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Abstract:

In order for time series estimates of the output gap to be useful to policy makers,
this paper argues that two factors will be critical. First, they must be able to produce an
estimate of thecurrent output gap based only on past information. Put another way, to
evaluate the performance of such estimators, we should focus on their properties asfilters
rather thansmoothers. Second, the decomposition of actual output into potential output
and the output gap must not be based on arbitrary assumptions on the time-series behav-
iour of these variables. In general, this leads to a multiplicity of possible solutions that
may differ greatly in their policy implications. The arbitrary selection of one of these cre-
ates arbitrary policy advice.

A trivial but flexible estimator of the output gap (dubbed TOFU) can be con-
structed which satisfies both of the above criteria. It estimates the output gap as part of a
larger economic relationship. A discussion of its properties shows that except under very
strict circumstances, such time series methods will produce better estimates of output gaps
ex post than they willex ante. Furthermore, under certain conditions, contemporary and
historical data will be of no use in estimating the output gap whatsoever. This in turn
places limits on the extent to which time series methods can hope to improve upon struc-
tural estimates of the output gap.

1.  The author would like to thank several people for their help, feedback and patience. These include (but
are not limited to) Alain DeSerres, Alain Guay, Doug Hostland, Steve Poloz, Tif f Macklem and seminar par-
ticipants at the Federal Reserve Bank of Kansas City and the Bank of Canada. Needless to say, this in no
way implicates them in any errors or omissions. Special thanks go to the Research Department of the Fed-
eral Reserve Bank of Kansas City for their hospitality. The views expressed here are those of the author and
do not necessarily reflect those of the Bank of Canada or of its staff. Early drafts of this paper were circu-
lated under the titleThinking Gaps.
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I. Introduction
It has been known for some time that estimates of potential output (and the related concept

of NAIRU) vary widely across methods and researchers, and that some of these estimates have
quite wide confidence intervals. Setterfieldet al. (1992) generated NAIRU estimates for prime-
age males that covered virtually the entire range of their actual unemployment rate for the 1956-
87 period. Confidence intervals for the US NAIRU estimated by Weiner (1993) similarly imply
that the actual unemployment rate was neversignificantly above or below the NAIRU during the
1962-1992 period.1 Rose’s (1988) survey concluded that “. . . [Our] estimates range widely and,
in general, are not statistically well determined. . . . the same uncertainty surrounds the point esti-
mates presented by other researchers.”2

A number of authors have suggested that while structural estimates of potential output or
NAIRU do not produce very robust results, the addition of time-series techniques may help to
improve this uncertainty.3 This paper examines the extent to which such techniques may be
expected to improve a policy maker’s estimates of the output gap.

The first section reviews the distinction between the problem of detrending output for
business cycle research, and that of estimating the current output gap. Standard detrending meth-
ods (on which there has been considerable research) are shown to be ill-suited to the policy-
maker’s needs. The following section then considers the effects of alternative identifying assump-
tions on the robustness of the resulting estimates of the output gap. This in turn suggests that more
theory is required to ensure that estimates will be meaningful. The third section describes an alter-
native way of estimating the output gap which takes account of the criticisms introduced in the
previous sections. The fourth section then discusses what appears to be a previously unexplored
link between the usefulness of time series methods and the economic mechanism causing the
business cycle. In particular, there are some cases where time-series techniques will be com-
pletely uninformative.

1. This claim is based on calculations provided by the Economic Research Department of the Federal Reserve Bank
of Kansas City. The author would like to thank Timothy Schmidt in particular for his assistance.

2. Rose (1988) p.i.

3. For example, see Laxton and Tetlow (1992).
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II. Filtering and Smoothing
There is a considerable literature which estimates output gaps (or the related concepts of a

“natural” or “non-accelerating inflation” rate of unemployment) from structural models. A key
advantage of this approach is that they may allow one to construct estimates of the output gap
which are invariant to changes in macroeconomic policy; that is, they satisfy the Lucas
Critique(1976). The time series methods that are discussed below will make use of non-structural
models of the time-series properties of macroeconomic data, and so cannot reasonably be
expected to give policy-invariant estimates. Why then would policy makers be interested in the
application of time-series methods to this question?

