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Abstract

In this paper, we study some of the properties of a discrete-time version of the two-class model of growth and distribution proposed by Pasinetti (1962) and Samuelson and Modigliani (1966) with a concave production function of the CES type. Two distinct groups of agents, workers and capitalists, exist. Following Chiang (1973), we assume that the first group saves out of wages and profits by applying to these income sources propensities to save which are not necessarily equal. Capitalists’ saving originates only from capital income. The model is two-dimensional involving distributive processes that occur not only between factor shares but also between the two groups in the economy. We explore through simulations the large variety of dynamic behaviours that emerge from this formulation.
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Complex dynamics in a Pasinetti-Solow model of growth and distribution

Pasquale Commendatore

1. Introduction

The standard one-sector neoclassical growth model (Solow, 1956) is a one-dimensional continuous time dynamical system only able to generate simple dynamics, that is, monotonic convergence to a steady growth equilibrium. The dynamic properties of the Solow model follow from the assumptions on the saving behaviour – the average propensity to save being constant – and on a neoclassical technology, represented usually by a Cobb-Douglas production function. As shown by Day (1982), when average savings are allowed to vary with the capital/labour ratio, under specific assumptions the discrete-time version of the Solow model is able to generate chaotic dynamics. More recently, Böhm and Kaas (2000) investigate the dynamics of a discrete-time Solow growth model modified by introducing different but constant saving propensities attached to factor shares, wages and profits, and a concave production function with more general properties than the standard neoclassical ones. Their assumption on saving behaviour corresponds to that proposed by Kaldor (1956) in his model of growth and distribution. The Solow model so revised is able to generate dynamic behaviour which is not limited to monotonic convergence to a steady growth equilibrium but it may also involve cycles of any order and chaos. 

The hypothesis of constant saving propensities attached to income shares, which characterises Kaldor’s (1956) model of growth and distribution, differs from that proposed in Pasinetti’s (1962) analysis according to which different saving propensities characterise two separate groups (or classes), workers and capitalists. Samuelson and Modigliani (1966) explores the properties of the Solow model in continuous time when two classes with different saving behaviour exist. The so-called Pasinetti-Solow model is two-dimensional, taking explicitly into account the capital accumulation of both groups in the economy.
We study some of the properties of a discrete-time version of the Pasinetti-Solow model with a concave production function of the CES type. Two distinct groups of agents, workers and capitalists, exist. Workers earn both wages and profits. Following Chiang (1973), we assume that workers may not save in the same proportion out of labour and capital income.
 Capitalists’ saving originates only from capital income. We explore through simulations the large variety of dynamic behaviours that emerge from this formulation.

2. The model

The economy

We consider a single good economy. Production involves only two factors, capital and labour, and a CES production function of the form: 
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where 
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 is the capital/labour ratio, 
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 is the constant elasticity of substitution.
The only sources of income in the economy are wages and profits. For each short run equilibrium, perfectly competitive labour and capital markets ensure equality between wage rate and marginal product of labour and between profit rate and marginal product of capital. Wages and profits in per worker terms are respectively 
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The economy is also characterised by the existence of two distinct groups of agents, workers and capitalists. Both groups may save and accumulate capital, 
[image: image9.wmf]w

k

 and 
[image: image10.wmf]c

k

 representing respectively workers’ and capitalists’ capital per worker, where 
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Workers main source of income is wages, 
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 because of the more uncertain nature of capital income. However, when savings mainly originate from wages, capital revenues could be treated as windfall income out of which only a comparatively smaller proportion is saved. It follows 
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The only income source of capitalists is profits, 
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, out of which they save 
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 is capitalists’ invariant propensity to save. Capitalists are typically more concerned than workers in controlling production, it follows 
[image: image27.wmf]max(,)

cwwwp

sss

>

. 

Aggregate savings correspond to:
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Assuming that the labour force grows at a constant rate, n, capital per worker accumulates according to the rule: 
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where i is gross investment per worker and 
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 is the (constant) rate of capital depreciation.
  
