 -  1 -

              Aggregation - Theoretic Mon etary Aggregation over

                    the Euro Area , w hen Countries are Heterogeneous

by

W illiam A. Barnett

1

Department of Economics

University of Kansas

Lawrence , KS 66045 - 7585

E - mail:  barne tt@ku.edu

September 2 , 2003

1
      T his research was supported by the European Central Bank.  I have benefited fro m co mments fro m

Alessandro Calza, W. Erwin Diewert, Björn Fischer, Franklin Fisher, Livio Stracca, Karl Shell, Anders

Warne, and Caroline Willeke.

 -  2 -

                         Contents

                         Abstract

                         Non - technical summar y

                         1.  Introduction

                         2.  Definition of v ariables

                         3.  Aggregation within c ountries

                         4.  Aggregation over countri es

                         5.  Special c ases

                                                  5.1.  Purchasing power parit y

                                                  5.2.  Existence of multilateral represent ative agent  over the euro area

                                                          5.2.1.  A multilateral represent ative agent wit h heterogenous tastes

                                                          5.2.2.  A multilateral represent ative agent wit h homogeneous tastes

                                                  5.3.  Existence of a unilateral representative agent over the euro area

                         6.  Interest rate aggregation

                         7.  Divisia sec ond moments

                         8.  Extensions and variations

                                                  8.1.  Conversion from continuous to discrete time and from per capita to tot al

                                                          values

                                                  8.2.  Introduction of new countries into the union

                                                  8.3.  Demand for monetary assets b y firms

                                                  8.4.  The benchmark yiel d prox y and extension to risk aversion

                         9.  Conclusions

                         Appendix:  The benchmark rate

                         References

 -  3 -

Abstract

                                                              We derive fundamental new theory for  measuring monetary service flows aggregated over

                                                              countries within the European Monetary Union (EMU) .  We develop th ree  increasingly restrictive

                                                              approaches :  (1) the heterogeneous agents approach, (2) the multilateral representative agent

                                                              approach, and (3) the unilateral representative  agent approach.  O ur  heterogeneous agents approach

                                                              contains our  multilateral represen tative ag ent approach as a special case.

                                                              In our most general approach, w e assu me the existence of a representative consumer within each

                                                              country  to aggregate within each country .  We use a  stochastic approach to aggregation  across

                                                              countries  over the hetero geneous  representative  agents , and we derive the resulting formulas for

                                                              stochastic aggregation over countries.   Our theory permits monitoring the effects of policy at the

                                                              aggregate level over the euro area, while  also  monitoring  the distribution effects of  policy among

                                                              the countries of the euro area.   Our approach requires the simultaneous use of two inflation indexes

                                                              over the euro area.

                                                              JEL Classifications:  C43, C82, E41, E51, F3 1.  Keywords:  Monetary Aggregation, Aggregation

                                                              over  Countries, Heterogene ous Agents, Multilateral Aggregation; Euro Area.

 -  4 -

Non - Technical Summary

The aggregation theor y for aggregating over monetar y assets, their dual user cost prices,
and interest rates has been available for a closed economy, since the theor y was first
derive d b y Barnett (1 980,1987) and organized  within the book, The Theory of Monetary

Aggregation , edited by Barnett and Serletis (2000).    More recentl y there has been
growing interest in the extension of that theor y to the multicountry case, especiall y for
pur poses of aggregation of monetar y service flows and prices within the euro area.  The
assumptions needed to treat a group of countries as a single countr y are not easily
accepted, since the existence of multiple countries within an area tends to contradict the
demographic and taste distribution assumptions accepted in the closed economy theor y.

The purpose of this paper is to produce the direct, rigorous extension of the single
country aggregation theory to the  open econom y,  multicountry case  under reasonab le
assumptions .

As a result of the particular relevanc y for the euro area, the theor y is deri ved in a form
applicable both  before and after the app earance of the euro,  with  the  histori cal data
conta ining exchange rates among the area´s legacy  currencies .  The results are derived
under three sets of increasingl y strong assumptions.  In the first case, the aggregation
theory permits ver y general forms of heterogeneity among countries and uses stochastic
heterogeneous agents theory.  This approach is needed t o permit aggregation of the
historical data prior to the existence of a common currenc y and prior to progress towards
convergence within the area.  Under this most general theor y, no representative agent is
assumed to exist for the euro area, although a re presentative agent is assumed to exist
within each countr y.  This theory not onl y permits aggregation under reasonable
assumptions, but also permits stochastic monitoring of progress towards convergenc e ,
using  second moment dispersion measures.

Under some what stronger assumptions, we find that our  stochastic  heterogeneous agents
approach converges to a new mu ltilateral representative agent  approach, permitting
recursive aggregation first within countries and then over countries in a manner full y
consistent  with deterministic economic theor y.   Significant heterogeneit y of tastes
remains possible across countries under our multilateral representative agent approach.

Since the multilateral representative agent approach is strictly nested within the
heterogene ous agents approach, the heterogeneous agents approach, in practice, would
converge to the multilateral representative agent approach on its own, when  the necessar y
assumptions become  satisfied.
2

The third approach, although potentiall y convenient in prac tice, requires very strong
assumptions.  We call this most restrictive case the unilateral representative  agent
approach, within which the countr y of residence of a consumer becomes irrelevant to the
person´s consumption decisions.  At the present time, th is most restrictive case seems

2

      Our use o f the ter ms unilateral and multilateral representative agents should not be confused with the
unre lated concept of unilateral and bilateral index numbers, as in Anderson, Jones, and Nesmith (1997a, p.

75).

 -  5 -
primarily of interes t in theor y, since the two less - restrictive approaches can be

implemented in practice without unreasonable difficulty.

Our theor y produces a number of surprising results.  For example, we find that there is a

need for two different consumer price indexes:  one for deflation of nominal to real

money balances and another  for deflation of  nominal to real consumer expenditure.  The

two consumer price indexes become the same only under our strongest assumption

structure ,  such that  the r esidents of the euro area behave as if the y were residents  of the

same countr y.  The existence of the two consumer price indexes did not appear in earlier

theory derived for a single closed economy.   We also find that the Divisia second

moments, which play only a minor role in the closed econom y aggregation theory ,  can be

useful in our heterogeneous agents theor y for monitoring progress in man y dimensions ,

including (1) convergence progress towards  the more restri ctive approaches t o

aggregation, (2)  monitoring distribution effects of policy across countries within the euro

area , and (3) exploration of information loss from aggregation, when some of the

underlying assumptions are violated .

In addition to deriving the implied formula s for aggregation, we also derive the dual user

cost price aggregation formulas and the interest rate aggregation formulas.  We find that

the current approach to aggregation over interest rates is not consistent with the  relevant

aggregation theor y.

 -  6 -

1.  Introduction

The field s  of monetar y aggregation and index number theor y, and the broader field s  of
general financial aggreg ation and index number theor y, were first rigorously connected
with the long literature on microeconomic aggregation and index numb er theor y b y

Barnett (1980,1987) .  A  collection of his most important contributions to that field is
available in Barnett and Serletis (2000).  T hat book contains extensions in many
directions, including introduction of risk, demand by firms as  well as con sumers, and
production of moneta r y se rvices b y financial firms.  But  Barnett´s work  in those
publications  has been based upon the assumption that the data was produced by a single
closed econom y.

The purpose of this paper is to extend that theory to the  multicountry case in a form that
would be applicable to the euro area both prior to and after the introduction of the euro .

P rogress towards convergence  among the euro area economies  has occurred ,  and further
progress is expected into the future.   As a r esult, our results are produced under a
sequence of increasingl y strong assumptions, beginning with  (1)  a heterogeneous agents
approach applicable to the past under reasonable assumptions ,  and then to (2) a new
multilateral representative agent approach ap plicable to the area under reasonable
convergence assumptions ,  and finally to (3) a unilateral representative agent approach
requiring ver y strong assumptions ,  perhaps  relevant to the very distant future, if at all.

Prior to the introduction of the euro, our heterogeneous agents approach provides a
substantial generalization of our multilateral representative agent approach.  At some date
following the introduction of the euro, our heterogeneous age nts approach could become
mathematically equivalent to the  multilateral representative agent approach, since the
assumptions necessar y for equivalenc y of the two approaches are reasonably related to
objectives of the EMU.  But the far more restrictive unilateral representative agent
approach requires ver y strong assumptions.  In particular the unilateral representative
agent approach would require convergence of inflation rates and interest rates across
countries and would imply demographic convergence to a homogeneous population, such
that the countr y of residenc e of a consumer would become irrelevant to the unilateral
representative agent´s decisions.
3

We prove that identical tastes across countries are not sufficient for the existence of a
unilateral representative agent, since tastes specific to a countr y do not exist for a
unilateral representative agent, who does not recognize the countr y of residence of a
consumer.  Under the assumptions required for the existence of a unilateral representative
agent, the allocation of goods, assets, and services over count ries is indeterminate.  In
contrast to the ver y restrictive unilateral economic agent approach, o ur heterogeneous
agents approach  can be used both  before and after the introduction of t he euro, with
recognition of the  potential equivalence to our multilate ral representative agent approach
at some time  after the introduction of the euro.

3

      T here wo uld have to be convergence of all kinds of rates o f return on financial assets, including bond
yields and bank interest rates across count ries.  T his conver gence could not occur without fiscal
har mo nization and full co mpletion of a single mar ket for each financial and banking service.

 -  7 -

Since the proposal for a common European currency first arose, a number of researchers

have sought to determine how to measure monetary service flows aggregated over the

p roposed euro area in a manner that would be consistent with aggregation theory.

4
  Two

approaches have been proposed and applied b y other researchers.

5
  One has been called

the direct approach and the other the indirect approach.  We show that the direct ap proach

implies the existence of our unilateral representative agent, which requires assumptions

that we consider to be very restrictive.

6
  Under this approach, assets of each type are first

aggregated over countries by simple sum aggregation.   Divisia agg regation then is used

to aggregate over each internationally - aggregated asset type.  The alternative indirect

approach uses Divisia aggregation within countries and then ad hoc  weighting of those

within - country indexes to aggregate over countries.

7
  The in direct approach produces a

result that is disconnected from theor y and does not produce nesting of the multilateral or

unilateral representative agent approaches.  But the indirect approach´s intent and

objectives are similar to those of our rigorousl y der ived heterogeneous agents approach.

This paper´s direct  extensions of Barnett´s earlier work produce a number of unexpected

innovations, including the need for  simultaneous use of  two different consumer price

indexes for internal consistency of the theor y.   The current paper is intended to solve the

central theoretical problems associated with monetary aggregation over countries. This

paper is likel y to be the first in a series of papers.  Later papers are planned to  incorporate

risk aversion along with o ther extensions.  The ext ension to risk aversion should be

jointly applicable  both to monetar y and nonmonetar y assets.  T he  resulting extended

theory will no t  only be relevant to aggregation over risky monetar y assets but also to

modeling substitution amon g both monetar y and nonmonetar y assets, such as common

stock.   The solutions of the fundamental problems addressed in the current paper are

logicall y prior to our planned future work on this subject.

2 .  Definition of Variables .

4
     See, e.g., M. M. G. Fase and C. C. A. Winder (1994), Spencer (1997), Wesche (1997), Fase (2000),

Beyer, Do ornik, and Hendr y ( 2001), Stracca (2001), and Reimers (2002).  For general infor mation on

empirical applications of this approach in the single - co untr y as well as internatio nal contexts, see Barnett

and Serletis (2000), Belongia and Binner (2000), and  Ser letis (2001).  For a convenient o verview o f the

relevant theor y in the single countr y case, see Anderson, Jones, and Nesmith (1997b).

5
     So me of those studies were applied to the ERM (^exchange rate mechanism~) countries.  T he European

Monetar y System (EM S) preceded the EMU, where the EM S co mprised the ERM to gether with the ecu

(European currency unit) mar ket basket of currencies.  T he ERM countries included the UK and were a

superset of the EMU countries.

