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1. Introduction

This paper provides an approach to the estimation of technology parameters in the
financial sector. The relevant technologies are those of the financial intermediaries that produce
inside money as output services and the nonfinancial firms that demand financial services as
inputs to production technology. Virtually every firm in the economy falls into one of those two
groups. We also provide the analogous results for consumer demand. In that case, the Euler
equation parameters become parameters of tastes, rather then of technolgy. The problems that
we seek to solve through our approach to modeling and estimation of those tastes and
technologies are the "Lucas Critique" and what Chrystal and MacDonald (1994, p. 76) recently
have called the "Barnett Critique." We also explore the tracking ability of the Divisia monetary
aggregates and simple sum monetary aggregates relative to the GMM estimated exact rational
expectations monetary aggregates nested within the technologies of firms and utility functions
of consumers.

1.1 The Lucas Critique

According to the Lucas Critique, private sector parameters and the parameters of central
bank policy rules are confounded together within the demand and supply solution functions that
typically are estimated in macroeconometric models. When modeled dynamically, those

demand and supply functions are the feedback rules or contingency plans that comprise the
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solution functions to dynamic programming or optimal control decisions of consumers and
firms. However, the central bank's policy process is among the laws of motion serving as
constraints in the private sector's dynamic decision. Hence the feedback rules that solve the
private sector's decision depend upon the parameters of those processes as well of the private
sector's own taste and technology parameters. Shifts in the parameters of the central bank's
policy process will shift the private sector's solution feedback rules.

The source of this confounding is the solution of the first order conditions (Euler
equations) of the private sector's decision, since that solution cannot be acquired without
augmenting the private sector's Euler equations with the government's policy rules. In
particular, the central bank's policy rule, interest rate processes, and other governmentally
influenced stochastic processes for variables that are in the private agent's decision but are not
under the control of that private decision maker must be augmented to private decision maker's
Euler equations, before the solution for the feedback rules (demand and supply functions) can be
found. But if the Euler equations of the private sector are estimated directly, the confounding
problem is avoided. Hence in macroeconomics in general, there is wide acceptance of the idea
that Euler equations should be estimated, rather than the demand and supply functions that are
the solution to the augmented system. In addition, generalized method of moments (GMM)
estimation has made the estimation of Euler equations practical.

Despite the influence of Euler equation estimation and the Lucas Critique in
macroeconomics in general, a substantial portion of the literature on monetary economics has
continued to base its conclusion on estimates of money demand and money supply functions,
which are vulnerable to the Lucas Critique. An exception is Poterba and Rotemberg (1987) who
have proposed and applied an approach to Euler equation estimation applicable to consumer
decisions in money markets. In this paper, we apply the analogous approach to modeling and
estimating the technologies of firms in the financial sector.

1.2 The Barnett Critique
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According to the Barnett Critique, as defined by Chrystal and MacDonald (1994, p. 76),
an internal inconsistency exists between the microeconomics used to model private sector
structure and the aggregator functions used to produce the monetary aggregate data supplied by
central banks. The result can do considerable damage to inferences about private sector
behavior, when central bank monetary aggregate data are used. Chrystal and MacDonald (1994,
p. 76) have observed the following regarding "the problems with tests of money in the economy
in recent years....Rather than a problem associated with the Lucas Critique, it could instead be a
problem stemming from the 'Barnett Critique." In fact Barnett Critique issues have been used
to cast doubt upon many widely held views in monetary economics, as recently emphasized by
Barnett, Fisher, and Serletis (1992), Belongia (1993), and Chrystal and MacDonald (1994).
Based upon this rapidly growing line of research, Chrystal and MacDonald (1994, p. 108)
conclude---in our opinion correctly---that: "Rejections of the role of money based upon flawed
money measures are themselves easy to reject.”

The Poterba and Rotemberg approach to inference about consumer behavior in the
monetary sector circumvents the Barnett Critique by nesting the monetary aggregator function
within the consumer's utility function and estimating the aggregator function jointly with the
other parameters of the consumer's decision. Hence Poterba and Rotemberg have extended
Barnett's (1980,1987) perfect certainty theory to the case of risk. Subsequently, Barnett, Hinich,
and Yue (1991) have investigated the tracking abilities of various nonparametric statistical index
numbers, such as the Divisia, to the Poterba and Rotemberg estimated aggregator function under
risk. Recently Stock and Feldstein (1994) have drawn further attention to the importance of risk
by finding possible empirical gains from incorporating risky stock and bond mutual funds
within weighted monetary aggregates, although Stock and Feldstein, unlike Poterba and
Rotemberg, do not base their analysis upon formal aggregation theory.

An initial step in the direction of Euler equation estimation of technology in the financial
sector with internally consistent nested monetary aggregation was taken by Barnett and Zhou

(1994a). However their paper, which concentrated on the aggregation problem, introduced little
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dynamics into the decision of the commercial banks that they modeled. We introduce capital
dynamics through Tobin's Q. We also introduce the concept of Euler equation estimation with
nested monetary input aggregation into the literature on manufacturing firm modeling. The
importance of investigating money demand function properties separately across sectors,
including the manufacturing firm sector, has been emphasized in Drake and Chrystal (1994).
2. Financial Intermediaries

One of the recent approaches to modeling financial intermediaries is to model them as
profit maximizing neoclassical multiproduct firms, which produce financial services, such as
demand deposits and time deposits, as outputs by employing financial and non financial factors
as inputs. Early work that used this approach was based on the assumption of perfect certainty.
See Hancock (1985, 1987, 1991), Barnett (1987), and Barnett and Hahm (1994). Barnett and
Zhou (1994a) extended this approach to the case of uncertainty. In this paper we extend Barnett
and Zhou's model by introducing capital accumulation and by relaxing the assumption of "no
retained earnings." We also rigorously nest exact supplied monetary output aggregates within
the transformation function of the financial intermediary, so that supply side monetary
aggregation can be accomplished in a manner that circumvents the Barnett Critique. We derive
and estimate the Euler equations in a manner that circumvents the Lucas Critique.

We view the resulting model as a step in the direction of exploring technological change
and economies of scale and scope in financial intermediation in a manner that is invariant to
central bank policy intervention, and in a manner that can produce inside money aggregates that
are consistent with the theory that produced the policy invariant Euler equations.

2.1. Financial Firm's Production Under Perfect Certainty

We begin with the existing perfect certainty model, which we later extend. Financial
firms produce financial assets through financial intermediation between borrowers and lenders.
Hancock (1985, 1987, 1991), Barnett (1987), and Barnett and Hahm (1994) model the financial
firm in a manner that fully incorporates the role of "producer of monetary assets." Under the

assumption of perfect certainty, the financial intermediary is modeled as a conventional
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neoclassical firm which maximizes the discounted present value of variable profits subject to a
technological constraint in the form of a transformation function. The financial firm produces
monetary assets including demand and time deposits as outputs by using monetary goods such
as cash and nonmonetary goods such as labor and materials as inputs.

Hancock and Barnett differ in their specifications of the variable profit function. Hancock
(1991) specifies the variable profit during perias follows:

N1+N2
T = —B¢ - '21 bi[(1+ N t-1)Yit-1Pe-1- yi,tpt] (2.1)
I:

whereB; is expenditure on variable inputs;; is the real balance of financial goioat timet,
Yit is an asset for=1,...,N; and a liability fori = Ny +1,..., Ny + N, andh; ¢ is the
holding cost on the financial good if it is a liability or revenue per dollar if it is an ‘aSdes.
indicator variableb; = -1, if the financial service is an asset, and- 1, if the financial service

is a liability. The general price index®s . This variable profit function includes both perietl

and period values of the monetary goods and their respective prices.

In contrast, Barnett (1987) uses only current period variables in his specification of
variable profit at the beginning of periadHis specification of the present value of petiod
variable profits at the beginning of the period is
LWt —YoiCt (2.2)

L L
t

The holding cosh; ; is defined as; ; =r; ; +K; (R, wherer; , is the net interest paid on the
account. That net interest rate is the actual interest rate after taking into account costs like FDIC
insurance paid and benefits like service charges earned. Th&yiedhe portfolio rate of

return on the financial firm's assets, dqg is the required reserves ratio on itteaccount type.

The required reserves act as an implicit tax on the financial firm, since the required reserves do
not earn any interest and the firm could have otherwise invested these funds in interest earning
assets.
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wherey, is the vector of monetary assets produced by the fignthe vector of user cost

prices of these monetary assefs,andz; are respectively the quantities of nonmonetary non-
labor factor inputs and their prices,i®the portfolio rate of return on the fnancial firm's assets,
L, is quantities of labor inputsy; is the corresponding wage ratesis the excess reserves

held by the firm, ang, is the user cost of,. See Barnett (1987) for the formulas for those

user costs. This difference in the specification of the variable profit function causes the
discounted capitalized value of the profit stream in their models to differ, but only by a function
of initial conditions that are invariant to the firm's setting of its decision variables.

Another difference between the model specifications of Barnett and Hancock arises in the
definition of outputs of the financial firm. Barnett classifies demand and time deposits as
outputs, while loans are not classified either as inputs or outputs but rather as dependent
functions of other variables under the assumption of no retained earnings. Hancock lets the
estimated user costs determine whether a particular monetary good is an input or output.
Monetary goods with positive user costs are classified as inputs while those with negative user
costs are outputs. This rule leads Hancock to the classification of demand deposits as outputs
and time deposits as inputs, in conflict with Barnett's classification. Based on the same rule,
loans are classified as outputs since all loan types yield positive net revenue. This classification
rule adopted by Hancock does not seem reliable, since it does not fix the inputs and outputs of
the financial firm. An asset could be an input for some observations and an output for others.
We believe that the difference in classification of time deposits between Barnett and Hancock
reflects a difference in their cost of capital data and thereby a difference in their user cost
imputations for time deposits.

In our model below, we follow Hancock's specification of the variable profit function,
except for minor modifications. However, Barnett's method is followed in defining outputs and

inputs. In accordance with this method of defining inputs and outputs, demand deposits and time

2Regarding that invariance result, see Barnett and Zhou (1994b).
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deposits are categorized as outputs of the firm, while cash, labor, materials, and capital
constitute the firm's inputs in the production process.

2.2 Financial Firm's Production Under Uncertainty

Hancock (1985, 1987, 1991), Barnett (1987), and Barnett and Hahm (1994) assume
perfect certainty. However this is not necessarily a reasonable assumption for a financial firm.
Risk is an important factor in the decision making of a financial firm. Risk applies not only to
future prices and interest rates, but also to current interest rates, since contemporaneous interest
rates, which are paid at the end of the period, are not known at the time of decision making.
Barnett and Zhou (1994a) derive a model of financial firm behavior under risk and also find the
exact monetary services output aggregate.

Barnett and Zhou build a model of a risk averse financial firm which issues its own
liabilities and invests the borrowed funds in primary financial markets. Real resources such as
labor and materials are used as factors of production in the creation of accounts providing
monetary services. Those created accounts are the liabilities of the firm. The financial firm
makes its profits from the interest rate spread between its assets (loans) and its produced
liabilities. Rational expectations are assumed.

Variable profits for the financial firm are specified in the form given in equation (2.1).

Portfolio investment during periddY, is constrained by total available furfdBhis constraint

is given by:

| ]
YiPy = _21[(1 —Kit)YitPd-CiPt - _Ele,tzj,t (2.3)
i= i=

whereP is the general price indek; . is the required reserves ratio on itheproduced

liability, y; ¢, C¢ is the real balance of cash holding during petiahdz;; andw; ; are

respectively the quantity of th#h real resource used in production in petiadd its price. The

3For details refer to Barnett and Zhou (1994a).
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above relationship implies that total deposits are allocated to excess reserves, required reserves,
and payments for real resources, and the residual is invested in loans. In other words, the
financial firm does not have any undistributed retained earnings. This is a stringent assumption,
since it implies that the firm does not carry over any part of its earnings from one period to
another. The dividend payout ratio is thereby assumed to be 100%, and the nature of the
model's dynamics are heavily restricted, as emphasized by Brainard (1994). In the model
derived in the next section we modify this constraint by allowing for non zero retained

earnings. However, the retained earnings are assumed to be used by the financial firm in the
form of capital investment.

In the Barnett and Zhou model, dynamics are further constrained by the assumption that
capital is a fixed factor. Since the objectives of their paper were directed at aggregation
theoretic explorations in monetary aggregation theory, the dynamics of the model were of only
modest importance. But in determining policy invariant structural inferences, as is the objective
of this paper, we need to be able to investigate traditional properties of technology. Ignoring
variable capital growth and retained earnings is not suitable for such objectives. We now
modify Barnett and Zhou's assumption of 100% dividend payout ratio and their assumption that
no variable capital factors exist.

2.3. The Model

The theoretical model builds on the ground work set forth by Barnett and Zhou (1994a) in
their adaptation and application of Hancock's (1991) specification of the variable profit function.
The financial firm uses real resources such as labor, capital and other material inputs, plus
monetary input in the form of cash in the production of the services of the produced liabilities.
The output of the firm in our application consists of demand deposits and time deposits, which

are liabilities to the firm.
Let Y be the real balances of the asset (loan) portfglidhe real balances of tii

produced account (liability) typ&; the real balances of cash holdingjs;t the quantity ofth

real input (including labor), ank; the quantity of capital stock of the financial firm at time
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In the modely; ; constitute the outputs of the financial firm, while, z;;, andK; are the

inputs. LetR; be the portfolio rate of return, which is unknown at the beginning of pi@od

let h; ; be the holding cost per dollar of tii liability. All financial transactions are contracted

at the beginning of the period. Interests on the deposits are paid at the end of the period. The
cost per unit of thgth real inputw; ¢, is incurred at the beginning of the period. Bgt;be

the cost of capital and; be the general price index, which is used to deflate nominal to real

terms.