Short-run equilibrium
In a short-run equilibrium, gross investment equals saving. Using (3)

 becomes:
(2)

, the accumulation rule 
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By disaggregating equation (4)

, we are able to describe separately capitalists’ and workers’ processes of capital accumulation:
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Steady growth equilibrium
The steady growth solutions are obtained by imposing 
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 and solving the following equations:
(5)

 and 
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There exist three different types of equilibria: a Pasinetti equilibrium involves capitalists owing a positive share of capital; a dual equilibrium, instead, allows only workers to own capital; finally, in a trivial equilibrium, the overall capital is zero. The three types of equilibria, which may coexist, are the following:

Pasinetti equilibrium:
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Dual equilibrium:
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Trivial equilibrium:
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In the above expressions, 
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 denotes the output elasticity with respect to k. From the properties of 
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The existence of one or more equilibria is verified following a diagrammatic approach similar to the one employed by Meade (1966) for the case of a Cobb-Douglas production function. We define first an auxiliary function that relates the inverse capital/output ratio and 
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Steady growth equilibria are identified for the cases (a) s, =s,,. (b) s, <s,, . and (¢)
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A Pasinetti equilibrium in which both workers and capitalists own a positive share of capital, 
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In Figure 1, the intersection between the vertical line at 
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In order to verify the existence of dual equilibria, we bring in the following relationship
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A unique dual equilibrium exists if
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 Note that condition (10)

 can be written as:
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In Figure 1, condition 
(11)

 holds when (a)  GOTOBUTTON ZEqnNum864955  \* MERGEFORMAT  and (b)
[image: image83.wmf]wwwp

ss

<

. It does not hold when (c) 
[image: image84.wmf]wwwp

ss

>

. Indeed, in Figure 1(c) it is possible to identify two dual equilibria that could reduce to one or disappear depending on the parameter values.

Finally, in Figure 1, the point 
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Local stability analysis

The local stability properties of the system (6)

 are assessed evaluating the Jacobian in correspondence of each type of equilibrium.
 As we shall see, the stability of the system depends crucially on the properties of the technology and on the saving propensities. Changes in the saving propensities could determine, moreover, exchanges of stability between different types of equilibria.(5)

 and 
The Jacobian of the system (6)

 evaluated at the Pasinetti equilibrium is(5)

 and 
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The corresponding trace is:
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and the corresponding determinant is
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The stability conditions for the Pasinetti equilibrium are the following: 
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Conditions (i) to (iii) ensure that the eigenvalues of the Jacobian 
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are both confined within the unit circle. An unstable fixed point 
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Condition (i) corresponds to
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The direction of the inequality sign depending on:
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Condition (i) fails when one eigenvalue passes through – 1. When condition (i) is violated, while conditions (ii) and (iii) hold, stability is lost through a flip bifurcation. 
Condition (ii) can be reduced to the inequality 
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. The failing of condition (ii) corresponds to one eigenvalue passing through 1. The violation of condition (ii), while the other conditions hold, involves a transcritical bifurcation characterised by two coexisting equilibra exchanging stability: that is, for  GOTOBUTTON ZEqnNum160435  \* MERGEFORMAT  the Pasinetti equilibrium loses stability and a dual equilibrium, already existing, gains stability. For 
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Finally, condition (iii) corresponds to
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Again, we may distinguish two cases: for 
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The failing of condition (iii) involves a stability loss via a Neimark-Sacker bifurcation process: the modulus of the complex conjugate eigenvalues 
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The Jacobian of the system (6)

 evaluated at a dual equilibrium is
(5)

