — )23 (@ — )]} = plaly) ~ N(a, Xa),

which shows that &, Y5 are the moments of the posterior. The posterior properly nor-

malized density is:
plaly) = 2m) M2 |55 exp {~1/2(a - o) 55" (6~ @)}

The marginal likelihood is given by integral over the M x k dimensional space of the

product of the properly normalized prior and data densities:

mi= [ :’° / :°p<y|a>p<a> dardeo = [ polalplada

RMk

we have that:

y'Qfly —a¥ta—d'Sta+ [a/Egla] + ao'Z;Olao

= y'Qfly —ay¥ta—d'Srta+ (a— a)'Egl(Ey —a)
+a'Yi'a—(@—a)Si'a—-a'v:' (@ — @) +ao'Sa a0

= YO ly-aSila+(@-o)]-[(@-a) +d]5:"a
+Ha—-a)Ei'(@—a)+a'S3'a+a'S,, a0

= yoQly-arila-avila+ (@—a)Sii(@—a)+a'Si e+ a' o, a0

= JQly—-asla+ (a— a)'Egl(d —a)+ ozo'E;Olao.

} + 040/2(;01060
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—Za)Q Ny -2
_ / (2m)MAH)/2 1912 53 (V2 d 1 /2 (y — Ea) 1(1/ )+
oMk (= ap)' 5, (@ — ag)]

}da

= [ T s 2
RME
exp {~1/2[(@ - a)'S3}(@ - a) + @]} da
_ (27T)—M(T+k)/2 |Q|71/2 |Ea0|71/2 exp{—Q/Q}
exp/ {-1/2[(a - a)'S3'(a — @)]} da.
RME

Notice it is important that the properly normalized prior and properly normalized like-
lihood, and not arbitrary kernels of these densities, be used in forming the marginal
likelihood.

Now recognize a posterior kernel in the above expression and exploit the fact that

the posterior properly normalized density integrates to one:

+oo +0oo
/ / p(aly) dog...dopy, = / plaly)da =1=
PSS o0 RME

1 = / (2m) M2 25" 2 exp {~1/2(a — @) 231 (@ — @)} da
RME

1
(2m)=MH/2 |2 |72

_ /exp{_1/2 (@—a) S5 (@—a)}.

The marginal likelihood is thus:

[ poiapieda = @ry o Bl o g0y

Xal

where:
1, ry—1s ~1
Q=yQly—a'Si'a+alS, a

From this it is immediate to derive the Bayes factor of the RVAR against the UVAR:

priorRVAR 71/2
«

’EpostRVAR| { QUVAR _
«

BF = exp 5

QRVAR }

priorUVAR
Ea

‘ZgostUVAR’
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D. VAR Augmentation
Our VAR becomes:

Ary = k1 4+ a(L)Ary—q1 + b(L)Si—1 + Y (L)m—1 + @(L)yi—1 + ue,
St = ko + C(L)ATt_l + d(L)St_l + p(L)ﬂt_l + X(L)yt_l -+ U9t.

Stack the VAR as:

i Ar, ] i Ky i i ar az as b1 b bz Py Yy Y3 @1 @y o3 17 Aryy i
Ary_q 0 1 0 0 0 o0 0 ©O 0 0 0 0 0 Ary_g
Ary_s. 0 0 1 0 0 0 0 O 0 0 0 0 0 Ary_3.

S ko c1 ¢ cs di dy ds py py p3 Xi Xo  Xs Si—1
Si_1 0 o 0o O 1 o0 0 O 0 0 0 0 Si_o
Si—2 0 o o o0 o0 1 o0 O 0 0 0 0 0 Si—3
= + +
Ty ks er e es fi fo fs g1 g2 g3 mn1 n2 ng Te—1
Ty—1 0 o o0 o0 0 0 o0 1 0 0 0 0 Ty—2
Ti—2 0 o o o0 O0o o0 o0 O 1 0 0 0 0 Ty—3
Yt ka hi he hsy 41 d2 i3 UL Il I3 mi ma mg Ye—1
Yt—1 0 o 0o O O o0 0 o 0 o 1 0 0 Yi—o
L Yi—2 | L 0 | L 0O 0O 0O 0 0 0 O 0 0 0 1 0 | L wyi—s |

More succinctly:
2zt = C+ Azi_q + v

Repeating the same steps of appendix A we get:
T
gl _ Z,Yzh/Az.
i=1

For T going to infinity, since also this augmented VAR is cointegrated, this converges
to:
g/ — h/’yA(I—’yA)fl.
T—o0
Postmultiplying provides a set of linear restrictions:
1

(=1 — A) = WA,
9(7 )
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ie:

1/vy—a1 —a2 —as —by —by —bs -, =, =y —¥1 —P2 —¥3
1 /v 0 0 0 0 0 0 0 0 0 0
0 1 1)y 0 0 0 0 0 0 0 0 0
—C1 —c2 —c3 1/y—di —dy —ds —P1 —P2  —P3 —X1 —X2 —X3
0 0 o 1 /v 0 0 0 0 0 0 0
, 0 0 o 0 1 1)y 0 0 0 0 0 0
I —e1 —ey —e3 —f1 —fo —fs 1/v—g1 —g2 —gs —n1 —n2  —Mng
0 0 o0 0 0 0 -1 /v 0 0 0 0
0 0 o0 0 0 0 0 1 1/y 0 0 0
—hy —hy —hs —iy —iy  —i3 —lq —ls  —=lz 1/y—mi —-m2 -—ms3
0 0 o0 0 0 0 0 0 —o -1 /v 0
0 0 o0 0 0 0 0 0 0 0 1 1)y
ap az az by by by Py Py Y3 o1 w3 3
1 0 0 0 O 0 0 O 0 0 0
0 1 o 0 O O o0 o0 0 0 0
c1 ¢ cg di dy d3 py py p3s X1 X2 X3
0 O 1 0 0 O O O 0 0 0
_ 0O 0 0 o0 1 0O 0 0 0 0 0
e1r e2 e3 fi fo f3 g1 g2 g3 ma m2 n3
o 0o 0 0 o O 1 o0 O 0 0 0
o 0 O O o o0 o 1 0 0 0 0
hi he hz i1 12 i3 Iy lo I3 m1 mz mg
o 0o o o0 o0 o o0 o 0] 1 0 0
(000 00000 0 0 0 1 0|

So the EH imposes the following constraints on the individual coefficients of the
VAR:

[—01 —ca —c3 1l/y—di —dy —d3 —p; —py —p3 —X1 —X2 —X3

[al az az by by b3 Yy Py Y3 @1 o @3]-
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Figure 1: Marginal Likelihood of the Restricted VAR as a function of the EH prior
tightness o
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Figure 2: Prior and posterior distributions for the VAR coefficients under the Expecta-
tions Hypothesis prior (Restricted VAR) and under the loose prior (Unrestricted VAR)
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Figure 4: Bayes factor and twice its natural logarithm for the EH-restricted versus the
unrestricted VAR, as a function of the EH prior tightness o.The y axis in panel A and
the x axis is in panel B are in base 10 logarithmic scale.
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Figure 5: Robustness to alternative values of the variance of unrestricted coefficients 9.
Bayes factor (twice its natural logarithm) for the EH-restricted versus the unrestricted
VAR, as a function of the EH prior tightness o. The x axis is in base 10 logarithmic

scale.
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Figure 6: Bayes factor and twice its natural logarithm for the EH-restricted versus the
unrestricted VAR, as a function of the EH prior tightness ¢.The y axis in panel A and
the x axis is in panel B are in base 10 logarithmic scale.
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Figure 7: Robustness through time. Bayes factor (twice its natural logarithm) for the
EH-restricted versus the unrestricted VAR as a function of time. The EH prior tightness
is fixed at its estimated value o = 0.13
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Figure 8: Twice the natural logarithm of likelihood ratios for the EH-restricted versus
the unrestricted VAR, as a function of the EH prior tightness . The x axis is in base
10 logarithmic scale.
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Figure 9: Economic test of the Expectations Hypothesis. The distribution of the theoret-
ical, EH-consistent long term rate R;",T is obtained by a recursive estimation/projection
scheme, such that at each point in time only the available information is used to estimate
the VAR and then to project it forward.The procedure works as follows: i) The first es-
timation is performed over the sample 1966:1 1970:12. All the subsequent estimations
are performed over the sample 1966:1 1970:12+¢ where ¢ is the number of iterations
already executed. ii) Using the posterior of the coefficients obtained at point i) the VAR
is projected forward and posterior of the variables Eyryy; and R;T are obtained . iii)
Then we move forward one period, adding one data point to the estimation window, and
go back to point i).
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Figure 10: Forecast accuracy evaluation. Excess of Absolute Forecast Errors of the
UVAR with respect to the EH. Rolling (5 year window) estimates with 2 HAC standard
errors bounds of the parameter « in the following regression equation: AFFEj, ;v ar —
AFEp g = o+ ug, where h is the number of step-ahead.
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Figure 11: Forecast accuracy evaluation.
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Figure 12: Forecast accuracy evaluation. Rolling (5-year window) Giacomini and White
(2004) test statistic for the null of equal conditional predictive accuracy of the UVAR and
the EH. The statistic is computed both for the MAFE (solid) and the MSFE (dotted)
loss function. If the statistic is above the critical value, the null of equal accuracy can

be rejected.
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