One explanation is that despite the considerable resources that have been devoted to struc-
tural estimates, the accuracy of such estimates is far from satisfactory. It is therefore natural that
alternatives to structural estimation would eventually be explored. Another explanation is that
even policy-sensitive estimates of output gaps can be valuable in a policy-making context. In par-
ticular, they may provide valuable information for the conduct of policywithin a given policy
regime. For example, within a regime of targeting inflation, such estimates might provide useful
information on whether the monetary stance should be loosened or tightened to meet the target.
Whatever the reason, the fact is that policy-making institutions are actively investigating the
application of time series methods as an alternative or adjunct to purely structural estimates. Most
of the work that has been done to date on this topic has been done in affiliation with a policy-mak-
ing body.4

Of course, considerable work on the time series analysis of output has already been done
in a non-policy context. The relevant literature can be grouped into two main fields. One of these
considers various ways in which we can decompose output (or more generally, realizations of any
univariate nonstationary stochastic data-generating process) into a nonstationary trend and a sta-
tionary cyclical component. The other field has concentrated on the question of how data should
be detrended in order to characterize the business cycle. However, the policy maker’s problem is
different enough from both of these problems that it requires a new approach. The discussion of
trend/cycle decompositions will be deferred until the next section, and the remainder of this sec-
tion will discuss the problem of detrending.

Detrending is typically used as a means of making business cycle data stationary prior to
examining the ability of a (stationary) business cycle model to capture important features of the
data. This differs from the policy maker’s problem of measuring the output gap in four important
respects.

First, it is not enough for the policy maker to selectany stationary component from the
data; instead, he is trying to isolate a stationary component with a particular economic interpreta-
tion. As will be discussed in greater detail in the next section, many different stationary compo-
nents can be extracted, but these may have widely differing economic interpretations.

Second, in order to test a business cycle model, the researcher usually limits the applica-

4. For example, Kuttner (1992) was published by the Federal Reserve Bank of Chicago, Laxton and Tetlow (1992)
was published by the Bank of Canada, Quah and Vahey (1995) was written at the Bank of England and Giorno,
et al. (1995) was published by the OECD.
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tion of economic theory to the construction of the model. The data is then made stationary in an
atheoretical way in the hope that this will serve as a check on the theory’s adequacy. The policy
maker is not seeking to test a theory, but to estimate a variable that is not directly observable. It
therefore makes sense for the policy maker use an economic model to assist in detrending.5

Third, a researcher typically treats the detrended data as given, whereas the policy maker
may treat the detrended data as an estimated series that is subject to estimation error. In particular,
the latter may wish to determine the probability that the output gap is positive (or negative) at a
given point in time. More generally, greater uncertainty in the estimate of the output gap could be
used to justify a policy that is less responsive to the estimated gap.

Fourth, given a data set that ends at timeT, the policy maker is most interested in estimat-
ing the output gap at the end of that sample, whereas the researcher may be content to have
detrended data only for some subsample that does not include the last few observations. In the
time series jargon, the researcher is typically interested in the application of asmoother (i.e. a
function which may use observations from before and aftert in order to estimate some quantity at
t.) The policy maker’s problem is principally one offiltering (using only information available by
t to estimate a quantity att.)

These differences can be seen more clearly if we consider some of the methods suggested
for detrending data. Three good examples of these are the first-difference filter, the Hodrick-Pres-
cott filter, and the Band-Pass filter.6 All will produce a stationary component from an I(1) or line-
arly trending series. However, these stationary components may differ considerably among
themselves, and the results of the Hodrick-Prescott and Band-Pass filters will in turn depend on
the exact parameters used. Choosing one of these as an estimate of the output gap has traditionally
relied on visually inspecting the results to see whether they are consistent with one’s preconcep-
tions rather than on the use of any objective yardstick. Theory is rarely used explicitly to justify
the choice of one such measure over another.

The application of the Hodrick-Prescott (HP) and Band-Pass (BP) filters is problematic
since these are actuallysmoothers rather thanfilters in the terminology introduced above. The BP
“filter” is simply the difference between the original series and a symmetric weighted average of
itself. The symmetry restriction implies that the smoother cannot produce estimates near the
beginning or the end of the sample. The HP “filter” is symmetric in the middle of the sample, but
gradually becomes a one-sided weighted average as one approaches the beginning or end of a
sample. This implies that it behaves as a true filter at the last observation of a sample.

