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Abstract

This papeexamineghe properties oéfficient sustainable allocations in an environment in
whichtwo agents want to share risk, have perfect informatimyut each other, but cannmoéke
commitmentsabout future transfers. describe assustainableany allocation that can be
supported as aubgame perfecquilibrium in a game in which individuals make simultaneous
transfers. | consider the propertiestffcientsustainable allocations.

There are three maiindings. First, if some first best allocation is sustainable, then any
efficient allocatiormust converge witlprobability one to a first best allocation. In the long run,
the lack of commitment is irrelevantSecond, if no first best allocation is sustainable, then the
unconditional probability distribution of an agent's utildgnverges weaklyver time to a
nondegenerate distributionFinally, under any conditions, the conditional contemporaneous
covariance ofindividual income and individual consumption in anefficient allocation is
nonnegative; it is zero only if the allocation is first best.



0. Introduction

Commitment is an essentj@rt ofrisksharing. Yet there arenany examples dfituations
in which individualsshare risk even though there is no outsigency forcing them ttulfill the
terms of the arrangement. Historically, societieswithout formal asset markets used large
amounts of reciprocal gift-giving to alloindividuals toshare risk. However, in most of these
societies, there was no "gift police" that forced the transfers to take place. Similarly, in families or
other groups, amdividual who falls onhard timesnay bethe recipient of transfers froather
groupmembers.However, this arrangement has no groundingaardaract thahas explicitegal
backing.

These examples shargo common characteristics. First, it seems reasonal@sstame
that information is symmetri@across the agents participating in the arrangement. simab
village, it seems unlikelthat anindividual could hide any prosperity frorathers;similarly, within
a family, it ishard tofalsely proclaim one'poverty. Second, the arrangemengustainablenly
becausany individuaWwho is supposed tmake a transfdoelievesthat the futurebenefits of the
arrangement exceed the current cost of the transfer.

These kinds of considerations make it natural to thinéut the properties dfficient
allocations of risk in a society which faces no asymmetry of information and hespiot
technology of commitment. To address this issue, this paper considerige horizon
economy with two agents. Every period, the agents receive a random endownpentshiale
consumptiongood. There is no aggregate risk and the endowmentsndependently and
identically
distributed over time. Moreover, there is no private information problem: each
agent knows the current and pasalizations of both endowments. Every period, the agents
simultaneously transfer a nonnegative amount of consumption to each other. Neithehgent is
to commit to promises of future transfers.

| consider subgame perfesquilibria to thisinfinitely repeated game. | tersustainable
any allocation of consumptiothat is supportable by subgame perfeaquilibrium collection of
transfer strategies for thieo agents (see Chari and Kehd®90) for asimilar use of the term).
| demonstrate that the worgtossible sustainable allocation is autarkysing techniques
developed by Abreu (1988),completely characterizhie set osustainable allocations by using



autarky as a way of punishing deviations.

| then consider the properties efficient sustainable allocationshat is, sustainable
allocationsthat are noex-anteParetodominated byany othersustainable allocation. | make no
attempt tofigure out how individuals might actuallyattain theseefficient allocations. Efficient
allocations are in generdifferent fromfirst bestallocations, which in this environment deliver a
constant amount of consumption across dates and states to each agent. Indeed, because of the
bilateral lack of commitment, imay be impossible to find afiyst best allocationwhich is
sustainable.

| prove three qualitative resuliboutefficient allocations in this environment withvao-
sided lack of commitment. First, if a first best allocation is sustainable otlegriime every
efficient sustainable allocation converges with probability one to some first best allocation. In the
long run,
the inability of agents to commit is irrelevant

Second, if no first best allocation is sustainable, thetinas passes, evergfficient
allocation converges in distribution to theame nondegenerate arsymmetric limiting
distribution.  This proposition about thdong run is different from results obtained in
environments in the privatenformation literature obtained by Thomas and Wor(a890),
Atkeson and Lucas (1992), aRtielan and Townser{@991). In theimodels, utility inefficient
allocations converges with probabiliye to its lowespossible value. Othe othehand, in
dynamic incompletenarket modelgfor example, Scheinkman and We{49€86) and D. Lucas
(1992)), and in the privateaformation model of Wand1992), theequilibrium allocation of
resources does eventually settle into a nondegenerate and symmetric stochastic steady state.

Finally, | demonstrate that iany efficientallocation, the conditional covariance of next
period'sindividual incomeandindividual consumption is nonnegative: itzeroonly in a firstbest
allocation. At least in a conditional sense, riiel replicateshe positive correlation between
individual incomeandindividual consumptiorthatleadsmanyeconomists to doubt thexistence

'Marcet and Marimon (1992) prove in a growth economy with a one-sided
lack of commitment that the lack of commitment never affects the steady state.
In the latter part of the paper, | argue that their finding is due to the fact
that some first best allocation is always sustainable if there is only a one-
sided lack of commitment.



of complete risksharing.

The paper is related tovo types of other research. Thest deals with problems related
to lack of commitment. There is a vast literature in international econdisassinghow the
inability of nations to commit to repay their loans affects international loan markets. Bbause
literature is dealing with borrowing and lending, it focuses exclusively on situatwhgsome
information is private and there is only a one-sided lack of commit&mntilarly, Phelar{1993)
studies thdorm of the optimal laborcontract in arenvironment in whicleffort is unobservable
and workers can only commit to be with a firm for one period.

The paper is also related to a second line of reseahith considershe efficient
allocation of consumption idlynamiceconomies with private information. Tlgsoup ofarticles
includes (amongothers) Thomas andVorrall (1991), Green and Oh (1991FPhelan and
Townsend (1991), Atkeson and Lucas (1992), and Wang (1992). My paper skecbsical
feature with the privateaformation literature: find it convenient to emplothe "utility as state
variable"approach pioneered by Spear and Srivastava (1987). | also stmrem®n attitude
with the authors of those papers: it is instructivedétermine theoptimal allocations in an
economy without necessarily determining how to decentralize those allocations.

The rest of the paper is organized@kws. Section 1 describes thasic environment.
Section 2 defines and characterizes sustainable allocations, Seddion 3 defines and
characterizesfficient sustainable allocation§ection 4 proves thaicome and consumption are
correlated in arefficient sustainable allocationSection 5 describes the long rbehavior of
efficient allocations. Section 6 concludes.

1. The Environment

Consider thdollowing environment. There arewo infinitely-lived agents. The state of
the world in period t is stochastic and is determined by the realization of a discratelom
variable8, with support equal to
{1,2,3..., S}; theprobability of 6 equalling s isdenoted byrs. There is a singl@erishable
consumption good. The endowment of agent 1 in periag is gletermined by the realization of
0 in that period. Bssumehat the endowment of agent 2 in period tadg|1l-y). | also require
that thejoint distribution of the individual endowments be symmetric the senséhat the



outcome (y, 1-y) has the same probability of occurrence as (1-y,y).