Variable profits (net of investment expenditure),, at the beginning of periddcan be

represented by

Tt = (1+R¢-1)Yt-1Pt-1 — YtPt + Ct-1Pt-1 — CtPt
|
+ Z[Yi,tpt —(1+hjt-1Yi t-1Pt-1] +(1-9)K¢—1PK t-1

& (2.4)

]
- KtPK t - sz,th,t Pk tlt
=1

The first two terms in the above equation represent the change in variable profits from rolling
over the loan portfolio during periadThe third and fourth terms represent the change in the
nominal value of excess reserves. The fifth term represents the change in the firm's variable
profits from the change in the issuance of produced financial liabilities. The next two terms

account for the change m, from the change in the level of capital stocks. The eighth term

constitutes payments for real inputs, and the last term is the expenditure on investments.
Portfolio investmentY¢, is constrained by total available funds. The constraint is given
by
I J
YtPt = Z [(1-Ki,t)yi,tPt]— CtPt - ZWj,th,t -PK, tht (2.5)
i=1 =1
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wherek; ¢ is the required reserves ratio on itteproduced liability. Equation (2.5) implies that
I

the total deposits) yj Pt are allocated to required reserves, excess rreserves, payment for all
i=1

real inputs used in production, investment in capital, and investment in loans.

The time to build approach is adopted to model capital dynamics. Capital accumulation
based on this approach is given by:

Kt =1{—1 +(1-0)K-1 (2.6)

where the depreciation rateis a constant and is assumed to be given. Gross investment at time
t-1, 1+—1, becomes productive only in period
Substituting equations (2.5) and (2.6) into equation (2.4) to eliminate investment in loans and

investment in capital goods, we get the variable profits atttimée

= ) [Q+Rt—1)1-Kjt-1)— @+ hj t-DIVi t-1Pt-1 +Ki tYi tPt
I=1
J
~Rt-1Ct-1Pt-1-(1+ Rt—l)ZWj,t—lzj,t—l (2.7)
=1

+(1-0)(2+ Rt-1)Kt-1PK t-1 - Kt[PK t +(1+Rt-1)PK t-1]
The financial firm maximizes the expected value of the discounted intertemporal utility of

its variable profits stream, subject to the firm's technological constraint. The firm's optimization

problem is then given by:

0o s-t O
Max E¢y ELD U(Ts)g

(2.8)
St Q(y1,57""y|,S’CS’21,57""ZJ,S’Ks):0 DSZt
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whereE; is the expectation at timiep is the subjective rate of time preferenceijs the utility

function, 11y is the variable profit at timg, andQ is the transformation function.

The transformation functiorf? , is convex in its arguments. The derivativefotvith

respect to the inputs and outputs are respectively given by:

a—QSO, a—QSO, 00 <0 Oj=1,..,J (2.9)
OCS GKS aZj,S

and
00 >0 0Oi=1..,1 (2.10)
i s

To derive the Euler equations using the Bellman method, we must select state and control
variables in a manner that will transform the decision to be in Bellman form. The financial firm

is assumed to behave competitively both in the input and the output markets. Hence
Rs. Ps, PK s, Kij s, andw; ¢ cannot be controlled by the firm. Let; be the vector of all

state variables and; be the vector of all control variables during peso@e define the vector
W, to containy; ¢4 Ui, Cg 1, Kgq, Rg_1, R, Kjsy hjg—q Ui, Wi g Uf, P g1, P sr Ps-1,
andP,. We define the vectassto containy; ¢4 Ui, z; 5 [Jj andK,. Let Ag defined by,

Ns = (Rs, kjs.hjs—10i, wjs L, PK s, Ps), be a subset okvs. We assume thalt

follows a first-order Markov process, with transition equations given by the conditional

distributionF(Ag,,/ /). Hence the transition equations, which represent the evolution of the

state, for the vector of exogenous state varialites( Ry, Kis, ;-1 Oi, w; ¢ 0],
Pk s-1,Pk s.Ps—1,Ps) are implicitly defined byr(Ag,,/ /). The remaining transition
equations are defined by the obvious time shifts between some of the elements that appear

simultaneously, but with time shifts, in the control and state vectors and by the technological

transformation functiorQ, used to produce the transition equation of the remaining state

variable,C5—1. Making these substitutions and changes in notation, it can be shown that the

problem now is in Bellman forrh.

4For similar examples of this derivation procedure, see Sargent (1987, ch. 1).
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We now specify the utility function), to be in the class of functions exhibiting
Hyperbolic Absolute Risk Aversion (HARA ). The HARA class functions can be represented

by:

l-phHh

U :_
() 5 [l-p

m, + %ﬂ (2.11)

wherep, h andd are parameters to be estimated.

Using Bellman's method and the Benveniste and Scheinkman equation, we obtain the

following set of Euler equations:

Doy 1 0Q/ oy t
E ki tP 1+ Ry )1 -Kj )= (1+h;j =
tE?Ft(TTt) it t+1+u6 (T +1)P té?t 30/3C, [( +Re)(1 -k ) —(1+ |,t)% 0
Oyit, i=1..,1
(2.12)
c Dau( )D 5 0Q/0zj ¢ L+RY) N 0
te— (1) RtPt—=s - Wi tH=
o Pt S0jac, it (2.13)
Ozjt,j=1,...J.
JouU
Et%;(ﬂt)[PK,t +(1+ Rt—l)PK,t—l]
(2.14)
__+ o +(1-3)(2 +Ry)P 0
T+ om (t+1) @ttaQ/aCt (1-9)( t) Kt%
-1
wherea—U:hHL +dgo (2.15)

oty Dl—pT[t O

Since closed form algebraic solutions rarely exist for Euler equations, we can solve only

numerically for (y;¢,....Y) t: Ct, 2110+, 23 1K) from the system of Euler equations and the

transformation functiorQ. The parameter estimation can be done through the estimation of
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Euler equations under rational expectations by using Hansen and Singleton's Generalized
Methods of Moments (GMM) estimation.

2.4 Output Aggregation

The financial firm's outputs consist of demand deposits and time deposits. The financial
firm's output of demand and time deposits are important in determining the level of inside
money in the economy. In this section, we find the aggregation-theoretic exact quantity output
aggregate that measures the firm's produced service flow. Relative to the money markets, our
aggregation in this case is on the supply side. In a later section below, when we investigate
monetary service factor demand by nonfinancial manufacturing firms, we will be producing
demand side monetary aggregates, as also is relevant to consumer demand for monetary
services.

Generating the exact quantity aggregate consists of first identifying the components over
which aggregation is admissible and then determining the aggregator function defined over the
identified components. The first step determines the existence of an exact aggregate, and the
second step produces that aggregate in the manner that is consistent with microeconomic theory.
The second step cannot be applied unless the first step succeeds in identifying the existence of
an admissible cluster of components. The condition for the existence of an admissible
component group iBlockwise weak separabilityn accordance with the definition of weak
separability, a component grouping is admissible if and only if the group can be factored out of
the rest of the economy's structure through a subfunction. Then the economic structure can be
represented in the form of a composite function, with the goods in the separable block being the
only goods in the inner function of the structure. If this condition is satisfied, an exact quantity
aggregate exists over the goods in the block, and the aggregator function that produces the exact
guantity aggregate over those goods is the inner ("category") function itself. Without weak

separability, no such inner function exists and hence no aggregate exists.

SFor detalils, refer to Barnett (1980).
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Lety = (Yy,---,¥t)" be the firm's output vector, and bet (z ,...,z;,)" be the input
vector, so that transformation function can be writte@gx) =0 An exact supply side

aggregate exists over all of the firm's outputs if and onjysfweakly separable fromwithin

the functionQ . In accordance with the definition of weak separability, there then exist two

functionsH andy such that
Q(y,x) =H(yo(y). %),

where the output aggregator functign,y), is a convex function of.6 Although weak

separability alone is sufficient for the existence of an aggregate, a considerable ( although
unnecessary) simplification is available if we also assumey{af is linearly homogeneous
iny.7

The weak separability condition on functional structure is equivalent to the following

restriction:8

0Py, x)/oy; H_
0, (Y X)/3y; 0

i .

If we can test for weak separability of the transformation function and then estimate the

resulting aggregator functioy,(y), we obtain the econometrically estimated exact output

aggregate. The related literature on statistical index numbers, such as Divisia and Laspeyres,

seeks to produce nonparametric approximations that can track the lgy¢yplover time

without the need to estimate the parameters of the aggregator fupgtitself.

In this paper the econometric estimate of the aggregator function is obtained by

estimating the Euler equations using the generalized method of moments (GMM) technique.

6This property of the aggregator function is explained in Barnett (1987).

’If the functiony, is not assumed to be linear homogeneous, then the aggregator function is no
longery, but rather becomes the distance function. The growth rate of the distance function is
equal to that ofy, only under the assumption of linear homogeneity, so that our ygeasfthe
aggregator function under the assumption of linear homogeneity is a strictly nested special case
of the more general result, which is straightforward and will not be considered further in this
paper. See Barnett (1980) for details.

8See Leontief (1947a, 1947b).
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2.5 Testing for weak separability

The conventional parametric approach to testing weak separability is adopted in this
paper, since weak separability is a strictly nested null hypothesis within our parametric
specification of technology. To minimize the biases that can be produced from specification
error, we use a flexible functional form for technol8dynfortunately flexible functional forms
need not satisfy the regularity conditions imposed by economic theory, including the
monotonicity and curvature conditions. Hence we must consider methods for testing and
imposing those conditions, at least locally, as well as methods for testing and imposing global
blockwise weak separability of the technology in its outputs. For existence of aggregator
functions, the weak separability must be global. Hence we must test and impose weak
separability globally. We use the Generalized McFadden functional form to specify the
technology of the firm. That specification, which also was used in the case of stochastic choice
by Barnett and Zhou (1994a), was originated by Diewert and Wales (1991), who also originated
the Generalized Barnett functional form. That latter model was applied by Barnett and Hahm
(1994) in the perfect certainty case, but has not yet been adapted to the case of stochastic choice.

We assume that the transformation functi@njs linearly homogeneous. Instead of

specifying the form of the full transformation functi@) and then imposing weak separability
iny, we directly impose weak separability by specifyihfy,,x) andy,(y) separateBf. The
specification forQ is then obtained by substitutiryg(y) into H(y,,x). Sincey,(y) and

H (y,,x) are both specified to be flexible, the full technoldyys flexible, subject to the

separability restriction.

The functionH is specified to be the symmetric generalized McFadden functional form

9The form of flexibility that we use is called Diewert-flexibility or second-order flexibility. See
Barnett (1982) for the definition and its connection with other definitions of parametric
flexibility. The newer concept of global or Sobolev flexibility (see Barnett, Geweke, and Wolfe
(1991a,b)) is beyond the scope of this paper.

10For the more general form of the model which does not include the imposition of weak
separability, refer to Barnett and Zhou (1994a).
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1 — ol
H ,X)=a +a'X +— XA a'x, 2.16
(Yo:X)=2apYg 2[Yo ] Exg (2.16)

wherea'x # 0, anday, a' =(ay,...,a). andA are parameters to be estimated. The matriz

(n+1)x (n+1) and symmetric. The vector' =(a,...,a,) contains all fixed nonnegative
constants, which are chosen by the researcher. The rﬁatsi;partitioned as follows:

(A A0
A, AH

whereA , is a scalarA,, is alxn row vector,A,; is ann x 1 column vector, ané\ is an

A =

N xn symmetric matrix. Sincé is symmetric, we havA, = A);.

Let (yy, X ) # 0 be the chosen point about which the functional form is locally flexible.

Within the class of linearly homogeneous transformation functions, the specification given
above is not parsimonious, and hence we can impose further restrictions on the model without
losing local flexibility11 We impose the following restrictions, which reduces the number of

free parameters in our specification to the minimum required number to maintain local

flexibility.
a'x* = ]_, (2.17)
AYo+ApX =0, (2.18)
LYo tAX =0, (2.19)

Solving (2.18) and (2.19) foh;; andA;,, and then substituting into (2.19) results in

11A flexible functional form is parsimonious, if it has the minimum number of parameters needed
to maintain flexibility. Diewert and Wales (1988) show that a parsimonious specification of a
flexible functional form, which provides second order approximation to any arbitrary function
with n variables, must havketn+n(n+1)/2 free parameters.
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1 _
H(yq.X) = agy, +a'x 3 (@'x) X Ax

, , (2.20)
~(@%)7X AX(yo/¥o) + 5 @)X AX (/o)
which is flexible at(y, ") .12
The aggregator functiop,(y) is specified as:
Yo(y)=Db'y+ —1y'By/B'y, (2.21)

2

whereb’ =(by,...,b,,) and them x m symmetric matrix8 contain the parameters to be
estimated, whil8’ =(B3,,...,3,,) is the vector of fixed nonnegative constants chosen by the

researcher. As similarly done above with H, we can impose the following restrictions without

losing local flexibility:

By =1, (2.22)
yo=b'y (2.23)
By =0, (2.24)

Substituting (2.21) into (2.20), we get the following flexible functional forn¥fy, x), which

satisfies the weak separability condition
Q(y, x) =H(yq(¥), X)

=a by +2@y)tyByDrax + 2 () A
2 U 2
T , 1., -1, 295
- ()X APy + Sty By ] (2:29)
' 2
1 *2 It — * * ’ 1 , _ ,
+= (Yo a'X) X" Ax Sﬂy+-(By) ly'Byg.
2 2 O
The neoclassical curvature conditions req@i(g, x) andy,(y) to be convex functions.