Figure 1 compares the weight placed on each observation at various points in the sample
for the HPsmootherused on quarterly data from 1947Q1 to 1994Q3. For example, observation 96
shows us that in the centre of our data sample, the smoother appears perfectly symmetric. How-
ever, as we move towards the end of the data, the smoother starts to become truncated as some
leads of the series are no longer available. At four years from the end of the sample (Obs. 16), the
smoother is still quite smooth and symmetric. Two years from the end (Obs. 8), we start to see an
abrupt truncation at the end of the sample. In the last year (Obs. 1-4), the cutoff becomes more

5. Gregory and Smith (1993) and Smith (1994) pursue this idea in the context of detrending.

6. The Band Pass filter was recently proposed by Baxter and King (1995).
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pronounced and the degree of asymmetry is heightened. Since the smoother converges to the filter
at the end of the sample, the curve for Obs. 1 shows us the weights used by the true HPfilter.

This difference in weights has two important effects. The first effect is that the true filter
puts most of its weight on a very small number of observations. This means that its estimates of
deviations from trend will tend to be more variable than those of the smoother and more sensitive
to minor revisions in a few data points. The second effect comes from the lack of symmetry,
which implies that filtered estimates will tend to lag changes in trend. There is an obvious trade-
off between these two effects; the less the filter concentrates its weight on the most recent obser-
vations, the greater the lag that it introduces.

One way to measure the extent of the second effect is to calculate the filter’s lag. The
median lag at observationt is calculated by finding the largestk such that at least half of the fil-
ter’s weight is placed on observations at or beforet-k. Another measure is the mean lag, which for
observationt is given by

(EQ 1)

where  is the weight that the trend at timet puts on the observation at timek. As shown on
Figure 1, the median lag of the filter in this sample is only 2 quarters. However, because of the
highly skewed distribution of these weights, the mean lags are much larger; almost 9 quarters.

Figure 2 graphs the smoothed and filtered estimates of deviations from trend for the log of
US real GNP using quarterly data for period mentioned above.7 (Positive numbers imply that
actual GNP is below trend.) Both series have approximately the same mean and standard devia-
tion, and the two series are positively correlated. The true HP filter gives slightly larger peaks and
troughs, while the smoother seems to lead the true filter by a few quarters . Figure 3 graphs the
difference between these two series (shown as a fraction of actual GNP.) Differences are often
±2% of GNP or more, such as in 1950, 1954, 1964, 1977, 1980, 1983-84, etc.

These results suggest that the difference between using the Hodrick-Prescott method of
detrending as asmoother and as afilter may be economically significant. These differences would
be larger still if the true filter were run on preliminary announcements of data (as a policymaker
would) rather than on the subsequently revised estimates. However, the use of the HP detrending
method is invariably based on a visual inspection of thesmoothed series rather than thefiltered
series. This in turn suggests a confusion between the policy maker’s problem and that of simply
detrending data.

7. These estimates were constructed using a smoothing parameter of 1600.
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III. Identification and Misspecification
The previous section discussed some of the differences between the problem of simply

detrending data and the policymaker’s problem in estimating an output gap. In this section, we
review lessons from the literature on trend/cycle decompositions.

This literature examines solutions to the problem of decomposing a single nonstationary
time series  into the sum of a nonstationary component (the trend) and a stationary component
(the cycle). A number of alternative decompositions have been proposed. Perhaps the most popu-
lar and influential of these was the Beveridge-Nelson (1981) decomposition, which specified that
the nonstationary component follow a random walk. A number of authors attempted to draw con-
clusions about the relative importance or real and nominal shocks from these decompositions,
associating the “trend” component with “real” macroeconomic shocks and the cyclic component
with “nominal” shocks. This literature was strongly criticised by Quah (1992), who notes that
there are an infinite number of ways in which to define the cycle-trend decomposition of a series.
Depending on the decomposition that we choose, we can make the fraction of the variance due to
the cyclic component in a finite sample arbitrarily close to 100%, while the assumption that the
trend is a random walk will maximize the trend’s share of the variance.

Quah’s critique highlights an important fact. There are an infinite number of ways in
which to define the cyclic component of a series, and the definition that we choose can make an
important difference to the properties of that cyclic component. To understand the extent of this
problem, consider the following. Forany nonstationary series , we can subtract from itany sta-
tionary series  to define a trend . Since  and  will sum to ,any stationary series can
therefore be defined to the cyclic component of . Since shifting a stationary series by any
number of leads or lags still leaves the series stationary, this means that we can similarly trans-
form any cyclic component to define another measure of the cycle. Since multiplying a stationary
series by any scalar constant leaves a stationary series, we can scale a cyclic component by any
number to define another measure of the cycle. Clearly, the problem is not that is difficult to con-
struct a cyclic component. The problem is that with so many possible definitions, it is difficult to
select a unique and meaningful one.