6
     T hose studies often have used  ad hoc  weighted av erages of interest rates or of inflation rates over

countries to produce one inter est rate for each asset type and  one inflation rate for the euro area.  T his

comp utatio nal approach does not solve the theoretical problems associated with implicitly assumin g

identical interest rates and inflation rates across countries in an area with heterogeneous tastes.  In addition,

the use of those ad hoc  weighted averages of inflation rates or interest rates is not consistent with index

number theor y and hence produces  theoretical inter nal inconsistencies.

7
     GDP weights have often been used.

 -  10 -

*
kji

�(t) = R
k

(t) - r
k j i

(t)
is the real user cost price of asset i located  or purchased  in countr y j and owned b y
residents of  countr y k  at time t , and
p
k j i

 =
*
k

p
*
kji

�  is the corresponding nominal user
cost .

                               18

                                            It does not matter whether real or nominal interest rates are used, since the
inflation rate conversion be tween nominal and real applies to both terms in the user cost
formula and hence cancels out between the two terms.

Technicall y speaking, whenever m
kji

 is zero, as often will happen when a particular asset
type i is not available within country j, the us er cost price should be the asset´s
reservation price in country j.  But in practice, terms containing assets having zero
quantity will drop out of all of our formulas, except when the asset´s quantity becomes
nonzero in the next period.  In such cases, th e reservation price must be imputed during
the period preceding the innovation and the new goods introduction procedure must be
used.

                                   19

                                                Since such innovations are infrequent , it usually will not be necessar y to impute a
reservation  price or interest rate t o asset holdings for which m
kji

 = 0.

20

W e now  define
m *
kj

= ( *
kj1

m ,� ,
*
kji

m , � ,
*
kjN

m )
¢

,
m
kj

= (
m
kj1

, �, m
kji

, .. ., m
kjN

)
¢

,
r
k j

 = (r
k j 1

, �,r
kji

, �,r
kjN

)
¢

,
its mean minus a deter ministic adjustment for risk aversio n.  In short, the rate of return on the benchmar k
asset need not itself be nonsto chastic, but in our user cost fo r mulas, the stochastic benchmark rate must be
replaced by a nonstochastic risk - adjusted property o f the stochastic process.  For examp le, in the risk
neutral case,

                                                                                    *

                                                                                     kji

                                                                            �

                                                                                                  (t)= E[R
k

(t)] - E[r
kji

(t) ], where E is the ex pectatio n operator.  While R
k

(t) need not be risk
free, E[R,(t)} is r isk free, and it is that risk free expectation that is entered into the user cost for mula.  See,
e.g., Barnett and Serletis (2000, chapter 12).

18

          For these for mulas and results, see Barnett (19 78, section 3; 1980, section 3.2; or 1987, section 2.1 )

.

In
di screte time, it is necessar y to  discount to the beginning of the period all interest paid at the end of the
period.  T his requires dividing no minal and real user costs b y 1+R
k

.   T he dependency upo n that
deno minator cancels out in most applications, since t hat denominator does not depend upon i, while the
user costs appear in both the numerators and deno minators of all share weights.

19

          For the new goods introduction procedure, see Barnett and Serletis (2000, p. 77, footnote 25) and

Anderson, Jones, and Nesmi th (1997a, pp. 77 - 78), who in turn cite Diewert (1980, pp. 498 - 501).

20

          In practice, when m
kji

 = 0 for so me (k,j,i) and remains at 0 into the next time period, r
kji

 ,
p
k ji

 , and

*
kji

�
can be left in symbolic notation in any vectors in whic h they appear, since there will be no need to impute
numerical values to them.

 -  11 -

*

kj

 = ( *

kj1

�, �,

*

kji

�, �,

*

kjN

� )

¢
,

k j

 = (
p

k j 1

, �,
p

k ji

, �,
p

k jN

)

¢
,

and let

m *

k

= ( *

k1
m ,�,

*

kj
m ,�,

*

k,K+Z
m )

¢
,

m

k

= (
m

k 1

,�, m

kj

,..., m

k,K+Z

)

¢
,

r

k

 = ( r

k1

,�, r

kj

,�, r

 k,K+Z

)

¢
,

*

k

 = ( *

k1

�,�, *

kj

�,�, *

k,K+Z

� )

¢
,

k

 = (

k1

,�,

k j

,�,

k ,K+Z

)

¢
.

3 .  Aggregation within Countries

21

Aggregation within countries uses the existing theory devel oped b y Barnett (1980,

1987).

                                           22

                                                        That theor y uses the economic approach to index number theory and assumes

the existence of a representative agent  within each country.

23

  To avoid the unnecessar y

imputation of reservation prices to assets not being held b y r esidents of country k, we

shall restrict most of ou r computations to the index set

S

k

 =

{

(j,i): m

kji

>0, j

Î
{1,�,K+Z}, i

Î
{1,�,N }

}

for all k

                                                     Î
                                                                {1,�,K}.

21
          We present our results for mo netar y asset holdings b y consumers.  But Barnett (2000, p. 63,  equations

40 and 41) proved that it makes no difference for the aggregation theor y  whether the asset d emand is b y

consumers or b y fir ms or by a combinatio n of both.  T he issues for aggregatio n over economic agents is no

more or less difficult, if so me of the econo mic agents are consumers and so me are fir ms, all are consumers,

or all are  firms.  A possible exception regards the measurement of the inflation rate for consumers versus

fir ms.  If aggregate mar kets ar e not cleared and incentive co mpatibility fails for fir ms, the inflation rate for

fir ms can differ fro m that for consumers.  But  as we shall see, the price index used to deflate no minal to

real money balances will not b e the usual co nsumer price ind ex and will not be affected by problems

regarding market clearing and incentive co mpatibility.  We consider these matter s further in th e section on

possible future extensions.

22
          We shall introduce that relevant econo mic decision problem, when needed belo w, in Decision 4 of

Section 5.2.

23
          T he same results could be produced within countries b y using the stochastic approach to aggregation th at

we use over countries in the next sectio n.  T he stochastic ap proach does not require the existence o f a

representative agent and is best understood as a heterogeneous agents approach.

 -  12 -

Definition 1 :   Within each country k
Î

{1,�,K} , define the monetar y r eal user - cost price
aggregat e
                                                                                     *

                                                                                      k

                                                                       P

                                                                                              , the monetar y nominal user - cost price aggregate
Õ
k

, the real per - capita
monetar y services aggregate
*
k

M , and the nominal per - capita  monetar y services
aggregat e M

                                                                                    k

                                                                                          by the following Divisia indices:

d log
*
k

P

 =
k

(j,i) S
Î

å
w
k j i

 d log
*

�
kji

,
d log
Õ
k

 =
k

(j,i) S
Î

å
w
k j i

 d log
p
k j i

,
d log
*
k

M =
k

(j,i) S
Î

å
w
k j i

 d log
*
kji

m ,
d log M
k

 =
k

(j,i) S
Î

å
w
k j i

 d log m
k j i

,
where
w
k j i

 =

*
kji kji

*
k k

� P

¢

� P

 =

* *
kji kji

* *
k k

� P

¢

� P

=
k

*
k kji kji

*
k kji kji

(j,i) S

(R -r )m

(R -r )m

Î

å

 =
k

k kji kji
k kji kji

(j,i) S

(R -r )m

(R -r )m

Î

å

.

O bserve  that 0  ~  w
k j i

~  1  for all k
Î

{1,�,K}, j
Î

{1,�,K+Z}, and i
Î

{1,�,N} .  Also
observe that

                                                                                                             k

kji

                                                                                   (j,i) S

                                                                                                                    w

                                                                                                 Î

                                                                                          å

= 1  for all k
Î

{1,�,K} .   Hence the shares, w
kji

, have the properties
of a probabilit y distribution  for each  k
Î

{1,�,K} , and we could  interpret our Divisia
indexes above as Divisia growth rate means.   But since it is convenient to assume the
existence of a represent ative  agent wi thin each country, the statistical interpretation as a
mean is not necessar y.  We instead can appeal to the Divisia index ´s known abilit y to
track  the aggregator function of  the countr y´s representative consumer.

The following result relat ing nominal to real values follows immediatel y.

Lemma 1 :  M

                                                                                         k

                                                                                                =
*
k

                                                                                                                   M
*
k

p

 and
Õ
k

 =
*
k

P *
k

p

.

 -  13 -

Proof :  Follows from the known linear homogeneity of the Divisia index.   Q.E.D.

4 .  Aggregation Over  Countries

Our heterogeneous agents approach to aggregation over countries is based upon the

stochastic  convergence  approach to aggregation, championed by Theil (1967)  and

developed further b y Barnett (1979a; 1979b; 1980, chap. 2) .  This approach not only c an

be used to aggregate over heterogeneous consumers, but also jointly over consumers and

firms.  Hence the approach is not only a heterogeneous consumers approach, but more

generall y is a true heterogeneous agents approach.   See, e.g., Barnett and Serlet is (2000,

pp. 88 - 90  and chapter 9 ).   B y assuming the existence of a representative agent within

each countr y, and treating those representative agents as heterogeneous agents, we

produce a heterogeneous countries approach to aggregation over countries.

In aggregating within the euro area, this approach implies that the countries´

characteristics , including cultures, tastes, languages, etc.,  were sampled from  underlying

theoretical populations consistent with the climates, histories, resources, geographies ,

neighboring population characteristics,  etc.  All time var ying variables t hen become

stochastic processes.  E ach Divisia index aggregating over component stochastic

processes becomes the sample mean of realizations of those stochastic processes, and

thereb y an estimate of the mean function of the underlying unknown  population

stochastic process.   The distributions of those stochastic processes are derived

distributions i nduced by the random sampling from  country characteristics.  The derived

empirical distr ibutions of the countries´ solution stochas tic - process growth rates impute

probabilities  to countries  equal to the ir  relevant expenditure shares in euro area

expenditure .

Let e

                                  k

                                        be the exchange rate of countr y k´s currency relative to a market basket of

cu rrencies, such as the ecu (European currenc y unit), where e

k

 is defined in units of the

market basket currenc y per unit of countr y k´s currenc y.

24
  When extending the data

backwards to before the introduction of the euro, the exchange rates can play an

impo rtant role in our results.

T he stochastic  convergence  approach to aggregation over heterogeneous agents has

traditional ly been based more on statistical theor y than on economic theor y.  But  a

24
          We use the ecu as the benchmark exchange rate prior to the introd uction of the euro only for expositor y

convenience.  Our derived formulas remain valid relative to any definition of the benchmark exchange rate.

While the ecu can be vie wed as a forerunner of the euro, the choice of the exchange rate to use for the

conve rsio n of historical data in legacy currencies into euros is not unambiguous.  In particular, the use of

the ecu, as opposed to a basket of currencies restricted to euro area countries, can produce paradoxical

implicatio ns.  For example, currency revaluatio n b y one of the countries participating in the ecu but

external to the euro area (e.g., the UK), wo uld lead to a variation in euro area inflation, even in the absence

of changes in do mestic inflation for any co untr y k.

 -  14 -

rigorous connection with economic theor y has been provided b y Ba rnett (1979).  We
shall use that interpretation  in our heterogeneous agents approach, as we now explain .

Consider a possible country with representative consumer c, having utility function U
c

 =

U

            c

                 [u

                               c

                                    (
                                                         *

                                                          c

                                           m ),  g

                                                                                       c

                                                                                            ( x

                                                                                                          c

                                                                                                               )] .  Assume that the di fferences in tastes across possible countries  can be
explaine d in terms of a vector of taste - determining variables,
c

.  The d imension of the
vector of taste - determining variables  must be finite, but otherwise  is irrelevant to the
theory.