An allocation is a stochastic vector process=(2)1, which is restricted to bmeasurable
with respect to current and pastlizations oB; the realizations of the process niiesin the set
[0,1]2. It will be useful to use a Debreu tree to madteluncertainty. In particular, we ciamk
of an allocation as an element &, @here:

C=[0,11x[0,115"2x [0,13"3x .... =M=1 [0,1]°"t

We can endow C with theroduct topologyand then gis a compact spad@y Tychonoff's
Theorem). A feasible allocation is an element éfsQchthat ¢ + ¢ = 1. Note that the set of
feasible allocations is convex and compact.

In period t, thetwo agents havedentical preferencesver C described by thetility
function:

Et =0 PSu(a+9), 0 <P < 1.

The cardinaltility function u is increasing, strictiponcave, and continuousiifferentiableover
[0,1]; without loss of generality, | assume that u(0) = 0 and u(1) With these assumptions, the
utility function iscontinuous over C in the product topologyyVhen | refer tahe utility derived
by agent | from ayiven allocation, | meabhis period zerautility, which is evaluatedbefore any
uncertainty has been resolved.)

It is natural in this environment to use the following definition of first-best.

Definition 1.1 A first bestfeasible allocation is an elemédnil-c) of @ suchthat theallocation
c is a time and state invariant constant.

Because the aggregate resources are constant over dates and diegsedyeat allocation
prescribes perfect insurance fall individuals. (Of course, theplit of the pie is left
undetermined.)



2. Sustainable Allocations

Thetwo agents interact in tHellowing way. Atthebeginning ofperiod t, therealization
of Bt becomes known to both of them. tAtat point, each of thievo individuals simultaneously
transfers a nonnegative amountto$ currentincome tothe otheindividual (note thatthis
transfer may be zero).

Why should anndividual ever want to make a positive transfer to a pesmutwhom
he cares nothing? Tis¢ructure of theenvironment is such thany richagent is sure to beoor
again sometime ithe future. At that later date, he will wantrexeive some kind of transfer
from a persorwho may now be poor.Rich individuals makeransfers today so thabey will
receive transfers in the future.

The following definitions from dynamic gamileory provide avay of formalizing this
intuition. A period t history in thiglynamic game is @&equence of realizations fé and
nonnegative transfers made by the agents:

(01, 11, 62, 12, ..., Tt-1, 61)

A strategy for an agemsipecifies hisction after each possible histotlyus, in period t, agent j's
strategy is a mapping from possible histories into transfer amounts.

A subgame perfeatquilibrium specifies a stegy for each agent suthat aplayer's
action (thatis, choice of transfer amounts) agjigen history is optimal givethe otherplayers'
strategies. A subgame perfeuilibrium path is the allocation of consumptigieasible by
construction) that results from theplementation othese strategies. (This ladgfinition is
somewhat nonstandard, because it is in terms of consumption not transfers.)

Thefollowing definitionuses subgame perfection to desctiiee types of allocatiorthat
can survive in this world.

Definition 2.1 A feasible allocation isustainabléf it is a subgame perfect equilibrium path.

It is easy to characterizbe set ofustainable allocations usitige techniques dkbreu
(1988). Wefirst identify the sustainable allocatiotinat provides thdeast utility toboth of the



agents.

Lemma 2.1 The autarkic allocation, ¢ =y fall j and t, is sustainable and provides less utility to
both agents than any other sustainable allocation.
Proof. In Appendix.

In what follows, | will use {utto denote theitility derived byanyagent in autarky; note that the
symmetry ofthe joint distribution ofthe aggregate endowments guarantees thgti¥ thesame
for all individuals.

Since autarky provideds utilitythan any other sustainable allocation, it the worst
possible punishmerthat can be provided in this environment for an agém deviates from a
proposed allocation. This intuition allows us to deduce Proposition 2.1.

Proposition 2.1 A feasible allocatiorfc, (1-c)) in @ is sustainable if andnly if it satisfies the
following two conditions:

(1) u(q) + Bt =1 Bu(a+9) = u(yt) + BVautfor all dates and states.
(2) u(1-@) + Bt =1 Bu(a+9) = u(1-y) + BVautfor all dates and states.

Proof. Suppose an allocatiagatisfiesthesetwo conditions. Write down a nonnegative transfer
scheme that generates thkocation (this is possible because it is feasible). Hpegify the
following strategy for eacindividual. If inthe pastall individuals havected so as ttllow the
transfer scheme, then follow it yourstdtiay. If they havenot, then make no transfersThis
collection of strategies idearly a subgamperfectequilibrium because the proposatiocation
satisfies (1).

Now suppose that thallocation(c,1-c) issustainable. Consider agent 1 at a particular
date andstate. We know that inust be at least as good fum toconsume cas to make no
transfers; hence:

u(q) + B = Bu(a+9) = u(c’) +pV'



where ¢ is hiscurrent consumption and V' liss expectedutility from future consumption if he
makes no transfeteday. Since ¢ = yt, and V'= Vgut (1) follows. (2) can be established in a

similar fashion. QED

This proposition isnot especially surprising givethe work ofAbreu (1988). However, it
demonstrates that the setsuofstainable allocations (which | will hencefoidbel I') can befully
characterized using some simple constraints. In particwdéeg, that (1)and(2) imply thatl is
compact in the product topology and thas convex.

Are there any sustainable allocations whate nonautarkic? THellowing result
provides a simple sufficient condition filve existence of such allocationset ymin and ynax be
the lower and upper bounds on the support of y.

Proposition 2.2 Suppose thprobability ofagent 1'seceiving endowmentnyax is given by <
1/2. Then a nonautarkic sustainable allocation exists if:

(1-Bmu‘(yma) - BTw'(ymin) < 0 (©)

Proof. Let ¢ maximizethe function (1Bmu(c) + Bmu(l-c), over the range fiyin.ymax. We
know from the condition (C) that 0.5 g Ymax Define (y) as follows:
(y) =y fory notin {ymin, ymax
=¢ fory = ymax
= (1-€) for y = ymin

and consider the allocatiawhich givesagent 1 (y) in period t. This allocation is nonautarkic.
Also, when y = ymax

u(c) +B{mu(c) +mu(L-¢)} > uymax) + B{Tu(Ymax) + Tymin)}
Hence, this allocation is sustainable.

The sufficient condition(C) isautomatically satisfiedor powerutility functions if ynin = O.



