                                Money Velocity with Interest Rate Stochastic Volatility and Exact Aggregation

1

William A. Barnett

Department of Economics

Washington University in St.Louis

One Brookings Drive

St.Louis, MO 63130

Haiyang Xu

Department of Economics

Washington University in St.Louis

One Brookings Drive

St.Louis, MO 63130

March 1998

1
    This research was partially supported by NSF grant SES 9223557.

                                                                     Money Velocity with Interest Rate Stochastic Volatility and Exact Aggregation

Abstract

                    The determinants of money velocity are theoretically explored under various assumptions of interest
rate uncertainty in a monetary general equilibrium model. Money is introduced by putting monetary
services in the utility function. Monetary  assets pay interest. When interest rates are uncertain, it is
found that the degree of risk aversion in consumers’ preferences and the risk in the return rates of the
benchmark asset affect both the intercept and slope of the money velocity function, while the risk in
return rates of monetary assets only affects the intercept of the money velocity function. The traditional
money velocity function would become unstable if covariances change over time between interest rates
and consumption growth rate or between interest rates and real money growth rate. We simulate the
model developed in this paper and  find that the coefficients of the money velocity function are volatile.

The Swamy and Tinsley (1980) random coefficient model is then estimated with money velocity data to
compare the results with those from model simulation. It is found that the estimated stochastic slope
coefficient of the velocity function behaves in a manner that is approximately consistent with the
simulation results.

1. Introduction

                    Explanations for the behaviour of money velocity go back to as early as the se venteenth century (see

Humphrey (1993) for a review). But  instability of the money velocity function since the late 1970’s in

the U.S. has called for a reexamination of the traditional views. See, e.g., Stone and Thornton (1987).

One line of research focuses on the correct measurement of money and challenges the traditional

practice of ignoring the aggregation problem in monetary economics research and policy design.

2
 For

example, Barnett et al  (1984) found that the coefficients in a conventional demand -fo r -money equation

using Divisia monetary aggregation are more stable than those in the same equation with simple sum

monetary aggregation on quarterly data from  1959:1 to 1982:4. Another line of research focuses on the

effects of institutional change on money velocity. See, e.g., Bordo and Jonung (1981, 1987, and 1989).

Another hypothesis, proposed by Friedman (1983), attributes the several substantial declines of M1

velocity since 1981 to the increased money  growth variability following the change of Federal Reserve

operating procedures in October 1979. However, empirical tests of this variability hypothesis have not

provided uniform evidence.

3
 More recently, some research has investigated whether the observed

variability of money velocity can be explained in monetary general equilibrium models since Lucas

(1978), Svensson (1985), and Lucas and Nancy (1987). With the cash -in -advance specification,

simulation results for money velocity in general equilibrium models have been generally disappointed.

See, e.g., Hordrick et al  (1991) and Giovannini and Labadie (1991).

4

                    In this paper we explore the determinants of money velocity and the causes of the instability of a

traditional money velocity function in a monetary general equilibrium  model. One difference between

our model and the previous ones in the monetary economics literature is that monetary assets in our

model pay interest. Another feature of our model is that the principles of monetary aggregation theory

are imposed. When nominal interest rates are certain, it is found that Barnett’s (1978) user cost of

monetary assets is the relevant determinant of money velocity. Under risk aversion, Barnett and Liu’s

(1994) generalized user cost of monetary assets is the determinant of money velocity. We find that the

               2
                   For the measurement of money, see Barnett (1980, 1987), Barnett et al  (1991), Belongia (1996), and

Serletis (1995).

               3
                  See Belongia (1985), Fisher and Serletis (1989), Hall and Noble (1987), Mehra (1989), and Thornton

(1995) for empirical evidence of the variability hypothesis.

               4
                  Hordrick et al  (1991) and Giovannini and Labadie (1991) find an almost -constant money velocity in

their simulation results. A constant velocity level is apparently counterfactual. It is, however, frequently

assumed in a traditional quantity theory of money. Recently, a constant growth rate of velocity has been

assumed in testing the quantity theory by Bullard  (1994).

uncertainty of nominal interest rates and the degree of risk aversion play an important role in
determining the stability of the money velocity function. If the covariances change between interest
rates and the consumption growth rate, or between interest rates and the real money growth rate, the
model predicts that money velocity will shift. Hence the coefficients of a money velocity function may
change, if time -varying risk is present, as for example generated by an ARCH type process.
5

 In fact,
anything that causes covariances to change between interest rates and the consumption growth rate or
between interest rates and the real money growth rate will contribute to a shift of the money velocity
function.  These causes could include financial innovations or money growth variability,
6

 as previously
investigated in the literature. In this sense, our study provides a general and coherent theoretical
explanation for the instability of money velocity and nests many earlier explanations as special cases.

We simulate the process of the slope coefficient of a simple traditional money velocity function based
on U.S. quarterly data from 1960.1 to 1992.4, and find that the theoretical model generates a volatile
slope coefficient when the degree of risk aversion in the model is moderately high, especially during the

1973 -1976 and 1979 -1982 periods. The Swamy and Tinsley (1980) random coefficient model for
money velocity is estimated to compare the behaviour of the estimated stochastic coefficients with the
simulated coefficients from the theoretical model. The estimated stochastic slope coefficient behaves in
a manner that is approximately consistent with the simulation results.