                                               25

                                                            Then there must  exist functions U, u, and g, such that

U
c

= U
c

[u
c

(
*
c

m ),g
c

( x
c

)] = U[u(
*
c

m ,
c

),  g( x
c,
c

),
c

]
for all possible countries´  tastes ,
c

.   Although U, u, and g are fixed functions, the random
vector

                                                      c

                                                            of taste determinin g variables causes U
c

, u
c

, and g
c

 to become random functions
reflecting the possible variations of tastes and the ir  probabilities ,  conditional ly  upon  the ir
given environmental, demographic, historical, resource, and other factors in the euro area.

Assume t hat each possible countr y c´s representative consumer solves the following
decision problem  for (
*
c

m , x
c

) at each instant of time t :

26
maximiz e U[u(
*
c

m ,
c

),  g( x
c,
c

),
c

]
subject to
*
c c

¢
m �+
c c

¢
x p= I
c

.

Assum e  that the euro area c ountries and their representative agents are about to be drawn
fro m the theoretically possible  populations, but have not yet been drawn.  Assume that
there is  an infinite number of possible countries in the euro area, so that there exists a
continuous joint distribution of the random var iables ( I
c

, p
c

,e
c

,
c

,
c

)  at an y time t.   We
assume that

                                                                                           c

                                                                                                 is sampled at birth and does not change during lifetimes, so that
c

 is not
time dependent.   But { I
c

(t), p
c

(t) ,e
c

(t),
c

(t)}  are stochastic processes.  Hence at an y time t
we can write the theoretical population distribution  function  of { I
c

(t), p
c

(t),e
c

(t),
c

(t),
c

}
at t as F

                                                    t

                                                       .   It follows that  at an y t, the following are random variables with distributions
derived  from F

                                                                                                    t

                                                                                                       :

                                                                        d log (
*
c c

                                                                                                                      p e) , d log ( M
c

e
c

), d log ( M *
c

), d log (
Õ
c

e
c

), and d log (
Õ *
c

).

25

          T he assumption of finite dimensi o nality of
c

 is only for no tational convenience.  Witho ut that
assumptio n,

                                                                             c

                                                                                  could not be written as a vector.  A sequence or continuum of taste - deter mining variables
wo uld not alter any of our conclusio ns, but wo uld co mplicate the notatio n.

26

         Altho ugh no t kno wn to us, all variables in the decisio n are assumed to be kno wn to the representative
consumer at time instant t, and  hence the decision is under perfect certainty for the representative
consumer.

 -  15 -

Using the derived distribution of those random variables, we can define their theoretical

population mean s by:

q

1

 = E[d log (

*

c c
p e) ],

q

2

 = E[d log ( M

c
e

c

)],

q

3

 = E[d log ( M *

c

)],

q

4

 = E[d log (

Õ

c
e

c

)],

q

5

 = E[d log (

Õ *

c

)],

where (

                                                  q

                                                           1

                                                                 ,

                                                                         q

                                                                                  2

                                                                                       ,

                                                                                                q

                                                                                                        3

                                                                                                              ,

                                                                                                                      q

4

,
q

5

) = (
q

1

(t),
q

2

(t),
q

3

(t),
q

4

(t),
q

5

(t)) is a  nonstochastic function of

time.  Now consider sampling from the theoretical population K times to draw the

k

        Î
                    {1,�,K} actual countries .  The countries are assumed to have  representative

consumers having characteristics that are produced  f rom the continuous  theoretical

population distribution F

t

 at  t.

Definition 2 :  Let s

k

 = H

k

/

K

1

H

=
å

k

k
be countr y k´s fraction of total euro area population.

Define the  k

                                                                                  th
                                                                                            countr y´s expenditure share W

k

 of  the EMU´s monetar y service flow b y:

                                                                                                        W

                                                                                                                        k

 =

* * *

k k k k k

* * *

1

M p e s

M p e s

=

P

P
å

K

k k k k k

k

 =

*

k k k k

*

1

M e s

M e s

=

P

P
å

K

k k k k

k

 =

*

k k k k

*

1

M e s

M e s

=

P

P
å

K

k k k k

k

.

The fact that this definition is in terms of total national expenditure shares, rather than per

capita shares, is evident from the fact that:

* * *

k k k k k

* * *

1

M p e s

M p e s

=

P

P
å

K

k k k k k

k

=

* * *

k k k k k

* * *

1

M p e H

M p e H

=

P

P
å

K

k k k k k

k

.

 -  16 -

Observe  that 0  ~  W
k

~  1 for all k, and

å

=

K

1
k

k

W = 1.   We thereb y can treat the {W

1

,�.,W

K

}
as a probabilit y distribution in computing the following Divisia means b y our stochastic
heterogeneous - countries approach to aggregation over countries.

27

Definition 3 :  Aggregating over countries, define the monetar y - sector - weighted Divisia
consumer price index, p* = p*(t), b y:

                                                  d log p* =

K
k 1
=

å

W
k

 d log
k

*
k

e
p          (1)

Definition 4 :  Define the euro area´s nominal, M, and real, M *, per - capita monetar y
service flows b y:

d log M =

K
k
k 1

W

=

å
d log (s
k

M
k

e
k

)
and
d log M* =

K
k
k 1

W

=

å
d log (s
k

M *
k

).

Definition  5 :  Define the euro area´s nominal,
Õ

, and real,
Õ

* ,  monetar y user - cost prices
by
d log
Õ

 =

K
k
k 1

W

=

å
d log (
Õ
k

e
k

)

27

          In our for mulas, we treat the probability of drawing  d log M
k

 to be the share of mo netar y expenditure in
countr y k.  It is not inconceivable that for so me currently overlooked purposes, it might be preferable to
assume that probability to be  proportional to the per - capita  share of expenditure in countr y k.  In that case,
one need only drop s

                                                                                                                    k

                                                                                                                         fro m the for mulas.  But this possibility is not consistent with past uses of this
approach (e.g., T heil (1967) and Barnett and Serletis (2000, pp 88 - 90 and chapter 9)), and it is not presently
clear under what circumsta nces, if any, this latter sampling assumptio n wo uld be relevant.  We do not
advocate this alternative samp ling assumption for aggregatio n within the euro area.

 -  17 -
and

d log

Õ
* =

K

k

k 1

W

=
å

d log (

Õ *

k

).

When  we draw from the derived populatio n distributions, the frequenc y  with which we

draw d log

                                                                                                       k

                                                                                       *

                                                                                        k

                                                                                              e

                                                                              p , d log (s

k

M

k
e

k

), d log (s

k

M *

k

), d log (

Õ

k
e

k

), and d log (

Õ *

k

) is W

k

.

From Khinchine´s theorem, assuming independent sampling, we find that d log p*,

d log M, d log M*, d log

Õ
, and d log

Õ
*  are  sample means of distributions having

population means equal to
q

1

(t) ,
q

2

(t),
q

3

(t),
q

4

 (t), and
q

5

(t),  respectively.  In addition,

d log p*, d log M, d log M*, d log

Õ
, and d log

Õ
* converge  in probability as K

® ¥
 to

q

         1

              (t),

                                      q

                                               2

                                                     (t),

                                                                             q

                                                                                     3

                                                                                           (t),

                                                                                                                   q

4

 (t), and
q

5

(t) , respectivel y .   It is this convergence to theoretical

population properties that accounts for t his aggregation approach´s name,  ^the stochastic

convergence approach , ~ in Barnett (1979).

Observe that there is no assumption that a r epresentative agent exists o ver countries.  We

assume in  this heterogeneous agents approach only that representative agents exist within

countries.  Aggregation over countries is defined to be estimation of the moments of the

stochastic processes produced b y sampling from the  underl ying theo retical population

that produces  the countries´ representative agents.  When in later sections we consider the

existence of multilateral and unilateral representative agen ts over countries, we add

strong assumptions abou t the realized  tastes after sampling from the theoretical

population.

In summar y, t he perspective from which our heterogeneous agents approach is produce d

is prior to the drawing from the theoretical distribution, so that random variables have not

yet be en realized  and all dynamic solution paths are stochastic processe s induced b y the

randomness of { I

                                                                                                                   c

                                                                                                                        (t), p

c

(t),e

c

(t),

c

(t),

c

} .  No assumptions are made about the precise

form in  which realized tastes relate  to each other across countries.  The heterogeneo us -

agents approach tracks aggregator functio ns within countries.  B ut this approach does not

require assumptions sufficient for the existence of microeconomic aggregator functions

ove r countries.  After aggregating over countries, this approach tracks  mome nts of

aggregate  stochastic processes and is interpreted relative to the underl ying population

distributions.

In con trast, our multilateral and unilateral representative agent  approach es add

assumptions regarding the functional relationship among realized tastes of  countries

alread y in existence ,  and seek to track the realized aggregator fun ction over countries.

Under those  additional assumptions  producing the existence of an aggregator function

over the euro area , the heterogeneous agents approach reduces  to the multilateral

representative agent approach as a special case.   Although the two approaches have

different interpretations, because of the difference in perspective regarding prior versus

post sampling, the multilateral economic agent approach is ne vertheless mathematicall y a

nested special case of the heterogeneous agents approach.

 -  20 -

                                                                                              K
k

                                                                                          k 1

                                                                                                            W

                                                                                                =

                                                                                        å
d log (s
k

M *
k

) +

K
k
k 1

W

=

å
d log (
Õ
k

e
k

) �

K

*
k k k k
k 1

K

*
k k k k
k 1

d M s e

M s e

=

=

æ ö

P
ç ÷
è ø

P

å
å

.

Multiplying through b y

K

*
k k k k
k 1

M s e

=

P

å
and using Definition 2, we get

                                                 ( )
                                   K

                                                                       *

                                                                        k k k k

                               k 1

                                                        M s e

                                     =

                                                                                           P

                              å
d log (s
k

M *
k

)  +

( )
K

*
k k k k
k 1

M s e

=

P

å
d log (
Õ
k

e
k

) �

K

*
k k k k
k 1

d M s e

=

æ ö

P
ç ÷
è ø

å

.

So

                                                                      ( )
                                                       K

                                                                                            *

                                                                                            k k k k

                                                    k 1

                                                                            M s e

                                                          =

                                                                                                               P

                                                  å

( )

*
k k

*
k k

d s M
s M

 +

( )
K

*
k k k k
k 1

M s e

=

P

å

( )
k k
k k

d e
e

P

P

 �

( )
K

*
k k k k
k 1

d M s e

=

P

å

.

Hence

                                                              ( )

                                                K

                                                                                   k k

                                            k 1

                                                                                         e

                                                  =

                                                                     P

                                           å

( )

*
k k

                                                                                                                   d s M  +

( )
K

*
k k
k 1

M s

=

å ( )
k k

d e
P

 �

( )
K

*
k k k k
k 1

d M s e

=

P

å

.   (2)

But taking the total differential of
*
k k k k

M s e
P

, we have
d(
*
k k k k

M s e
P

) = (
Õ
k

e
k

)d(
*
k k

M s ) + (
*
k

M s
k

) d (
Õ
k

e
k

).

Substituting that total differential into the righ t hand side of equation (2), we get

                      ( )

        K

                                          k k

    k 1

                                                e

          =

                            P

  å

                                                                                     ( )

                                                                                                                        *

                                                                                                  k k

                                                                          d s M  +

( )
K

*
k k
k 1

M s

=

å ( )
k k

d e
P

 �

( )

K
k k
k 1

e

=

P

å
d(
*
k k

M s ) +

( )
K

*
k k
k 1

M s

=

å
d(
k k

e
P

),
which is a contradiction.         Q.E.D.

5 .  Special Cases

We now consider some special cases of our results.  First we consider th e case of
purchasing power parit y.   While the purchasing p ower parity assumption is not  applicable
to the euro area data, this special case is useful in understanding the forms of the more
general formulas we have derived without purchasing power parit y.