Monotonicity requires thadQ/dy = 0 anddQ/ox < 0. Convexity ofH(y,,x) andy y(y)

12See Diewert and Wales (1987) for the proof of flexibility.
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requires the matrice& andB to be positive semidefini& Global convexity oQ(y, x)

further requires the condition

MHyeX) 5. (2.26)
Yo

Positive semidefiniteness of the matrid@sandB can be imposed without loss of

flexibility by substituting

A=qq’ (2.27)
and
B=uu, (2.28)

whereq is ann x n lower triangular matrix and is anm x m lower triangular matrix.

The method of squaring technique can be used to obtain local monoton@ity,of) at

(y* : x*). The first derivatives of2(y, x) are

o =ab+3 (By) ey - (By) By BY).
- (via®) X" Ax b+ (') "By - (By) “By'BY )] (2.29)

+(vp )X AX [+ 2 () "By - (B'y) 2By By )by +5 (BY) y'BY L

%_2 —a+ —; (2(0('x)_1Ax —(a'x)™ ax’Ax)—
— * o -1 * _ * 2. *’ ! 1‘ ! =1, |:|
Yoo'X) "AX = (yga'x) “yoax Axgb'y +Z(B'Y) TY'Byp (2.30)

nj

1 *2 — *2 *' * 1 —
-2 ) 2y o Ax by + 2(By) Y By

At (y,x )the value of the derivatives reduces to

13See Diewert and Wales (1987).
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0Q

— =a,b 2.31

oy o (2.31)
and

0Q

—=a 2.32

W (2.32)

Imposing monotonicity on (2.31) and (2.32) results in

aQ * * aQ * *
== , =ab=0and — , =a<0 2.33
ay(y X )=a an ax(y X )=a ( )

The transformation functio(y, x) defined by (2.25) and restricted to satisfy equations (2.17),
(2.22)-(2.24), (2.26)-(2.28), and (2.33) is flexible, locally monotor{g'atx ) and globally

regular, subject to the weak separability condition. Local monotonicity is verified empirically at
each point within the data.

Testing for weak separability and estimating the parameters of the transformation
function can be done by Hansen and Singleton's generalized method of moments (GMM)
method. Substituting the functional form given by equation (2.25) into the system of Euler
equations, we obtain the structural model, which is a system of integral equations. The GMM
estimator of the parameters of such a nonlinear rational expectations system is asymptotically
efficient and normally distributed under very weak condifibr\&/e test for weak separability
using Hansen's asymptol;'(c,2 statistic to test for no overidentifying restrictions. Since equation
(2.25) was derived after imposing weak separability, (2.25) can be substituted into the Euler
equations to impose the null hypothesis of weak separability . If the test of no overidentifying
restrictions is rejected, then we reject the null hypothesis of weak separability. That rejection in

turn would imply that no aggregator function exists over all of the outputs of the firm.

14For proof, see Hansen (1982), and for detailed discussion of GMM estimation, see Hansen
(1982), Hansen and Singleton (1982), and Newey and West (1987).
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2.6. Empirical Application

We apply our approach to estimating the technology of commercial banks. The outputs
of that aggregated financial firm in our application consist of demand deposits and time
depositst> Demand deposits and time deposits account for the major portion of the fund-
providing functions of the bank's balance ste&he inputs used in the production process
include both financial and nonfinancial inputs. The financial input in the form of cash is excess
reserves. The nonfinancial inputs includes labor, materials, and physical capital. The output
vector is given by’ = (D¢, Tt) and the input vector i8' =(C, L, M, ,K,), whereD;, is
demand depositg;; is time deposits, (s excess reserves,; is labor input, M is material
inputs, and Kis capital.

In our empirical application we use the power utility function, which is a nested special
case of the general class of HARA utility functiduéry ), given by equation (2.11). We use
this simplification, since the available sample size does not permit the use of the more general
form. The power utility function is obtained by settidg- 0, and by imposing the restriction

0 <p<1, in equation (2.11). The power utility funtion is then represented by:

and the derivative of) (1) is given by

ou(ry) _ p-1
a_T[t = T'f (2.35)

Using equations (2.12) - (2.14) and equation (2.35), the Euler equations are

15As shown in Debreu (1959), perfect competition alone is a sufficient condition for the existence
of a representative firm. Since we are assuming perfect competition in this paper, no additional
assumptions are implicit in our use of a representative neoclassical firm to model aggregate
banking behavior.

1Demand deposits and time deposits “"occupy almost 80% of total portfolio activities of the
average financial firm" (Barnett and Hahm (1994)).
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EtE(T[t)p_lkl,tPt + ﬁ Pe(e+1)’” 15% Zgﬁagt [(1 +R)A -k ) -1+ hl,t)]%: 0

(2.36)

EtE(ﬂt)p_lkz,tPt 1 :u Pe(resr P71 Ezt ggggt [a+RpA-ko 0 -(1+ h2,t)]%= 0

(2.37)
EtE("t+l)p_ é?tpt aQ/aC L-(1+Rpwy g % 0. (2.38)
Ett(nm)p‘lé?tp f;’,%“cﬂt e Rt)WZ,t%: 0. (2.39)
Et{ﬂt)p [PK,t+(1+ Rt-1PK,t-1]

(2.40)

-1 0Q/0Kt
g? P o 1 5)(2+Rt)PKt%

whereh, ; andh, , are respectively the holding costs of demand deposits and time deposits,
k1t andky ¢ are respectively the required reserves ratio on demand and time deposits, and
w1 t andwy t are respectively the prices of labor and material inputs. The derivatiZes of
with respect to the various inputs and outputs are given by equations (2.29) and (2.30).
Before using Hansen)(s2 statistic to test for weak separability in outputs, we have to

choose the fixed constants and the center of local approximation. We choose

I

yg =1, y* =12, andx = (1,1,1,1) as the center of approximation. To locate the center

within the interior of the observations, we rescale the data about the midpoint observation so

that the rescaled data becorigs: xf/xf fori=1,23,4 andf/% = y}[/yf fori=1,2,

wheret” is the midpoint observation. Each price vector is correspondingly rescaled by
multiplying by the midpoint observation. This rescaling of prices leaves the dollar expenditure
on various goods unaffected by the rescaling of the corresponding quantity.

The fixed nonnegative constants are chosen such that
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o =L piz1234 (2.41)
2%l
=1
and N
Bi :% Hi=12, (2.42)
il
=1

Whereii and f/i are the sample meansjfandy respectively. The; and; thus chosen
satisfy restrictions (2.17) and (2.22) respectively.

Equation (2.23) impliebq +bo =1, which is imposed through the substitution
b1 =1-by. There are also inequality restrictions to be imposed. The monotonicity condition
(2.33) impliesbj = 0 for i =1,2, and hence from equation (2.23) we also have
bj <1 0i =1,2. Combining these two conditions and the mathematical identity
sin2 0+ cos2 6 =1, we have the substitutiopy = sin2 8, and by = 0052 0, where the
parameted must now be estimated.

We further normalizey, =1, sinceQ(y,x) = 0. The monotonicity condition (2.33)
implies thata; < 0 for i =1,2,3,4. We impose that restriction by replaciagby
—éiz fori=1,2,3,4, and estimating;. The convexity conditions are imposed by replacing the
matricesA andB by the matriceg|q’ anduu’ respectively, where the lower triangular

matricesgandu are given by
[@; O 0 00

[y, a»p O 00 ugp 00O

q= and u = (2.43).
Q131 dz Q33 O . Moy uz8
41 Y42 a3 Qug
Equation (2.24) implies
u 0 Tw Up1 [0 00
11 11 U _ (2.44)
Hioy uxpHEHO  uxpHEHH HOH

which, when solved, produces the restrictions = 0 and u,; = —uy; .
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These relationships reduce the maBixo

oo -pO
=U1g; 1

Following these substitutions, the parameters that remain to be estimated within technology are

B

8, u11, 9, anda=(a;,a,,a3,3,). In addition the subjective rate of time discourind the
risk aversion parametermust be estimated.

The data used for estimating the model was mainly obtained from the Federal Reserve
Bank Functional Cost Analysis (FCA) Program. Data on the National Average Banks for the
years 1966-1992 was used in the estimation. Labor inputs consist of two groups: managerial and
non-managerial. Data on expenditure and quantity for the two categories of labor were obtained
from FCA. Material inputs are divided into three categories: printing and stationery, telephone
and telegraph, and postage, freight and delivery. Physical capital is made up of structures (bank
buildings), furniture and equipment, and computers. Data on expenditure on the various types of
material inputs and physical capital were obtained from the FCA, while the corresponding price
indices were obtained from tisirvey of Current Businesd quantity aggregate and the
corresponding price aggregate must be constructed for each of the three nonfinandial inputs

Data on the nominal quantity of demand deposits and time deposits, net interest rate on
demand deposits and time deposits, and the bank's portfolio rate of return were obtained from

the FCA8 data set. The required reserves ratio was obtained from the Federal Baietve

17For details on data and data construction, refer to Hancock (1991) and Barnett and Hahm
(1994).
If data on expenditure and price for the individual categories of each input are available, we first
construct the Divisia price aggregate and then find the corresponding quantity aggregate using
Fisher's factor reversal test. If on the other hand we have data on expenditure and quantity, we
first construct the Divisia quantity aggregate and then find the corresponding price aggregate.
An alternative data source is the Call Report Data. However that data base is very expensive,
and we did not feel that the cost was warranted for the objectives of this particular project. In
later research on economies of scale and scope, we do believe that the Call Report Data will be
needed.
18Net interest rate is the interest paid on the deposit plus FDIC insurance premium paid minus
service charges earned.
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Nominal dollar balances of all financial goods were converted to real balances by deflating the
nominal balances using Fisher's ideal price iktlex

2.7. Results

The parameter estimates were obtained by estimating the system of Euler equations
((2.36)-(2.40)) using the GMM estimation procedure on mainframe TSP (version 7.02). This
estimation process allows for heteroskedasticity and autocorrelation in the disturbance terms.
We specified a second order moving average serial correlation. Bartlett kernels were specified
for the kernel density. Discount window rtate, federal funds rate, composite bond rate, lagged

value of excess reserves, lagged value of the Fisher ideal price index, and constant were chosen

as instruments. In the estimation, to ensure@hkap <1, we replace by sinz(f)) and
estimatep . Similarly, to rule out possiblity of getting negative values for the subjective rate of
time preferenceld, we replace! by fi? and estimatel .

As is evident from Table 2.1, the precision of the GMM estimates of the parameters of
financial firm technology is extremely high for all of the parameters in the aggregator function
zo(z). Figures 2.1 and 2.2 display the levels and growth rates of the estimated theoretical
aggregate, the simple sum index, and the Divisia index. Clearly the estimated theoretical and
Divisia indices move closely together, while the simple sum aggregate tracks less well.

The estimated exact aggregate depends upon our choice of estimated aggregator function,
but was estimated in a manner that permits risk. The Divisia index on the other hand does not
depend upon the form of the aggregator function, but is derived under the assumption of perfect
certainty. However, the damage to its tracking ability from risk has been shown in other
research to become significant only when the degree of risk and of risk aversion are very high.

Evidently the degree of risk and of risk aversion were not sufficiently large to do much damage

19The Fisher ideal price index is used as a proxy fotrtleecost of living indexThe Fisher ideal
price index is equal to the geometric mean of the Laspeyres and Paasche index, where we
approximate the former from Bureau of Labor Statistic's consumer price index (CPI) and the
latter from Commerce Department's GDP implicit price deflator (IPD). Data on the CPI and IPD
are from the Citibank Database.
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to the tracking ability of the Divisia index. The violations of regularity reported in the footnote
of Table 2.1 were few and did not seem to be a serious problem in modeling bank behavior.
We tested weak separability of monetary assets from the other variables in technology.
We ran that test using HansexZstest for no overidentifying restrictions in the model with
weak separability imposed through the structure of the model. The test stadistitQs where
T=25 is the sample size and Q=0.36 is the value of the objective function in the GMM
estimation. The test statistic is distributed 3 with e-f=7 degrees of freedom, where e is the
number of orthogonality conditions and f is the number of parameters. The calculated test
statistic is 9, and the critical value at the 10% level of significance is 12.02. Hence we cannot
reject the hypothesis of weak separability of monetary assets. That weak separability condition
is the existence condition for an economic monetary aggregate.
3. Manufacturing Firms
As discussed above, the supply side model produced in section 2 is an extension of the
model previously produced and estimated by Barnett and Zhou (1994a), and an analogous
model on the consumer demand side has been produced and estimated by Poterba and
Rotemberg (1987) and by Barnett, Hinich, and Yue (1991). But this modern approach to
modeling, with nested demand-side monetary aggregator functions and GMM estimation of
Euler equations, has not previously been attempted. However, in the perfect certainty case,
relevant theory is available in Barnett (1987) and a positive contribution to dynamic modeling
of firm demand for money, although without nested exact quantity aggregation, has been made
by Robles (1993). The potential importance of this under-researched area has been emphasized
by Drake and Chrystal (1994). We now provide a model of a manufacturing firm that employs a
monetary asset portfolio as inputs. We assume rational expectations under risk, and we
investigate the existence of an exact aggregation-theoretic monetary asset input aggregate.
There is no unanimous agreement among economists about the specific role that money
plays in the production process. But regardless of the explicit role of money in the operation of

a manufacturing firm, a derived production function always exists that absorbs that motive into



-26-

the firm's techonology, even if no direct role exists for money inside the factory's production
activities20 When we enter the monetary asset portfolio into the firm's technology as factors of
production, the technology should be understood to be that derived technology of the firm, and
not necessarily the physical technology of the factory.