                    The remainder of this paper is organized as follows. Section 2 develops a monetary gener al
equilibrium model in which monetary assets provide monetary services as well as interest income.

Section 3 derives the theoretical results for money velocity under the assumption that nominal interest
rates are known. It is shown that Latane’s equation (Latane (1954)) is a special case of the model
developed in this paper. Section 4 generalises the result when the assumption of certain nominal interest
rates is relaxed. The effect of risk aversion and interest rate uncertainty is investigated. Section 5
presents the results from model simulation and from estimation of a random coefficient model. The last
section provides concluding remarks.

2. Assumptions and Theoretical Specifications

                    In this section we outline an infinite -horizon, representative -agent model with a set of monetary
assets which pay interest. Suppose that there exist k  monetary assets. Monetary asset i  pays nominal

               5

                  Time -varying coefficient models of money velocity are increasingly used in the literature. See, e.g.,

Dueker (1993 and 1995).

               6

                  For the effect of financial innovation on the economy, see recent work by Thornton (1994).

return rate R

                                                                               it

                                                                                    at the end of time period t . Money supply is assumed to be exogenous and serves as a

moving endowment point in the consumer’s budget constraint. There exists one nominal bond with

holding period yield R

t

, which is also paid at the end of period t . We assume that

R

t

³

 max {R

it

, i  = 1,...,  k }   for all t .

This assumption says that monetary assets are dominated in holding period returns by the nominal bond,

which is assumed to yield no monetary services. The price for the bond in period t  is P

bt

. There exists

one equity asset, which is the exogenous endowment asset and yields resource flow d

t

 > 0. The price of

one unit of the equity is P

st

, and dividend d

t

 per unit is paid before the share is sold. The only

consumption good is the resource flow d

t

 which is perishable. The price of that consumption good is P

 t

in period t . There are finitely many identical consumers with utility function U(c

t

, m

t

), which is

continuous, increasing, and concave in all of its arguments, where c

t

 is the demand for consumption

goods, and  m

                                                                                     t

                                                                                        = (m

                                                                                                                        1t

, m

2t

, ..., m

kt

) is a vector of real monetary assets held during period t .

                    The exogenous  supply of monetary asset i  in period t  is X

it

, and let

i = 1
k

it t

X = X
å

1  be the simple sum

aggregate of money supply. The representative consumer is assumed to maximize the infinite lifetime

expected utility:

where
                                         b

                                                     Î

                                                                 (0,1) is the subjective rate of time discount and E

t

 is the expectation operator, conditional on

information at time period t . The budget constraint in each period is:

          P

                                             t

                                                c

                                                         t

                                                            + P

                                                                                    st

                                                                                        s

                                                                                              t

                                                                                                 + P

                                                                                                                        bt

 b

t

 + P

t

S
m

it

£

 s

t -1

(d

t

P

t

+P

st

)+ P

b,t -1
b

t -1

(1 + R

t -1

)

               +
                                                                   S

                                                                            m

                                                                                        i,t -1

                                                                                                    (1+R

i,t -1

)P

t -1

 +
S

 [X

it

 - (1+R

it -1

)X

i,t -1

],                                  (2)

where s

                                                t

                                                   is the quantity of equity, b

 t

 is the quantity of bonds held during time period t, and
S

 is the

summation from i  = 1 to k . The last term of the budget constraint is different from that in a traditional

model.

                                         7
                                              Since we assume that monetary assets pay interest, the supply of money must be adjusted for it.

               7
                  Regarding the traditional budget constraint, which here is only slightly modified, see Giovannini and

Labadie (1991, eqs. (3) and (12)) and Hodrick, K. Lakota, and Lucas (1991, eq. (4)).

t

t = 0
t

t t

E U( c , )

¥

å
b

m (1)

                    Money is introduced through the money -in -util ity -function approach in this model. In this approach,
the utility function must be viewed as the derived utility function that exists if money has positive value
in equilibrium.
                                                                                           8

                                                                                                Alternatively, in a cash -in -advance model, it is difficult to justify the existence of a
variety of monetary assets which pay different interest rates. In all the cash -in -advance models in the
literature, there can exist only one monetary asset in the equilibrium of an economy.

                    Since monetary assets are dominated or stochasticall y dominated in returns by the nominal bond, a
rational economic agent will not hold monetary assets if monetary assets do not yield monetary services.

However, we cannot nest the simple sum monetary aggregator  function in the utility function unless all
the monetary assets are perfect substitutes for each other (see Barnett, 1987). To reduce the dimension
of the vector of monetary assets to an aggregate index of ‘‘money,’’ we need to assume that the utility
function U(c

                                                                             t

                                                                               , m

                                                                                                   t

                                                                                                     ) is weakly separable in monetary assets and can be written as F(c
t

, f( m
t

)), where f( m
t

)
is a linearly homogenous subutility function.
9

  Under this assumption, it can be proved that the Divisia
monetary aggregate can track the theoretical function f( m
t

) exactly in continuous time or up to a third
order remainder term in discrete time, if nominal yields R
t

 and R
it

 are known at the beginning of the time
period.
                                          10

                                                   If the agent is risk averse and nominal yields R
t

 and R
it

 are not known exactly to the agent at the
beginning of time interval t , the Divisia aggregate’s tracking ability is somewhat compromised. For the
purpose of this paper, we first assume that R
t

 and R
it

 are known to  consumers at the beginning of time
interval t , and in Section 4 we will relax this assumption.