 -  21 -

                                                  5 .1  Purchasing Power Parity

Definition 6 :   We define E  = {e

k

:  k = 1,�. , K} to satisfy purchasing power parit y, if

           *

            j

   p

                  /

                                  *

                                  i

                         p

                                          = e

                                                                  i

                                                                     / e

                                                                                 j

                                                                                     for all countries i,j

Î
{ 1,�. , K}.  Under this definition ,  it equivalently

fo llows that there exists a price

0
p

 such that

0
p

 =

*

i
p
e

i

 =

*

j
p
e

j

 for all i,j

Î
{1,�. , K}.

Observation 1 :  If E and the European currenc y unit (ecu) had been ch osen to satisfy

purchasing power parit y, then

0
p

 would have been determined by the ecu prior to the

introduction of the euro and could be designated as p

ecu

.

Although the following two theorem s are  not relevant to the wa y in whic h the ecu

evolved into the euro, the theorem nevertheless provides an interesting special case of

Definition 2 and can help to clarif y and illustrate  the form of Definition 2.

Theorem 3 :  If E satisfies purchasing power parit y, then

W

k

 =

* *

k k k

K

* *

1

M s

M s

=

P

P
å

k k k

k

.

Proof :  From definition 2, we have in general that

                                                                                                    W

                                                                                                                    k

 =

* * *

k k k k k

K

* * *

1

M p e s

M p e s

=

P

P
å

k k k k k

k

.

                                                                                                         =

* *

k k k

*
K

* *

*

1
k k

M s

p e

M s

p e

=

P

æ ö

P

ç ÷

è ø
å

k k

k k k

k

.                (3)

But b y Definition 6 , it follows  under purchasing power parity  that

                                                                                                                *

                                                                                                                  *

                                                                                                                  k k

                                                                                                        p e

                                                                                                         p e

                                                                                                                k k

 = 1         (4)

 -  22 -

for all countries k,  k
Î

{1,�. , K}.  Hence the theorem follows by substitution of equation

(4) into equation (3).          Q.E.D.

The following theorem is immediate from the linear homogeneit y of p* .  But because of
the unusual w ei ghts in p*, we nevertheless provide a formal proof of the foll owing
simple theorem.

Theorem  4:  If E satisfies purchasing power parit y, then the growth rat e of p* would
equal the growth rate of
*
k k

p e for all countries k
Î

{1, �. , K}.

Proof :  By the definition of p*  in equation (1) , we know that
d log p* =

K

1
=

å
k

W
k

 d log
*
p e
k k

.

But under purchasing power parit y, we have  that

*
p
k

e
k

=
*
k

p
e
k

f or all
k

,k
Î

{1,�. , K}.

Hence, it follows immedi atel y b y substitution that
d log p* =

K

1
=

å
k

W
k

 d log
*
k

p
e
k

= d log
*
k

p
e
k

K

1

W

=

å
k
k

= d log (
*
k

p
e
k

)
f or all k
                                                     Î

                                                                 {1,�. , K}.         Q.E.D.

The following corollar y demonstrates that the infl ation rate based upon p* cannot be
expected to equal that of p
ecu

, unless ther e is purchasing power parit y.

Corollary  1 to Theorem 4 :    If E sa tisfies purchasing power parit y  and if p
ecu

 = p

0

,  as
defined in Definition 6,  then the inflation rate of p* would equal that of p
ecu

, as defined
in Observation 1 .

 -  23 -

Proof :  The proof of this corollar y follows immediately from Theorem 4 and Definition

6.           Q.E.D.

                                                  5.2.   Existence of a Multilateral Representative Agent over the Euro Area

In this section, w e define the concept of a multilateral representative agent.  In the next

secti on, we  define a unilateral representative agent over countries to be a representative

agent who considers the same goods in different countries to be perfect substitutes ,

regardless of the countr y of residence of the purchaser or the countr y within which t he

good or asset is acquired .   The existence of a unilateral representative agent has been

implicit in the existing studies using the ^direct method~ of aggregation over monetar y

assets in the euro area.  As we shall show, the existence of a unilateral rep resentative

agent requires extremel y strong assumptions .  Without a homogeneous culture within the

euro area and the vast population migrations that c ould produce that uniformity, this

assumption will not  apply.  The existence of a multilateral representat ive a gent requires

far more reasonable assumptions.

If tastes  across countries  do converge into the distant future, the convergence is more

likely to be towards a homogeneous multilateral representative agent, which we  shall

define, rather than towards a  unilateral representative agent.  A homogeneous multilateral

representative agent recognizes the existence of country specific tastes, but equates those

tastes across  countries.  A unilateral representative agent does not recognize the

relevanc y of countr ies at all and thereb y does not recognize the existence of country

specific tastes.  Countr y specific utility functions cannot be factored out of euro area

tastes (i.e., weak separability of countr y tastes fails) ; and the countr y subscripts, j and k,

disap pear from the decision of the unilat eral rep resentative agent.  T he allocation of

goods across countries is indeterminate  in that case .

  5.2.1  A Multilateral Representative Agent with Heterogen e ous Tastes

We begin b y defining relevant assumptions  and pr oduce the theor y of a multilateral

representative agent.  We show that the existence of a multilateral representative agent is

a special case of our heterogeneous countries theory.  We  further show that a

homogeneous multilateral  representative agent exist s under strong er  assumptions .

As described in the previous se ction, our representative agent  approach for aggregating

over countries treats countries as alread y realized, so that variables  and functions no

longer are random.   Hence we can consider  realized  functional structure  aggregated  over

realized countries.  The following assumption  is needed and  begins to become  weak onl y

after the introduction of the euro.

 -  24 -

Assumption 1 :  Suppose there is convergence over the euro area in the following sense.

Let the re exist R = R(t) such that R
k

 = R(t) for all k
Î

{1,�., K} and all t .
28

The existence of a representative agent is necessary and sufficient for the nonexistence  of
distribution effects.
29

  Distribution e ffects introduce second moments  an d possibly higher
ord er moments  into demand functions  aggregated over consumers .  The existence of such
second and higher order moments in the macroeconomy can cause polic y to influence
distributions of incom e and wealth across consumers.   Assumption 1  rule s  out certai n
possib le distribution effects.   Additional  assumptions ruling out other sources of
distribution effects will be needed as we consider further special cases.

B y its definition, the benchmark asset, unlike ^monetar y~ assets,  provides no services
other than its inv estment rate of return, and hence cannot enter the utility function of a n
infinitely lived  representative agent.
30

  Therefore, differences in tastes across countries
play  no role in decisions regarding benchmark asset holdings b y a euro area
representative agent.   For that reason, t he existence of a common benchmark rate for all
countries is necessar y for a repre s entative agent over countries.  A  euro area
representative agent would hold only the highest yielding of multiple possible benchmark
assets.  This  conclusion is not necessar y in our thereb y - more - general heterogeneous
countries approach.

With Assumption 1 , we also can consider the following stronger assumption.   We assume
that all K countries have  alread y  been drawn from their theoretical population of potential
countries.  Then the tastes of the representative consumers in each countr y are realized
and are no longer random.  The following assumpt ion produces the existence of
aggregator function s , ( U, V, G), over the individual real ized countries´ tas tes,  (u
k

, g
k

) ,  for
k
        Î

                    {1,�.,K}.

Assumption 2 a :  Assume that there exists  a representative consumer over the euro area .
31

Within that  representative agent´s intertemporal utility function, assume that

28

          As explained in the appendix,  the benchmar k rate R in theor y is the rate of retur n on an illi quid pure
investment.  If for so me i, asset i is deno minated in a foreign currency, then the rate of return r
kji

, as defined
in Sectio n 1, is the effective rate of return net of expected appreciation or depreciation in the foreign
currency relative to the do mestic currency.  Hence both the benchmark rate and all o wn rates on mo netar y
assets held within countr y k ar e effective rates relative to the domestic currency.  T herefore, there is no
need also to adjust for expected variation of exchange rates relativ e to the market basket currency, since
that adjustment wo uld be fro m the do mestic currency to the ecu for all assets, including the benchmark
asset.   Hence that adjustment wo uld cancel out o f the two ter ms in
p
k ji

(t) = R(t) ˘  r
kji

(t), and hence in all
wei ghts in our indexes.

29

          See Gorman (1953).

30

          See, e.g., Barnett and Serletis (2000, p. 53).  In the finite planning horizon case, the benchmark asset
enters utility only in the ter minal period to produce a savings motive to endo w the next planning horizon.

31

          In accordance with Gor man´s (1953) theorem on the representative consumer, a representative consumer
exists within an area only if the Engel curves of all consumers within the area are linear and parallel across
consumers for each good.  Equivalently all  co nsumer s within the area must have linear Engel cur ves, and

 -  25 -

(

                      *

                     1

        m (t),�. , *

                                                                                           K

                                                                            m ( t), x

1

(t),�. , x

K

(t)) is intertemporally weakly separable from

(

                      *

                     1

        m (

                                   t
                                          ),�. ,

                                                                                             *

                                                                                              K

                                                                               m (

                                                                                                              t
                                                                                                                     ), x

1

(
t
),�. , x

K

(
t
)) for all t  �
t
, and also assume that monetar y assets are

weakl y separable from consumer goods.   As defined in Section 1,  x

k

 is the vector of

instantaneous per - capita goods consumption rates in country k relative to the population

of countr y k.  Then s

k
x

k

 is the per - c apita  real  consumption vector relative to total euro -

area population ,  H =

K

k

k 1

H

=
å

.  Since contemporaneous consumption of g oods and services

is weakly sepa rable from  future consumption, a contemporaneous cat egor y utility

function exists of t he form

                                                  U = U[ V

                                                                                                      �

                                                                                                                   (s

1

*

1
m ,�., s

K

*

K
m ), G

�

(s

1
x

1

,�., s

K
x

K

)] ,     (5a)

where V

                                                  �

                                                                and G

                                                                                                     �

                                                                                                                  are linearl y homogeneous.

Assumption  2b :  Assume  further  that  consumption of monetar y assets and goods are

weakl y separable among countries, so that  the  contemporaneous utility function  has the

blockwise weakly separable  form

                                                  U = U{V[ s

1
u

1

(

*

1
m ), � . ,  s

K
u

K

(

*

K
m )] ,G[ s

1
g

1

( x

1

),�. , s

K
g

K

( x

K

)]} .                    (5 b )

Assume that the functions V, G,  u

k

, and g

k

 do not change over time and are linearly

homogeneous  for all k

Î
{1,�. , K} .

32

  The dependency of u

k

 and g

k

 on k permits

heterogeneity of tastes across countri es.  In the next subsection, we shall explore the

special case of homogeneity of tastes across countries.

As in our heterogeneous agents approach,  the subscript k identifies the country of

residence of the owner of the asset and not necessarily the countr y with in which the asset

is  purchased or  located .  Hence, e quation (5 b ) requires that the tastes that determine the

utility functions ,  u

k

 and g

k

, are those of the residents of countr y k, regardless of the

country with in which the residents have deposited t heir assets.   Note that equation (5a)

does not require that tastes of consumer´s residing in countr y k exist independently of the

tastes of consumers residing in other countries.  The existence of stable country - specific

tastes, u

                                                      k

                                                            and g

                                                                                                    k

                                                                                                         , exist only under  the stronger assumption (5b).

33

tastes can differ across consumers within the area only from a vertical translations o f utility functio ns.  For

any good, mar ginal propensities to consume must be identical for all consumer s.  T he uniformity of tastes

within the area must be ver y high.

32
          T he relevance of weak separability has been recognized b y Drake, Mullineux, and Agung (1997) and

Swo fford (2000).  T he assump tion that the functio ns do not mo ve over time does not preclude subjec tive

discounting of future utility within the integrand of the intertemporal utility integral.

33
          Under Assumptio n (5a) the marginal rate of substitution between goods or assets within countr y k can

depend upon consumptio n of goods or assets b y consumers re siding in other countries.