3.1 The Model

Our model is based on Barnett's (1987) monetary aggregation-theoretic approach,
extended to include uncertainty and capital accumulation. Perfect competition in all markets
and risk neutrality of the firm are assumed. The objective of the firm is to maximize the

expected discounted value of its future variable profit flow, subject to its technology. The firm

uses It real units of labor, Kreal units of capital goods, a vectpof monetary assets, and a
vectorx; of other variable inputs as factors of production in producing a waatbreal output

quantities during period The firm's technology is given by the transformation function:

Q(ylt""’ylt’Lt’Kt’Xlt""’XNtislt""’aJt)zo (3.1)
The transformation technology is assumed to be convex in its arguments in accordance with
the properties of a neoclassical transformation function. In addition, the following monotonicity
conditions hold:
0Q/ady;; 20, Oi=1,..,1,
0Q/0x,,; <0, On=1,..,N,
0Q/0g; <0, 0j=1..1,

9Q/dL,<0 and 0Q/0K,<O0. (3.2)

20lt is with respect to that derived technology that Fischer (1974) concluded that "there is a well-
defined sense in which real money balances may be said to be a factor of production”. Fischer
illustrates that conclusion with two types of models: a Baumol-Tobin inventory model, in which
the firm holds real balances because it is cheaper to hold them temporarily than to buy bonds,
and a vending machine model in which it is expensive for the firm to be short of cash. A re-
interpretation of the Baumol-Tobin model by regarding transaction costs as costs of hiring labor
brings in an interaction between production and financial decisions of the firm and justifies
putting money as an input factor in the production function.
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Let yjt be theith real output component with a prig{éi , Where i=1,...,l, xtbe thenth

variable input with a price" , where n=1,...,N, andye the wage rate of laboy, lwhich is

paid at the end of the period. Tjtie component of the real balances of monetary assets, held by

the firm in period is Sjt , Wherej =1,...,J. Real balances are defined to equal nominal

balances divided by):, the true cost of living index. The return on holding nominal money
balances of type | i?trand Is paid to the firm at the end of the period.

As the firm operates over time, it retains part of the earnings and uses them to finance its

expansion and development. Itis assumed that there exist markets for new and used capital.

Capital accumulation is given by:
Ki=@-8)K_y + 1, (3.3)

where } is gross investment ardds the physical depreciation rate of capital. Investment

becomes productive instantaneously ,but capital installation is costly to the firm. Thus the total
costs of purchasing and installingare given byp{[lt + C(It)], Wherep{ is the price of capital

goods and:(lt) is a convex function, representing the costs of adjustment associated with
installing capitak!
Extending Barnett's (1987, eq. 4.3) formula to include g theory capital dynamics, the

firm's variable profits during periddare:

T =2 Vit P = S XpaPr M~ Wyl + > [(1"' rjt—l)):—lajt—l - pisjt]_ ot [lt + C(It)] (3.4)
i n J
where
I, =K~ (L-d)K_, (3.5)

The first term represents revenues from production during peridthe second term is the cost
of other variable inputs;xwhich is paid out at the beginning of the period. The third term

21See section 2 regarding common specifications for the cost of adjustment function. Note that
our notation for the price of capital differs from that used in section 2. We here use the

superscript | in the role used by K in section 2, since we shall wish to reserve the rm'%ation
below for the user cost price of capital services.
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represents costs of labor supplied during the previous period, but paid its wage at the end of that
period. As in section 2, the end of one period is assumed to coincide with the start of the next
period, since time intervals are assumed to be closed on the left and open on the right. The
fourth term in the equation represents the flow of funds from rolling over the firm's portfolio of
monetary assets, where the first part of the term is the nominal value of the monetary asset
portfolio, available at the beginning of the period as a result of last period holdings. The last
term is the total cost of purchasing and installing capital during the period.

Summing over each period's discounted profit flow and substituting (3.5) into (3.4) to

eliminate |, we obtain the intertemporal profit flow function:

1
no=y=
t s=t usT[S
o 1 | . N J * *
= Z Yis pél - Z anp;(n Ws—lL s-17t z [(L + rjs—l)as—l"’:js—l - pssjs]
s=tHs L n J
-pi[Ks - (1-8)Kq +CJ} (3.6)

wherepg is a discount factor, defined as

H when s=t
=731
Hs Eﬂ (1+Ry)  whens>t
=t
and Ryis the rate of return on the firm's capital.

Regrouping the terms with common time subscripts in (3.6) gives the following form of

the intertemporal profit flow function:

ol pYi N pfn 10y @+r PO
_ p i _wls I js Ps
My=2 _yisJ‘—Zané——JJ—Z - Ejs
s=tLlj s n Hs  Hst1 Hst1 [
I I _ 0
By v o) Bty g 3.7)
Hs Ms+1 0
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In equation (3.7) the contribution of monetary assets and depreciated capital from-pesiod

ignored, since it is fixed in period t and does not affect the variable profit flow in period t.

Yi Xn * 1+r. |
' =i = Ps_ =xn-Ps = _Ws _bs _ jsFs =1 _ Ps
Define P = , g = , Wg = v Njs v Ps=,

S M S H s+l US p's+1 US

[ I _
and pg =bs —M. Substituting these definitions into (3.7) gives another expression

p's us+1

for the intertemporal profit function:

oo []I —yi N —xp _ — J K -1 0
My =2 D VisPs' = 2 XnsPs" ~ Wsl s =2 NjsEjs ~Ps Ks = psCO (3.8)
s=tli n j O

It is assumed that the manufacturing firm chooses the levels of output and real factors of
production to maximize the expected discounted intertemporal profit flow, subject to its
technology. Under the assumption of complete markets, perfect competition, and risk neutrality
of the owners of the firm, the problem can be presented as the following dynamic choice

problem:

o 1 ! . N J * *
Max Et E’sztE @yispgl - Z anpgn - Ws—lL s-17t z [(L + rjs—l)Js—l"’:js—l - pssjs]
=t Ms LI n J

~pks - (@-3)Key +CI}} (3.9)
subject to Q(Yig - Yis:X1g - -+ Xnsr Lo Kgr €19 £35) =0 OS2t

where k denotes expectations, given the information available at period

The first order conditions of this stochastic optimal control problem can be derived by
applying Bellman's dynamic programming method. To do so, the state and control variables

must be selected in a manner such that the decision is in Bellman form. The prices
p',pi",ps. Pt and R, are random stochastic processes that are not controllable by the firm.

The wage rate w1, the monetary asset yieljdsr_ 1 and p;_l are nonstochastic and are taken as
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given by the firm. The control variables ayg[Ji,x,J{In,e s0s and K, while the selected state
variables for periog areLq 1, Kg_y, €90, p¢'Ci, ps"ON, Py, Pe, Peg, Re Wy, Ts-ai -
Definew; to be the vector of all state variables, and defjrte be the vector of all
control variables. Lehgbe the subset of state variables defined gy
{pé’i i, p)s(“Dn, pé ,p;,p;_l,Rs,Ws_l,rjs_lﬂj}. We assume tha# follows a first-order
Markov process, with transitions governed by the conditional distribution funét(m+l|/\s).
This conditional distribution function defines implicitly the transition equation for the state
variables included ing. The remaining transition equations are defined by the obvious time
shifts between some of the elements that appear simultaneously, but with time shifts, in the
control and state vectors and by the technological transformation furfetiosed to produce
the transition equation of the remaining state variakeViaking these substitutions and
changes in notation, it can be shown that the problem now is in Bellman form.

The dynamic decision problem now can be put in the familiar Bellman form:

Max E E%—lns(w u )E (3.10)
r=1 >78g '

=T
subject towg,; =g(us), sxt

wherem(wg ug) is given by equation (3.4) arglis the vector of all transition equations for

the state variables. Using Bellman's method and the Benveniste and Scheinkman equation, the

Euler equations are found to be

E EBT[t(Wtaut)_'_ 1 09 6T[t+1(Wt+1,Ut+1)|W E:
tD Gut 1+ Rt Gut aWt+1 t

0 (3.11)
2
Substituting the quadratic functio\%L for the cost of adjustment function Q(nd replacing

the corresponding symbols with the actual state and control variables and transition equations,

we obtain the following system of Euler equations:
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E + w Oy, i=1,...,1 3.12
tht 1+R, taQ/aLtE Yit:| (3.12)
O 1 0Q / ox,,, O

E, pi" - w ME=0 OX,n=1,...,N 3.13
t%pt 1R, tOQIOLtE Xnt (3.13)

E,Cp) -— §1+ Yo twe i B e 3.14
tEpt 1+R, FigJPy ™ Wi 9Q /dL, %_ &t,J=1,....d (3.14)

w 9Q/0K 0
1+R, 0970, O

Eq Ep: [1"' V(Kt - (1 - 5)Kt—1)]_ 1p+{_+R1t [1 -0+ V(l - 6)(Kt+1 - (1_ 5)Kt)]_

(3.15)

The results is a system lsfJ+N+1 nonlinear equations. A solution exists for

(ylt,...,y,t, Xit e XNt E1t » ...,EJt) to these Euler equations augmented by the transformation
function (3.1). But in practice a closed form algebraic solution rarely exists, so that only a
numerical solution can be produced. Nevertheless, with a parametric specification of the
technology, GMM can be used to estimate the parameters from the Euler equations themselves.

3.2 Demand-Side Monetary Aggregation and Weak Separability

By estimating the parameters of the Euler equations by GMM, we can investigate
properties of technology, such as returns to scale. If the firm's monetary inputs are weakly
separable from output, we also can investigate the resulting exact demand-side monetary
aggregate.

The approach to identifying and generating an exact theoretical demand-side monetary
aggregate for a manufacturing firm is described by Barnett (1987) in the case of perfect
certainty. We extend his approach to the case of risk. The procedure involves two steps. First
one tests the existence condition for an exact aggregate. The existence condition is blockwise

weak separability of the monetary assets in the transformation function from the firm's outputs
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and from the firm's other factor inputs. Under this existence condition, it becomes possible to

factor those monetary assets as a subfunction out the rest of the firm's structure.

!

Define yq = (ylt,...,yn,Xlt,...,th,Lt, Kt) and z = (slt,...,ajt) . If zis weakly
separable froryg, then there exist functions H anglstich that

Q(yo.z)=H(yo,z0(2)),
where 3 is the aggregator function over the monetary asset imputbe weak separability
condition is mathematically equivalent to:

@Q/@ziD
[ﬁQ/aZJD
O—(p =

wheregis any of the components yf. Under that condition, the marginal rate of substitution

0 fori #j,

between any two different monetary assets is independent of the levels of any of the outputs or
of any of the other nonmonetary inputs. An additional restriction which is usually imposed on
the aggregator function is linear homogeneity in the compo#ents.

If the existence condition is satisfied, we can progress to the second step, which is
estimation of the aggregator functiog(z). Clearly the first step must precede the second step,
since the aggregator function estimated in the second step does not exist unless the hypothesis of
weak separability tested in the first step is accepted.

3. 3 Flexible functional form specification and regularity conditions

As in the case of the financial intermediary in section 2, we specify the technology of the
firm to be Diewert and Wales's (1991) symmetric generalized McFadden flexible functional
form, but now with exact nested input aggregation for financial assets rather than exact nested

output aggregatidA Hence the null hypothesis of exact monetary input aggregation is imposed

22 As discussed in section 2.4, the extension to nonhomogengmaguires the introduction of
distance functions, which is beyond the current scope of this paper. Regarding that possible
extension, see Barnett (1987, sections 7.1 and 8.1).

23The alternative specification of Diewert and Wales's (1991) symmetric generalized Barnett
flexible functional form could be the subject for future research. For an application of that
specification to banks, see Barnett and Hahm (1994).
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directly on the transformation functidx by specifying separately flexible functional forms for
H(yg.Zg) and g(2), where g(2) is nested into H(,,Zy) to assure the desired weakly separable

structure forQ. It is further assumed that the transformation function is linearly homogeneous

in its components. The extension to nonconstant returns to scale is a subject for future research.
Define H to be the symmetric generalized McFadden functional form

H(yg.20)=apzo +a' +—1[z ’]ZEZODG' (3.16)
Yo:40 040 Yo 5 o Yo @og Yo .

with a'yy #0, where g, a' = (@,.....a,), and A are parameters to be estimated. The matrix
A is symmetridn +1)x (n +1). The vecto’ = (a3,...,a,, ) contains fixed nonnegative
constants selected by the researcher. The linear homogeneity g ldrid g is obtained by
dividing H by a'y,.

To conform with the partitioning of the elements of H, the mafxiis partitioned as

follows:

X A1 A
Ha A g

where A4 is a scalarAqpis alxn row vector,A21is an x1 column vector, ané\ is n xn
symmetric matrix. Since\ is symmetric, we have that,, = A%,.

Let (yB,zB)#O be the point about which the functional form is locally flexible. Because
of the linear homogeneity assumption, the parameters in the functional form (B®) anere
than are needed for a parsimonious flexible functionalZoridence more restrictions can be

imposed without compromising the Diewert-flexibility property. We therefore impose

a'y, =1, (3.17)

Anzo+A1pY =0, (3.18)
and

Alpzg + Ay =0, (3.19)

24See analogous details in section 2 above.
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whereOn is an n-dimensional vector of zeros. Under the above restrictions the number of

parameters is reducedXen+n(n+1)/2, which is the minimum number of free parameters

needed to maintain flexibility.
Solving (3.18) and (3.19) for 4 and A1, and substituting into (3.16), we get

1 —_ I
H(yo.20(2)) =207 + Yo + (@'¥o) 'yo Ay,

3.20

- @yo)vo Ao leo /23 )+ e vo) ¥ AV o/ 2 ) o
Similarly define the monetary aggregator functig(eyto be
zo(2)= b’z+—;z’Bz/|3'z (3.21)
with the parameters satisfying

Bz =1, (3.22)
2,=b'z, (3.23)
BZ =0, (3.24)

andp'z#0. The vectob' = (b1 ey bm) and the symmetrin x m matrix B are parameters to

be estimated. The vectf = (Bl,...,Bm) is a vector of fixed nonnegative constants, and the

point z #0isthe point about which equation (3.21) is locally flexible.