                    Let m

                                                        t

                                                          be the value of the exact monetary aggregate over its components m
it

, i  = 1, 2, ..., k , so that m
t

= f( m

                                   t

                                     ). The utility function U(c
t

, m
t

) consequently can be  written as F(c
t

, m
t

). In order to deal with the
first order conditions in terms of the quantity aggregate rather than each individual monetary assets, we
have  to transform the budget constraint to replace the vector of monetary assets m
t

 with the exact
monetary aggregate m
t

. To do this, let
p
t

 be the exact money price aggregate (or user cost aggregate)
dual to m

                                                         t

                                                           , and let

                                                                                                               p

                                                                                                                       it

 be the user cost of monetary asset i  = 1, 2, ..., k  in period t . It can be shown that the
exact aggregation -theoretic price aggregator function is the unit cost function. See Barnett (1987).

According to Fisher’s factor reversal test, expenditure on the aggregate must equal expenditure on the
components, so that
p
t

 must satisfy

               8

                   See Blanchard and Fischer (1989, p192), Arrow and Hahn (1971), and Feenstra (1986).

               9

                   For a discussion of macroeconomic dimension reduction, see Barnett (1994).

               10

                      For the microeconomic theory of monetary aggregation, see Barnett (1987).

i = 1

k
it it t t

m  =  m

å p p

(3)

where

as derived in Barnett (1978). We define R

mt

 such that

Note that R

                                                                        mt

                                                                                 can be interpreted as the aggregate rate of return dual to the exact monetary aggregate.

Dividing equation (5) by (1+R

t

) and adding the resulting equation to equation (3), we have

Let M

                                        t

                                          n
                                               be the nominal supply -side exact monetary aggregate. We assume that the monetary asset

markets are in equilibrium when M

t
n
 = m

t

P

t

, where m

t

P

t

 is the nominal demand side exact monetary

aggregate.

                                                              11
                                                                        Under these assumptions the budget constraint can be written as

The representative agent chooses controls u

t

 = (c

t

, m

t

, s

t

, b

t

) for t
³

 1 to maximize expected lifetime

utility

subject to constraint (7) with given m

0

 and d

0

. We have the exact monetary aggregate in both the utility

function and budget constraint, and the macroeconomic ‘dimension reduction’ is completely consistent

with the microeconomic theory of monetary aggregation.

               11
                      Actually there is a possible regulatory wedge between the supply and demand side aggregator

functions, when required reserves pay no interest and thereby produce an implicit tax on the supply side.

For more discussion on this issue, see Barnett (1987), who provides the formulas for both the demand

and supply side exact monetary aggregator functions.

it
t it

t

=

R - R

1 + R
p

(4)

i = 1
k

it it mt t

(1 + R ) m = (1 + R ) m
å

(5)

i= 1
k

it t
mt

t
t
m = ( +

1 + R

1 + R

) m
å p

(6)

                                                                 t t st t t bt t
mt

t
t - 1 t t st t - 1 m, t - 1 t - 1

t - 1 t - 1 b, t - 1 t
n

t
mt

t
t - 1
n

m, t - 1

                                                      P c + P s + b P ( +

1 + R

1 + R

) s ( d P + P ) + P (1 + R ) m +

                                                                                                                       b (1 + R ) P + M ( +

1 + R

1 + R

) - M (1 + R )
p

p

£

( 3 )

t

t = 0
t

t t

E F( c , m )

¥

å
b

where

= (R
t

 - R
smt

)(1+R
t

)
-1
with
and

Observe that

                                                                                  P

                                                                                              t

                                                                                                 is a weighted average of the user costs
p
it

, which are the opportunity costs of holding
monetary assets instead of the bond. The results of equations (15) and (16) both say that money velocity
is a function of the user costs {
p
it

, i  = 1, 2, ..., k }. If we define velocity in the tradition way (V
t

), then the
corresponding determinant should be a weighted average of the user costs
p
it

, with the weights being
ratios of the X

                                                                                          it

                                                                                               to the simple sum aggregate X
t

 =

S
i=1,k

 X
it

. If alternatively  we define money velocity
relative to the theoretic  exact monetary aggregate, then the relevant determinant is the user cost
aggregate

                                                              p

                                                                       t

                                                                          dual to the exact monetary quantity aggregate. Both velocity functions have the same form
with the key elements being the user costs of monetary assets. The equivalence of the forms of the two
velocity functions (15) and (16) depends upon  our specification of the  utility function.

                    Note that if all monetary assets yield no interest so that R
it

 = 0 for all i , then
p
t

 =

P
t

 = R
t

/(1+R
t

), as in

Boyle (1990) and LeRoy (1984). In this special case, the inverse of money velocity is a linear function
of the inverse of interest rates:

This equation was first estimated by Latane (1954) without rigorous derivation  and reestimated by

t t

v =

s

1 - s

p

                              (15)
t
i = 1

k
it it
i = 1

k
it

=

X

X

P å
å

p
smt
i = 1

k
it it

R = R ,

å q
it

it
i = 1

k
it

=

X

X

.
q
å

1
v

=

s

1 - s

+

s

1 - s

1

R

.

t t

Christ (1993) for M1 velocity.

14
 According to this equation, variations in velocity are caused solely by

fluctuations in the benchmark interest rates R

t

. But when monetary assets themselves yield positive

interest rates R

                                                                                          it

                                                                                              , velocity could fluctuate even when the benchmark rate does not vary.