 -  26 -

Equation (5 b ) could equivalently be written as

                                                                                           U = U{V[u

1

(s

1

*

1

m ),�., u

K

(s

K

*

K

m )],G[g

1

(s

1

x

1

),�., g

K

(s

K

x

K

)]},
because of the linear homogeneity of the utility functions ,  u
k

 and g
k

.  But w e prefer the
form of equation ( 5 b) , since it makes clear our ability to aggregate first within countries
to acquire the within - country monetar y aggregate s ,
*
k

M = u
k

(
*
k

m ), and the within - country
consumer goods aggregate s , X
k

 = g
k

( x
k

).  Note that
*
k

M  and X
k

 are  in per capita terms
relative to count r y k´s population.  We then can aggregate  over countries to acquire the
euro area monetar y aggregate over countries, M* = V[s

1

u

1

(
*

1

m ),�., s

K

u

K

(
*

K

m )] =

V[s

                        1

                                               *

                                               1

                                M ,�.,  s

                                                                                               K

                                                                                                                        *

K

                                                                                                         M ] ,  and euro area consumer goods aggregate over countries, X =

G[s

                        1

                              g

                                      1

                                            ( x

                                                         1

                                                               ),�., s

                                                                                                             K

                                                                                                                    g

K

( x

K

) ]  = G[s

1

X

1

,�., s

K

X

K

].  Note that M* and X are  in per capita
terms relative to to tal euro area population.  O ur proofs below demonstrate the  capability
to aggregate recursivel y in that manner.

Under Assumption s  1 ,  2 a, and 2b , let I  = I(t)  be the instantaneous rate of expenditure .  It
is  budgeted to t b y the represe ntative consumer in a  prior stag e intertemporal allocation .

Then we can define the following contemporaneous, conditional decision at instant of
time t .

Decision 1 :   C hoose (
*

1

m ,�. ,
*

K

m , x

1

,�. ,  x

K

) to

                                                                      maximize U{V[ s

1

u

1

(
*

1

m ),�. , s

K

u

K

(
*

K

m )],G[ s

1

g

1

( x

1

), � , s

K

g

K

( x

K

)]}
subject to

K

*
k k k k
k 1

s e

=

¢
å
m � +

K
k k k k
k 1

s e

=

¢
å
x p = I .

Definition 7 :  We define a multilateral representative consumer to  be an economic agent
who solves  Decision 1 u nder Assumption s  1 , 2 a, and 2b .

Note that our definitions of real and nominal money balances have not changed from
those in Section 1.  Nominal balances owned b y residents of  countr y k are deflated b y
*
k

p
to acquire real balances, where
*
k

p

 is the unit cost function dual to the consumer good s
quantity aggregator function, g
k

( x
k

), within country k.  W e  are not  yet accepting
assumptions  that would be  sufficient for existence of  a single  consumer - price index tha t
could  be used to deflate nominal balances within all euro area countries  to real balances

 -  27 -
in those countries .

34
  Hence

*

k
p

 is not independent of k.   Our  euro - area consumer goods

price aggregate , p*,  is  relevant to  deflation of mone tar y balances  onl y after monetar y

balances have been  aggregated over countries.

Observe that Assumption  1  does not require convergence of rates of return on all

monetar y assets across countries.  To produce the multilatera l representative consumer,

Assum ption 1  requires only that consumers in all countries of the euro area have access

to the same benchmark rate of return on pure investment.   We  now consider the

implications of a multilateral representative agent.  In the next section, we then focus on

the  case of a unilateral representative agent ,  requiring the adoption of ver y strong

assumptions .

The following lemma s now are  immediate.

Lemma 2 :  Under Assumptions 1,  2 a, and 2b , the representative consumer´s allocation of

I (t)  over goods and monetary serv ices will solve Decision 1.

Proof :  Follows immediately from known results on two stage budgeting , where the first

stage decision is intertemporal.   One need onl y red efine the variables in  the continuous

time analog to  Barnett (1978, section 3; 1980, sect ion 3.1; or 1987, sections 2.1 - 2.2).

          Q.E.D.

Lemma 3 :  Under Assumptions 1, 2a, and 2b , l et X

k

 =  g

k

( x

k

)  be the exact co nsumer goods

per - capita quantit y aggregate over x

k

 for countr y k,  relative to the population of countr y

k,  and let X = G( s

                                                                                                                        1

X

1

, � , s

K

X

K

) be the exact consumer goods per capita quantity

aggregate over countries , relative to total euro - area population .  Then p

*

k

 is the exact

price dual to X

                                                                                                   k

                                                                                                         , and P* is the exact price dual to X, where P* is defined such that

34
          We thereby assume that the preference preordering over mo netar y real balances o wned in each countr y is

over the space of real balances deflated by that countr y´s o wn consumer price index.  Our assumptio n

permits us to derive a coherent second stage decision that is within each co untr y.  T he duality of price and

quantity aggregator functions applies only at the same level of aggregatio n over econo mic agents, or in this

case over countries.  T he duality of the unit cost function,

*

k
p

( p

k

), to the consumer goods quantity

aggregator function, g

k

( x

k

), requires

*

k
p

 to serve as deflator of mo netar y balances within countr y k.

Attempts to impute the same consumer price index to each countr y for deflatio n of its do mestic mo netar y

assets, as in Wesche (1997),  are difficult to justify without accepting Assumption 3 that we introduce in

Section 5.3 and thereb y the existence o f a unilateral representative agent.  In the next sectio n, we shall

det ermine the implications of that Assumptio n 3 for the representative agent.

 -  30 -

Corollary 1 to Theorem 5 :  Under Assumptions 1, 2 a, and 2b , let (
*

1

m ,�. , *

K

m , X )  solve

Decision 2.   Define P* as in equation 6  and  the ve ctor of user costs   = (
Õ

1

, � . ,
Õ

K

)  as
in Definition 1.  Then (
*

1

M ,�. ,
*

K

M )  will solve Decision 3 , where
*
k

M = u
k

(
*
k

m ) for all
k
        Î

                    {1, � , K}.

Proof :  Follows from well known resu lts on two stage budgeting.    Q.E.D.

Corollary 2 to Theorem 5 :  Under Ass umptions 1,  2 a, and 2b , l et (
*

1

m ,�. , *

K

m , X ) solve

D ecision 2, and let
*
k

M = u
k

(
*
k

m ) for all k
Î

{1, � , K }.  Define
P
k

 as in Definition 1.

Then
                                                      *

                                                       k

                                        m  also will solve Decision 4 for all k
Î

{1, � , K}.

Proof :  F ollows from well known results o n two stage budgeting and a simple proof b y
contradiction.   Suppose
*
k

M = u
k

(
*
k

m ), but  *
k

m  does not solve Decision 4 for all k
Î

{1, �

, K}.  T hen (
                                                                                                     *

                                                                                                    1

                                                                                       m ,�., *

K

m , X ) cannot solve Decision 2.   Q.E.D.

Decision 4 defines the representative consumers assumed to exist  within countries in

Section 2.  Under the a ssumptions in Definition 7 for the existence of a multilateral
representative consumer, Corollary 2 to Theorem 5 proves that the decisions of the
representative consumers  in Section 2 are  nested  as  conditional de cision s  within the
decision of the multilateral representative consumer.  Hence our results in Section 2 can
be used to aggregate within countries, regardless of whether aggregation over countries is
by our heterogeneous countries approach or b y our  multil ateral representative consumer
approach.

After the aggregation within countries is complete, Corollary 1 to Theorem 5
demonstrates that Decision 3 can be used to aggregate over countries, if we accept the
assumptions necessar y for the existence of a mult ilateral representative agent .  The
monetar y quantity aggregator function for aggregation over countries then is V, and a

Divisia index can be used to track V in the usual manner.

O bserve that Decision 4 would be unaf fected, if the vector of within - count ry user costs
k
and the aggregate within - country user cost
P
k

 were  changed to real user costs, since all
that would be involved is the division of each constraint by
*
k

p

.  Hence that constraint
would continue to hold ,  if all values  in the constraint were in real terms.

 -  31 -

But observe that in Decision s 2 and  3 ,  the consumer price index P* on the right  hand side

of equation 8  is not the same as the consumer price index

*

k
p

 needed to deflate  the user

costs  on the  left hand side  to real value.  In addition ,  the consumer price index

*

k
p

 used to

deflate each term on the left hand side is different for each k

Î
{1, � , K} .   Hence the

constraint would be broken, if all variables on both sides  of t he constraint were replaced

by real values .  T his would amount to dividing each term by a different price index.   Also

recall that conversion of

*

k
m  to nominal balances requires multiplication by

*

k
p

, which is

di fferent for each country k.

The following illustration can further clarif y the need for two price indexes in modeling.

Consider the following decision using the exact aggregates both over monetar y assets and

goods  within the euro area.

Decision 5 :  Choos e (M*, X ) to

maximize U(M*,X)

subject to M*

P
 + XP* = I.

The solution will be of the form

* * * *

M *

D( I, , P ) D ( I, p , P )

X
æ ö

= P = P

ç ÷

è ø

.   (9a)

But b y Lemma 1  and the homogeneity of degree zero of demand, we equivalently can

write:

*

*

* *

M *
I P

D( , , ),

X p p
æ ö

= P

ç ÷

è ø

                               (9 b )

or

� * *

* *

M *
I p

D( , ),

X P P
æ ö P

=

ç ÷

è ø

   (9c)

 -  32 -

where

� * * * *

* * * *

I p I p

D( , ) D( , , 1).

P P P P

P P

=

As can be seen from equation s  (9 b )  and ( 9c), th ere is no wa y to remove the  simultaneous
dependence of the sol uti on demand fun ction s ystems  upon the two price i ndexes, P* and
p*.  The form of the dem and system in  (9 a ) is in terms of nominal total expenditure

(^income~), I.  The form  of the demand s ystem in (9b)  is in terms of real income relative
to p* aggregate prices.  T he form  in (9c) is in terms of real income relative t o P*
aggregat e prices.  None of the three possible forms results in either p* or P* canceling
out.  In addition, Lemma 1 requires that conversion of M* to nominal balances must be
relative to p* prices.

The fol lowing theorem establishes the relationship bet ween our  heterogeneous countries
approach and our multilateral represent ative agent  approach.

Theorem 6 :  Under Assumptions 1, 2a, and 2b , l et  (
*

1

M ,�. ,
*

K

M ) solve Decis ion 3 , and
let M* be as defin ed in Definition 4.  Then
d log M* = d log V(s

1

*

1

M ,�. , s

K

*

K

M ) .

Proof :  Follows from the exact tracking of the Divi sia index in continuous time.  Q.E.D.

Our multilateral representative ag ent theor y produces conditions under whi ch an
economic (rather than st atistical) monetar y aggregate exists over c ountries.  W hen an
economic monetar y aggregator function, V,  exists o ver countries,  Theorem  6 shows that
our index number  M* ,  introduced in Def inition 4 ,  will exactl y track the theoretical
aggregat e .  In particular, we have demonstrated that our heterogeneous agents approach
for aggregating  over countries reduces to the multilateral  approach  under assumptions 1 ,

2 a, and 2b , since both approaches then produce the same monetar y aggregate, M*, over
countries.   In addition,
P
k

 and
*
k

P

 defined in Definition 5 will remain dual to M*, since
the proofs of Theorems 1 and 2 remain valid under Assumptions 1 , 2 a, and 2b .

We have dem onstrated at  all stages of aggregation that our multilateral representative
agent approach is nested within our heterogeneous countries approach as a special case
under Assumptions 1, 2a, and 2b .  Theorem 6 is the result at the level of aggregation over
co untries, while Corollary 2 to Theorem 5 is the result for aggregation within countries.

 -  33 -

Also observe that since the proofs of Theorems 1 and 2 remain valid  under our  additional

assumptions in this s ection , it follows that we must continue to deflate nomina l M

aggregated over countries to real M* u sing p*, not P*.  T he correct dual to aggregate real

consumption X  is P*, which should be used to deflate nominal to real consumption

expenditure.   Regarding the computation of P*  and its possible use as an inflati on target ,

see Diewert (2002).