Substituting (3.21) into (3.16) yields

Q(¥o.2)=H(yo.20(2))

1 - 1 _
=a, Et’z +2 (B'2) 1z’BzB+ a'y, + @'yo)  yhAY,
- (0ryo) Vo AYo bz -; ®z) 2Bz

1]+2 , 1 x' * ' 1 Y1, ﬁ
+§%0 a'yeH yOAyOEt z+§(Bz) Z'Bz
(3.25)

which by construction satisfies weak separability in monetary asset inputs.

Neoclassical curvature conditions requitfy,,z) to be a convex function in all of its

arguments, increasing in outputs, and decreasing in inputs. The monetary aggregator function

zo(z) should be concave and monotonically increasing. Suppose further that
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AH(yo,
0H(vo.20) (3.26)

0z
ThenQ(y,,2) is globally convex, whet(yg,zg) is convex in(yg,zo) andz(z) is concave
in z.

Diewert and Wales (1987) prove thﬂ(yo,zo) is a globally convex function if and only
if the matrixA is positive semidefinite, anzio(z) is a globally concave function if and only if
the matrixB is negative semidefinite. Positive semidefiniteness of the materd negative
semidefiniteness of the matican be imposed without destroying flexibility by the
substitution

A=qq’ (3.27)
and

B=-uu’ (3.28)
whereq is a lower triangulan X n matrix andu is a lower triangulam x m matrix.
Following the substitution of (3.27) and (3.28), we estingad@du.

Monotonicity restrictions are imposed locally at the point of flexibility. The first

derivatives of (3.25) with respect {g,z,) are

1 .\l .o\ 2_
S Tats [2(0( Yo) Ao~ (@'yo) O‘YOAYO]
* —1 * * —2 *’ , 1 R |
- gzo“ YO) Ayg ~ (200‘ YO) ZpQyy AYO% z +§(B z) "2'Bz (3.29)
1[1#2 2 2 W 1 _
w3 %o 0")’0% Zy Ay AYOSJ'Z +§ (Bz) 12'5252

and
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0Q 1 - -
e aoga > (Z(B’z) 'Bz-(3'2)” Bz'BzE
- @ooryo) Yo Avo b+ ((B2) "Bz - (2) *pr'Bz).
a
+ %520( YoH Yo Aygga +% (2([3'2)'182 -(B2)?pz BZE

oo o1, 50
*Ebz+—2([32) ZBZD

(3.30)

Similarly the first derivative of the aggregator function (3.21) with respexisto

%o - (p2) ez -4 o) ez @32

Evaluating these derivatives at the chosen point of local erxit@iEyz*) yields

;726/;,2*): a, (3.32)

S (5.27)=a0b (3.33)
and

aaizf’(z)= b. (3.34)

At present, we assume that the firm produces only one output, which is the first element of the

vector yg. Imposing the neoclassical monotonicity conditions, equations (3.32), (3.33), and

(3.34) imply the following constraints on the parameters
ag<0,a;20,a;<0 fori=2,...,n and b=0. (3.35)

Under imposition of (3.35), the monotonicity conditions are satisfied Ioca(%az*).

Substituting the functional form defined by (3.25) into the Euler equations (3.12)-(3.15),

provides a structural dynamic system of nonlinear integral equations to be estimated. Our
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parameter restrictions assure valid global curvature, local monotonicity, and global weak
separability in the monetary asset portfolio employed by the firm.

As with the financial firm, we use GMM to estimate the technology of the representative
manufacturing firm, and we use Hanse)nxstest to test the imposed assumption of weak
separability in monetary assets, although those assets now are inputs rather than outputs. If the
test of no overidentifying restrictions is rejected, then the null hypothesis of weak separability is
rejected.

3.4 Data and Empirical Application

The model is applied empirically to the aggregate US manufacturing sector with data for
the period 1949-1988. Real input resources include capital, labor, and materials. Monetary
inputs include two types of assets: cash on hand and in US banks and US government securities.

Using equations (3.12)-(3.15), the system of Euler equations to be estimated becomes

SRR
B e B
PN (i) R St et (339)
Eq Ep’{ - 1+1Rt §1+ rf b +p%%m= 0 (3.39)

and
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0. oK p- 0Q/0K,O
£ P! Ly (K - @-3)K-y)] - Py [1-8+y(-3)Kes -(1-3)K,)]- =
(3.40)

where Q is gross output, Kis capital services,lis labor , M is materials, €is cash on hand
and in banks, gs government securitied is the rate of capital depreciatiqm:, is the true
cost-of-living index, and Rs the rate of return to capital. The prices of output, capital , labor
and materials respectively ar®@pX, pit, g™, while the rates of return on cash and securities
respectively arg%and §S.

In accordance with this notation, we can wyite= (O, K;,L,M,) and z'=(C,,S,).
The center of local approximation is selected to be the point at wﬁlich(l,l,l, 1) , zg =1

I

and z° =(1,1). To assure that the center of approximation is located within the interior of the
observations, we rescale the data on all quantities about a chosen data point such that
Vi=yl /y}* 0i=12,3,4 andzl=z /z}* 0i=1,2, wheret represents the year of the
chosen data pointy; 0i=1,2,3,4 are the elements gf, and z; 0i=12 are the elements

of 2.25 To prevent dollar revenues and expenditures from being altered by our data
normalization, each price is rescaled by multiplication by the corresponding quantity at the

chosen data point.
The fixed nonnegative constanotsand3; are selected such that

a; :|§/i|/_§l|§/j| 0i=1,2,3,4 (3.41)
J:
and
— 3=
Bi zlzill_zllijl Oi=12 (3.42)
J:

25n our estimation the data point at which quantities are set to unity is chosen to be 1982.
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wherey and z are the sample means @f and Z respectively. With our data, we find
a1=0.24,05=0.20,03=0.32, 04=0.24, 31=0.56 andB,=0.44. Note that the constantsand
B; satisfy equations (3.17) and (3.22), as is required.

Equation (3.23) implies that1bby=1, and the monotonicity condition (3.35) requires
that b; 20 andb, >0. Therefore it follows thab; <1 for i=1,2. Combining these
constraints permits us to replageoly

b, = sin® ¢ and b, = cos? ¢. (3.43)
We then estimaté.

SinceQ(yo,z): 0, we can normalizegz-1 to satisfy the monotonicity condition (3.35).
The monotonicity conditions (3.35) are imposed by the substituat'loné%, a, = —é%,

a, =-a5,and a, = -a;, whered; [Ji=1,2,3,4 are new parameters to be estimated. The
curvature conditions are imposed by replacing the ma#aasdB by qq' and—uu’
respectively, where the lower triangular matrigesd u are as in equations (2.43) of section
2. Equation (3.24) then becomes as in equation (2.44) of section 2.

Solving (2.44) for w1 and 2, we getu,; =-uy; and u,, = 0. Substituting for these

parameters in (3.28) yields the following form of the mdrix

, 31 10
B= Ullal _15 (344)

The parameters to be estimateddare, 1, y, the vectord' = (31,3,,33,4,4), and the matrix.

The data comes primarily from two sources. Data on output and factor inputs in US
Manufacturing for the period 1949-1988 is acquired from the Division of Multifactor
Productivity of the Bureau of Labor Statistics. The data consists of quantity and price Tornqvist
indices. Output is defined as gross sectoral output. Capital input is defined as the flow of

services from physical assets, which include equipment, structures, inventories, and land. Labor
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input is defined as the paid hours of all persons engaged in the sector. Materials input consists
of all commodity inputs exclusive of fuel inputs.

The source of data on money balances held by manufacturing firmQsdherly
Financial Report for Manufacturing, Mining, and Trade Corporatidémsthe period 1949-
1988. To convert to real units, we deflate the nominal balances by the Fisher ideal index
approximation to the true cost-of-living index, computed as in section 2 above. The rates of
return on cash on hand and in banks and government securities are from the City Bank database.
We use the 6-month commercial paper yield as the rate of return on cash on hand and in banks
and the 3-month Treasury-bill rate as the rate of return on government securities. The reason for
the non-zero rate of return for cash on hand and in banks is that it does not consist solely of
currency. Cash on hand and in banks in our data source is defined to be the sum of
manufacturing sector holdings of currency, demand deposits, and time deposits. Separate data
on such holdings of currency are available only for the most recent observations.

We use an external nominal bond rate for the rate of return on capisihde data was
unavailable to compute an internal rate of réuridata on Moody's Baa bond rate is obtained
from the City Bank database.

3.5 Results

The model is estimated using the GMM estimator in the TSP mainframe version 7.02.
The following variables are used as instruments in the estimation procedure: a constant, total
US population, and lagged values of the prices of capital and materials, of the rate of return on
cash and securities, and of the Moody's Baa bond rate. The results are robust to
heteroscedasticity and autocorrelation.

As is evident from Table 3.1, the precision of the GMM estimates of the parameters of
manufacturing firm technology is extremely high for all of the parameters in the aggregator

function z(z). Figures 3.1 and 3.2 display the levels and growth rates of the estimated

26For a rigorous discussion of theoretical and empirical issues concerning the measurement of the
rate of return on capital, see Harper, Berndt and Wood (1989).
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theoretical aggregate, the simple sum index, and the Divisia index. Clearly the estimated
theoretical and Divisia indices move closely together, while the simple sum aggregate tracks
less well.

The estimated exact aggregate depends upon our choice of estimated aggregator function,
but was estimated in a manner that permits risk. The Divisia index on the other hand does not
depend upon the form of the aggregator function, but is derived under the assumption of perfect
certainty. However, the damage to its tracking ability from risk has been shown in other
research to become significant only when the degree of risk aversion and of risk is very high.
Since our model of the manufacturing firm assumes risk neutrality, we should expect the Divisia
index's tracking ability to be good, as indeed we find to be the case.

The violations of regularity reported in the footnote of Table 3.1 suggest the limitations
of the generalized McFadden parametric specification of the firm's technology and perhaps
suggest that our future research on manufacturing firm technology should be based upon the
generalized Barnett model originated in Diewert and Wales (1987) rather than upon our current
use of the generalized McFadden model, also originated in Diwert and Wales (1987). Unlike
the generalized McFadden model, the generalized Barnett model is globally regular. However,
in the current research we investigate only the properties of the estimated aggregator function of
monetary assets, and as reported in the footnote to Table 3.1, the estimated monetary aggregator
function was globally regular.

We tested weak separability of monetary assets from the other variables in technology.
We ran that test using HansexZstest for no overidentifying restrictions in the model with
weak separability imposed through the structure of the model. The test stadistitQs where
T=40 is the sample size and Q=.35 is the value of the objective function in the GMM estimation.
The test statistic is distributed ag4with e-f degrees of freedom, where e=30 is the number of
orthogonality conditions and f=17 is the number of parameters. The calculated test statistic is

14, and the critical value at the 1% level of significance is 27.69. Hence we cannot reject the
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hypothesis of weak separability of monetary assets. That weak separability condition is the
existence condition for an economic monetary aggregate.
4. Consumers

This line of research in monetary economics began with Barnett (1980) in the perfect
certainty case and Poterba and Rotemberg (1987) in the case of risk. Both papers were
produced from models of consumer behavior. A long list of papers have been motivated by
Barnett's perfect certainty model, and recently Poterba and Rotemberg's extension to risk has
motivated papers by Barnett, Hinich, and Yue (1991) and by Rotemberg, Driscoll, and Poterba
(1994). While the applications of the perfect certainty approach are far more extensive than
those of the recent extensions to the stochastic environment case, there is in place a small and
growing literature on consumer behavior under risk with Euler equation estimation and exactly
nested (weakly separable) aggregator functions over monetary assets. This research fits well
into the Sidrauski (1967) tradition.

However, the work on firm behavior in this tradition is far more limited. The perfect
certainty theory for manufacturing firms and for financial intermediaries can be found in Barnett
(1987). Also see Hancock (1991) regarding financial firms under perfect certainty. But as
observed above, this paper is the first to extend Barnett's model of manufacturing firms to the
case of risk, with capital dynamics and nested monetary aggregation. Similarly the only prior
work extending this approach to financial firms under risk is Barnett and Zhou (1994a), who
introduced no capital dynamics and assumed 100% payout of earnings as dividends. Since
research in this tradition has been far more limited in the case of firms than in the case of
consumers, this paper primarily emphasizes our extensions to technology estimation.

Nevertheless, for the sake of completeness, we now include results on consumer behavior
under risk with exactly nested monetary aggregation. In particular, we provide those extensions
needed to render compatibility of the consumer demand Euler equation estimation with that
presented above for manufacturing firms and financial intermediaries. In particular we

emphasize the index number issues associated with tracking the exact monetary aggregate
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nested within the Euler equations, when the tracking is to be attempted with a nonparametric
statistical index number, rather than an econometrically estimated parametric aggregator
function. While much research has appeared in recent years on the nature of those tracking
errors, little previously has been available for consumption under risk. See Barnett, Hinich, and
Yue (1991) for discussion of the need for research on the properties of that tracking error under
risk, since the existing theory on the order of the remainder term in such nonparametric
approximations is not applicable to the case of risk.

