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Abstract

Some recent research on information processing in organizations
has treated the agents who process information as endogenous.
This paper discusses a sample of models in this area, which differ
in their methodology but are unifed by the fact that they study
the resource allocation problem. Computational constraints are
related to the structure and returns to scale of hierarchies.
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1 Information processing and the theory of organizations

In some of the recent models of information processing in organizations,
the agents who process information are selected endogenously (as opposed,
for example, to message exchange among a fixed set of agents). We shall
give an overview of this research by discussing a small sample of models
whose methodologies differ but that are all hierarchical and based on the
resource allocation problem.!

Section 3 considers a team theory model by Geanakoplos and Milgrom
(1991). This is a static model in which the bounded capacity to process
information is represented by bounds on the amount of information each
manager can use in decisions rules. Section 4 relates models of associa-
tive computation, such as Keren and Levhari (1979, 1983), Radner (1993),
Van Zandt (1994c), and Bolton and Dewatripont (1994), to the resource
allocation problem, and discusses some of their conclusions. Unlike team
models, these models explicitly model the sequential nature of computation
and computational delay, but they study the computation problem in iso-
lation and take the cost of delay or value of throughput to be exogenous,
rather than deriving it from a decision problem. Section 5 considers a model
of real-time computation of the resource allocation problem by Van Zandt
(1994a). The model combines a dynamic decision problem with parallel com-
putation, as in Radner and Van Zandt (1992) and Van Zandt and Radner
(1994).

2 The resource allocation problem

Consider the one-good resource allocation problem without externalities,
framed as a cost minimization problem. Given a total quantity zgx of a
resource, we choose an allocation (zy,...,z,) of the resource to n shops in
order to solve

(1) min 37, Ci(wy)

subj. to: >n @, = xR .

x; is a transfer to shop ¢ that could represent capital, some other input,
or orders to be filled. The parameters in the problem are the shops’ cost
functions and the total resource vector. The size of the organization, for the

purpose of characterizing returns to scale, is the number n of shops.

An important property of the resource allocation problem without exter-
nalities is that it can be decomposed into similar problems, whose solutions
are independent. Call a group of shops a division. Given an allocation z;

to division j, let Cj(z;) be the division’s minimized total shop costs. Cj

'For a more comprehensive survey, see Van Zandt (1994c).



is called the division’s aggregate cost function. Allocating resources first
to divisions (to minimize total aggregate costs of the divisions) and then
suballocating resources within the divisions (to minimize the total costs of

each division) solves the resource allocation problem.

When the cost functions are symmetric and quadratic,
Ci(zi) = (zi—)",

the aggregate cost functions and the optimal decision rules are simple. Let 6;
and n; be the set of shops and the number of shops, respectively, in division
J. Let v = > icq, 7y this is called division j’s aggregate cost parameter.

Then the aggregate cost for division j is

1
Ci(w;) = ;(%’—%’)2-
J

If division j has subdivisions and if n; is the number of shops in subdivision
k, then the allocation to each subdivision k£ that minimizes the total costs

of j’s subdivisions is

(2) an = ket (/) (z; — ) -

In words: Subdivision k gets its ideal allocation +, (which would give it zero

costs) plus its share ny/n; of the surplus resources z; — ;.

3 Allocating resources in teams

There have been numerous team-theoretic models of the resource alloca-
tion problems (see Van Zandt (1994c) for references). However, in only one,
Geanakoplos and Milgrom (1991), are the agents who make decision chosen
endogenously. In that paper, the agents are managers in a hierarchy. Instead
of using the hierarchy to aggregate information, managers learn about costs
by observing exogenous signals that are correlated with the cost parameters.
A manager’s set of feasible cost signals characterizes the manager’s capacity
to process information. Communication between managers is limited to the
recursive allocation of the resource down the hierarchy.

Asg is usual in team theory, the managers can compute any functions of
their information. However, an important simplifying assumption is that
managers do not draw inferences from the allocations they receive, even
though these allocations reveal some of their superiors’ information. The
optimal decision rule for manager j, once she has received her allocation z;
from her immediate superior and has chosen and processed her information,
is given by (2), except that v; and the ;s are replaced by their expected
values ’yj and ’y,‘i, respectively, conditional on j’s information.

There is never a bounded optimal firm size in this model, without ad-
ditional restrictions on the hierarchical structure. One can always merge



two firms by making one a subsidiary of the other, in a way that reduces
total expected costs but does not change the managerial costs. Specifically,
the root manager of one firm can be made a subordinate of a manager in
the other firm. Even without acquiring information about the subsidiary,
the supervisor of the subsidiary can make advantageous transfers to the
subsidiary based only on information about her other subordinates’ costs.

After merging hierarchies in this way, the informational integration of
the organization is one-sided. Decisions are made at one level without any
information about a subtree. Here is an example with increasing returns
that does not have this asymmetry. The hierarchies in the example can be
balanced (managers in the same tier have the same span) and the decisions
by each division use information about all the division’s shops. The example
also illustrates how decentralized processing can reduce expected costs in
this model.