 and 
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The two eigenvalues of the system, 
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Given that the eigenvalues of the matrix 
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 are real, a stability loss through a Neimark-Sacker bifurcation is excluded. Stability requires  GOTOBUTTON ZEqnNum958697  \* MERGEFORMAT  and 
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We may distinguish three cases:
1st case: 
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 Consequently, a stability loss involves a transcritical bifurcation which goes in the opposite direction to the one that concerns the Pasinetti equilibrium. Now, it is the dual equilibrium which loses stability and the Pasinetti equilibrium, already existing, that gains stability.
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. In this case, stability can be lost through a saddle-node (fold or tangent) bifurcation, involving the creation of two equilibria of the dual type, one stable and the other one unstable.
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The two eigenvalues of the system, 
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 For example, it does not necessarily hold for the equally widely-used CES technology.
 Specifically, for the production function (1)
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3. Global dynamics
Our objective is to explore some of the global dynamics properties of the system 
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It is not always possible to derive an explicit solution for a dual equilibrium, depending on the workers’ propensities to save out of wages and profits. From condition 
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Considering the dual equilibrium, since 
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Considering the dual equilibrium, since 
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Changes in the worker’s propensity to save have also an impact on income distribution. For 
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, where complex dynamics prevails, the average capital/labour ratio is below the corresponding value at the Pasinetti equilibrium and the average marginal product of capital is above that equilibrium.
 In Figures 5(c) to 5(f), consequent to the higher average marginal product of capital, compared to the equilibrium, the profit share is favoured over the wage share and capitalists are favoured over workers.
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Effect of a change in the workers’ propensity to save on (a) the average capital/labour
ratio; (b) the average marginal product of capital; (¢) the average wage share in income;
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For 
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, the Pasinetti equilibrium is stable. The workers’ propensity to save affects only the income distribution between workers and capitalists. Increasing 
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Finally, for 
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 raises the capital/labour ratio and decreases the marginal productivity of capital (see Figures 5(a) and 5(b)). As a consequence, the wage share increases and the profit share decreases (see Figures 5(c) and 5(d)). Since workers own all capital, their income share is unity whereas capitalists’ share is nil (see Figures 5(e) and 5(f)).
4. Final remarks

In this paper, we have presented a discrete-time version of the Pasinetti-Solow model of growth and distribution. We have shown that, differently from the continuous-time version proposed by Samuelson and Modigliani (1966), our formulation is able to originate complex behaviour. We have confirmed the proposition, which holds for other types of growth models, according to which the stability properties of the dynamical system depends crucially on the elasticity of substitution between capital and labour. The saving propensities of workers and capitalists play also an important role.
Differently from the model presented by Böhm and Kaas (2000), ours is two-dimensional. Distributive processes occur not only between factor shares but also between the two groups existing in the economy. In particular, we show that where complex dynamics prevails, compared to the steady growth equilibrium value, income distribution is more favourable towards capitalists than towards workers.
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Substituting equation (A2) and 
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which violates condition (9)

. Q.E.D.
� Chiang (1973) generalises Pasinetti’s assumption according to which workers save in the same proportion out of wages and profits. Faria and Teixeira (1999) and Faria (2000) put forward a dynamical analysis of a Pasinetti-Solow model, framed in continuous time, in which such a generalization is introduced. 


� Woodford’s (1986, 1989) model of optimal growth cycles also involves two groups of agents, workers and capitalists, with differentiated saving behaviour. However, due to the presence of a financial constraint, workers do not save and, consequently, do not accumulate capital.





� In our analysis, we assume that the relative size of the two groups in the population does not vary through time. It follows that n is also the rate of population growth.


� Setting � EMBED Equation.DSMT4  ��� and � EMBED Equation.DSMT4  ���,where � EMBED Equation.DSMT4  ��� is the propensity to save out of wages and � EMBED Equation.DSMT4  ��� is the propensity to save out of profits of the overall economy, � GOTOBUTTON ZEqnNum617558  \* MERGEFORMAT � REF ZEqnNum617558 \! \* MERGEFORMAT �(4)�� becomes equivalent to the one presented in Böhm and Kass (2000):


	� EMBED Equation.DSMT4  ���.


Böhm and Kass (2000) confine their analysis to the above one-dimensional map, which describes the accumulation of the overall capital in a Kaldor type model. It can be shown that � EMBED Equation.DSMT4  ��� cannot be disaggregated to take into account workers’ and capitalists’ capital accumulation. Indeed, � EMBED Equation.DSMT4  ��� does not allow for a steady growth equilibrium in which both groups in the economy own a positive share of capital (see Maneschi, 1974; and Fazi and Salvadori, 1981). What follows, instead, is concerned with the two dimensional system � GOTOBUTTON ZEqnNum612887  \* MERGEFORMAT � REF ZEqnNum612887 \! \* MERGEFORMAT �(5)�� and � GOTOBUTTON ZEqnNum718760  \* MERGEFORMAT � REF ZEqnNum718760 \! \* MERGEFORMAT �(6)��, which allows for a separate description of capitalists’ and workers’ capital accumulation.


� This is easily verified computing the derivative: � EMBED Equation.DSMT4  ���, where � EMBED Equation.DSMT4  ��� for � EMBED Equation.DSMT4  ���. 