                    In short, money velocity is a variable rather than a constant in the model de veloped in this section.

The opportunity cost and the taste parameters determine the stochastic behaviour of money velocity.

Observe that, equations (15) or (16) have no intercepts and have constant slopes. These implications

conflict with many published results. In the next section when interest rates uncertainty is introduced,

we show that the intercept becomes nonzero, and the slope may be time -varying, if time -varying risk is

present.

4. Money Velocity With Nominal Interest Risk

                    In this section the a ssumption that nominal interest rates are known is relaxed, and we keep the

assumption that the economic agents are risk averse. We focus on the question of whether the model can

explain the instability of money velocity reported in the literature through interest rate uncertainty.

                    We start with the monetary aggregation problem. In the previous section, the exact monetary

quantity aggregator function  m

t

 = f( m

t

) can be tracked very accurately by the Divisia monetary

aggregate, m

                                                                                t

                                                                                  d
                                                                                      , since that tracking ability is known under perfect certainty. However, when nominal

interest rates are uncertain, the Divisia monetary aggregate’s tracking ability is somewhat compromised.

That compromise is eliminated by using the extended  Divisia monetary aggregate derived by Barnett

and Liu (1994) under risk. Let m

t

G
 denote the extended Divisia monetary aggregate over the monetary

assets. The only difference between m

t

G
 and m

t
d
 is the user cost formula used to compute the prices in

the Divisia index formula.

                    Let
                                            p

                                                    it

                                                        G
                                                               denote the generalized user cost of monetary asset i . Barnett and Liu (1994, eq. (5.6) ) prove

that

where

and

               14
                      Also see Dickey (1993) and Laidler (1993) for a discussion.

it

G

it
e

it

= +
p p
j

it
e
t t it

t t

=

E ( R - R )

E (1 + R )
p

and where

Barnett and Liu (1994) show that
p
it

 determine the risk premia in interest rates. Note that
p
it

G

 reduces to
equation (4) under perfect certainty.

                    We define the aggregate generalized user cost
p
t

G

 dual to m
t

G

 by Fisher’s factor reversal test:

and let
be the weighted average of the individual generalized user costs of monetary assets. We have the
following proposition:

                    Proposition:  When nominal interest rates (R
t

, R
it

) are not known with certainty at the beginning of
period t, an equation analogous to equation (13) still holds, and money  velocity is a function of the
aggregate generalized user cost, which equals the marginal rate of substitution between consumption
goods and monetary services, so that

Proof: see Appendix I.

                    Equation (17) can also be proved from  the maximization problem without prior aggregation over
monetary assets. See Appendix II. Equation (18) and (19) are analogous to equations (15) and (16)
respectively, although in equation (18) and (19), the generalized user cost becomes the determinant of
money velocity.

it

t it
t t

t
t + 1

T

it
t + 1
t

=

E (1 + R )

E (1 + R )

Cov( R ,

T

C

)

T

C

-

Cov( R ,

T

C

)

T

C

,
j

¶

¶

¶

¶

¶

¶

¶

¶

T = E F( c , m ).

t
t = 0

t
t t

G

¥
å b
i = 1

k
it

G
it t

G
t

G
m = m ,
å p p
t

G
i = 1

k
it

G
it

G
i = 1

k
it

=

X

X

P å
å

p
mt
ct

t

G

F

F

=
p

(17)
t t

G
v =

s

1 - s

p

(18)
t t

G

V =

s

1 - s

P

(19)

                    We can simplify the generalized user cost
p

it

G
 to get a more intuitive equation for money velocity V

t

.

Dropping the remainder term of a second order Taylor series approximation to T, we have the

approximation:

where |

                                            t

                                               denotes function values evaluated at the point (c

t

, m

t

G
). Taking the covariance of the left hand

side with R

                                                                    t

                                                                      , we get from the right hand side that

Let k

                               1

                                    be defined such that

Then k

                                            1

                                                 is the discounted relative risk aversion parameter, which in  our specification is a constant.

Similarly,  define k

                                                                                                                    2

                                                                                                                        such that

Now assume that

and

are constants, so that the effect of R

t

 risk on the consumption of goods and monetary services is

time -invariant. Let

and

Then it follows that

and

where

and

are assumed to be time -invariant. It follows that

Let
                        q

                                2

                                    be the weighted average of the
q

2i

 such that

We find that

where

and

Note that if the covariances
s

ic

,
s

im

,
s

rc

, and
s

rm

 are time -varying, then a

0

 and a

1

 are also time -varying,

and equation (20) is a time -varying or random coefficient model. Hence, a time -varying coefficient

model of money velocity can be justified by the fact that interest rate uncertainty may change over time,

as for example from an ARCH process.

                    It is worthwhile to look at the effect of risk aversion and interest rate uncertainty on money velocity

                                                                                            ¶

                                                                                ¶

¶

¶

¶

¶

¶

¶ ¶

                                                                                                    T

                                                                                           C

=

T

c

| + (
c - c )(

T

c

| ) + (
m - m )(

T

c m

| )

                                                                                                       t + 1 t + 1
t
t + 1 t

2

t + 1

2
t t + 1

G

t

G

2

t + 1 t + 1
e
t

                                                             Cov( R ,

T

C

) = (

T

c

| )Cov(
R , c ) + (

T

c m

| )Cov(
R , m ).