Throughout the rest of the paper, | maintain the following assumption.

Assumption 2:1The specification ofhe joint distribution ofthe individual endowmentsp and
the utility function u are such that there exists some nonautarkic sustainable allocation.

In theenvironment described in thiaper,individuals makdransfers to others iorder to
receive transfers in the future. It is natural to aklken this"tit-for-tat" process isufficient to
support dirst best allocation. Thllowing three corollarieselp to answer thiguestion. The
first result characterizes the set of sustainable first best allocations.

Corollary 2.1 Some first best allocation is sustainable if and only if:

u(1/2)/(1$) = u(ymax) + BVaut

where ynaxis the upper bound of the support of th&tribution of anndividual'sendowment in
period t.

Proof. Suppose*cis an asymmetric first best allocation that is sustainable. Then theresemists
individual j such thatle< 1/2 and:

u(1/2)/(1$) = u(ymax + BVaut
But then:
u(1/2)/(1$) = u(ymax + BVaut
and so the symmetric first best allocation must also be sustainable. QED

Corollary2.1 demonstrates thaffiest best allocation isnly sustainable &ndonly if the
symmetric firstbest allocation is sustainable. It also shakat it is not alvays possible to
support dirst best allocatioR  This latter implication is eonsequence of the two-sidiagk of

2For example, suppose u(x) = X %3 B = 0.5, and there are two equally
likely states: y .=landy ,=0. Then:



commitment. To see why, suppdbat agent Zan commit to an allocatidsut agent 1 cannot.
In this setting, it is possible teupportany firstbest allocation invhich agent 1 receives a
sufficiently large fraction of the aggregate pie. THilateral lack of commitment makes it more
difficult to achieve a Pareto optimal sharing of risk because both agents haveapppevith the
split in every date and state.

It is simple touse the condition in Corolla@/1 to perforncomparative statics. If the
distribution of agent one's endowment, y, is made meky (in the sense of second order
stochastic dominance) without alteringstgpport, then Yyt declines: it is easier tsupportfirst
best allocations. IB increases, then it is easier gopportfirst best allocations.Finally, if u
becomes more risk averse, then it is easier to support first best allocations.

The next corollary proves a folk theorem.

Corollary 2.2 Given a firstbest allocation c inhich all agents receive monetility than in
autarky, there exis&* such that c is sustainable for [tk B*.

Proof. Let gmin be thesmallest level otonsumption mandated by the allocationSince both
agents receive more utility from c than in autarky, we know that:

u(cmin) > Eu(y)
We know that the allocation c is sustainable if and only if:

u(cmin) = (1-B)u(ymax) + BEU(Y)
For (3 close tozero, theeft-hand side is guaranteed to dmallerthan the right hand side~or 3

sufficiently close to one, the right-harside is sufficientlyclose to Eu(b to make it less than
u(cmin). QED

On the other hand, it is never possible to sustain all allocations on the contract curve.

Corollary 2.3 Forall 3, there exists sommonsustainable first best allocationwhich allagents

u(0.5)/(1- B) <u(l) + [0.5u(1)+0.5u(0)]/(2- B)

The symmetric first best allocation is not supportable and so no first best
allocation is supportable.

10



receive utility greater than or equal tg\{

Proof. Fix 3. Let ¢ satisfy the equation:
u(c)/(1-B) = Vaut
Then:
u(c)/(1-B) < uGymax) + BVaut
Hence, a first best allocationwhich one agent receives and theother agent gets (1*-): IS not
sustainable.

These corollaries make claaiat notall first best allocations amustainable. Indeed, the
two-sided lack otommitmentimpliesthat insome environments, no first best allocations will be
sustainable (becaughere exist enwonments in whichthe condition in Corollarg.1 is not
satisfied). These results lead to a natural question: what allocatesfficient amonghe class
of all sustainable allocations?

In order toanswer this question, it isseful to better understatige properties of the set
of sustainable utilityectors. In particuladefine U to behe set ofll vectors (l}, u2) in [0,1]2
such that there exists some sustainable allocation which provides Lt'ditagent J-

Proposition 2.3The set U of sustainable utility vectors is compact.
Proof. In Appendix.

As we will see, the compactness of rdakes it easy t@rove the existence of afficient
allocation.

3. Efficient Allocations
| define an efficient sustainable allocation as follows.

Definition 3.1 An allocation (E, 1-c*) in I is efficientif there exists n@therelement i that
provides both individuals with at least as much utility and one of them with more.

11



| make noattempt toexplain what societahechanisms might leafents tgplay strategies that
would lead to efficient allocations (although | think it imgie enough to think of ones). Instead,
| concentrate on the characteristics of efficient allocations.

The following proposition uses the compactness of U to guarantee the existence of
efficient allocations.

Proposition 3.1 Suppose (J:l, u2) is an element of U. Then, there exists an efficient allocation in
I which provides utility vector @u u) to the two agents, where uisfined as follows:

u= max 3'
uk, w2
st (4, w?)eU (P)
S.t. J-' > u1 .

Proof. In Appendix.

The proposition shows that thast constraint is alays bindingoecause the solution to (P)
involves setting ¢ = ul. This differs from some private informati@ettings inwhich the
reservation utility constraint need not be binding in an efficient allocation.

Define Vimaxto be the maximal level of utility availableagent 1 from an allocation ir
Vmax clearly exists (since U isompact) and is theamefor thetwo agents (because of the
symmetry ofthe environment). Theonvexity of T and thecontinuity of the utility function
implies that wecan use the intermediatalue theorem to concludéat for all ot in [Vaut
Vmax, there exists aelement (&, u2) in U. Definethe function V:Mut Vmax - [Vaut

Vmax by:

V(up) = Max Ep==1plu(l-q)

s.t. (¢, (1-c)eT

12



s.t. B Z=1 B u(e) = w

From Proposition 3.1, we know that fall @ in [Vaut Vmax, there exists arefficient
sustainable allocation in which agent 1 receives ex-ante utility equaatallagent 2 receives ex-
ante utility V(up). The function V isclearly decreasingand concave; the Theorem of the
Maximum impliesthat it is continuous.Monotonicity guaranteethat V isdifferentiable almost
everywhere; lwill further assumehat there are ndkinks in V and so it isdifferentiable
everywhere.

The definition of V is clear conceptuallyut notvery practical if we want to investigate
the properties oéfficient allocations.Thefollowing characterization of V isiorehelpful in this
regard.