35
  It is important to recognize that p* and P* both play important

roles in this theory, and neither is an acceptable substitute for the other.

36
  These

conclusions hold in both our heterogeneous countries approach and in the m ultilateral

representative agents special case acquired when  the benchmark rate is the same for all

countries in the euro area.

  5.2.2   A Multilateral Representative Agent with Homogen eous  Tastes

We now proceed to the far more restrictive case of a homog eneous multilateral

representative agent who imputes identical tastes to the residents of all countries in the

euro area.  An initial necessar y assumption is Assumption 1.  As shown by Theorem 7

below, the seeming paradox of the existence of two consumer p rice indices --- p* to

deflate nominal mone y balances to real balances and P* to deflate nominal consumption

expenditure to real aggregate consumption --- disappears under the following additional

important assumption.

Assumption 3 :  Suppose there is converge nce over the euro area in the following strong

sense. Let there exist

�

P

=

�

P ( t )such that

                                                        d

                                                      dt

                                                                       [log (

                                                                                                                      *

                                                                                                                       k

                                                                                                              p ( t )e

k

(t))] =
d

dt

[log

�

P ( t )]         (10 )

for all k

                                                     Î
                                                                {1,�., K} and all t.

The following theorem is immediate.

35
          Although our paper is about measurement and is not intended to imply ad vocacy of any p articular policy,

it is nevertheless worth observing that p * wo uld not be a suitable price in dex for use as an inflation tar get.

T he role of p* is specific to deflatio n of aggregate mo netar y service flo ws.

36
          Although perhaps so me what surprising, the need for two different consumer price indexes is not entirely

witho ut precedent.  T he theory that produces the relative price version of T heil´s (1971, p. 578, eq. 6.19)

Rotterdam consumer demand system model also requires two consumer price indexes:  the Divisia price

index with average share weights to deflate no minal inco me to real inco me and the Fr isch consumer price

index with marginal bud get share weights to deflate no minal to real relative prices.  But that Rotterdam

model pheno meno n has a different source, since it applies to modeling the demand of one consumer.  Our

need for two consumer price indexes results fro m aggregation over consumer s, when consumers in

different group s have different true cost of living indexes.

 -  34 -

Theorem 7 :  Under Assumption 3, the following equation holds for all nonnegative

(e

             1

                  ,�., e

                                                           K

                                                                   ) and all nonnegative (
*

1

p

,�.,
*

K

p):

d log p*(
*

1

p
e

1

,�.,
*

K

pe

K

) = d log P*(
*

1

p
e

1

,�.,
*

K

pe

K

).

Proof :  By equation (10 ), d log (
*
k

p
e
k

) = d log

�

P

 for all k
Î

{1,�., K} and all t.  Hence
d log p* = d log

                                                                                                                   �

                                                                                                                 P

 by equation (1), and d log P* = d log

�

P

 by equation (10 ).  So d log p*

= d log P*.          Q.E.D.

We now consider further the case of a h omogeneous multilateral representative agent, but
first we shall need the following lemma.

Lemma 4 :  Under Assumptions 1, 2a, 2b, and 3, there exists g such that g
k

 = g for all
k
        Î

                    {1,.�., K} so that tastes for consumer goods are identical across countries.

Proof :  By equation (10 ), it follows that
d log [
*
k

p ( t )e
k

(t)] = d log

[ ]
k k

�

P ( t ) e ( t )
p
for all k
                                                     Î

                                                                {1,.�., K}.  Hence the same consumer goods price aggregator function

�

P
applies for all k
                                                                                                        Î

                                                                                                                    {1,.�., K} .  But the consumer goods quantity aggregator function, g
k

, is
dual to the consumer goods price aggregator function.  Hence the consumer goods
quantity aggregator functions g
k

 must also be independent of k.     Q.E.D.

To move further towards the existence of a homogeneous multilateral representative
consumer, we also need the following assumption, which is analogous to Assumption 3.

Assumption 4 :  Suppose that convergence over the euro area results in the existence of

�

P
such that
d
dt

[ log (
Õ
k

(t)e
k

(t))] =

d
dt

 [log

�

P

(t)]

 -  35 -
for all k

                                                     Î
                                                                {1,.�., K} and all t.

Clearly under this assumption, it follows from Definition 5 that

�
P
(t) =

P
(t) for all t.  The

following lemma depends heavily upon Assumption 4.

Lemma 5 :  Under Assumptions 1, 2a, 2b, and 4, there exists u such that u

k

 = u for all

k

        Î
                    {1,�.,K}, so that tastes for monetar y services are identical across countries.

Proof :  Analogous to the  proof of Lemma 4.      Q.E.D.

The form of Decision 1 now is as follows.

Decision 1a :  Choose (

*

1
m , � ,

*

K
m , x

1

, � ,  x

K

) to

                                                                                  maximize U{V[s

1
u(

*

1
m ), � , s

K
u(

*

K
m )],G[s

1
g( x

1

), �  , s

K
g( x

K

)]}

subject to

K

*

k k k k

k 1
s e

=

¢
å

m � +

K

k k k k

k 1
s e

=

¢
å

x p = I.

Observation 2 :  Under Assumptions 1, 2a, 2b, 3, and 4 , the solutions to Decisions 1 and

1a will be the same, as is evident from Lemmas 4 and 5.   Because of the homogeneit y of

tastes across countries in Decision 1a, we have the following definition.

Definition 8 :  We define a homogeneous multilateral representative agent to be an

economic agent who solves Decision 1a under Assumptions 1, 2a, 2b, 3, and 4.

Observe that d espite the homogeneity of tastes across countries, the decision remains

multilateral, as a result of the assumption of blockwise weak separability of tastes across

countries.  That separability assumption produces existence of within - country tastes, u,

 -  36 -

in dependent of consumption in other countries.   The fact that the tastes are identical for
all euro area countries does not negate the existence of those tastes, u.

In econometric studies, there could be reason to investigate convergence of the general
mult ilateral representative consumer towards the homogeneous multilateral
representative agent.   But for data construction purposes, we see no advantage to
adopting the homogeneous multilateral representative agent model.  We have shown that
the general multi lateral representative agent model can be used to construct aggregates
recursivel y, first within countries and then across countries.  When producing the
aggregates within countries, there is not benefit to imposing uniformity of tastes across
countries.

I n the next section, we explore the unilateral representative agent model  that would
produce  a large gain in data construction simplification , but only under a very strong
assumption that is not likely to be reasonable within the near future, if ever.

                                                  5.2.   Ex istence of a Unilateral Representative Agent over the Euro Area

A  unilateral representative agent  considers  the same goods and assets  to be perfect
substitutes, regardless of the countr y within which the goods and assets are  purchased and
regardless of the  countr y within which the purchaser resides.  Under this assumption, our
subscripts j and k will be irrelevant to the tastes of the unilateral representative agent.

Only the subscript i will matter , since countries, and thereb y countr y subscripts, will be
irrelevant to the decision .

We no longer can accept Assumption 2b, but instead will have to make a much stronger ,
but nonnested,  assumption.  Assumption 2b assumed weak separability among  countries
of residence of consumers.  B ut a unilateral represent ative agent neither  recognize s  the
country of residence of a consumer nor the country within which a good or asset was
acquired .
                                                              37

                                                                           Hence tastes specific to a countr y no longer exist.  It is important to
recognize the fundamental difference between the homo geneous multilateral
representative consumer and the unilateral representative consumer.  The former imputes
identical tastes to each country´s residents, but does recognize the existence of different
cou ntries and the existence of th e identical tastes, u,  within each countr y.  But the
unilateral representative consumer does not impute existence of weakl y separable tastes
to the residents of an y euro area countr y.

Since we no longer can assum e weak sepa rabilit y among countries, we shall have to
rewrite De cision 1 as:

37

          Under the weak separability assumptio n in Assump tion 2b, the mar ginal rate of substitutio n amo ng assets

(or goods) by resident s of a co untr y is independent o f consump tion of the ser vices o f the same assets (or
goods) by residents of another  countr y.  But a unilateral representative agent recognizes neither the co untr y
of residence of a consumer no r the countr y within which an ass et or good was acquired.  Hence the
functio ns u and g cannot exist.

 -  37 -

Decision 1b :  Choose (

*

1
m , � ,

*

K
m , x

1

, � ,  x

K

) to

maximize U[ V

�

(s

1

*

1
m ,�., s

K

*

K
m ), G

�

(s

1
x

1

,�., s

K
x

K

)]

subject to

K

*

k k k k

k 1
s e

=

¢
å

m � +

K

k k k k

k 1
s e

=

¢
å

x p = I..

Hence we now replace Assumption 2b with the following much stronger assumption,

which is neither necessary nor sufficient for Assumption 2b.

Assumption 5 :  Let m * =

K K Z

*

k kj

k 1 j 1
s

+

= =
å å

m ,  and x  =

K

k k

k 1
s

=
å

x
.  Suppose there exists linearly

homogeneous

                                                                                                       �

                                                                                                   V

                                                                                                                    such that

�

V

( m *) =  V

�

( s

1

*

1
m , � ,  s

K

*

K
m ) , where V

�

 is as defined in

equation (5 a )  .  Then for any i, all monetar y assets of that type are perfect substitutes,

regardless of the countr y within which they are located or the countr y in which the owner

resides.  Analogousl y for  consumer goods,  assume there exists

�

G
such that

�

G

( x ) =

  G

     �

                  ( s

                              1

                                    x

                                            1

                                                  ,�., s

                                                                                     K

                                                                                             x

                                                                                                      K

                                                                                                             ) , where G

�

 is as defined in equation (5a).

38
  Hence  for an y i,  all

consumer goods  of that type  are p erfect substitutes, regardless of the country within

which the y are located or the countr y in which the owner resides.  Further  assume that

there exist (t) and p (t) such that

k j

(t) e

k

(t)  = (t) and p

k

(t) e

k

(t)  = p (t) for all

k

        Î
                    {1,.�., K} ,  j

                                                                                                       Î
                                                                                                                   {1,.�.,K+Z}, and  all t.

The assumptions

k j

(t)e

k

(t) = (t) and p

k

(t)e

k

(t) = p (t) are needed to avoid corner

solutions allocating no consumption to residents of some countries.  Otherwise, with

perfect substitutability across countries of residence, all consumption of eac h good b y the

unilateral representative agent would be allocated to residents of the country having the

lowest price of that good.  Under Assumption 5 , Decis ion 1 b now becomes Decision 1c ,

defined as follows.

Decision 1 c :  Choose ( m * ,  x ) to

38
          T he more rigorous notation used for monetar y assets is imp licit in our less for mal notation for consumer

goods.

 -  40 -

 Let

                                    k

                                  r

                                            be the  dual aggregate interest rate for countr y k.  It follows from Definition 1 and
the definition of the ve ctor of component user costs prices, *
k

,

  that R
k

 -
k

r

=
*
k

P

, where

                *

                 k

  P

                          =
                                                           *

                                                            k

                                             P

                                                                    ( *

                                                                                    k

                                                                                        ).

                                                                                                   H ence
k

r

 easil y can be computed from
k

r

 = R
k

 -
*
k

P

.  In discrete time
when
                                                    *

                                                     ki

                                           p

                                                                = (R

                                                                                              k

                                                                                                    - r

                                                                                                               ki

                                                                                                                        )/(1+R
k

), it follows that (R
k

 -
k

r

)/(1+R
k

)=
*
k

P

, with
k

r

 being computed
by solving that equation.

After aggrega ting over countries, the interest rate that is dual to M* is similarly eas y to
compute, if the same benchmark r ate applies to all countries .  In that case ,  which we
believe not to be applicable prior to the introduction of the euro , our heterogeneous
agent s approach to aggregating over countries becomes mathematicall y equivalent to our
multilateral representative agent approach.