                                                                                                            t

t + 1

2

t + 1

2
t
t t + 1

2

t + 1 t + 1
e
t
t t + 1

G

¶

                                                                                                                        ¶

¶

¶

¶

¶ ¶

1 t

2

t + 1

2
t

t
k = (- c

T

C

| ) / (

T

c

)

= (1 - s - s ).

¶

¶

¶

¶

b f

2 t
e

2

t + 1 t + 1
e
t

t
k = ( m

T

C M

| ) / (

T

c

)

= (1 - s)(1 - ).

¶

¶ ¶

¶

¶

b f
rc t t + 1 t

= Cov( R , c / c )
s

rm t t + 1

G

t

G
= Cov( R , m / m )
s

1
t t + 1

t

=

Cov( R , T / c )

T / c
q

¶ ¶

¶ ¶

2i
it t + 1

t

=

Cov( R , T / c )

T / c
q

¶ ¶

¶ ¶

1 2 rm 1 rc

= k - k
q s s

2i 2 im 1 ic

= k - k ,
q s s

im it t + 1

G

t

G
= cov( R , m / m )
s

ic it t + 1 t

= cov( R , c / c )
s

it

G

it
e

it
e

1 2i

1 it
e

1 2i

= + (1 - ) -

= (1 - ) + ( - ).

p p p q q

q p q q

2

i = 1
k

2i it

i = 1
k

it

=

X

X

.

q
q

å

å

t 0 1 t
e

V = a + a ,

P
(20)

0 1 2

1 1
a =
s

1 - s

( - ),

a =
s

1 - s

(1 - ),
q q

q
t
e

i = 1
k

it
e

it

i = 1
k

it

=

X

X

.

P
å

å
p

in more detail. Note that under our assumptions about the parameters of the model,  we have k

1

 > 0.

Also note that  k

                                                                                                   2

                                                                                                        > 0,  if
f
 < 1 k

2

 < 0, if
f
 > 1. For expositional purpose, we call
f
 < 1 low risk aversion
and

                         f
                                  > 1 high risk aversion.

                    In the low risk aversion case, if
s
rm

 < 0, then the larger the value of |
s
rm

|, the larger the value of a

1

,
and the smaller the value of a

0

. The net effect of an increase of |
s
rm

| in this case is to reduce the money
velocity, since

                                                                                              P

                                                                                                          t

                                                                                                            e

                                                                                                                < 1 and the  magnitude of the decrease of the intercept is larger than that of the
increase of a

                                                                              1

                                                                                       P

                                                                                                   t

                                                                                                     e

                                                                                                        . Therefore, if increased money growth variability raises the value of |
s
rm

|, and if the

|

   s

            im

                    | are not affected, then money velocity will decline. In the high risk aversion case, the results are just
the opposite. An increase of |
s
rm

| will lead to higher money velocity. It follows that Friedman’s (1983)
hypothesis that the increased money growth variability causes money velocity to decline can be justified
in our model by either (1)
f
 < 1 and
s
rm

 < 0 or (2)
f
 > 1 and
s
rm

 > 0. Also note that the magnitude of the
effect of money growth variability on money velocity depends upon other parameters of the model, such
as s .

                    But there remains the effect of uncertainty of the individual monetary  assets’ own rates of return.

Note that the covariances
s
im

 are not important in determining the magnitude of slope a

1

, though those
covariances are important in determining the value of the velocity function’s intercept. Therefore, a shift
in the values of the |
s
im

| will lead to a shift in the intercept of a money velocity function. If increased
money growth variability raises both  |
s
rm

| and |
s
im

|, and if
s
rm

 and
s
im

 have the same sign, then the effect
of the money growth variability on money velocity through
s
rm

 will be partially  offset. The complicated
nature of  the effect of money growth variability on money velocity may partially explain the
controversies in the empirical literature.

                    In short, if

                                                                                            f

                                                                                                         ¹
                                                                                                                   1, the money growth variability will affect money velocity, but the direction and
magnitude of the effect depend upon the degree of risk aversion and the correlation between interest
rates and real money growth. If all the covariances are zero, as would be the case under perfect
certainty, then (20) reduces to (16), as we would expect.

                    To further e xplore the economic interpretation of the coefficients in the money velocity function,
note that using the first order condition on the bond price
l
t

 =
b
 E
t

 [
l
t+1

(1+R
t

)],
the parameter

                                                                                      q

                                                                                              1

                                                                                                  can be written as
where E

                                                  t

                                                    [T

                                                                   c,t+1

                                                                                 /T

                                                                                               ct

                                                                                                    ] is the expected growth rate of the marginal utility of consumption goods. Therefore,

1 t t t

c, t + 1
ct

= 1 - E (1 + R ) E [

T

T

],
q

the slope coefficient of the money velocity function is

If we use E(R

                                                                                       t

                                                                                          - R

                                                                                                                  smt

) as the independent variable in the money velocity function, rather than the user

cost
                            P

                                        t

                                         e
                                             , we have

                                    V

t

 = a

0t

 + b

t

 E(R

t

 - R

smt

)                          (21)

where

The subscript t  in b

                                                                                                                       t

 and a

0t

 is used to indicate that the values of b

t

 and a

0t

 may not be time constant. In

our model, given the specification of the utility function, we have

From equation (22), it can be seen that the slope coefficient b

t

 depends upon both the growth rate of

consumption and the growth rate of real money stock. If the conditional expectation operator depends

upon the second or higher moments of the growth rate processes, the slope process b

t

 will depend on the

variabilities of both the consumption growth rate and the real money growth rate. If
f