4.1. Consumer Demand for Monetary Assets

In this section we formulate a representative consumer's stochastic decision problem over
consumer goods and monetary assets. The consumer's decisions are made in discrete time over
a finite planning horizon for the time intervals, t, t+1, ..., s, ...,t+T, where tis the current time
period and t+T is the terminal planning period. The variables used in defining the consumer's

decision are as follows:

Xs = n dimensional vector of real consumption of goods and services during period s,
ps = n dimensional vector of goods and services prices and of durable goods rental prices

during period s,
as = k dimensional vector of real balances of monetary assets during
period s,
ps = k dimensional vector of nominal holding period yields of monetary assets,
As = holdings of the benchmark asset during period s,
Rs = the one-period holding yield on the benchmark asset during period s,
Is= the sum of all other sources of income during period s,

* *

Ps =Pg(Ps) = the true cost of living index.

Define Y to be a compact subset of the n+k+2 dimensional nonnegative orthant. The

consumer's consumption possibility set, S( s) fafs...,t+T} is:
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n
S(s)={s xs, A9 O Y: % pisxis =
i=1
k * * * *
+ 3 [(14Pi,s-1) Pg_q a,5-1-Pg ds] + (1+Rs-1DPpg.1 As-1-Pg As+ It (4.1)
i=1

Under the assumption of rational expectations, the distribution of random variables is known to
the consumer. Since current period interest rates are not paid until the end of the period, they
may be contemporaneously unknown to the consumer. Nevertheless, observe that during period

t the only interest rates that enter into S(t) are interest rates paid during period t-1, which are

known at the start of period t. Similagy and pt are determined and known to the consumer
at the start of period t. Henca &t ,At) can be chosen deterministically in a manner that
assures thagf, xt, At) [ S(t) with certainty. However, that is not possible for s > t, since at the

beginning of time period t, when the intertemporal decision is solved, the constraint sets S(s) for

s >t are random sets. Hence for s > t, the values;0fq, Ag) must be selected as stochastic

process.
The benchmark assetfrovides no services other than its yiBlgl As a result, the

benchmark asset does not enter the consumer's intertemporal utility function except in the last
instant of the planning horizén. The asset is held only as a means of accumulating wealth to
endow the next planning horizons. The consumer's intertemporal utility function is

U=U(at, ...,as -...at+T; Xt, .., Xs, . Xt+T: At+T),
where U is assumed to be intertemporally additively (strongly) separable, such that

U=u(at, Xt) + (1—12 ) u(at+1, Xt+1) + ...

----- + ﬁ )T-Lu(ats -1, xt+T-1) + (ﬁ )T u(at+T, Xt+T, At+T)

27A nonzero probability must exist that the holding period retugnpRthe benchmark asset will

exceed that of any other asset during period s, since no other motivation for holding the
benchmark asset exists within the consumer's decision problem, as defined below. In fact, since
the variance of the distribution ok likely to be high relative to that gg for any i, we should

expect the mean ofRo exceed that of any elementrgf
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t+T-1 1 1
= 2 (—1+E)S‘tU(as,Xs) t (e )T ur(ae+T, Xt+T, At+T), (4.2)
s=t

and the consumer's subjective rate of time preferénde,assumed to be constéhtThe

single period utility functions, u and-uare assumed to be increasing and strictly quasiconcave.

Given the price and interest rate processes, the consumer selects the deterministic point

(at.xt, At) and the stochastic processas Xs, As), s=t+1, ..., t+T to maximize the expected
value of U over the planning horizon, subject to the sequence of choice set constraints.

Formally, the consumer's decision problem is the following.

Problem 1: Choose the deterministic poima,(xt, At) and the stochastic process, ks,As), S

=t+1, ..., t+T, to maximize

t+T-1 1 1
u(atxp) +&[ > (E)S'tU(as,Xs)+ (1_+E )T uT( at+T Xt+T At+T)] (4.3)
s=t+1

subject to &, Xxs, Ag) 0 S(s) fors=t,...t+T.

We use [cto designate the expectations operator conditionally upon the information that exists

at time t.

In the infinite planning horizon case, the decision problem becomes:

Problem 2 Choose the deterministic poia,(xt, At) and the stochastic procesgXs,Ag), S =

t+1, ...,00, t0 maximize
o0

Wt )+ B S Gyp) Stu(as, Xl @.4)
s=t+1

subject to &s, xs, Ag) 0 S('s) for s 3t, and also subject to

28Although money may not exist in the elementary utility function, there exists a derived utility
function that contains money, so long as money has positive value in equilibrium. See, e.g.,
Arrow and Hahn (1971), Phlips and Spinnewyn (1982) and Feenstra (1986). We implicitly are
using that derived utility function.
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im E (1—12 )S-tAg=0.

S—>®

The latter constraint rules out perpetual borrowing at the benchmark rate of return, R

4.3 Existence of a Monetary Aggregate for the Consumer

In order to assure the existence of a monetary aggregate for the consumer, we partition

the vector of monetary asset quantitegs such thabs = (ms, hsg). We correspondingly
partition the vector of interest rates of those aspgtsuch thaps=(rsis). We then assume
that the utility function, u, is blockwise weakly separablmgand inxs for some such partition
of as. Hence there exists a monetary aggregator ("category utility”) function, M, and consumer
goods aggregator function, X, and a utility function, u*, such that
u@s, xs) = u*(M(mg), hs, X(xs) ). (4.5)

We assume that the terminal period utility function in the finite planning horizon case is

correspondingly weakly separable, such théég) Xs, Ag) = uT(M(ms), hs, X(xs) As)

Then it follows that the exact monetary aggregate, measuring the welfare acquired from

consuming the services ofg, is
Ms= M(mg). (4.6)
We define the dimension aisto be k, and the dimension dfigto be lo, so that k=k+ko.

It is clear that equation 4.6 does define the exact monetary aggregate in the welfare sense,
since My measures the consumer's subjective evaluation of the services that he receives from
holdingms. However it also can be shown that equation 4.6 defines the exact monetary
aggregate in the aggregation theoretic sense. In particular, the stochastic pgacess M

contains all of the information abouwnis that is needed by the consumer to solve the rest of his

decision problem. This conclusion is based upon the following theorem, which we call the

consumer's aggregation theorem.
k1 * *
Let Ds=Is+ } [(1+ri,s-1) Pg_q Mi,s-1-Pg Mis],
i=1
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and let
n
A(s) ={ (s xs, A UY: % pisxis =
i=1
k2 * * * *
+ > [(I4is-1 pg_q hi,s-1-Pg his] + (1+Rs-DPg.q As-1- P As+ Dgl. (4.7)
i=1

* * * *

* *
Let the deterministic pointa{ Xe o Ay ) and the stochastic process (xS Ag ), s 3t+1, solve

problem 1 (or problem 2, if T=). Consider the following decision problems, which are

*

conditional upon prior knowledge of the aggregate proc%ssl‘W(mS ), although not upon the

*

component processes; .
Problem 1a Choose the deterministic pointi xt, At) and the stochastic process, ks, As),

s=t+1, ..., t+T, to maximize
*
U*(Mt ’ ht, Xt )

t+T'1 l * l * *
BRI Y Qi) ST Mg hs Xs)+ (g )T ur(Mp, hs xs,As) ] (4.8)
s=t+1

*

subject tolis, xs, Ag) D A(S) fors =t,...t+T, with the procesg Myiven for s 3 t.

Problem 2a Choose the deterministic pointi( xt, At) and the stochastic process, ks,As),

S=t+1, ..., to maximize
0

My hx) BT ) StwMg hs xs)] (4.9
s=t+1

subject to i, xs, As) O A(s) for s 3t, and also subject to
1
- L \S-tAc=
lim & (1+E P 1tAs=0,
S 00

*
with the process 0 given for s 3 t.
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Theorem 1(Consumer's Aggregation Theorem):Let the deterministic pointr{t,ht,xt,At)
and the stochastic processg hs, Xs, Ag), s=t+1, ..., t+T solve problem 1. Then the
deterministic pointlt,xt,At) and the stochastic procebgXs,Ag), S = t+1, ..., t+T, will solve

*
problem 1a conditionally upav = M(mg) for s =t, ..., t+T. Similarly let the deterministic

point (mt,ht,xt, At) and the stochastic processs( hs, Xs, Ag), S®t+1 solve problem 2. Then the
deterministic pointlt,xt,At) and the stochastic procebgXs,Ag), s 3 t+1 will solve problem 2a
conditionally upori\/I; = M(mg) for sst.

Clearly this aggregation theorem, proved in the appendix, applies not only when M
produced by voluntary behavior, but also when thgphcess is exogenously imposed upon the
consumer, as through a perfectly inelastic supply function gnmyosed by central bank
policy. In that case, problems 1a and 2a describe optimal behavior by the consumer in the
remaining variables. SinchdxsAg) are not assumed to be weakly separable frgytin
information about M is needed in the solution of problems 1a and 2a for the processes
(hgXs,Ag). For example, the marginal rate of substitution between labor and goods may depend
upon the value of i Alternatively information about the simple sum aggregate over the
components ofgis of no use in solving either problem la or 2a unless the monetary
aggregator function M happens to be a simple sum. In other words, the simple sum aggregate
contains useful information about behavior only if the componemts;@fe perfect substitutes
in identical ratios (linear aggregation with eqoeéfficients).

4.4 The Solution Procedure

Using Bellman's principle, we can derive the first order conditions for solving Problems 1
and 2. Under the somewhat more restrictive conditions assumed by Poterba and Rotemberg
(1987), the first order conditions derived below reduce to those acquired by Poterba and
Rotemberg.

We concentrate on the infinite planning horizon problem 2, rather than on the finite

planning horizon problem 2, since the contingency plan functions ("feedback rules") that solve
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problem 1 are time dependent, while those solution functions are independent of time in the
infinite planning horizon case. Time enters only through the variables that enter those equations
as arguments, rather than through time shifting of the functions themselves.

We begin by solving the budget constraint in equation (2.1) for the quantity of an

arbitrary consumer goodjsxand we then use the resulting rearranged constraint to eliminate
Xjs from the intertemporal utility function in problem 2 for all s3t. For notational simplicity, we
let j=1. Letzis= (as, Ag). To apply Bellman's method, we must define the control and state
variables. Define the control variables during period s @15 Xog ..., X%g. We define the
state variables during period s to &5 @s), where the price and income state variablegare
= ((P2s -+-» B9 p; , p;-1, Rs-1, Ps-1, Is)/p1s and wherds= (as-1, As-1).

Having eliminated the budget constraint by substitution as described above, problem 2

can be rewritten as follows:

Problem 2b: Choose the deterministic poiiytand the stochastic processs = t+1, ..., t0

maximize
2 1
uze By + B[ (E)S'tU(Zs,Bs)] (4.10)
s=t+1
subject to
B1,5+1=Z1s (4.11)
and
. 1
lim Et(l—+E StAag=0, (4.12)
S— 0
with (3t given.

Equations (4.11) are the transition equatid®s,1 = g (Zs, 13), providing the evolution

of future state variables as functions of the controls and the current state. We assumggsthat the
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process is Markovian. Applying the Benveniste and Scheinkman equations, we can acquire the
Euler equations for the control variables.

The Euler equations which will be of the most use to us below are those for monetary

assets. Replacing X{ by a in u, those Euler equations become:
e Hou _ pi(Re—rip) ou O
t@mit Pwe1  0CiH

fori=1,...,HK, where ¢= X(xt) is the exact quantity aggregate oxgand R is its dual

0 (4.13a)

exact price aggregaté. Similarly we can acquire the Euler equation for the consumer goods

aggregaterather than for each of its components. The resulting Euler equatiqnsfor ¢
Tou _ py@+Ry) du O

Et ~ P * -

@Ct Pt+1 act+1E

4.5 Monetary Policy

0 (4.13b)

Having the Bellman solution at hand, we are in a position to give further consideration to
the policy implications of monetary aggregation through the Theoretical aggregate. Hence we
now return to Theorem 1 and Problem 2a. Clearly the Bellman equation for Problem 2a can be
written in a form analogous to that of the Bellman equation produced by Problem 2. The only
changes are that the controls now aggxps...,x1sAs), S = t, ..., while the state variables are

*

(hs-LAs-Lﬂs,MS ), wheregs is the vector of price and income state variables defined earlier.

Hence the solution contingency plans solving problem 2a are of the form:
*
(hsX2s... %sAg) =f(hs-1As-1, &5, Mg ), (4.14)

where all of the controls and state variables are deterministic for s=t.

*
The appearance ofg\/l as a state variable has interesting policy implications. Clearly if

*

Mg is used as an indicator in the conduct of monetary policy, the monetary aggregate will

indeed contain information abouig(xos...,%sAs) and thereby about the final targets of

monetary policy both in goods and labor markets. Alternatively suppose that policy

29Assuming that X is linearly homogeneous, the exact price aggregator function is the unit cost
function.
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*

instruments, such as the monetary base, are used to target the equilibrium pg:\tamah/l

intermediate target of policy. Assuming that the instruments are used in a manner that is not

time inconsistent, as for example through an open loop policy, the equilibrium stochastic

*
process for M can be influenced by policy. Under our assumption of rational expectations,

economic agents will know about the policy rule and hence about the targeted equilibrium
*

process for M. The consumer then can solve problem 2a to acquire the optimal solution for
*
the remaining variables conditionally upon the targeted processsfor M

*
We see that only M can play these roles, if policy operates through a monetary target or

indicator. The simple sum aggregate, which does not appear as a cdntrahiserve neither
*

role. In fact the only information from the portfolins , that is useful in solving problem 2a is

* * *

Mg :M(ms ), sincemS enters the contingency plahenly through M.