Let R = R(t) be the common benchmark rate applying to all countries in the EMU, and let

    r

            = r

                                        (t) be the interest rate aggregate dual to M*.  In continuous time, it follows that

R -  r

                                        =
                                                                        *
                                                           P

                                                                                , where
*
P

=

( )

*
t

P

 =

( )

* * *

1 K

, ....,

P P P .

  H ence r

 easily can be computed
from r

                                                   = R -
                                                                                                             *
                                                                                                P

                                                                                                                     .  Analogously in discrete time, it follows that (R -  r)/(1 + R) =
*
P

,
with r

                                                 being computed b y solving that equation.

41

Note that our aggregation - theoretic interest - rate aggregates are not the interest - rate
weighted averages often used in this literature.

7 .  Divisia Second Momen ts

Our use of the stochastic app roach to aggregation lends itself naturall y to the computation
of Divisia second moments, although in the above sections we have provided only the

Divisia first moments.   In this tradition, the ^Divisia index~ is synon ymous with the

Divisia growth rate mea n.   We believe that the Divisia  growth rate  variance could be
especiall y useful for exploring distribution effects of policy within the euro area  and
progress towards convergence .  We propose below some potentially useful Divisia
growth rate variances and covariances.  Conversion of our continuous time formulas to
their discrete time version is analogous to that available for the within - country Divisia
quantity and user cost growth rate variances  in Barnett and Serletis (2000, p. 172, eqs. 4
and 7) .

We beli eve that the Divisia growth rate variances  could be especially useful  when
computed about the Divisia means of the  following grow th  rates:  (a ) the  monetar y
quantity growth rates ,  d log M and d log M* ,  in Definition 4, (b ) the Divisia means of t he
user cos t price growth rates ,  d log
P

 and d log
P

* ,  in Definition 5, and (c ) t he inflation

41

          In the heterogeneo us agents approach, there does not exist a common benchmar k rate that can be imputed
to all countries.  Under those circumstances, the ag gregatio n theoretic method of producing the interest rate
aggregate, , can be found in B arnett (2000, p. 278, equation 5).

 -  41 -
growth rate ,  d log p * ,  in equation 1 or the inflation growth rate ,  d log P* ,  in equation 6 .

Repeating those Divisia mean formulas and producing the analogous Divisia varian ces,

we have  the following formulas.

The Divisia growth rate means are:

d log M =

K

k

k 1

W

=
å

d log (s

k

M

k
e

k

)

d log M* =

K

k

k 1

W

=
å

d log (s

k

M *

k

) ,

d log

Õ
 =

K

k

k 1

W

=
å

d log (

Õ

k
e

k

) ,

d log

Õ
* =

K

k

k 1

W

=
å

d log (

Õ *

k

) ,

d log p* =

K

k

k 1

W

=
å

d log

k

*

k
e
p ,

and

d log P* =

K

k

k 1

B

=
å

d log

k

*

k
e
p ,

where

B

k

 =

*

k k k

K

*

1

X p e

X p e

k k k

k =
å

.

The  analogous Divisia  growth rate  variances are:

K  =

K

k

k 1

W

=
å

[ d log (s

k

M

k
e

k

) ˘  d log M]

2

,

 -  42 -

K * =

K
k
k 1

W

=

å

[ d log (s
k

M *
k

)  ˘  d log M*]

2

,

J  =

K
k
k 1

W

=

å

[ d log (
Õ
k

e
k

)   -  d log
Õ

]

2

,

J *  =

K
k
k 1

W

=

å

[ d log (
Õ *
k

)  -  d log
Õ

* ]

2

,

G

M

 =

K
k
k 1

W

=

å

[d log
k

*
k

e
p  -  d log p*]

2

,
and

G =

K
k
k 1

B

=

å

[d log
k

*
k

e
p  -  d log P*]

2

.

An additional potentiall y useful Divisia growth rat e variance is that of the monetar y
expenditure share growth rates:

Y

 =

K
k
k 1

W

=

å

[d log W
k

 ˘  d log W]

2

,
where
d log W =

K
k
k 1

W

=

å
d log W
k

 .

The Divisia monetar y services growth rate vari ance s , K and  K*, and the Di visia
monetar y - services expenditure - share growth - rate variance,
Y

, are measures of the
dispersion of monetar y service growth rates across  countries in nominal and real terms,
respectivel y, while  the Divisia inflation rate variance s , G  and  G

M

, are  measure s  of the
dispersion of inflation rat es across coun t ries.  Increasing values of K, K* ,
Y

, and G  over
time are indications of growth in the distribution effects of monetar y polic y over the
countries of the euro area.  Decreases in K,  K* ,
Y

, and G  over time are indi cations of
convergence towards more uniform effects of policy over the euro area.   If variations in

K,  K* , and
                                                                             Y

                                                                                           t end to precede those of G, then there is an implication of causalit y.   The
converse could indicate t hat policy is accommodating other causal factors.   The Divisia
growth rate  variance s , J and  J*, are  measure s  of the progress of harmonization of

 -  43  -
financial markets over countries and hence are less directly connected with monetar y

policy and more directly conne cted with structural progress in the  unification of mone y

markets over the euro area.

Since policy often operates through interest rates, it can be useful to explore the strength

of the connection between user cost growth rates and monetar y service growth rates as

i ndications of the effectiveness of  transmission mechanisms that operate through interest

rates.  Further into the transmission mechanism, it is useful to explore the strength of the

connection between monetar y service growth rates  or user cost growth rates  and inflation

growth rates.  For those  purpose s , the following Divisia gro wth rate covariances  can be

computed :

                                                              G
                                                                         (M*,

                                                                                                         P
                                                                                                                      *)  =

K

k

k 1

W

=
å

[d log (s

k

M *

k

) ˘  d log M*][d log (

Õ *

k

) -  d log

Õ
*] ,

                                                                G
                                                                          ( M,

                                                                                                   P
                                                                                                               )  =

K

k

k 1

W

=
å

[  d log (s

k

M

k
e

k

) ˘  d log M][  d log (

Õ

k
e

k

)  -  d log

Õ
],

                                                                G
                                                                          (M*,p*) =

K

k

k 1

W

=
å

[d log (s

k

M *

k

) ˘  d log M*][d log (p

*

k
e

k

) -  d log p*],

and

                                                                   G
                                                                             (

                                                                                  P
                                                                                               *,p*) =

K

k

k 1

W

=
å

[d log (s

k

P
*

k

) ˘  d log

P
*][d log (p

*

k
e

k

) -  d log p*].

The following result connects together the nominal  (K, J ,

G
(M,

P
) )  and real

(K* , J* ,

                                                 G
                                                           (M*,p*) ) growt h rate variances  and covariances .

Theorem 9 :   Using the above definitions, we have

K=K* + 2

G
(M*,p*) + G

M

,

J=J* + 2

G
(

P
*,p*) + G

M

,

and

G
(M,

P
) =

G
(M*,

P
*) +

G
(

P
*,p*) +

G
(M*,p*) + G

M

.

 -  44 -

Proof :  Follows from Lemma 1, Theorem 1, and equation 1.    Q.E.D.

The corresponding  Divisia  standard deviatio ns are produced b y taking the square roots of
the cumulated Divisia variance growth rates .   The corresponding coefficients of variat ion
are acquired b y dividing the Divisia standard deviation level by the level of the
cumulated Divisia mean index .  The pur pose of the coefficients of variation is to
disconnect the linkage that normally exists over time between trends in standard
deviation and mean .  But there usuall y is little advantage to computing the Divisia
standard deviation or coefficient of variation levels, since the Divisia growth rate
variances and covariances are scale invariant and not inherently trended in a predictable
direction.

It can be shown in general that

K* =
Y

 -  J* -  2
G

(M*,
P

*) .

See Barnett and Serletis (2000, p. 173, equation 11).

8 .  Extensions and Variations

 8.1.  Conversion from Continuous to Discrete Time and from Per Capita to

Total Values

We provide  our results in continuous time in this paper.  The conversion to discrete time
for use with data is straightforward.  All different ials ,  d log z(t) ,  are replaced by finite
changes, log z

                                                                                               t

                                                                                                   ˘  log z
t - 1

.  The T ornqvist

� approximation to the continuous time Divisia
index then is the Simpson´s rule a pproximation produced b y replacing the  share weights
by their two - period mov ing average.

42

  For example,  W
k

(t)  is replaced by

(W

                     kt

                               + W

                                                               k,t - 1

                                                                                    )/2 .   Conversion from Divisia indexes in continuous time to T ornqvist�
indexes introduces a remainder term that is third order in the changes.  This remainder
term is usually l ess than the round - off error in the component data, and hence is truly
negligible.

                                                                       43

42

          T he Divisia gro wth rate mean for mula is a differential equation.  Its solutio n for the level of the index is a
line integral.  T h e T ornqvist

                                                                                                                 �  index is the Simpso n´s rule approximation to the line integral.

43

          T he existence o f that third - or der remainder ter m for the T ornqvist�  index proves that it is a superlative
index, as defined b y Die wert ( 1976).  A third - order remaind er term also appears in the factor reversal
equations, such as in T heorems 2 and equation (7), so that the T ornqvist� index is not exactly self d ual.  But
the Divisia index in continuous time is exactly self d ual (i.e. , the Divisia user cost is the exact dual to the

Divisia quantity index, and the user cost and quantity indexes exactly satisfy factor reversal).

 -  45 -

We present all results in per capita form  to connect with our representative agent theor y.

In addition for most purposes the per capital form is most useful, especially in  modeling

the demand for mone y and exploring the causes for inflation.  Nevertheless, for some

policy purposes it can be useful to compute total monetar y service flows.  To do so, M

k

and

                                              *

                                              k

                               M  need onl y be multiplied by H

k

,  while M an d  M* need onl y be multiplied by

        K

                                   k

    k 1

                      H

          =

  å

                                              .

 8.2.  Introduction of New Countries into the Union

When new countries join the EMU, the data for the new entr y should be introduced in a

manner that will not produce a discrete jump in the per  capita data.  One approach would

be to use the actual growth rate in the entering country´s per - capita monetar y assets,

converted to euros, during the entr y period .  A more difficult procedure would be to set

the entering countr y´s monetar y asset quantiti es to zero during the period prior to entr y

and use the existing  procedure for introducing new goods.

44
  In this case, the data should

be total, not per capita.  The result would be a discrete jump in the total level o f the

quantity aggregate, but the jump  would be smoothed once converted to per capita  values

after the introduction of the new member countr y.

If this latter procedure were used with per capita data, a misleading jump in per capita

quantities would result.   A choice between the two procedure s will have to be made for

the entr y of Greece in 2001 into the EMU, two years after the launch of the euro.

Whichever choice is made for that case should be continued into the future as other

countries enter the monetar y union .

 8.3.  Demand for Moneta ry Assets by Firms

It has been shown in general equilibrium theor y that if money has positive value in

equilibrium, there exists a derived utility function that contains money.

45
  Analogousl y if

money has positive value in equilibrium, there exists a deriv ed production function that

contains money.

                                                                                                             46
                                                                                                                          These two  result  are  independent of the motivation for holding mone y

by consumers or  firms.  The ability to explain the motivation for holding money is lost

when mone y is put into utility functions and producti on functions,  since the inverse

mapping from the derived utility functions and derived production function s  to the

underlying motive is non - unique.  But  the  unknown  motivation is irrelevant to our

aggregation theor y.

44
          For the new goods introduction procedure, see Barnett and Serletis (2000, p. 77, footnote 25) and

Anders on, Jones, and Nesmith (1997a, pp. 77 - 78), who in turn referred to Diewert (1980, pp. 498 - 501).

45
          See, e.g., Arro w and Hahn (1971), Feenstra (1986), and Samuelson and Sato (1984).

46
          See, e.g., Fischer (1974).

 -  46 -

This paper treats all decisions as consumer decisions, despite the fact that some monetar y
assets are held in large quantities by firms .  But Barnett (2000,  p. 63,  equations 40 and

41) proved that it makes no difference for aggregation theory whether monetar y  asset
demand is by consumers or by firms ,  or b y a combination of both.  In this paper, we have
produced our results using the derived utility function.  Barnett´s results using the derived
production function for firms demonstrates that the conditional decisions that produce
monetar y aggregates are identical for firms and consumers.  The fact that the conditional
decision is nested in a constrained utility maximization decision for consumers and a
profit maximization decision for firms has no effect on the aggregation theory.