 = 1, the expected

growth rate of the real money stock will not affect the coefficient b

t

, since in that case, the marginal

utility of consumption goods does not depend on the real money stock. This section provides a

theoretical avenue to examine the effects of money growth rate and consumption growth rate and their

variability on the stochastic behaviour of money velocity. It is shown in this section that the expected

real money growth rate or its variability will affect money velocity by shifting the coefficients of the

traditional money velocity function. The magnitude of this effect is also determined by other parameters

in the representative agent’s preferences, such as risk aversion. If the representative agent in this model

is risk neutral, the changes in money growth rate and its variability  will not affect the stability of the

money velocity function in equilibrium. On the other side, the higher the degree of risk aversion, the

larger the effect of real money growth rate and consumption growth rate and their variabilities on the

stability of the money velocity function.

5. Some Empirical Results

                    In this section, we first simulate the model using quarterly dat a over the period of 1960.1 to 1992.4

1 t t t
c, t + 1

ct
a =
s

1 - s

E (1 + R ) E [

T

T

].

1 t
c, t + 1

ct
b =
s

1 - s

E [

T

T

].

t t
t + 1

t
s(1 - ) - 1 t + 1

G

t

G

(1 - s)(1 - )

b =
s

1 - s

E [(
c

c

) (
m

m

) ].

b

f f

(22)

for some specifications of parameters to examine the stability of the coefficients in the traditional
money velocity function implied by our theoretical model. We then estimate a random coefficient
model of money velocity to examine the stability of the coefficients empirically. The random coefficient
model approach we follow is Swamy and Tinsley’s (1980). The results from both the empirical
estimation and the theoretical simulation are compared to see whether the empirical behaviour of the
money velocity can be explained by the model developed in this paper.

                    The data on monetary assets and their corresponding holding period yields were provided by the

Federal Reserve Bank of St. Louis. Output data are GNP. The inflation rate is the growth rate of the
price deflator for GNP. The benchmark asset return path is approximated by the upper envelope of the
three month Treasury bill rate path and the time paths of each individual monetary asset’s own rate of
return.

                                        15

                                                 The growth rate of consumption is replaced by the real GNP growth rate. With M1, which
includes no assets having highly risky rates of return, the regular Divisia monetary aggregate closely
tracks the generalized Divisia monetary aggregate. Hence we use ordinary Divisia M1 to measure the
theoretical monetary quantity aggregate.

                    To simulate the process b
t

  in equation (21), we first set
b
 = 0.99, s=0.972,  and
f
e
 {0.5, 2, 5}. The
three different values of
f
 are chosen to capture the influence of different degrees of risk aversion on the
stability of the coefficient b
t

. The parameter s  mainly affects the sample mean of b
t

.  We estimate a VAR

(vector autoregressive) model of real money and GNP growth rates using quarterly data from 1960.1 to

1992.4. The estimated VAR model is then used to estimate the conditional expectation

The simulated  b

                                                                                                        t

                                                                                                           process is plotted in Figure 1. From Figure 1 (Appendix III (1)), it can be seen that
when

                                    f
                                             = 0.5 (low risk aversion case), the simulated slope process b
t

 is almost constant. When the value
of

                 f
                          increases, the variability in b
t

 also increases. When
f
 = 5, the process b
t

 shows a lot of variability.

There are two periods during which b
t

 is extremely volatile. One is from 1972 to 1976 and the other is
from 1979 -1982. The latter period approximately corresponds with the episode of the ‘monetarist
experiment’ of the Federal Reserve System. The b
t

 process also shows some variability in the recent
years of 1991 -1992. These simulation results confirm the theoretical prediction that if the degree of risk
aversion is higher, the traditional money velocity function will be less stable.

               15

                      Even the upper envelope is too low, since the theoretical benchmark asset is completely illiquid and
therefore must have higher expected yield than the upper envelope over any expected yield-curve-
adjusted rates of return on monetary assets providing any monetary services.

t

t + 1
t

s(1 - ) - 1 t + 1
t

(1 - )(1 - s)

E [(

c
c

) (

m
m

) ].

f f

                    These theoretical results from model simulation can be compared with empirical estimation. We

estimate equation (21) with stochastically varying coefficients. We use the Swamy and Tinsley (1980)

asymptotically efficient estimation procedure. Letting
a

t

 = (a

0t

, b

t

), we assume, as in Swamy and Tinsley

(1980):

a

t

 =
a

0

 + e

t

where
                                        a

                                                  0

                                                      is a vector of constants, and

e

t

 =
F

1

 e

t -1

 +
F

2

 e

t -2

 + u

t

,

where
                                         F

                                                     1

                                                         and
                                                                                       F

                                                                                                   2

                                                                                                       are matrices of parameters to be estimated, and u

t

 is a random vector with mean zero

and covariance matrix
W

. The estimated b

t

 process for M1 money velocity is plotted in Figure 2

(Appendix III (2)). We estimate the b

t

 process with both prior information incorporated and with no

prior information (i.e., with diffuse prior information) about b

t

. The two processes show some

significant important similarities. From  Figure 2, it can be seen that b

t

 is very volatile during the periods

from 1972 to 1974 and from 1979 to 1982. This is approximately coincident with the simulation result

with moderate risk aversion.