This problem of non-uniqueness is directly applicable to the problem of estimating the
output gap. If we define the output gap to bejust the stationary component of output, this leaves
so many possible definitions that the results are of no use in guiding policy. As a simple example,
for any possible measure of the output gapX, -X and0.Xwould also be reasonable candidates,
although their implications for policy would be very different.

To arrive at a more restrictive definition of the output gap, a broad range of identifying
assumptions have been suggested. While each produces a unique measure of the gap, these meas-
ures can only be as economically meaningful as their identifying assumptions. Unfortunately, the
validity of these assumptions is often inadequately discussed. Below, we discuss the identifying
assumptions associated with several different decomposition methods, including the Beveridge-
Nelson decomposition, the Hodrick-Prescott filter, Structural VAR decompositions, and the
cointegration approach.

Perhaps the most widely used identifying assumption is that the trend component (or in

yt

yt
ct τt ct τt yt

yt
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the case of the output gap, potential output) follows a random walk. This assumption is equivalent
to attributing all forecastable changes in level to the cyclic component. Such an assumption is the
basis of the Beveridge-Nelson univariate decomposition, and is also used in Kuttner’s (1992,
1994) state-space decomposition, and in Evans and Reichlin’s (1994) multivariate Beveridge-Nel-
son decomposition.

How useful is such a decomposition for policy purposes?8 That depends on whether the
definition of the cyclic component is closely related to a useful economic interpretation of the out-
put gap. For example, if we wish to calculate cyclically-adjusted budget deficits, then defining the
gap to be the sum of predictable changes in output might be reasonable. However, if our aim is to
use the output gap to estimate to estimate inflationary pressures, there is little reason to expect
forecastable output growthper se to be particularly suitable. From a structural perspective, there
is little reason to assume that potential output should follow a random walk (with or without
drift). For example, it is easy to argue that “time-to-build” or the gradual diffusion of technology
should generate important predictable changes in potential output.

Although the Hodrick Prescott filter9 is frequently used to detrend data, the fact that its
trend/cycle decomposition also has a specific identifying assumption is often overlooked. Given a
time series , the HP filter chooses its trend  as the solution to

(EQ 2)

where  is an exogenously given parameter. This can be rationalized as the solution to a signal-
extraction problem where

(EQ 3)

(EQ 4)

where  are mutually uncorrelated normal i.i.d. variables and  is a function of their relative
variances.10

How useful is such a decomposition for policy purposes? Again, that depends on how rea-

8. Evans and Reichlin (1994) note that structural interpretations of such a forecast-based representation of trend and
cycle are not warranted. (p. 242, Remark 2.) However, they also state (p. 234) that “One can thus interpret  as the
gap between current and ‘normal’ output levels, and the size of this gap is clearly crucial for policy making.”

9. In the preceding section, it was noted that the Hodrick Prescott filter could properly be called a smoother rather
than a filter. In addition, it was not created by Hodrick and Prescott. Diewert and Wales (1993) note that the technique
originated in the statistics literature in the 1920s and is more commonly known as a smoothing spline.

10. A number of extensions to the basic Hodrick Prescott filter have been investigated. The pioneering work in this
area was Laxton and Tetlow (1992), who add the squared residuals from structural relationships to the minimization
problem in (EQ 2). Coté and Hostland (1994) further generalize the problem by estimating the weighting parameters

 simultaneously with . Giorno, et al. (1995) combine an HP filter with a structural model. They all rest upon
identifying assumptions analogous to those in the simple univariate HP filter.
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sonable these identifying assumptions are. While the Beveridge-Nelson decomposition assumed
that the expected growth rate of potential was a constant, the Hodrick-Prescott decomposition
assumes that the expected growth rate of potential is a random walk and that the output gap is
serially uncorrelated. Among other things, this would imply that real output growth should con-
tain a unit root, a hypothesis which is usually easy to reject. It is therefore hard to argue that this is
a plausible data generating process for output, and difficult to understand why output gaps gener-
ated by this method should be useful for policy.