Proposition 3.2V must satisfy the functional equation:

(FE) V(w)=Max  z=1Tgu(l-cs) +BV(us)]

(Cs Us)
s.t.2=1 iqu(cs) + Bug] = up (P1)
s.t. u(g) +PBus=u(ys) + BVautfor all s. (P2)
S.t. u(1-¢) + BV(ug) = u(1l-yg) +BVautforalls. (P3)
s.t. ¢¢[0,1]

s.t. k€ [Vaut Vmax

Proof. Suppose V does not satisfy (FE). Then there exigtsidcthat satisfy (P1-P3) such that:
V(up) <z=1ndu(l-cs) +BV(ug)]
For each (i, V(ug)), thereexists a sustainable allocatiohtbatgivesthe two agents theskevels
of utility in period zero. Define a new allocation c' in C by:
c'(s,02, ...,6t) = 02, ...,61)
c'(s) =6
Agent 2 receives (1-c').This allocation is sustainable becausg (g) satisfies(P2-P3) and it

13



provides agent 1 withtility equal to @ because & us) satisfies(P1). Itprovides agent @ith
utility equal toz=1 miqu(1-cg) + BV(us)] > V(up); butthis contradictshe definition of V as the
maximalamount ofutility available toagent 2 in a sustainable allocatibat givesagent 1utility
of at leastg. QED

Proposition 3.2 is similar to ones derived indgaamicprivate information literature (see
for exampleSpear and Srivastava (1987)). It shdhet wecan thinkabout the construction of
efficient sustainable allocations using the following mechanical metaphor. A social planner enters
period thaving promisedgent 1 a certain amount eX-anteutility, ug. Taking this promise as
given inthe form of (P1), theplanner seeks tmaximizethe amount oéx-anteutility agent 2
receives. The planner determiresv much consumption to give to ¢ake fom agent 1 and
how muchfuture utility to promiseagent 1, contingent on each state of the world. He must take
into account theustainability constraint§P2-P3) that capturais inability toforce the agents to
give up consumption beyond threatening them with future autarky.

The sustainability constraints (P2-P3)nay appear similar to incentive compatibility
constraints. Their economic content is of course gliiterent. a sustainabilitgonstraintsays
that an agenhas to be promised enougtiity today that hewill not quit therisksharing
arrangement forevavhile an incentive compatibilitgonstraint(in the presence afmobservable
but exogenousicomeshocks)says that truth-telling must be a Nasjuilibrium. Both do serve
to constrain the social planner in his choices.

There is also an important technical distinction. Innaentive compatibilityconstraint,
the choice variablesccur on botlsides ofthe inequality:there is no guarantee that the constraint
set is convex. In austainabilityconstraint, the right hargide ofthe inequality isexogenous, as
in a standard consumer choice problem. As a result, the constraint set is whisrerjakes the
problem more tractable.

Unlike the Bellmanequation in more standard settings, the functional equation (FE) is not
helpful in solvingfor V. (For onething, thefunctional equation features multiple solutions: the
function V(wp) = Vautis always a solution to (FE).) However, as we shall see in the next section,
the functional equatioroesaid us in characterizintpe behavior of consumption in afficient
allocation.

14



4. The Efficiency of Correlated Individual Income and Consumption

This sectiorbegins a general discussiontbé properties oéfficient allocations. Int, |
show thatindividual consumption and incormeae positively correlated any efficient allocation
which is not first best.

Consider arefficient allocation whichprovides agent 1 withutility equal to @. The
maximization problem ifFE) makes cleathat wecan dividethe possiblestates of the world in
period one into three groups.

S1: states in which constraint (P2) binds.
Sp: states in which constraint (P3) binds.
S3: states in which neither constraint binds.

(By "binds", I mearthat the multiplier on the constraint is positive.) Ie&sy to see that the
intersection of $and $ must be empty. Supposéies in §. Then, g < ys because 4= Vaut
If s lies in $, then g = ys. It followsthat if slies in § and 9, then ¢ = ys and ¢ = Vaytand
V(ug) = Vaut Butthis meanghat V(Vaui) = Vaut which is impossible as long #sereexists
some sustainable allocation that is nonautarkic.

The firstorderconditions with respect tosun the maximization problem i(FE) take the
following form:

BrsV'(ug) + APTis + ps +vsV'(ug) = 0

whereA is themultiplier on (P1), us is the nultiplier on (P2),andvs is the multiplier on (P3).
The envelope theorem tells hatA = V'(ug). Hence, if dies in §], thenus > 0 andvs = 0, so
V'(us) < V'(up), which meansgr> wp. Similarly, if s lies in 3, then V'(¢) > V'(up), and ¢ < w.
In words,this analysis tells uthat it isefficient to induce amagent with abinding sustainability
constraint to provide consumption today by promising him more utility in the future.

If s lies in $, on the othehand, thenus andvg are both zeroand so V'(g) = V'(up); in
other words, = w. The first order conditions with respect totell us that:

15



u'(e)/u'(1-cs) = -A = -V'(ug) = V'(ug).
Hence, gis the same for all states s that lie ; $ote that gis determined by | will use the
notation c(ig) to refer to thdevel of consumption in states thigg in . Note that c(g) is an
increasing function.

The dependence o§ on wp does not carry over to states that lie 1no8 . Suppose for
examplethat slies in §. Then, we know that agent 1 muosteive utility equal to ugy + BVaut
in state s. An efficient choice of and g thus solves the following maximization problem:

MAX 1 Max u(1l-@) +BV(us)
s.t. u(®) + Bus = u(ys) + BVaut

Similarly, if s lies in , then an efficient choice ogand i solves the problem:

MAX 2 Max u(g) + Bus
s.t. u(1-g) + BV(us) = u(l-ys) + BVaut

Thus, if slies in § or , then thdevel of utility and consumption received by agent 1 in those
states is noaffected by p. (Of course, whether s doksin Sp or not isaffected by howig w
is.)

To understand howvindividual consumption and incomare correlated in agfficient

allocation, we need three lemmas.

Lemma 4.1If s lies in § and rlies in B, then ¢ > ¢. Similarly, if s lies in S and rlies in ,
then g < q.
Proof. Suppose s is iniS Then we can use the firstder conditions from MAX to conclude
that:
-U'(1-g)/u'(ce) = V'(ug)
< V()
=-u'(1-¢)/u'(a)
which implies that €> . The proof for states that lie irp & similar. QED

16



Thus, agents consume more in stateshith the sustainabilityconstraintbindsthan in states in
which it does nobind. Intuitively, wherthe sustainabilityconstraint bindsthe threat of autarky
is not sufficient to convince rich agents to follow full insurance.

The secondemmademonstrates that th&ustainabilityconstraintbinds anagentonly
when he is rich.

Lemma 4.2If s liesin §, and ¥ <yr, thenr lies in $also.