At this point, we have completed our theoretical analysis of demand for money in a risky
environment. We now can use GMM estimation to estimate the parameters of first order
conditions under a particular specification for tastes. We then compute the estimated theoretical
monetary aggregate and proceed to investigate the quality of currently available statistical index
numbers in tracking the monetary service flow. But we first determine the applicability of
existing index number theory under the assumptions of our exact aggregation theory.

4.6. The Risk Neutral Case

In the perfect certainty case, nonparametric index number theory is highly developed and

is applicable to monetary aggregation. In the perfect certainty case, Barnett (1978,1980) proved
that the nominal user cost of the services pfisrit, where
« Ry —r;

Tt = Py 1+R (4.15)
t

The corresponding real user cosfji4?*. In the risk neutral case, the user cost formulas are the

same as in the perfect certainty case, but with the interest rates replaced by their expected
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values. It can be shown that the solution value of the exact monetary aggreggteavi(be

tracked without error in continuous time (see, e.g., Barnett (1983b)) by the Divisia index:
k1
dlog M = z St dlog my, (4.16)
i=1
where the user cost evaluated expenditure shareg anmg; s / _klqut mjt. The flawless
tracking ability of the index in the risk neutral case holds regardless of the form of the unknown
aggregator function, M. However, under risk aversion the ability of equation (4.16) to track

M(my¢) is compromised, and the rate at which that tracking ability deteriorates is unknown as the

degree of risk aversion increases above zero. We investigate the magnitude of that error below
by econometrically estimating ).

4.7. A Generalization

The fact that the Divisia index tracks exactly under perfect certainty or risk neutrality is
well know. However, we show in this section that neither perfect certainty nor risk neutrality
are needed for exact tracking of the Divisia index. Only contemporaneous prices and interest
rates need be known. Future interest rates and prices need not be known, and risk averse
behavior relative to those stochastic processes need not be excluded. The proof is as follows.

*
Assume that R P andrt¢ are known at time t, although their future values are

stochastic. Then the Euler equations (4.13ankcare

ou * 01 ou U

— —ppt(Rt — rit)Et i =——— =0 (4.17)

omiq ot ey e H
fori=1,..., g Similarly the Euler equation (4.13b) for aggregate consumption of ggods, ¢
becomes

ou * 01 ou O

— —ppt(lL+RY)Etm—=——"=0 (4.18)

dcy ' Yot dcea B

0 0
Eliminating E¢ —l v between (4.17) and (4.18), we acquire
Hpts1 0Cesa H

ou _ Rt_ritﬂ
amit 1+R¢ aCt

(4.19)
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But by the assumption of weak separability of minwe have
ou _ du oM

= (4.20)
where M = M(mt) is the exact monetary aggregate that we seek to track.
Substituting (4.19) into (4.20) and using (4.15), we find that

oM -, ou/ dc; (4.21)
Now substitute (4.21) into the total differential of M to acquire
k1
dM(m,) = 2L 3 dm, (4.22)

ou/ oM, =
But since M is assumed to be linearly homogeneous, we have Euler's equation for linearly
homogeneous functions. Substituting (4.21) into Euler's equation, we have

du/ac, K1
M(m¢)=———- 5 Tt (4.23)

ou/ oMy j=1
Dividing (4.22) by (4.23), we acquire (4.16), which is the Divisia index. Hence the exact
tracking property of the Divisia index is not compromised by uncertainty regarding future
interest rates and prices or by risk aversion. Nevertheless, this assumption is not trivial, as
emphasized by Poterba and Rotemberg (1987), since current period interest rates are not paid
until the end of the current period. In fact current period interest rates are not assumed
contemporaneously known in our Euler equations (4.13a) and (4.13b).

4.8. Data and Specification

In order to simplify the illustration, we accept a common clustering of components without

weak separability testing. We first s8¢ equal to those components of M1 found by Belongia

and Chalfant (1989) to be weakly separabl&/e then repeat our analysis witlg set equal to

the components of M2, but with those components clustered into three groups with prior

aggregation within groups, so thmag contains three aggregated elements. Hence we implicitly

assume thags is partitioned in accordance with a recursively nested two level separable

blocking, such that the components of our M1 aggregate are separable within the components of

300n testing for weak separability, also see Swofford and Whitney (1987).



-54-

our M2 aggregate, which in turn are separable waginConsidering the little that is known
about testing for separability in the risk averse case, the clustering that we have chosen without
explicit separability testing is hardly the last word on that subject.

We now select a specification for the function, u, satisfying our weak separability
assumption, and we estimate the parameters by GMM. In that estimation, the data that we use is
the monthly monetary component data available in Fayyad (1986) for January 1969 to March

198531 We begin by definingng to contain two components: currency and demand deposits,

which Belongia and Chalfant (1989) found to be blockwise weakly separable, at least under risk

neutrality, from other goods and assétsn the utility function, u*(M(ng),hs, Xg ), we assume a

further higher level of nested blockwise strong separability, such that
u(mshs, xs) = V(M(mg), Xs) + His), (4.24)
where X=X(xg) is the exact quantity aggregate over consumer g8odike utility function that

we specify and estimate is the category utility function \Wi)( Xg).34

31Although component data is available for more recent months, we decided to use the same data
used by Fayyad (1986) and supplied in his appendix. That data also was used by Barnett,

Hinich, and Yue (1991) to explore the dynamic properties of the data in the frequency domain.
Comparability and replicability are facilitated by using that widely available and explored data
sample. It would perhaps be interesting to repeat this procedure using the recently updated data
in Thornton and Yue (1992), which now is being continually updated and maintained on the St.
Louis Federal Reserve Bank's computer bulletin board, FRED.

32See Barnett, William A., Melvin Hinich, and Piyu Yue (1991) regarding the need to test for

weak separability and for further details regarding the data.

33Formally, we assume thag is in a weakly separable block within u, with linearly

homogeneous category utility functionx¥). The true cost of living index;p:p*(ps) is the unit

cost function dual to the quantity aggregator functian, Xs described earlier, we approximate
the true cost of living index by the Fisher ideal index.

We are able to appeal to perfect certainty aggregation theory in this case, since current
period prices, unlike current period interest rates, are known in the current period. Hence two
stage budgeting over consumer goods is possible, and thereby perfect certainty aggregation and
index number theory are applicable to consumer goods.
34The strong separability assumption is largely for expository convenience. Weak separability of
the form ufn1gmog Lg, Xs) = U[V(M(m1g), Xg),m2g Lg would be sufficient to assure the

existence of the function V(M{19), Xs) that we use below.
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Since the variables in V(M{g), Xg) are disjoint from those in HE), we can restrict the
original decision to be defined in terms of the utility function M), Xs) in the following

manner without altering the solution for the variabtag,Xs). We redefine the utility function

in Problem 2 to be

00

VMM, X) + BT S Gyg) STVM(me), Xal (4.25)
s=t+1

The utility function in Problem 1 can be restricted in the analogous manner. The budget
constraint in either case is simplified in the following manner. All terms containing the variables
(hghs-1) are absorbed into the "other income" varialjewlth (hghs-1) replaced by their

stochastic processes solving the complete unrestricted decision (Problem 1 or 2).

The budget constraint then becomes:
*
{(ms Xs, A9 UH: pg Xs=

kl * * * *
+ > [(1+1i,s-1) Pg_q Mi,s-1-Pg Mis J[+(1+Rs-)pg_q As-1-Pg Ast s (4.26)
i=1

In short, with M1 components we estimate a three goods model, including two monetary

components and the aggregate quantity of consumer go@dsyith M2 components we

estimate a four goods model, including three aggregated monetary components and the aggregate

guantity of consumer goodsgXWe now define our specification for3¥.
We assume constant proportional risk aversion, such that the utility function
V = V(M(mg), Xg) is of the form
V(M(Mg), X9= = [3( XM 4.27)
for some function, J, whereddM(myg) is the Theoretical monetary aggregate we seek to

estimate. We then assume that the function J has the Cobb-Douglas form

35%We use the same aggregator function specifications used by Poterba and Rotemberg (1987),
although we believe that at a later stage of this research the aggregator functions should be
replaced by those of the highly flexible seminonparametric AIM (asymptotically ideal model)
specification. See, e.g., Barnett, Geweke, and Wolfe (1991a,b) and Barnett, Geweke, and
Yue(1991).
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J(Xs, Mg) = XgP Mg1-B. (4.28)
Finally we assume that the monetary aggregator functiomgMbpas the CES (constant

elasticity of substitution) form

k1
Ms=(% dims)iV (4.29)
i=1
.n
with 5 & = 1, where n = 2 for M1 and n = 3 for M2.
i=1
Substituting (4.29) into (4.28), and then substituting the result into (4.27), we get
k1
1
V(M(mg), Xg= = [XP (3 sims)(TBIV]O. (4.30)
i=1

Denoting the rate of subjective time discounpby 1/(1+€) and substituting (4.30) into (4.25),

we get the complete intertemporal expected utility function

B(U) == (B (Lam)ABVO B[ 5 o5t L x (Lamg)1-BIN0)
=1 s=t+1 =1

(4.31)

The parameters to be estimated@re, 3, {dj}, andv. The constraints imposed on those

parameters are
k1
> 0/=1,0<B21,and 0 ;2 1.
i=1
All consumption and asset quantity data are real per capita. We approximate the benchmark
rate, R, by the maximum holding period yield across all assets in Fayyad's (1986) tables during

period s. The particular asset which produced that rate of return need not be the same for all s,
since our measurement o§ Broduces a proxy for the rate of return on some very illiquid asset
(such as human capital in a world without slavery), on which we may have no monthly data.
4.9. Estimation
We use Hansen and Singleton's (1982) generalized method of moments estimator to estimate
the parameters of the Euler equations, (4.13a) and (4.13b). In accordance with Hansen and

Singleton's estimator, we iterate on the weighting matrix until convergence. The Hansen and
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Singleton GMM estimator requires the selection of instrumental variables. When estimating the
Theoretical M1 aggregate, we use the following five instruments: énstant = 10, 2= Xs-
1-Xs Z3=(Ms+1,1-Ms1) + (Ms+1,2- MsD) , Z4 = Ms-1,1+ Ms-1,2, and 5 = Rs-1.

The sample size in Fayyad (1986) is 195 which covers monthly periods from January of 1969
to March of 1985. In order to impose the constraints on the parameters, we transform the
parameters in the following manner:

p =B1, 0=B2,B=cogB3, 5=cogB4 ,V = Bs,
and we estimate the new parametersB, B3, and Bi. The GMM estimator converged at its
fourth stage. The resulting parameter estimates are as in Table 4.1.

Using these parameter estimates and the component data, the estimated theoretical M1
monetary aggregate,dd M(mg), was computed at each observation. We also computed the
Divisia quantity index and the simple sum index over the same components. The nominal per
capita time paths of these three M1 index numbers are plotted in Figure 4.1. In Figure 4.3, the
corresponding real per capita data is plotted for the three series.

This procedure then was repeated with the M2 data. The components of M2 were clustered
into three groups, and asset quantities within the groups were aggregated by simple summation to
produce three aggregated components over which we aggregate by the three methods. For details
of the prior clustering of components, see Table 4-1 in Barnett, Hinich, and Yue (1991).

In order to impose the constraints on the parameters, we transform them as follows
p =B1, 0=B, p=cogB3, 51 = co$Bs5, 52 = sirBssin’Be, v = Ba.
The GMM estimation converged at the third stage. The resulting parameter estimates are
provided in Table 4.2.
Using these parameter estimates and the component data, the estimated theoretical M2

monetary aggregate,d¥ M(mg), was computed at each observation. We also computed the

Divisia quantity index and the simple sum index over the same components. The nominal per

36The t-ratios should be interpreted with caution, since the use of transformations of parameters
to impose inequality constraints biases conventional methods of estimating standard errors. As a
result, we supply no standard errors or t-ratios for the original untransformed parameters.
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capita time paths of these three M2 index numbers are plotted in Figure 4.2. In Figure 4.3, the
corresponding real per capita data is plotted for the three series along with the real per capita
indexes for M1. In Figure 4.4, the nominal per capita indices are supplied for the three methods
of aggregation at both the M1 and M2 levels of aggregation.

The properties of the three aggregates at each level of aggregation are easily seen by
inspecting the plots. Evidently at the M1 level, Divisia M1 tracks the estimated Theoretical
aggregate rather well. At the M2 level, the growth rates of those two series diverged from
September 1982 through April 1983, with the growth rate of the estimated Theoretical aggregate
being consistently higher than that of the Divisia aggregate throughout that time period. This
phenomenon opened a gap between the plots of the levels of the two series. However, the two
paths tracked parallel to each other after the eight months of diverging growth rates, since the
growth rates of the two series returned to being very similar after April 1983.

The divergence from September 1982 through April 1983 probably can be found in the
unusual circumstances that existed in money markets. Many innovations in money markets
evolved during that period, such as the introduction of super-NOW accounts and money-market
deposit accounts at commercial bafkkS here also was more than the usual degree of
uncertainty regarding monetary policy, since that period immediately followed the termination of
the Federal Reserve's "monetarist experiment,” and the targets of monetary policy immediately
following the termination of that experiment were unclear.

5. Conclusions

We conclude that both the Lucas critique and the Barnett critique can be circumvented by
estimating Euler equations with weak separability tested and imposed prior to the construction of
monetary aggregates in the financial sector. This conclusion applies to estimation of the

technology of manufacturing firms, which demand monetary services as inputs, the tastes of

37In particular, superNow accounts were introduced during January 1983 and money market
deposit accounts were introduced during December 1982. The period during which the growth
rate of the estimated Theoretic M2 aggregate diverged from the Divisia and simple sum M2
aggregates was September 1982 through April 1983.
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consumers, who demand monetary services as inputs, and the technology of financial
intermediaries, which supply financial services as outputs while contributing to the production of
the economy's inside money supply.