Assume that all aggregate cost parameters are available to the managers.
Assume also that each manager can read three numbers, after reading his al-
location. One manager cannot solve the resource allocation problem exactly;
this would require being able to read » numbers. However, r managers, orga-
nized in any hierarchy such that each has a span of three, can solve without
error the resource allocation problem for 2r+1 shops,? because each manager
can read the aggregate cost parameters of her three subordinates.

Geanakoplos and Milgrom (1991) show that there is an optimal firm
size if the shops’ cost parameters are 11D, if only disaggregate information is
available, and if hierarchies must be balanced. In large balanced hierarchies,
the root manager either has many subordinates or has subordinates that
are large divisions; either way, if the root manager can only observe the
cost parameters for a few shops, then the root manager cannot effectively
allocate resources to his subordinates and the firm should be divided.

The assumption that aggregate cost parameters are exogenously avail-
able to managers is overly optimistic; however, the assumption that only
disaggregate information is available is too restrictive, given that this model
does not permit aggregation of information by the hierarchy. Section 5
discusses a model in which both the aggregation of information and the
disaggregation of the allocations is performed by the hierarchy.

4 Associative computation

We now turn to models in which the computation of the decision rules
is more explicit than in team theory. The models in this section character-
ize the optimal parallel algorithms for associative computation. They are

?In any tree with r interior nodes that all have s children, there are a total of rs
children, r — 1 of which are interior nodes. Hence, there are r(s — 1) 4+ 1 terminal nodes.



Cycle Operations

;

PN

:

/N /N

1 |max:7| |max:8| |max:9| |max:3|
3 7 8 3 9 2 3 1

F1GURE 1. Associative computation by a PRAM via a balanced binary
tree (Gibbons and Rytter (1988, Figure 1.2)).

related to the resource allocation problem because the aggregation of cost
functions is an associative operation (for example, with quadratic costs,
aggregation involves summing the 7,’s) and because the disaggregation of
allocations has the structure of associative computation in reverse.

These models engage in an exercise that is common in theoretical com-
puter science: to specify a computational model and then to characterize
the optimal algorithm for computing some problem. What can economists
hope to learn? We can use a model of parallel computation in which the
processors represent managers or clerks in an organization. We can use the
characterization of the optimal algorithm to measure the resource cost and
delay of computing a decision problem. We can also interpret the communi-
cation flows between processors as communication flows in an organization,

which we know are closely related to an organization’s internal structure.

A simple and widely-used model of parallel processing in computer sci-
ence is the PRAM, which stands for Parallel Random Access Machine. A
Random Access Machine (RAM) is similar in power to a Turing machine. It
has an infinite memory and its capabilities are described by the elementary
operations it can perform and the time each operation takes. An elemen-
tary operation is some manipulation of its memory, such as reading two
numbers, summing them, and storing the answer in another memory regis-
ter. A PRAM is a network of RAM’s that share the same global memory.
Because memory is shared, communication between the RAM’s is trivial, or

even a vacuous Concept.

The efficient algorithms for associative computation with a PRAM is il-
lustrated in Figure 1. Each cycle, the data or previous results are distributed
in pairs to processors, and each processor computes the maximum (for exam-
ple) of the two assigned numbers. The answer is obtained in [log, n] cycles.
There are m» — 1 operations, which is the resource cost of the computation
if managers are paid on hourly basis, and is an approximate measure of the



cost in other cases. The algorithm can be represented by a balanced binary
tree, but the nodes represent operations, rather than processors. Hence,
we cannot interpret the tree in Figure 1 as the hierarchical structure of the
organization. This illustrates a deficiency of the PRAM for studying or-
ganizations. Because all the processors have equal access to raw data and
partial results, the assignment of processors to operations is indeterminate,
and the flow of information is not explicit.

To learn more about organizational structure, we need a model of com-
putation with local memory. This means that each manager has her own
memory, and managers communicate by sending messages through a com-
munication network. We can then keep track of information flows, and also

include a cost or delay for sending, reading and transmitting messages.

Radner (1993) introduced a model with local memory in which there is
one additional processing cycle for each message. This communication cost
implies that parallelization, which reduces delay, also increases the cost of
computational resources. Radner (1993) characterizes the algorithms that
are efficient with respect to delay and resources. Keren and Levhari (1979,
1983) can also be interpreted as the Radner model of associative compu-
tation, with the exogenous restriction that the communication networks be
balanced hierarchies. However, although Radner (1993) does indeed find
that the efficient networks are hierarchical, they are not balanced and there
is even skip-level reporting, which means that a manager can have subordi-
nates with varying ranks. In fact, in the efficient hierarchies, all managers
process the same amount of raw data.

The above research presumes that there is a single problem to compute
or least that managers are hourly workers and each problem can be com-
puted by a different set of managers. Several variations have been studied for
when problems arrive periodically. Van Zandt (1994c) shows that the Keren
and Levhari (1979, 1983) hierarchies become more uniform (the spans of the
tiers vary less) when each problem must be computed by the same hierarchy.
Radner (1993) studied the periodic processing with salaried managers, and
proposed a class of balanced hierarchies that do well. However, Van Zandt
(1994b) shows that the efficient networks are not even hierarchical and the
processing of each problem closely resembles the efficient processing of a
single problem. Bolton and Dewatripont (1994) study the importance of
throughput when each problem must be computed by the same network, us-
ing a generalized computation model, and find that the throughput criterion
can lead to more regular hierarchies.