Proof. Suppose not. Then r either lies m@ . In either casey&x csand y < us. Hence:
u(cr) + Bur < u(a) + Pus = u(ys) + BVauts ulyr) +BVaut

which violates the supposition that r does not liepgin S QED

Thetwo lemmas give us bt of informationabout the structure ddfficient allocations.
Given 1, there argwo cutoff points in the support of the endowmemt yFor high income
levels, the sustainability constraint binds; the agent receives a large amounutdity and
consumption. Fomiddle income levelsneither sustainabilitconstraint binds. The split of
consumption across agents is fane inall of these statesFinally, for low income levels, the
other agent's sustainability constraint binds.

To complete the picture, we need to know how consumptionnancheare correlated
within S1 and 9.

Lemma4.3if sandrliein $, and > yr, then > ur and ¢ > Q.
Proof. Suppose gi< ur. Then:
-U'(1-g)/u'(ce) = V'(ug)
= V'(ur)
=-u'(1-q)/u'(a)
It follows that g < ¢r. But u(®) + Bus = u(ys) + BVaut> u(y) + BVaut= u(g) + Bur, so we
have a contradiction. A similar contradiction can be derived by assuming that c
QED

17



Thus, within the group of states iwhich the sustainability constraint bindsjncome and
consumption are positively correlated.

Graph 1 is a picture of the interaction between agent 1's consumption and agent 1's
income described by Lemmdsl-4.3. When agerits income isow, then agent 2'sustainability
constraint idinding; Lemmat.3 tells usthatconsumption and inconage positively correlated in
that region. When agent 1'sncome isabout average, themeither sustainabilitgonstraint is
binding: in that region,his consumption is flat. Finally, when agent 1'sncome is high, his
sustainability constraint binds and his consumption is positively correlated with income.

The size othe regions § S and $ is determined by one ortwo ofthe regions may
be empty depending othe value of @. In particular, if § containsall Sstates,then
consumption and inconae uncorrelated. Note thais impliesthat theallocation is first best:
us = up for all s, sathe solution to thenaximization problem iFE) is thesame in evergtate
next period.

The above analysis can be summarized in this proposition.

Proposition 4.1 In an efficient allocatiorthe conditional covariance betwaadividual income
andindividual consumption is nonnegative. If the conditional covarianeeris atany point in
time, then the efficient allocation is date and state invariant (that is, first best) in all ensuing states.

5. The Long Run Behavior of Efficient Allocations
In this section, lexaminethe long rurdynamics of efficientllocations. There are two
separate cases of interest. Defipg to be the solution to the equation:

u(cFB)/(1-B) = u(ymax + BVaut

In the first type of environmentFg < 1/2 and so dirst best allocation is sustainable. In the
second type of environmengg > 1/2: no first best allocations are sustainable.
In both settings, | will focus on the long rbehavior ofthe ex-anteutility received by
agent 1:
ut = B 2=0 Bu(Cr+s+1)
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| show thatwhen a sustainable first best allocation exists, th@omnverges with probability one
to some element dhe set E [u(cFB)/(1-B), u(1-&B)/(1-f)]. Thelimiting point of u depends
on theinitial level of utility promised to agent 1u If ug lies in I,then y = up for all dates and
states. If g < u(FB)/(1-B), then @ converges monotonically to §g)/(1-B). On the other
hand, if © > u(1-¢B)/(1-B), then @ converges monotonically to u(Eg)/(1-). It is  not
possible to say as much analytically when no first best allocation exists. Howevaostilde to
show that theunconditional distribution oftuconverges weakly tthe samelimiting distribution
independent of thdnitial value @. In contrast to some results in the privatormation
Iiteraturé, I show that thdimiting distribution has asupportwhich is not concentrated on
{V autt or {V max-

The following lemma is useful in proving these convergence results.

Lemma 5.1 The S policy functionsgug) are increasing ingl
Proof. In Appendix.

The lemma says that future utility is a "normal” good in its response to changes ia aptimal
for the sociaplanner to provide more futurdility to agent 1 wherthe latter is promised more
current utility.

A. When Sustainable First Best Allocations Exist

Suppose eB < 1/2, and definegg = u(eEB)/(1-B) and B’ = u(1-B)/(1-). Suppose
up lies in the set | = [BB, uFB']. Then the allocation (¢ (1-a0)) where:

u(c)/(1B) = wo

is first best and sustainable; it is therefore an efficient sustainable alldbatipnovidesutility ug
to agent 1. In thedands of allocations, us constant oveall dates and states at itstial level
uo.

It is more interesting to think about efficient allocations in whighaes not lie in I.

3Wang (1992) obtains a similar nondegeneracy result in a model with two
risk averse agents who cannot observe each other's effort levels.
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Lemma 5.1Suppose 0> UFB' = u(1-¢&p)/(18). Then agent 1'sustainabilityconstraint does
not bind in period 1.
Proof. If it doesbind, then it musbind when ¥ = ymax (Lemma4.2). On the other hand,
Lemma 4.3 demonstrates thatd)(€ Busis highest wheng/= ymax Hence:

u(cs) + Bus < u(ymax + BVaut= u(eB)/(1-B) for all s.
But this impliesthat wp = Z=1 iqu(cs) + Bug] < u(cFB)/(1-B), whichcontradicts the fact thapu
> u(1-FB)/(1-B).

We can use thiemma toprove that if @ > u(1-¢&B)/(1-), then @ converges monotonically to
u(1-a=B)/(1-B).

Proposition 5.1 Suppose there existsastainable first best allocation, arglisi greater than the
largest amount ofitility available toagent 1 in a sustainable first best allocafitrat is, u(1-
cFB)/(1-B)). Then u(l-¢B)/(1-B) < ut+1 < ut for all t, with the lastinequalitystrict with some
positive probability conditional on time t.
Proof. | will prove the proposition by induction. We know fraramma5.1 that agent 1's
constraint doesot bind inperiod one.This immediately implieshat u < up. As well,agent 2's
constraint mushind in atleast onestate in period one (because #llecation isnot first best). It
follows that 4 < ug in some state of the world.
It remains toprove that g > u(1-¢¢B)/(1-f) in all states. Suppose not. Then thexets
some state s in which:
uls< u(l-&B)/(1-B)
We know that sinceig < w, agent 2's sustainability constraint binds in state s. It follows that:
u(l-crg +pBV(u1g = u(l-y19 +BVaut
< U(Yymax + BVaut
= u(FB)/(1-f)
Because V is decreasing, M@ > V(UFB') = UeB = u(g=B)/(1-). Hence:
u(1-c19 < u(FB)
and so ¢s> (1-FB).
But we obtain ¢sby solving MAX:
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Max u(cLg + Buls
s.t. u(1-ag +BV(uig = u(l-y19 +PVaut

The first order conditions for this problem are:

-U'(1-)/u'(cg) = V'(u19

> V'([@B)
= -Uu'(1-¢B)/u'(cFB)

which impliesthat ¢ s < ¢ which is acontradiction. We concludthat uis = uFp' for all s.
This same argument can be replicated for any period t, so the proposition follows. QED

The proposition implies a more interesting corollary.