                    Overall, the results from model simulation and from model estimation of a random coefficient model

show that our model can capture the main features of the coefficient process b

t

 in the traditional money

velocity equation.

6. Conclusion

In this paper we have theoretically explored the determinants of money velocity. The effects of risk

aversion and interest rate uncertainty on money velocity are examined within a monetary general

equilibrium model. This paper indicates that if covariances between interest rates and consumption

growth or between interest rates and money growth are generated by an ARCH type process, the

traditional money velocity function will become unstable. Both model simulation and estimation

produce significant variability in the slope of the traditional money velocity function, especially during

the 1972 -1974 and 1979 -1982 periods. This  study sheds some new light on the nature of the instability

of traditional money velocity functions.

Substituting equation (34) into the above equation, we have
so that

We have the same result as that in section 3.

                    Now consider uncertain interest rates. In this case equation (29) becomes
and equation (31) becomes
while equation (28) remains unchanged.

                    From equations (35) and (28), we have

From equations (37) and (28), we have
where r

                                             t

                                                is the real interest rate corresponding to R
t

. So we have

Equation (37) can be written as
where r

                                             it

                                                  is the real interest rate corresponding to R
it

. Substituting equation (38) into (39), we have
or

Hence we have
where

                                        p

                                                 it

                                                     G

                                                           is the generalized user cost of monetary asset i .

                    Note that we use
p
t

G

 as the aggregate monetary price index dual to  the generalized Divisia quantity
aggregate m

                                                                            t

                                                                              G

                                                                                   . By taking derivatives with respect to  m

 it

 on both sides of Fisher’s factor reversal test
condition,
we have

Taking the summation of (40) over i  = 1, 2, ..., k  and using equation (41), we have
since in this case
and equation (42) becomes

Therefore

This is the same result as in section 4.

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

Reference

[1] Arrow, K. J. and F. Hahn, General Competition Analysis , San Francisco, Holden-Day, 1971.

[2] Barnett, William A., ^ Perspective on the Current State of Macroeconomic Theory,’ ~  International

Journal of  Systems Science. , vol. 25, (1994), pp. 839 -848.

[3] Barnett, William A., ^ The User Cost of Money, ~  Economics letters , vol. 1 (1978) pp.

                    145 -149

[4] Barnett, William A., ^ Economic Monetary Aggregates: An Application of Aggregation and

                    Index Number Theory, ~  Journal of Econometrics , vol. 14, no. 1 (1980), pp 11 -48.

[5] Barnett, William A., ^ The Microeconomic Theory of Monetary Aggregation, ~  in New Approaches

to Monetary Economics , edited by William A. Barnett and Kenneth Singleton, Cambridge, Cambridge

                    University Press, 1987, pp. 115 - -168.

[6] Barnett, William A., D. Fisher and A. Serletis, ^ Consumer Theory and the Demand for Money, ~

                    Journal of Economic Literature , vol 92, 1991 pp. 2086 -119.

[7] Barnett, William A., Edward K. Offenbacher, and Paul A. Spindt, ^ The New Divisia Monetary

                    Aggregates, ~  Journal of Political Economy , vol. 92, 1984: pp. 1049 -1085.

[8] Barnett, William A. and Yi Liu, ^ The Extended Divisia Monetary Aggregate with Exact

                    Tracking under Risk, ~  Working paper, Washington University in St. Louis, Nov. 1994.

[9] Belongia, Michael T., ^ Money Growth  Variability and GNP, ~  Federal Reserve Bank of St.

Louis Review  vol. 67  (April 1985): p. 23 -31.

[10] Belongia, Michael T., ^ Measurement Matters: Recent Results from Monetary Economics

                    Re -examined, ~   Journal of Political Economy , (1996), vol. 104, pp. 1065-1083.

[11] Bordo, Michael D., and Lars Jonung, ^ The Long -run behaviour of the Income Velocity of Money

                    in Five Advanced Countries, 1870 -19 75: An Institutional Approach, ~   Economic Inquiry , vol.19,

                    (January 1981), pp.96 -116.

[12] Bordo, Michael D., and Lars Jonung, The Long -run Behaviour of the Velocity of Circulation.

                    Cambridge: Cambridge University Press, 1987.

[13] Bordo, Michael D., and Lars Jonung, ^ The Long -run Behaviour of Velocity: The Inst itutional

                    Approach Revisited, ~   Journal of Policy Modelling , vol 12 (1990), pp. 165 -97.

[14] Boyle, Glen W., ^ Money Demand and the Stock Market in A General Equilibrium Model with

                    Variable Velocity, ~  Journal of Political Economy , (1990) vol. 98, no.5, pp 1039 - -1053

[15] Bullard, James B., ^ Measures of Money and the Quantity Theory, ~  Federal Reserve Bank of St.

                    Louis Review , Jan./Feb. 1994, pp. 19 -30.

[16] Christ, Carl F., ^ Assessing Applied Econometric Results, ~  Federal Reserve Bank of St.Louis

                    Review , vol. 75, no. 2 (1993), pp. 71 -94.