While the Divisia index is not flawless when tracking the resulting weakly nested monetary
aggregates that exist in such rigorous structures, we find that its tracking ability is better than that
of other available statistical index numbers. This advantage is most evident when the ratios of
the user cost prices of the services of components differs substantially from 1.0. Those user cost
formulas depend upon the own rates of return such that the user costs are equal if and only if the
own rates of return are equal. In fact, it can be shown that the Divisia index reduces to the
simple sum if all own rates of return are equal, so that the components become perfect
substitutes. The advantage of Divisia over simple sum is especially evident in the case of
consumer demand, since our data in that case includes currency with a yield of zero, while the
other assets in the consumer's portfolio yield a positive rate of return. In our results with
manufacturing firms and with banks, no zero yielding asset was among the components of the
aggregate and hence the results are less dramatic.

The ultimate objective of this line of research is to permit investigation of various forms of
policy intervention into asset markets and to investigate properties of tastes and technology. We
agree with Poterba and Rotemberg's (1987) views on the direction that this research should take,

and we have taken that line of research several steps further. Clearly much remains to be done.
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APPENDIX

Proof of Consumer's Aggregation Theorem

Proof of Theorem 1 Let the deterministic pointt, ht, Xt , At) and the stochastic process

(mghgXs, Ag), s=t+1, ..., t+T, solve problem 1. But let the deterministic pbpti(At) and the
stochastic proceskhé,xs,Ag), s = t+1, ..., t+T, not solve problem l1a conditionally upon the
process I\z = M(mg) given for s =t, ..., t+T. Then there e%gg,RS,AS)D A(S), s=t, ..., t+T,
such that (4.8) evaluated @, ..., F]HT,f(t,...,S(HT,AHT) is strictly greater than (4.8)
evaluated athy,..., hy1,X¢,. .., Xea1 0 Agsr) conditionally upon @ = M(msg).

Hence (4.3) evaluated @M, ,...,M 1, Ny, Dt Koo Keor 2 Aap) i Strictly greater than
(4.3) evaluated dimy, ..., M+, N Nt X Xee T, Are7) . But since(ﬁs,is,,&s), s=t+1, ...,
t+T, is feasible for problem 1a conditionally upor¥Wi(msg), it follows that(ms,ﬁs,is,,&s) is
feasible for problem 1. Our assumption timag,his,xs, As), S =*t, ..., t+T, solves problem 1 is

contradicted. The analogous proof by contradiction applies to problem 2a.

Q.E.D.
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Table 4.1
GMM Estimates of Parameters of M1 Theoretical Aggregator Function Nested in
Consumer Demand Model

Inside Aggregator Outside Aggregator
Estimated Parameter 1B B B B B
Estimate 0.9168 -0.3329 7.6018  42.717  0.6800
t-ratio 62.489 -3.726 19.171 10.424 2.3769
Derived Parameter p a 0 Y
Implied Estimate 0.9168 -0.3329 0.9825 0.5398 0.6800




-68-

Table 4.2
GMM Estimates of Parameters of M2 Theoretical Aggregator Function Nested in
Consumer Demand Model

Inside Aggregator Outside Aggregator
Estimated Parameter 1B B B B B B
Estimate 0.8975 -0.2669 0.2173 0.8426 0.8198 0.9177
t-ratio 43.9094 -3.3072 13.1376 1.9011 17.6566 14,6081
Derived Parameter p o B 01 02
Implied Estimate 0.8975 -0.2669 0.9535 0.8426 0.4656 0/3371
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Table 3.1

GMM Estimates of Parameters of Theoretical Aggregator Function Nested in
Manufacturing Firm's Technology

Parameter 11U ()
Estimate .05 61.82
t-ratio 9.41 228,814

Note: the other parameters of technology, outside the monetary aggregator function, are
(81.8,.33,8,,Y,011,921, 931, G410 2. O3 G330 42: 043, 0ag ), and were estimated to be (1.2, .689,
1.617, 1.635, 3.98,-1.61,-3.19,5.23,4.59,-3.75,-3.33,5.52,5.76,.963,-.035) respectively, with
corresponding t-ratios of (9.8, 6.21, 7.84, 10.18, 1.01,-6.85,-7.32,7.12,10.42,-6.68,-
2.32,4.05,10.74,1.11,-.001) respectively. The estimated vatpengiies estimates for (ko) of
b1=0.777 and $=0.223.

Monotonicity was imposed upon the monetary aggregator function at only one point. However,
monotonicity of that function was checked at all points, and violations of monotonicity conditions
within the aggregator function did not occur at any observation. Convexity of the monetary
aggregator function was imposed globally.

Monotonicity of the transformation functiof2, was imposed at only one point but checked at all
points. Monotonicity was violated for output at 3 points, for labor at 3 points, for materials at 5
points, for capital at 14 points, and for cash and securities at 32 points. Convéxiwasfviolated
at 32 data points.
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Table 2.1

GMM Estimates of Parameters of Theoretical Aggregator Function Nested in
Financial Firm's Technology

Parameter 11U 0
Estimate -.532 58.05
t-ratio -2.54 839.3

Note: the other parameters of technology, outside the monetary aggregator function, are
(41.82,33,84,0.11 6,011, U21,031,041,022, U32, 033, U a2, 043, Gag ), @and were estimated to be
(.039,.230,.030,.034,260.8,.259,58.0,0.098,.326,.444,-.479,-1.586,1.755,-1.764,
-.298,1.914,1.163) respectively, with corresponding t-ratios of (2.52,9.11,.06,.05,2.90,2.35,839.32,-
5.06,.80,1.08,-1.30,-5.08,4.29,-6.24,

-1.59,6.26,9.26) respectively. The estimated valBiwiplies estimates for () of b1=0.72 and
by=0.28.

Monotonicity was imposed upon the monetary aggregator function at only one point. However,
monotonicity of that function was checked at all points, and violations of monotonicity conditions
within the aggregator function did not occur at any observation. Convexity of the monetary
aggregator function was imposed globally.

Monotonicity of the transformation functiof2, was imposed at only one point but checked at all
points. Monotonicity was satisfied at all data points for outputs, at all data points for cash and labor,
at all but 2 points for materials, and at all but 4 points for capital. ConvexXiyafs satisfied at all
data points.
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Reply to Cecchetti's Comment

by William A. Barnett, Milka Kirova, and Meenakshi Pasupathy

We very much welcome Stephen Cecchetti's comments on our paper. He has provided an interesting new
method for computing monetary aggregates, and we are very pleased to find that the monetary aggregate that he
proposes is not a simple sum. We hope that economists interested in progressing beyond the obsolete simple sum
monetary aggregates will include Cecchetti's aggregate in their experiments. But we feel it is necessary for us to
point out that the index-number-theoretic tradition that is relevant to understanding the Cecchetti index differs from
the tradition that is relevant to understanding our research. In addition, the objectives of our paper are very different
from those of Cecchetti's approach.

1. Historical Background

Historically there were two traditions in the index number theory literature. One was called statistical index
number theory and the other was called economic index number theory. The latter was produced from
microeconomic theory and generated the large literature on exact weakly separable aggregator functions, two stage
budgeting, the unit cost function as the true cost of living index, and many of the results on functional duality
theory. See, e.g., Fisher and Shell (1972), Blackorby, Primont, and Russell (1978), and H. A. John Green (1964). It
should be understood that the literature on econgumntity and price aggregation theory is not the source of any
controversy in microeconomic theory. The reason is that it is correct and is beyond dispute. The basic principle
upon which that literature is based is that an aggregate is exact if the economic agent behaves as if the aggregate
were an elementary good in a shadow world decision that tracks the real world decision without error.

On the other hand, statistical index number theory, in its earliest days, was not directly connected with
economic theory and hence was the object of much criticism from economic index number theorists. But statistical
index number theory circumvented the need to estimate aggregator functions. The clash between the convenience
of statistical index numbers and the theoretical validity of economic index number theory hampered progress for
many years. In recent years the explosion of activity in index number theoretic research found its origins in the path
breaking research of Diewert (1976), who proved that a class of statistical index numbers tracks the exact

aggregators of economic aggregation theory up to a third order remainder term in the changes. He named that class
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the "superlative" index numbers. His result unified a subset of the available statistical index number theory with the
entirely valid economic index number theory, thereby ending the division between the two approaches. Nearly all
of the post-Diewert research in statistical index number theory is based upon the unified overlap and produces
provable tracking ability relative to economic index number theory.
2. Cecchetti's Number

Cecchetti's index is not in the class of superlative index numbers and in fact has unknown tracking ability
relative to the exact aggregator functions of economic aggregation theory. Hence Cecchetti's index is in the older
pre-Diewert tradition of statistical index number theory. We believe that his interesting index merits serious
research in the growing literature on monetary aggregation, but we hasten to add that the research contained in our
paper is firmly rooted in economic aggregation theory and therefore has very different objectives. As explained in
our paper, both the Lucas critique and the Barnett critique (as defined by Chrystal and MacDonald (1994) and
explained in our paper) are solved by the approach that we advocate. Without a known connection with a nested
aggregator function, the Cecchetti index seems vulnerable to the Barnett critique, and he does not comment on our
estimation of the deep parameters of Euler equations as a solution to the Lucas critique.
3. Cecchetti's Criticism of Index Number Theory

Cecchetti states that the possible covariance between the weights of index number theoretic aggregates and the
component growth rates is a defect. In a superlative statistical index number, the weights contain no unknown
parameters. The weights contain only data. Similarly the growth rates of component quantities or prices are data.
Multiplying together two correlated data stochastic processes to get a third derived data stochastic process is not a
problem. For example, income is computed by calculating the sums of products of quantities and prices. The fact
that those quantities and prices are correlated is irrelevant. Furthermore, there is good reason to want the weights
and component processes to be correlated. Consider, for example, the Divisia index, which is known to track any
aggregator function without any error at all in continuous time, since the Divisia index is just a transformation of the
first order conditions for optimizing behavior. The weights of the Divisia index's growth rates are expenditure
shares. If the aggregator function being tracked is Cobb-Douglas, all expenditure shares will be constant. Hence in
that unlikely special case, the shares will be uncorrelated with the component growth rates. But along any other

aggregator function, prices, quantities, and shares will all be correlated. Whether shares are positively or negatively
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correlated with prices depends upon whether the price elasticities of demand are greater or less than minus 1.0. Any
index number which does not permit that correlation cannot track a non-Cobb-Douglas aggregator function
adequately. In short, we consider Cecchetti's criticism of index number theory to be unw&franted.

If Cecchetti's criticism of index number theory alternatively is directed at economic aggregation theory, rather
than statistical index number theory, his criticism remains unwarranted. In economic index number theory, the
aggregates are the economic aggregator functions themselves. Those functions are linearly homogeneous,
increasing, and concave, and are weakly separable subfunctions within the structure of the economy. Those
economic aggregator functions may have parameters, but need not have "weights" in any meaningful sense. The
unknown parameters are constants and are not correlated with anything.

4. Methodology

The admissibility criteria used to produce data in index number theory and aggregation theory are outlined in
Barnett (1982). Such aggregates must be produced over weakly separable groups, and the index used to aggregate
over the groups must have known (preferably "superlative") tracking ability relative to the aggregator function.

This construction process logically precedes the use of any such aggregate. Since more than one nested weakly
separable group may exist, there can be more than one admissible aggregate, and they can be recursively nested, as
in the M1, M2, and M3 component groups. Comparison between the admissible aggregates can be based upon their
usefulness in policy or in other such applications. But the construction of admissible aggregates is logically prior to
that final comparison. Constructing data in a manner that is designed from the start to rationalize some policy view

is a violation of the principles of index number theory, and inadmissible index number theories violate existence
conditions in aggregation theory and therefore cannot be viewed as tracking anything that exists. Hence they do not
"measure" anything.

The purpose of all scientific research is to reveal the truth, not to alter the data in a manner that may tend to
justify some preconceived policy view. The purpose of data is to measure something that exists, i.e. an aggregator

function that is separable within the structure of the economy. If that which exists is not easily used in policy, or is

38n index number theory, bias is defined to be the expected value of the difference between the growth rate of the
index and the growth rate of the exact aggregation-theoretic economic aggregator function. The very different
concept of bias used by Cecchetti is defined without reference to such an exact, neoclassical, weakly separable,
aggregator function. In fact his equation (2) would not be satisfied by such a class of aggregator functions.
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not at all useful in policy, should we find a way to change the data so that it will appear to be useful in policy? If so,
are we then justified in using that circular construct as data in a structural equation or model?
5. Conclusion

At the present time, Cecchetti's construct has no known foundations in economic aggregation theory, and is
neither an economic aggregate nor an admissible statistical index number, in the modern post-Diewert definitions of
the terms. But the Cecchetti number could be viewed as a "coincident economic indicator," in the Stock and
Watson (1991) sense, and may thereby be of use as a policy tool. On those grounds, we believe that Cecchetti's
construct merits serious further research. In fact we wish to applaud Cecchetti for contributions above and beyond
the call of duty. Itis rare for a discussant's comments to include an original and positive new research contribution.
However when it comes to the construction of aggregate data as measures of structural e@ggbtgtion theory
and economic index number theory exist for a very good reason. In his comments, Cecchetti asks whether there is

"an easier way to do this." Relative to the clearly stated structural objectives of our paper, the answe?ds----No.

39n fact the route to better ways is through the use of harder ways, not easier ways. For example, the way to
generalize beyond the need for representative consumers is through the incorporation of recent advances in
aggregation over economic agents. The way to internalize risk adjustments is through the use of recent advances in
index number theory under risk. The way to generalize beyond the need for linearly homogeneous utility functions
is through the use of distance function aggregator. The relevant literature is there to use.
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