Corollary 5.1 If up = u(1-a&B)/(1-B), then with probabilityone, y converges monotonically to
u(l-oeB)/(1-B). Similarly, if wp < u(cFB)/(1-f), then with probabilityone, @ converges
monotonically to u(E)/(1-B).

Proof. It is immediate fronthe above proposition that converges with probabilitgne tosome
random variable greater than or equalgg'u Consider atate ssuchthat y5 = ymin. Define the
sequence {u} =1 recursively by settingovy= wp and \y = ug(vpn-1). FromLemma5.1l, we can
concludethat forall t, ¢t is thesmallest realization oftu From Proposition 5.1, the sequenge v
is decreasing. Hence, it converges to some Because ¢lis continuous (Theorem of the
Maximum), u_,(v*) =v'. But Proposition 5.1ells usthat if Vo< UFB', then Lg(v*) <V,sov
must equal pB'.

Thus, if a sustainable first best allocation exists, then all efficient allocations convergmeyer
a first best allocation. In the long run, tlaek of commitment is irrelevant (sééarcet and
Marimon (1992) for a similar result).

B. When No Sustainable First Best Allocations Exist

It is clear fromthe form of thdunctional equatiorfFE) that in arefficient allocation,
must follow a stationary Markagprocess with realizations in the compset [Vaut Vmay. In
particular, given an efficient allocation:
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Pr(w+1 = ulu, W-1, ..., W) = Pr(u+1 = u| 4) = @(u,u)

The aboveanalysis shows thatthis Markov process is nonergodic whemultiple
sustainable first best allocations exist. In this subsection, | demonkatathe Markov process
is ergodic if no sustainable first best allocations exist.

To do so, Ifirst prove in thefollowing two lemmasthat the stationary Markov procesgs
satisfiesthe Feller property and is monotone (see Stokey and Lucas witec®te(1991) -
henceforth termed SLP - for definitions).

Lemma 5.2The Markov procesy satisfies the Feller property.

Proof. Let ug(up) be thepolicy functions inthe maximization problem ifFE) and let f besome

continuous function. To show thasatisfies the Feller property, we need to demonstrate:
2=1 f(ug(u0))Tis

is continuous in @ But this follows fromthe continuity of i, which is aconsequence of the

Theorem of the Maximum.

Lemma 5.3The Markov procesg is monotone.
Proof. @ is monotone as long as1 f(us(up))Ts is increasing in @ for any increasing f. This

follows from Lemma 5.1.

Thesetwo lemmasare trueregardless of whether a first best allocatiosustainable;
togetherthey guarantee the existence of sdiméing distribution for 4. However, they are not
sufficient topreclude thepossibility that utility in different efficient allocationgthatis, different
initial conditions for @) converges to differerimiting distributions. Thédollowing proposition
demonstrates that if there are sustainable first best allocations, therhas thesamelimiting
distribution in all efficient allocations.

Lemma 5.3Suppose there is rsustainable first best allocation. There existand t suchPr(u
> u*luo = Vaui is positive and Pr{ u*|uo = Vmay) IS positive.
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Proof. V is continuous and maps gMt;Vmay into itself; hence, V hasfaed point U suchthat
V(u*) = u". Thus, there is aefficient sustainable allocatighat provides both agenigth the
same level of utility. (This fixedpoint is unique because V is decreasin@lippose $is empty
when \p = u. Thesymmetry ofthe problem then saythat $ should be empty alsdBut this is
impossiblebecause there is rsustainable first best allocation. Thusthia efficient allocation in
which both agents receive utilitf? US1 and $ are both nonempty in period one.

| want to prove that starting froamy @ < u", there is some t sudhat u > U with
positive probability. Startwith an arbitrary g < u', and let s be sonstate inwhich V6 = Ymax
From the proof oLemmabs.3, we know that £is nonempty, sthat agentl's constrainbinds in
state s.Definethe sequence fif=1 recursively bythe formula v = ug(vn-1) and \p = up. The
set § must be nonempty for any initial level of utility less tharsa \h > vp-1 for any \w-1 < u.

Suppose there does natist any nsuchthat \n > u". Then, vy is a strictly increasing
sequence that is bounded from above ’hyvu converges to somanit v* that is less than or
equal to 4. Since g is continuous (from the Theorem of thiaximum), thislimit must sasfy
us(v*) =v'. Butthisis impossible becausgw) > u for any « u.

Thus, it is possible tetartwith any @ < u" andfind n suchthat theprobability that
exceeds Uis positive. Similarly, | can provdhat starting atny @ > u’, there is some such
that i < u" with positive probability. QED

Lemmabs.3 establisheshat the Markov procesg satisfieshe mixing condition 12.1described in
SLP.

The following proposition is a simple consequence of Lemmas 5.1-5.3.

Proposition 5.2 The distribution of tconditional on g converges weakly to a nondegenerate
limiting distribution that is independent aj.u.

Proof. Lemmas5.1-5.3 show thag satisfiesthe assumptions of Theorem 12.12 of Shéhce,
we know that ther@xists some uniquiemiting distribution. Thesymmetry ofthe environment
tells usthat thelimiting distribution must beymmetric inthe senséhat Pr(A) = Pr(A"), where A

is a subset of & and (u, w) lies in A'iff (u2, up) lies in A. It followsthat thelimiting
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distribution can be degenerate if ay if ut converges in distribution to pthefixed point of
V. But we know that if g = u’, then Pr(a > u*) > 0, because1Ss nonempty.
QED

Thus, thelimiting distribution of y is thesame inall efficientallocations. In contrast to some
results in the privatenformation literature(e.g., Atkesonand Lucas (1992)), tHeniting
distribution isnot degenerateSince ¢+1 is a continuous increasing function @f thesame can
be said of consumption. Notice that consumptigin ¢s a function of ¢ and y+1; hence,
individual consumptiormay depend upon laggaddividual income as well asurrentindividual

income.