A structural vector-autoregression model (SVAR) can refer to many different things. Both
Sims (1986) and Bernanke (1986) made important early contributions to the literature on giving
structural interpretations to reduced-form VAR models. However, in the context of estimating
potential output, most of the attention now focuses on the approach pioneered by Blanchard and
Quah (1989). Their key innovation was to use only long-run and orthogonality restrictions to
recover structural shocks from the reduced form. Since macro-economic theory is much more
specific about long-run behaviour than short-run dynamics, this was a very attractive approach
that has been widely implemented and extended.11

Unfortunately, the orthogonality assumptions of such SVARs can pose problems for accu-
rate measurement of the output gap. Specifically, the assumption that shocks are orthogonal at all
leads and lags implies that the monetary policy reaction to a supply shock would be counted as
part of the supply shock, even if this monetary response had no effect on potential output and
solely affected the output gap. Also problematic may be the assumption that any shocks having
only transitory effects on output are demand shocks. This means that transitory shocks to potential
output would not be counted as supply shocks.12 DeSerres, Guay and St. Amant (1994) consider
the same problem from a slightly different perspective. They note that using only the effects of
demand shocks to construct the output gap implicitly assumes that supply shocks have identical
effects (even in the short-run) on potential and actual output. They explore the conditions under
which this is true and conclude that the results will be sensitive to the policy rule. Consequently,
we cannot be sure that the SVAR measure of the output gap will reflect the “true” gap.

Yet another approach to decomposing output movements into trend and cycle may be
associated with cointegrating relationships. Suppose we find some set of variables that cap-
tures all the long-run movements in  (i.e.  and  are cointegrated.)13 One can therefore
define the trend component of  to be ,  where  is the cointegrating vector. The
stationary residual term  defines the cyclic component.

11. Although the number of related papers is very large, the most important of these are the extension by King,
Plosser, Stock and Watson (1991) to cointegrated systems, and the problem of non-fundamental solutions discussed
by Lippi and Reichlin (1993, 1994). Applications to the measure of the output gap include DeSerres, Guay and St.
Amant (1995).

12. Examples of transitory shocks to potential output are labour disputes, unusual weather and seasonal fluctuations.
DeSerres, Guay and St. Amant (1994) give a good discussion of the importance of these problems and others.

13. There are a number of theoretical justifications for such relationships. For example, if we assume that  is pro-
duced from a two-factor Cobb-Douglas production function , then the logs of  should cointegrate.
Alternatively, a forward-looking rational model of consumption behaviour can imply that the logs of  and  are
cointegrated.
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The usefulness of such a decomposition once again depends on how reasonable these
identifying assumptions are. In this case, although  cointegrates with , we know that any sta-
tionary transformation of  will also cointegrate with . We therefore have to ask why, of all
these possible variables, we should rely on  to define the cyclic component. It might be argued
that  captures all expected future changes in, but we have already discussed (in the context of
the random walk assumption) why such trend/cycle decomposition may be misleading. Similarly,
it might be argued that  captures the long-run determinants of , but we have already men-
tioned why short-run variation may be an important feature of potential output.

To summarize, there is an important lesson to be learned from the trend/cycle decomposi-
tion literature. If we wish to identify the cyclic component of output, we must have some way of
choosing from an infinite number of different definitions. If we also want this cyclic component to
have an economic interpretation that will be of use to policy makers, we must ensure that the def-
inition which we choose is based on sound economic principles. The argument that “capturing the
long-run trend in output” will be sufficient is vacuous. Imposing arbitrary assumptions on the
dynamics of the trend component will lead to arbitrary definitions of the cyclic component. None
of the methods surveyed manages to identify the cyclic component in an way that will necessarily
be meaningful to a policy maker, although the random walk assumption may be justified in some
circumstances.

xt yt
xt yt

xt
xt yt
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IV. A Trivial Filter
This section introduces a new method for estimating the output gap which is designed to

produce estimates that may be a useful guide to policy. To do so, it responds to several of the
points raised in the preceding two sections. First, it follows in the spirit of Blanchard and Quah
(1989), Kuttner (1992), Laxton and Tetlow (1992), Gregory and Smith (1994) by using economic
theory to add structure to the problem and thereby assist in identifying the output gap. Second,
wherever possible, it avoids imposing arbitrary assumptions on the dynamics of either the output
gap or potential output or their interaction. Third, the method can be applied as a filter or as a
smoother. The method uses a simple linear filter with some modest optimality properties. It will
be referred to as TOFU - a Trivial Optimal Filter that’s Understandable.14

We begin by considering a linear filter of actual output. In other words, assume that poten-
tial output can be expressed as

(EQ 5)

where  is (the log of) potential output,  is (the log of) actual output,  is an innovations proc-
ess that is uncorrelated with at all leads and lags, and  is a two-sided polynomial in the lag
operator (i.e. it takes a weighted sum of leads, lags and contemporaneous values of .) A suffi-
cient but not necessary condition for such a representation to exist is that output has a unit root
and that the output gap  is stationary.