� Note that, in the case in which � EMBED Equation.DSMT4  ��� and � EMBED Equation.DSMT4  ��� are tangent, the two dual equilibria coincide.


� Note that, when � EMBED Equation.DSMT4  ���, there exists at most one dual equilibrium. Instead, the case � EMBED Equation.DSMT4  ���, for which � EMBED Equation.DSMT4  ���, is similar to the case � EMBED Equation.DSMT4  ���. 


� Böhm and Wenzelburger (2000) also explore the local stability properties of the Pasinetti-Solow model in discrete time, but their analisys is confined to the case � EMBED Equation.DSMT4  ���.  


� For a detailed analysis of the local stability conditions for two or higher dimensional difference equations systems, see Gandolfo (1997). 


� The inequality � EMBED Equation.DSMT4  ��� necessarily holds in the relevant interval � EMBED Equation.DSMT4  ���. This is verified considering that � EMBED Equation.DSMT4  ��� is strictly decreasing in � EMBED Equation.DSMT4  ���, � EMBED Equation.DSMT4  ��� as � EMBED Equation.DSMT4  ��� and � EMBED Equation.DSMT4  ��� as � EMBED Equation.DSMT4  ���.


� In the appendix, we prove formally that when condition � GOTOBUTTON ZEqnNum360327  \* MERGEFORMAT � REF ZEqnNum360327 \! \* MERGEFORMAT �(9)�� fails to hold and � EMBED Equation.DSMT4  ���, it must be � EMBED Equation.DSMT4  ���. 


� The inequality � EMBED Equation.DSMT4  ��� is not always satisfied even by concave production functions with slightly more general properties than the Cobb-Douglas production function (see Böhm and Kaas, 2000).


� As it is well known (see Varian, 1992, pp. 19-20), the CES production function approximates a Cobb-Douglas production function as � EMBED Equation.DSMT4  ���.


� A similar result applies also to optimal growth models (see Reichlin, 1986; Woodford, 1986; and Grandmont, Pintus and de Vilder, 1998) and to the Kaldor-Solow model (see Böhm and Kaas, 2000).


� Complex behaviour is robust, it can be found for many constellations of the parameters. In Figure 2(a) a period-3 three cycle can be easily identified. As is well-known, from the Li-Yorke theorem, a period-3 cycle is the hallmark of complex behaviour in one- and higher dimensional systems, even though it does not necessarily implies the existence of measurable chaos (see Alligood, Sauer and Yorke, 1997). Our paper, however, is confined in its scope. We are not going to prove rigorously the existence of measurable chaos.


� Note that for � EMBED Equation.DSMT4  ���, � EMBED Equation.DSMT4  ���. The bifurcation sequence necessarily involves first a flip bifurcation of the Pasinetti equilibrium and then a transcritical bifurcation involving an exchange of stability between the Pasinetti equilibrium and the dual equilibrium. 


� As shown in the previous section, the trivial equilibrium � EMBED Equation.DSMT4  ��� exists and it is always unstable for � EMBED Equation.DSMT4  ���. The trivial equilibrium is not represented in Figure 2 and in the following Figure 3.


� Note that condition � GOTOBUTTON ZEqnNum526852  \* MERGEFORMAT � REF ZEqnNum526852 \! \* MERGEFORMAT �(11)�� is critical for the local stability properties of the system. If this condition holds, the shape of the bifurcation curve for the dual equilibrium � EMBED Equation.DSMT4  ��� is similar to the one plotted in Figure 3(b): a transcritical bifurcation occurs in correspondence of some � EMBED Equation.DSMT4  ���. Whereas if this condition does not hold, the shape of the bifurcation curve � EMBED Equation.DSMT4  ��� is similar to the one plotted in Figure 4(b): a saddle-node bifurcation occurs in correspondence of some � EMBED Equation.DSMT4  ���. In the latter case, it is necessarily true that � EMBED Equation.DSMT4  ���, where � EMBED Equation.DSMT4  ��� as � EMBED Equation.DSMT4  ���.


� Note that for other parameters configurations and for � EMBED Equation.DSMT4  ���, we found the counterintuitive result that to an average marginal product of capital below the Pasinetti equilibrium corresponds an average capital/labour ratio above that equilibrium. For example, this is true when the depreciation ratio is reduced from � EMBED Equation.DSMT4  ��� to � EMBED Equation.DSMT4  ���.
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