C. Discussion of Long Run Behavior

Why does theexistence of a sustainable first best allocation make sdiffer@nce in the
long run behavior of utty? Graphs 2-4llustrate the answer tthis questioﬂ. In Graph 2, |
have drawntypical samplepaths of agent 1'stility in an efficient allocatiorfor variousinitial
values. The barriers represent thidity available toagent 1 in the best (barrier B) and worst
(barrier W) sustainable first best allocationslow think about whathappens if we decreage
Then the barriers in Graphw2ll move closetogether. Eventually, they will overlap entirely, as
they do in Graph 3; this overlapkes placewvhen 3 is sufficiently smallthat u(1/2)/(1B) =
u(ymax + BVaut

In the above discussion, | interpreted barrier W as representing the lowest amount of
utility available toagent 1 in a sustainable first best allocation. There is however an alternative
interpretation of barrier W: we can also think of it as being the lowest amount of initial utility such
that agentl's sustainabilitgonstraint nevebinds inthe following period. Similarly, barrier B is
the highest amount daritial utility for agent 1 sucthat agen®'s sustainabilitgonstraint never
binds in the following period.

Suppose we keep decreaspigo that u(1/2) < (Bu(ymax + BVaut The barriersill
keepmoving inthe same direction as before, sow the barrier W i be above the barrier B.

‘| emphasize that these graphs are not the products of actual model
solutions but are merely my depiction of what would happen in such solutions
along "typical" sample paths.
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The barriersstill bear thesame interpretation as mentionedtlie above paragraph, sden
individual 1's utility level lies between B and We two individuals' sustainabilitgonstraints both
bind inthe next period with positiverobability (althougmot simultaneously!). Graph 4 shows
what this means for the time path of utility: once it enters the region between B and W, it bounces
aroundrandomly. (It goes up if agent 1'sustainabilityconstraint bindsdown if agent 2's
sustainabilityconstraint binds, and statfee same if neither binds.) Eventually, utilggttles into
some stationary distribution. The barriers B and W serve to bounkimitieg distribution
described in Proposition 5.2.

Graph 5 helps us understatiee effect of two-sided agpposed to one-sideldck of
commitment in this economy. For example, supposeonly agent 1 faces &ustainability
constraint. Then barrier B disappears becaussottial planner can promise agerdr amount
of utility, no matterhow low, withoutaffectingthe existence of a first best allocation. Graph 5
uses this insight talepict thetime path of utility in an economy with one-sided lack of
commitment. Ifthe initial level of utility promised to agent lles above W, themtility remains
constant at thatevel. If the initial level of utility liesbelow W, thenutility rises to eventually
converge to W.

Now suppos¢ decreases. Then the barrier W rises. However, theti# i® barrier B
because, as indicated earlieramy environmentith one-sided lack of commitment, there is a
sustainable first best allocation. Herite, long rurbehavior of utility is always qualitatively the
same as described in Proposition 5.1.

Thus, in environments with one-sided lack of commitmentatikeof commitment always
ceases to matter in the long run because thesyslexists some sustainable fivest allocation.
However, if there is a two-sided lack of commitment, and no first best allocasast@nable,
then thelack of commitment affects long run allocations and induces a nondegenerate stochastic
steady state distribution for individual utility.

6. Conclusions

The purpose of this paper was to examine the propertefaxént sustainable allocations
in an environment in whictwo agents want to share risk but ameable to make commitments
about future transfers. There are three rfiadings. First, if the discount factor isigh enough
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(or individualsaresufficiently risk averse omdividual income is sufficiently riskythat some first
best allocation is sustainable, traay efficientallocation must converge wigirobabilityone to a
first best allocation. In the long run, tlaek of commitment is irrelevanSecond, if no first best
allocation is sustainable, then there exists a uriigptang distribution of utility and consumption.
Finally, under any conditions, the conditional covariance iaflividual incomeand individual
consumption in an efficient allocation is nonnegative; it is zero only if the allocation is first best.

We see that at least in a qualitative sense, a model with two-sided tackroftment and
no sustainable first best allocations is capable of genemtpligationsthat are consistentith
(extremely?) casual characterizations of Unibégites data. Faxample, in stochastic steady
state, there igliosyncratic risk remaining imdividual consumption. Individual consumption is
conditionally positively correlated with current individual income and is unconditicrraliglated
with manylags of income. The degree iokquality, at least as measuredthy cross-sectional
distribution of utility or consumption, is stable over time.

Interestingly, these qualitative features are shared bydb#ibrium allocations in an
incomplete markets environment (Scheinkman\&fetss(1986)) and by thefficient allocations
in an economy witlwo risk averse agents who cannot observe each ofhextof effort (Wang
(1992)). Fotthis reason, it would beseful to better understatite quantitativeimplications of
a two-sidedinability to commit. To doso, we need to bable to construct numerical
approximations to efficient allocations. This can baedisingthe techniques of Abreu, Pearce
and Stacchetti (1986) to generate the set Busfainable utilitwectors,usingthe information in
this set to construct aumerical approximation tthe value function V, and theemploying the
functional equation (FE) to solve for the efficient allocations. (See Wang (1993)dicalarly
lucid discussion.) Presumablgny empiricallyrelevant quantitativevork would have to
incorporate persistence in thmividual endowments; it shouldot bedifficult to augment the
theoreticalanalysis in thigpaper toallow for that possibility. Itwould then be instructive to
compare the quantitativmplications of thidull information, no-commitment environment to the
implications of an imperfect informatiofyll commitment world and tahe implications of a
dynamic incomplete markets model.

My use of subgame perfection as equilibrium concept and the closed nature of the
economic system combine pooduce a harsh threat poinhamely,autarky - for thandividuals
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in this economy. Using some version of renegotiation-proofness agudibrium concept or
introducing an outside option will makiee threat point less dire. In turn, fevedlocationswill
be sustainable. However, as longtas threat pointemains independent pastchoices of the
individual, and as long as there exists s@ustainable nonautarkic allocatiadhge qualitative
results derived in the paper about the properties of efficient allocations will remain unéhanged

It would be interesting texaminethe properties oéfficient risksharing in multipléhat
is, more thantwo) agent environmentsvithout commitment. It idrivial to generalize the
theoretical analysis through Section 3 to include this case. However, it is difficult (at least for me)
to see if themain Propositions 4.1, 5.;hnd 5.2 carry over tothis richer environment. In
particular, it remains uncleawhether the stochastic steady state is nondegenerate in an
environment with a large number of agents if there are no sustainable first best allocations.

*Here's an example of when these qualifications might break down.
Suppose consumption is storable, so individuals can self-insure. Then the
threat point will depend upon past choices of the agent and | am not sure if
the results presented in this paper will still be true.
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Appendix
Proof of Lemma 2:1It is clear that autarky is sustainabldlow consider the set gbossible
period zerautility levelsthat agent Iderives from sustainable allocations. Tée$ is bounded
from below (by 0). Hence, it has an infimum; call this value M.