Having measured the resource cost and delay of associative computation,
we can study the returns to scale of the resource allocation problem if we
exogenously specify the “cost” of delay (which will increase with problem
size). This exercise is studied in Keren and Levhari (1983) and Radner
(1993). However, it is more accurate to derive the cost of delay implicitly



from the computation problem, and this we do in the next section.

5 Allocating resources in real time

The cost of computational delay is that it increases the lag of information
upon which decisions are based. This cost is best captured in a dynamic de-
cision problem with real-time computation. Radner and Van Zandt (1992)
and Van Zandt and Radner (1994) study the real-time computation of pre-
dictions of the sum of a collection of stochastic processes. The real-time
computation of resource allocations is studied in Van Zandt (1994a), upon
which this section is based.

In the dynamic problem, resources are allocated each period. Each shop’s
cost parameter is a discrete-time stochastic process {7;;} that we assume to
be AR(1), with

Yie = ﬁ%’,t—1 + Wi .

Wi is 1D over ¢ and ¢, and has mean zero. Recall that Elvi|yi -4 =
ﬁd%,t—d-

We use the PRAM as our computational model. The lack of communica-
tion costs in the PRAM is actually an advantage for this exercise, because it
will make clear that the benefits of decentralization are due to computational
delay rather than communication costs.

We study a family of hierarchical decision procedures. The hierarchical
structure refers to the structure of the algorithm, rather than the commu-
nication between managers. The nodes of the hierarchy are “offices” rather
than managers, and the organizational chart connects components of com-
putation decision making rather than actual administrators. Keep in mind
that the offices and their computing resources are formed endogenously and
are independent of the shops, which merely supply data and receive alloca-
tions.

In a two-tier hierarchy, there is a central office (the top tier) that allo-
cates resources to the shops (the bottom tier) by gathering data each period
and computing the statistically optimal allocation (2). Let d be the delay
in performing this computation. Then the allocation in period ¢ is based
on data from period ¢ — d. The expected value 4 of the aggregate cost

parameter is Y, 3%7; ,_4. The statistically optimal allocation is thus

(3) g = Sieat (/1) (@re — Shor Bme-a) -
If multiplication and addition each take one period, then this can be com-
puted by a PRAM in 4 + log, n periods and there are 3n 4 1 operations.

In a balanced three-tier hierarchy, the root is again called the central
office, the nodes in the middle tier are called division offices, and the bottom



tier contains the shops. Let s, be the number of divisions, and let s; = n/sg
be the size of each division. The divisions receive allocations from the center,
and then compute the same decision rule as the center did in the two-tier
hierarchy. Each division’s delay is d; = 4+log, s;. A partial result of division
7’s computation is ’ygt = %, ,_q,, which is j’s conditional expectation of its
aggregate cost at time ¢t. The center also computes a similar allocation rule
as in the two-tier hierarchy, but its informational inputs are the expected
aggregate costs that have been computed by the divisions. The center’s
delay is dy = 4 + log, sy. Its allocation rule is

Ty = ﬂdu’%j,t—do + (1/s0) (QCR - Zke(aR'AY:,t—do) .
(O is the set of divisions.)

The benefit of decentralization is that the allocations within each division
are based on information that is log, s; periods more recent than in the
two-tier hierarchy. (The center’s delay in the two-tier hierarchy is 4 +log, n,
whereas the delay of each division in the three-tier hierarchy is 4 4 log, s;.)
The main cost of decentralization is that the number of operations increases
from 3n + 1 for the two-tier hierarchy to

(Bso+ 1)+ 5031+ 1) = 3n+1+4sg

for the three-tier hierarchy. There is also a small delay overhead of 4 periods
for the center in the three-tier hierarchy; its cumulative delay is

d1+d0 = 8—|—10g2n

periods, compared to 4 4 log, n periods in the two-tier hierarchy.

For both two-tier and three-tier hierarchies, unit costs as a function of n
are eventually increasing even when the wage is zero, because the computa-
tional delay degrades the value of the information used to allocate resources.
However, typically the unit costs are lower for the three-tier hierarchy, and
the optimal firm size is higher for the three-tier hierarchy than for the two-
tier hierarchy, because the suballocation within divisions is based on more
recent data in the three-tier hierarchy.

When the managerial wage is zero, there is no bound on the size of
organizations. However, the value of the root’s resource allocation decreases
with the size of the firm because of the cumulative delay. If the managerial
wage is strictly positive, there is an optimal firm size that minimizes the
per-unit costs. A decrease in 3, which means that the environment changes
more rapidly, causes the optimal firm size to fall. This is consistent with the
common perception that firms have downsized in the last decade in order to
respond more quickly to a rapidly changing environment.
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