We typically think of  as being non-stationary in mean, since it tends to drift upwards
over time. To ensure that  and move together in the long run (so that the gap has a stationary
mean), we will further assume that

(EQ 6)

which simply means that the weights in  must sum to one. This in turn implies that we can
write

(EQ 7)

and therefore that

(EQ 8)

Therefore, so long as (EQ 5) and (EQ 6) hold, we should be able to estimate the output gap as the
weighted sum of past, present and future output growth.

From (EQ 8), we see that we can estimate the output gap in terms of the observable varia-
ble  if we can identify . Presumably, if we know of an economic relationship that
involves the output gap, we could use this to define an optimal estimate of , call it . For
example, we might consider a Phillips Curve of the form

14. This filter was derived independently by the author. However, it is unlikely that anything so trivial would be orig-
inal. The author would be grateful for references to earlier derivations and applications of such a filter, which will be
cited in future drafts.
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(EQ 9)

where  is a vector of additional observable variables,  is an i.i.d. mean zero error term and
 are one-sided polynomials in non-negative powers ofL. We could substitute (EQ 8)

into (EQ 9) to get

(EQ 10)

where . (EQ 10) can now be estimated by conventional methods to obtain optimal
estimates of , since it is now specified entirely in terms of observable variables. This would
allow us to estimate  and thereby use (EQ 8) to estimate the output gap.

Before proceeding, we should note two minor caveats. First, (EQ 10) identifies
only up to the scaling factor . Strictly speaking, therefore, we only recover an index of the out-
put gap. We assume that this is sufficient to guide policy. This should be reasonable for the pur-
pose of, say, deciding whether interest rates should be higher or lower to achieve a given target,
since the current value of the index can be readily compared to its historical values. Of course, for
some applications (such as calculating the output cost of reducing inflation) an index of the output
gap will not be sufficient.

Second, consistent estimation of this relationship requires an implicit assumption. OLS
estimation requires  for consistency. If this condition is not satisfied,
then instruments for  will be required for estimation. Consistent IV estimation in turn will
depend on the assumption that the chosen instruments are valid.

Now consider the properties of this estimator. Estimation by maximum likelihood is
straightforward, so our estimates of  will be efficient, giving us the modest optimality prop-
erties referred to earlier. The estimator imposes only the most general assumptions on the time
series properties of the series involved. It incorporates a simple structural relationship in order to
identify the output gap. This estimator therefore avoids some of the most serious problem associ-
ated with the techniques discussed in the preceding sections.

It may also be useful to test whether the level of the output gap is significantly positive or
negative at some point in time. From (EQ 8), this is equivalent to a one-sided test of

. Unfortunately, an exact test of this hypothesis is not possible without more
information on the distribution of . However, a test of  is straightforward and
can be done using standard inference methods. Provided that the variance of  is not too large,
this may serve as a useful upper bound on the certainty with which we can estimate the output
gap.

A final desirable property would be to produce both a filtered and a smoothed estimate of
the output gap. Since  may be two-sided, the estimator defined above will generally produce
a smoothed estimate. In the next section, we examine the implications of constraining to be
one-sided, so that it produces a filtered estimate of the output gap.

Before moving to the next section however, note that the TOFU estimate of the output gap
can be extended in a number of ways. If the output gap were to enter the structural equation in a
non-linear fashion, we could estimate the system via GMM rather than least-squares techniques.

πt α0 γ qt yt–( )⋅ B L( ) πt 1–⋅ C L( ) zt⋅ et+ + + +=

zt et
B L( ) C L( ),
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 ⋅ B L( ) πt 1–⋅ C L( ) zt⋅ ẽt+ + + +=

ẽt et γ εt⋅+=
Ã L( )

Â L( ) ∆yt⋅
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γ

cov et ∆yt j–,( ) 0= j∀
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If we had a series of structural equations involving the output gap, we could estimate them simul-
taneously subject to cross-equation restriction on the coefficients of . If we wished to combine
both time-series and structural estimates of the output gap, we could include both  and
structural estimates of the output gap  in (EQ 10).