Consider an arbitrary sustainable allocafma-c), and let V denote thaility derived by
agent 1 from this allocation. Frothe point of view of period zero, there argpdsible
outcomes associated with the allocation in period 1:

Vo =2=1mgu(c1g +BV19
Agent 1 must be better off choosing ¢ than opting not to make any transfers; hence:

Vo2 2=1 ng(u(cls) +BVs)
where ¢ and \& arehis state sconsumption and continuation utilities respectively ifdils to
make any transfers. Bug & ysand \g = M; this implies that:

V02 Z=11(u(ys) + M)

Since V is any sustainable utility level, it follows that:

M 2 (2=1 T(u(ys))/(1-B).

Since autarky is sustainable, the weak inequality is actually an equality. QED

Proof of Proposition 2.2Since U is a subset {13,1]2, it is clearlybounded; to prove it compact,
we need onlyshow that it is closed. Let =1 be a sequence of utilityectors in U that
converges touu For ech n, let g be a sustainable allocatitimat generatespu Sincel is
compact, there exists a subsequengg)£g that converges to Emit cx in . Since (w)=1
converges to Y (unk)=1 also converges toxu It follows from the continuity of the utility
functions over C that the utility derived fromis given by &, and so s liesin U. QED

Proof of Proposition 3.1 The compactness of ithmediately implieghat thereexists a solution
to themaximization pogram. Now suppose (u, splves this maximization problem. Then |
claim u = & Suppose not, and u Su Thenu > Yaut There exists an allocationtleat
provides utility u. Because u > Yy it follows that insomestate of the world in period one, the
sustainability constraint does not bind agent 1:

u(cy) + BEtZ=1 BSu(ct+9 > u(y) +BVaut

If I transfer asmallamount of consumption in thidateand date from agent 1 to agent 2,
| can increases agent Ruity without violating the constraint thatlu> ul. Further, | catmake
the transfersmall enough that thenew allocation of consumption is sustainable (because the
sustainability requirement isot binding in thisstate of the world). Hence, the solution to the
maximization problem must lie on the constraint.

Thus, there exists aglement (&, u) in U thatsolves themaximization problem ifP").
From thedefinition of U, weknow that there is aallocation inl" that provideghis vector of
utilities to the agents in the economy. This allocation is clearly effloématuse (Jq u) solves the
maximization problem (P). QED
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Proof of Lemma 5:1Suppose @ is larger than@ As beforedefine c(@) to be the solution to
the equation:
u'(1-c(wy))/u’(c(w)) = -V'(uo)

If s lies in B, then ¢ = c(wp) and = wp. Hence, if dies in  for both Y and W', then w(up)
< ug(up). If sliesin § or $ for both @ and W', then g(ug) = us(up’). Thus, if the increase in
up does not alter when the sustainability constraints bind, then the lemma is clearly true.

Of course, somacreases in@will change whether given statelies in §, S or .
The following characterization tells us how:

s liesin § if and only if u(c(@)) + Buo < u(ys) + BVaut
s lies in @ if and only if u(1-c(g)) + BV(up) < u(1-y) + BVaut

Why isthis characterization true? Ifiss in S, then u(g) + Bus = u(ys) + BVaut theinequality
then follows from Lemma 4.3. On the other hand, supposegd)e(up < u(ys) + BVaut then,
s can't be in $because the sustainability constraint is violatedLantma4.1 furthenmpliesthat
it can't be in 8 either.

The characterization tells us that @ increases enough, themgyht shift from § to 3,
from 3 to P, or (in a combined move) fromm3o . Consider what happens iskifts from
$S1to 8. Then, ¢ changes from the solution to MAXo instead equalgi  Suppose 1> up'.
Then, it can be shown as in Lemma 4.1 that ¢(wy’). But this means u§y+ BVaut= u(x) +
us > u(c(w)) + Pug’, which violateshe fact that $ias shifted into$ We concluddhat if s
shifts from § to 3, us< ug'. A similarargumenimplies that if s shifts from $to $, then the
us that solves MAX is at least as large thap. uShifts from § to §3 aremerely combinations of
moves from $to and Fto .

Thus, (up) is nondecreasing. QED
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Abstract

This papeexamineghe properties oéfficient sustainable allocations in an environment in
whichtwo agents want to share risk, have perfect informatimyut each other, but cannmoéke
commitmentsabout future transfers. describe assustainableany allocation that can be
supported as aubgame perfecquilibrium in a game in which individuals make simultaneous
transfers. | consider the propertiestffcientsustainable allocations.

There are three maiindings. First, if some first best allocation is sustainable, then any
efficient allocatiormust converge witlprobability one to a first best allocation. In the long run,
the lack of commitment is irrelevantSecond, if no first best allocation is sustainable, then the
unconditional probability distribution of an agent's utildgnverges weaklyver time to a
nondegenerate distributionFinally, under any conditions, the conditional contemporaneous
covariance ofindividual income and individual consumption in anefficient allocation is
nonnegative; it is zero only if the allocation is first best.
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Graph 1

Efficient Consumption versus Individual Income

This graph depicts the relationship between period (t+1) consumption and income of agent
1, conditional on information known at time t.1 & the set of states iwhich agent 1's
sustainabilityconstraint binds, 5is the set of states imhich agent 2'ssustainabilityconstraint
binds, and §is the set of states in which neither agent's sustainability constraint binds.
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Graph 2
The Efficient Time Path of Utility

Case 1: Multiple Sustainable First Best Allocations

This graph depictsypical samplgaths of agent 1igtility in an efficient allocation. If the
initial level of utility liesbelow W (= u(¢&B)/(1-)), thenutility converges ovetime to W. If the
initial level of utility lies above B (= u(1gg)/(1-)), thenutility converges ovetime to B. If the
initial level of utility lies in between B and W, then utility stays constant over time.
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Graph 3
The Efficient Time Path of Utility

Case 2: Unique Sustainable First Best Allocation

This graph depicts the typical sample pathtdity whenthere is a uniqusustainable first
best allocation. In that case, utility always converges to u(1f2)/(1-
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Graph 4
The Efficient Time Path of Utility

Case 3: No Sustainable First Best Allocation

This graph depicts #ypical samplgpath of agent 1'stility whenthere is nosustainable
first best allocation. In stochastic steatite,utility is randomlydrawn from a distributiomith
support [B, W].
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Graph 5

The Efficient Time Path of Utility with One-Sided Commitment

This graph depict$wo typical samplgaths of agent 1igtility in an efficient allocation if
agent 2 is able to commit. If the initial level of utility is belowtidénutility converges oveime
to W. If theinitial level of utility is above W, therutility is constant over time. Notthat
lowering or raising W will not affect the qualitative nature of this picture.
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