The iss ues for aggregation over economic agents is no more or less difficult, if some of
the economic agents are con sumer and some are firms, all are  consumers, or all are firms.

A  possible exception regards the measurement of the inflation rate for consumers ve rsus
firms.  If aggregate markets are not cleared and incentive compatibility fails for firms, the
inflation rate for firms can differ from that for consumers.

Consider the aggregate technology of a countr y.  Assume that the technology is derived
to be verticall y integrated so that intermediate products are not among the outputs.  The
produced goods will be those consumed b y consumers.  If an exact aggregate over those
goods exists for consumer and for firms and if the market in the aggregate is cleared,  then
the aggregate quantit y consumed will equal the aggregate quantity produced.  Hence the
price duals also will be equa l.  Under these circumstances, P * will be the price dual both
for the firm and for the consumer.
47

Alternativel y suppose markets mig ht not be cleared or a regulator y wedge might exist.

But assume incentive compatibility in the sense that managers make decisions that are in
the best interests of owners.  Since owners seek to maximize their utility and P* is their
true cost of living in dex based upon their tastes, it again follows that output will be
evaluated b y the firm at price P*.   This conclusion is easily acquired from the equivalent
centralized decision in which the owner personally manages the firm and treats the firm´s
technolog y as a constraint in the owner´s profit maximization decision.
48

While these two results may be comforting, the assumptions required in either case are
far from trivial.  Fisher and Shell (1972,  1988) have considered in depth the potential
consequences of violations of the assumptions that produces P* as the price aggregate on
both sides of the market.  Extension of our results to the case of separate P* for firms and
consumers could be useful  for some purposes .

But as we have seen, the  price index , p*,  us ed to deflate nominal to real money balances
will not be the usual consumer price index , P*,  and will not be affected b y problems

47

          T he assumptions required for this co nclusion includes clearing o f all co mponent markets and lack of a
regulator y wed ge produced by different taxation on the two sides of the market.  A more subtle problem
can be produced from no nho motheticity.

48

          T he equivalence to the decentralized decision under inc entive co mpatibility is acquired in the usual
manner b y the use of a separating hyperplane.

 -  47 -
regarding market clearing and incentive compatibility.  In fact our  result on factor

reversal that produced p* for consumers i s equally as applicable to firms.  S ince p* is of

far more importance for our results than P*, we currentl y view extension to separate P*

for firms and consumer to be a relatively low priority in this research.  That  difficult  issue

is likely to be of more  importance to the construction of an inflation target than to the

measurement of real and nominal monetary service flows and user cost prices.  For

research relevant to the potential selection of an inflation target , see Diewert ( 2002).

 8.4.  The Bench mark Yield Proxy and Extension to Risk Aversion

Since risk in exchange rates can be considerable, the extension of our results to the case

of risk aversion could  be explored in later research, using the approach in Barnett and

Serletis (2000, chapter 12).   Improvements to this approach are possible using the newest

methodology  on capital asset pricing in the finance literature.  Regarding the

recommended procedure for producing a ben chmark rate prox y, see the A ppendix.

9 .  Conclusion s

We advocate use of Ba rnett´s (1980)  representative agent approach to Divisia

aggregation with in  euro area countries and then  our heterogeneous countries approach to

aggregation over countries.  Our stochastic approach to aggregation over countries lends

itself naturally to com putation of Divisia second moments.  W e advocate computation of

Divisia variance growth rates  about the Divisia means across countries.  Those Divisia

second moments could provide useful information about the distribution effects of polic y

and about proges s towards convergence over the euro area .

We introduce a new method of computation of the benchmark yield.  Our approach is

based upon summing  premia  extracted  from the rate structure.  Prior to introduction of

the euro, our proposed procedure for computin g the benchmark yield would produce a

different benchmar k rate for each countr y.  At some time after the introduction of the

euro, our procedure would equate the benchmark yields across euro area countries.  The

special case of a common benchmark yield acr oss countries equate s  our heterogeneous -

countries stochastic approach to another approach that we introduce:  the multilateral

representative agent approach.  Hence either interpretation of  our formulas can be

applied , when the benchmark yield becomes the same for all countries in the euro area .

But prior to the establishment of a common benchmark yield across euro area countries ,

our more general stochastic heterogeneous countries approach should be preferred to the

multilateral representative agent appro ach.

We define and produce the theor y relevant to a third ver y restrictive case, which we call

the unilateral representative agent approach.  This approach, which we show to be

implied by some earlier studies of euro - area monetary aggregation, is not rec ommended

for use either before or after the introduction of the euro.

 -  50 -

References

Anderson, Richard G., Barr y E . Jones, and Travis Nesmith (1997 a ), ^Building New

Monetar y Services Indexes:  Concepts, Data and Methods,~ Federal Reserve Bank of St.

Louis Review , Januar y/Februar y, pp. 53 - 82.

Anderson, Richard G., Barr y E. Jones, and Travis Nesmith (1997 b ), ^Monetary

Aggregation Theor y and Statistical Index Numbers,~ Federal Reserve Bank of St. Louis

Review , Januar y/February, pp. 31 -  51.

Arrow , K. J.  and G. H. Hahn (1971) , General Competitive Analysis , San Francisco,

Holden - Da y.

Barnett, W. A. (1978), ^The User Cost  of Mone y,~ Economics Letters , vol 1, pp. 145 -

149.   Reprinted in William A. Barnett and Apostolos Serletis (eds.) (2000), The Theory of

Monetary Aggregation , North Holland, Amsterdam , chapter 1, pp. 6 - 10.

Barnett, W. A. (1979), ^Theoretical Foundations fo r the Rotterdam Model ,~ Review of

Economic Studies , vol. 46, January, pp. 109 - 130.

Barnett, W. A. (1980), ^The Joint Allocation of Leisure and Goods Expenditure,~

Econometrica , vol. 47, May, pp. 539 - 563.

Barnett, W. A. (1980), ^Economic Monetar y Aggregat es:  An Application of

Aggregation and Index Number Theor y,~ Journal o f Econometrics , vol 14, pp. 11 - 48.

Reprinted in William A. Barnett and Apostolos Serletis (eds.) (2000), The Theory of

Monetary Aggregation , North Holland, Amsterdam, chapter 2 , pp. 11 - 48 .

Barnett, W. A. (1980), Consumer Goods and Labor Supply:  Goods, Monetary Assets,
and Time , North Holland, Amsterdam.

Barnett, W. A. (1987), ^The Microeconomic Theory of Monetar y Aggregation,~ in: W.

A. Barnett and K. J. Singleton (eds.), New Approach es in Monetary Economics ,

Cambidge University Press, Cambridge, pp. 115 ˘  168.  Reprinted in William A. Barnett
and Apostolos Serletis (eds.) (2000), The Theory of Monetary Aggregation , North

Holland, Amsterdam, chapter 3, pp. 49 - 99.

Barnett, W. A. (1995) , ^Monetar y Aggregation Theor y under Risk,~ in W. A. Barnett, M.

Salles, H. Moulin, and N. Schofield (eds.), Social Choice, Welfare and Ethics , Cambridge

Un i versity Press, Cambridge , pp. 353 - 374.  Reprinted in William A. Barnett and

Apostolos Serletis (eds .) (2000), The Theory of Monetary Aggregation , North Holland,

Amsterdam, chapter 10, pp. 195 - 216.

 -  51 -

Barnett, William A. and Apostolos Serletis  (eds.)  (2000), The Theory of Monetary

Aggregation , North Holland, Amsterdam.

Belongia, M. T. and J. E. Binner (ed s.), Divisia Monetary Aggregates:   Theory and

Practice , Macmillan, London.

Be yer, A., J. A. Doornik, and D. F. Hendr y (2001), ^Contr ucting Historical Euro - Zone

Data ,~ Economic Journal , vol .  111, pp. 308 - 327.

Diewert, W. Erwin (1976), ^Exact and Superlat ive Index Numbers,~ Journal of

Econometrics , vol. 4, pp. 115 - 145.

Diewert, W. Erwin (1980), ^Aggregation Problems in the Measurement of Capital,~ in D.

Usher (ed.), The Measurement of Capital , University of Chicago Press, Chicago (for the

NBER), pp. 433 - 5 38.

Diewert, W. Erwin (2001), ^The Consumer Price Index and Index Number Purpose,~

Journal of Economic and Social Measurement , vol .  27, pp. 167 - 248.

Diewert, W. Erwin (2002), ^Harmonized Indexes of Consumer Prices:  Their Conceptual

Foundations,~  Swiss J ournal of Economics and Statistics , vol. 138, no .  4, pp. 547 - 637.

Drake, Leigh, A nd y Mullineux, and Juda Agung (1997), ^One Divisia Money for

Europe? ~, Applied Economics , vol .  29, pp. 775 - 786.

Fase, Martin M. G. (2000), ^Divisia Aggregates and the Demand  for Money in Core

EMU,~ in: M. T. Belongia and J. E. Binner (eds.), Divisia Monetary Aggregates:   Theory

and Practice , Macmillan, London, pp. 138 -  169.

Fase, M. M. G. and C. C. A. Winder (1994), ^Money demand within EMU:  An anal ysis

with the Divisia m easure,~ De Nederlandsche Bank NV, pp. 25 - 55.

Feenstra , R. C.  (1986) , ^Functional Equivalence between Liquidity Costs and the Utility

of Mone y,~ Journal of Monetary Economics , 17, pp. 271 - 291.

Fischer , Stanle y  (1974) , ^Mone y and the Production Functio n,~ Economic Inquiry , 12,

pp. 517 - 533.

Fisher, F. M. and K. Shell (1972), The Economic Theory of Price Indices:  Two Essays

on the Effects of Taste, Quality, and Technological Change , New York, Academic Press.

Fisher, F. M. and K. Shell (1998), Economic  Analysis of Production Price Indexes ,

Cambridge Universit y Press, Cambridge.

Gorman, W. M. (1953), ^Community Preference Fields,~ Econometrica , 21, pp. 63 - 80.

 -  52 -

Reimers, Hans - Eggert (2002), ^Anal ysing Divisia Aggregates for the Euro Area,~

Discussion pape r 13/02, Economic Research Cent re of the Deutsche Bundesbank, Ma y.

Samuelson , P. A.  and R. Sato (1984) , ^~Unattainabilit y of Integrabilit y and Definiteness

Conditions in the General Case of Demand for Money and Goods,~ Ameri can Economic

Review , 74, pp. 58 8 - 604.

Serletis, Apostolos (2001), The Demand for Money:  Theoretical and Empi rical

Approaches , Kluwer Academic Publishers, Dordrecht, the Netherl ands.

Spencer, Peter (1997), ^Monetar y Integration and Currenc y Substitution in the EMS:

The Case of a Euro pean Monetar y Aggregate,~ European Economic Review , vol .  41, pp.

1403 - 1419.

Stracca, Livio (2001), ^Does Liquidit y Matter:  Properties of a S ynthetic Di visia

Monetar y Aggregate in t he Euro Area,~ ECB Working Paper no. 79, October.

Swofford, James L. (200 0 ), ^Microeconomic Foundations of an O ptimal Currenc y Area,~

Review of Financial Economics , vol 9, pp. 121 - 128.

Theil, Henri (1967), Economics and Information Theory , North Holland, Amsterdam.

Theil, Henri (1971), Principles of Econometrics , John Wiley, New York.

Wesche, K. (1997), ^The Demand for Divisia Money in a Core Monetar y Union,~ Review
of the Federal Reserve Bank of St. Louis , vol .  79, September/October, pp. 51 - 60.