[17] Chrystal, K. Alec and Ronald MacDonald, ^ Empirical Evidence on the Recent Behaviour and

                    Usefulness of Simple -Sum and Weighte d Measures of the Money Stock, ~  Federal Reserve

                    Bank of St. Louis Review , March/April, 1994,  pp. 73 -109.

[18] Dickey, David A., ^ Commentary, ~  Federal Reserve Bank of St.Louis Review , vol. 75, no.2

                    (1993), pp 95 -100.

[19] Dueker, Michael J., ^ Can Nominal GDP Targeting Rules Stabilise the Economy? ~  Federal

Reserve Bank of St. Louis Review , May/June 1993, pp. 15 -30.

[20] Dueker, Michael J., ^ Narrow vs. Broad Measures of Money as Intermediate Targets: Some

Forecast Results, ~  Federal Reserve Bank of St. Louis Review , Jan./Feb. 1995, pp. 41 -52.

[21] Feenstra, R.C., ^ Functional Equivalence Between Liquidity Costs and the Utility of Money,~

                    Journal of Monetary Economics,  vol. 17 (1986), pp. 271 -91.

[22] Fisher, Douglas and Apostolos Serletis, ^ Velocity and the Growth of Money in the United States,

                    1970 -1985, ~   Journal of Macroeconomics  (Summer 1989), vol. 11, No. 3, pp. 323 -332.

[23] Friedman, Milton, ^ Monetary Variability: United States and Japan, ~  Journal of Money,

                    Credit, and Banking  vol. 40 (August 1983): pp. 339 -43.

[24] Giovannini, Alberto, and P. Labadie, ^ Asset Price and Interest Rate in Cash - in - Advance

Models, ~  Journal of Political Economy , vol, 99, no.6 (1991) pp. 1215 -1252.

[25] Hall, Thomas E., and Nicholas R. Noble, ^ Velocity and the Variability of Money Growth:

                    Evidence  from Granger -Causality Tests, ~   Journal of Money, Credit, and Banking  vol., 44

                    (February 1987), pp. 112 -16.

[26] Hordrick, Robert J., K. Lakota Narayana, and Deborah Lucas, ^ The Variability of  Velocity in

                    Cash -in -Advance Model, ~  Journal of Political Economy , vol.99 (1991) no.2 p. 358 -384.

[27] Humphrey, Thomas M., ^ The Origins of Velocity Function, ~  Federal Reserve Bank of

Richmond Economic Quarterly , vol 74, no. 4, Fall, 1993, p. 1 -17.

[28] Labadie, Pamela,  ^ Stochastic Inflation and the Equity Premium, ~  Journal of Monetary

                    Economics  vol. 24 (1989), p. 277 -298.

[29] Laidler, David, ^ Commentary, ~  Federal Reserve Bank of St. Louis Review , vol 75, no.2,

                    1993, pp. 101 -102.

[30] Latane, Henry Allen, ^ Cash Balance and the Interest Rate - A Pragmatic Approach, ~  Review of

                    Economics and Statistics , November, 1954, p. 456 -60.

[31] LeRoy, Stephen F,  ^ Nominal Prices and Interest Rates in General Equilibrium Money

                    Shocks, ~

       Journal of Business , vol.57 (1984) no.2 p 177 - -195.

[32] Lucas, Robert E. Jr., ^ Asset Prices in an Exchange Economy, ~  Econometrica , vol. 46, (Nov. 1978)

                    p. 1429 -1446.

[33] Lucas, Robert E. Jr., and Nancy L. Stockey, ^ Money and Interest in Cash - in - Advance Economy,~

                    Econometrica , vol. 55, no.3 (May 1987), p. 491 - -513.

[34] Marshall, David A, ^ Inflation and Asset Returns in a Monetary Economy, ~  Journal of

                    Finance,  vol. 47, 1992, pp. 1315 -1342.

[35] Serletis, Apostolos and David Krause, ^ Nominal Stylized Facts of U.S. Business Cycles,~

                    Working Paper, the University of Calgary 1995.

[36] Svensson, Lars E.O, ^ Money and Asset Prices in a Cash -in -Advance Economy, ~  Journal of

                    Political Economy  vol. 93, (1985) no.5, p. 919 -944.

[37] Siklos, Pierre L., ^ Income Velocity and Institutional Change: Some New Time

                    Series Evidence, 1870 -1986, ~  Journal of Money, Credit, and Banking , vol. 25, No.3

                    (Augu st 1993, Part 1), pp. 377 -392.

[38] Stone, Courtenay C. and Daniel L. Thornton, ^ Solving the 1980s’ Velocity Puzzles: A Progress

                    Report, ~  Federal Reserve Bank of St. Louis Review , August September 1987, pp. 5 -23.

[39] Swamy, Paravastu A.V. B., and Tinsley, Peter A., ^ Linear Prediction and Estimation Methods for

                    Regression Models with Stati onary Stochastic Coefficients, ~  Journal of Econometrics  vol.12,

                    (February 1980), p. 103 -42.

[40] Thornton, Daniel L., ^ Financial Innovation, Deregulation and the `Credit View´ of Monetary

                    Policy, ~  Federal Reserve Bank of St. Louis Review , Jan./ Feb. 1994, p. 31 -49.

[41] Thornton, John, ^ Friedman’s Money Supply Volatility Hypothesis: Some International

                    Evidence,~

                    Journal of Money, Credit, and Banking , vol. 27, No.1 (February 1995), pp. 288 -291.

24