∆yt
Ã L( ) yt⋅

ψt
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V. Filtering and Causality
Suppose that we wish to use the TOFU method to estimate the current value of the output

gap. However, we presumably have no information on present or future values of .15 In that
case, our optimal estimate  would impose the restriction that only lagged values of
enter (EQ 10). To understand how this will affect the accuracy of our estimate, note that

 and (EQ 11)

(EQ 12)

where  is the set of all past, present and future values of. By the law of iterated expectations
and (EQ 11)

(EQ 13)

where  is the set of all past values of . If we define

(EQ 14)

where  has only positive powers of  and  has only non-positive powers of , then
(EQ 13) implies

(EQ 15)

where  is simply the coefficient on  in . Similarly, we can show that

(EQ 16)

where  is the variance of the error in forecasting  given the information set .

(EQ 15) and (EQ 16) have an intuitive interpretation. The extent to which  is
less informative than  will depend on the weight which  puts on current and future
values of  and the extent to which those future values can be predicted from current and past
values. The former will in turn depend on the Granger causal relationship between  and

, while the latter will depend on the degree to which output growth is serially correlated.

Table 1 shows the autocorrelations for real GDP growth for various countries, frequencies,
time periods and measures. Table 2 uses the same data and shows the from a regression of real
GDP growth on its own lags. For the industrialized nations, 12 lags of quarterly output growth
predicts only 20-40% of the variance of current output growth. Much of this explanatory power

15. We’ll assume that current  is not available due to reporting lags. Relaxing this assumption does not substan-
tially alter the results.
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seems to come from the first few lags. These results suggest that since predictability can be low,
the extent of Granger-causality may play an important role in determining how accurately the
TOFU filter can estimate current output.

Now let’s consider the effect of the Granger-causal relationship between  and .
Suppose that  does not Granger cause . This implies that

(EQ 17)

so only current and future values of output growth can give us any information about the output
gap. As we can see from (EQ 15)and (EQ 16), this is almost precisely the case where  is
as uninformative as possible. We will therefore be unable to estimate the current output gap with
much precision unless we can accurately forecast output growth. However, the results above sug-
gest that the growth of output is itself difficult to predict.We can therefore conclude that the
question of whether (or more accurately, to what extent) actual output growth Granger
causes the output gap will be important for the accuracy that we could hope to achieve in
measuring the output gap with this kind of filtering approach.

At this point, a brief digression is needed to consider whether applying the concept of
Granger-causality to an unobserved series like the output gap or potential output makes sense. It
does, provided that one correctly understands the nature of the thought experiment involved.
When we talk about Granger causality between  and , this makes sense only in a con-
text where both can be observed.16 When we study dynamic macroeconomic models (including
large-scale models such as INTERMOD, DRI, or QPM) we have variables representing both

 and , so their interrelationship can be studied. These models therefore haveconceptual
implications for the Granger-causal relationship between  and . However, this does not
imply that the implications of these models are directly testable on real world data. Our inability
to observe  prevents that. Nonetheless, our beliefs about the Granger-causal relationship
between  and  have implications for how weshould be able to measure the output gap.

So what kinds of models are consistent with using time series methods for measuring the
current output gap? We can usefully discuss three cases; (1) the case where a TOFU-filter will tell
us as much about the output gap as a TOFU-smoother, (2) the case where a TOFU-filter will tell
us less about the output gap than a TOFU-smoother, and (3) the case where a TOFU-filter will
give us no information about the output gap. For simplicity, throughout this discussion, we will
assume that the past history of output growth is of no use in predicting present and future output
growth.

From (EQ 15) we can see that the TOFU-filter will tell us as much about the output gap as
a TOFU-smoother when , which in turn implies that  does not Granger-cause

16. For example, we say that  does not Granger cause  iff

(EQ 1)

Confusion arises if  is the empty set, since this would imply that (EQ 1) must always be satisfied. Obviously,
Granger causality will only be of interest for some non-empty set .
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. In the appendix, it is shown that the latter condition in turn implies that does not Granger-
cause . If  and  are cointegrated, this would imply that there is unidirectional causality from

 to . In other words, exogenous shocks to potential output would have no subsequent effect
on actual output, but persistent shocks to actual output would eventually appear to cause a similar
change in potential. Such behaviour could describe a particularly severe form of hysteresis; one
where output has no tendency to return to potential and instead potential output is driven in the
long run only by previous variations in actual output. In this kind of world, time series methods
can hope to be as effective in estimating the current output gap as they are in estimating past out-
put gaps.

The latter will not be the case when  Granger-causes , or equivalently when
Granger-causes . Therefore, so long as actual output appears to respond to some degree to past
changes in potential output, then time-series methods will estimate the current output gap less
accurately than past output gaps. The intuition behind this result should be clear. Since future out-
put growth will reflect the influence of the current output gap, we can gain information about the
current gap by observing future growth. Note that Granger-causality from  to  does not rule
out additional Granger-causality from  to . Therefore, this case does not rule out the presence
of some hysteresis-like effects of the kind described above. It simply implies that the latter cannot
be theonly force linking actual and potential output.

Time series methods will be of no use in estimating the current output gap when does
not Granger cause .17 In other words, if faster or slower than normal output growth tends to
have no subsequent effect on the size of the output gap, then time series estimates of the current
gap will be as uninformative as possible. The intuition is similar to that above. Past output growth
is the only information about the gap that we have; if it tells us nothing about the current gap, then
our estimates will be unillumanating. It is more difficult to characterize the kind of economic
model which will generate this kind of result since Granger-causality from  to  does
directly correspond to any statement about Granger-causality between  and .18 However, it is
possible to give examples in which this result would hold.

Consider the case where

(EQ 18)

Potential output follows a random walk that is independent of the behaviour of output. Actual out-
put in turn is generated by a simple error-correction model, which ensures that actual and poten-
tial output move together in the long run. Such a model precisely satisfies the condition for no
Granger causality from  to . More generally, we can consider the class of models where
there is no Granger causality from  to  as

17. Again, this conclusion assumes that past output growth is of no use in predicting future variations in output
growth. As was mentioned earlier, the data show that there is some slight serial correlation in output growth, so time
series methods would still have some slight explanatory power even in this case.

18. See Appendix.

∆yt qt
yt yt qt

yt qt

qt yt– ∆yt qt
yt

qt yt
yt qt

∆yt
qt yt–

∆yt qt yt–
yt qt

∆yt α yt 1– qt 1––( )⋅ ut+=

qt qt 1– vt+=

∆yt qt yt–
yt qt



(EQ 19)

An absence of Granger causality from  to  requires

(EQ 20)

and will therefore imply an inability of time series methods to estimate the current output gap. In
models where there is no Granger causality from  to , which may be written as

(EQ 21)

the equivalent condition is

(EQ 22)

Clearly, there is a range of models in which time-series methods will be of little use in
estimating current output gaps. Furthermore, it is the short-run dynamics of potential and actual
output which are critical in determining whether models belong to this class. Since economic the-
ory will generally have little to say about such short-run behaviour, the usefulness of time-series
filters will depend largely on empirical rather than theoretical questions.

It is well beyond the scope of this paper to argue which of the many economic characteri-
zations mentioned above is most appropriate. However, it appears that a filtered estimate of the
output gap will be as accurate as a smoothed estimate when actual output does not adjust to past
changes in potential. Furthermore, regardless of the causal relationship between  and , there
is no guarantee that a filtered estimate can tell usanything about the current output gap.
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VI. Conclusions
In order for time series estimates of the output gap to be useful to policy makers, this

paper has argued that two factors will be critical. First, they must be able to produce an estimate
of thecurrent output gap based only on past information. Put another way, to evaluate the per-
formance of such estimators, we should focus on their properties asfilters rather thansmoothers.
Second, the decomposition of actual output into potential output and the output gap must not be
based on arbitrary assumptions on the time-series behaviour of these variables. In general, this
leads to a multiplicity of possible solutions that may differ greatly in their policy implications.
The arbitrary selection of one of these creates arbitrary policy advice.

A trivial but flexible estimator of the output gap (dubbed TOFU) can be constructed which
satisfies both of the above criteria. It estimates the output gap as part of a larger economic rela-
tionship. A discussion of its properties shows that except under very strict circumstances, such
time series methods will produce better estimates of output gapsex post than they willex ante.
Furthermore, under certain conditions, contemporary and historical data will be of no use in esti-
mating the output gap whatsoever. This in turn places limits on the extent to which time series
methods can hope to improve upon structural estimates of the output gap.
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VIII. Appendix - Some Granger-Causality Results
It is useful to understand the relationships in the Granger-causal behaviour of two

pairs of variables;  and . First, note that we can write

(EQ 23)

Next, note that

(EQ 24)

Now, suppose that  are innovation sequences and that

(EQ 25)

(EQ 23) and (EQ 25) imply that

(EQ 26)

From the definitions of  and , we can show that

(EQ 27)

We know that  Granger-causes  iff  and that  Granger-causes  iff

. Similarly, from (EQ 26) and (EQ 27) we can say that Granger-causes

iff  and that  Granger-causes  iff . We can

therefore conclude that  Granger-causes  iff  Granger-causes .
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