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Devwudfw

Zh vwxg| dgdswlyh ohduqlqj lq d prqhwdu| ryhuodsslqj jhqhudwlrqv prgho zlwk vwlfn|

sulfhv dqg prqrsrolvwlf frpshwlwlrq iru wkh fdvh zkhuh ohduqlqj djhqwv revhuyh fxuuhqw

hqgrjhqrxv yduldeohv1 Revhuydelolw| ri fxuuhqw yduldeohv lv hvvhqwldo iru lqirupdwlrqdo

frqvlvwhqf| ri wkh ohduqlqj vhwxs zlwk wkh prgho vhwxs exw jhqhudwhv pxowlsoh whpsr0

udu| htxloleuld zkhq sulfhv duh  h{leoh dqg suhyhqwv d vwudljkwiruzdug frqvwuxfwlrq ri

wkh ohduqlqj g|qdplfv1 Vwlfn| sulfhv ryhufrph wklv sureohp e| dyrlglqj vlpxowdqhlw|

ehwzhhq sulfhv dqg sulfh h{shfwdwlrqv1 Dgdswlyh ohduqlqj wkhq urexvwo| vhohfwv wkh

ghwhuplqdwh +prqhwdu|, vwhdg| vwdwh lqghshqghqw iurp wkh ghjuhh ri lpshuihfw frpsh0

wlwlrq1 Wkh lqghwhuplqdwh +qrq0prqhwdu|, vwhdg| vwdwh dqg qrq0vwdwlrqdu| htxloleuld

duh qhyhu vwdeoh1 Vwdelolw| lq d ghwhuplqlvwlf yhuvlrq ri wkh prgho pd| gl�hu ehfdxvh

shuihfw iruhvljkw htxloleuld fdq eh wkh olplw ri uhvwulfwhg shufhswlrqv htxloleuld ri wkh

vwrfkdvwlf hfrqrp| zlwk ydqlvklqj qrlvh dqg wkhuhe| lqkhulw gl�huhqw vwdelolw| surshu0

wlhv1 Wklv glvfrqwlqxlw| dw wkh }hur yduldqfh ri vkrfnv vxjjhvwv wr dqdo|}h ohduqlqj lq

vwrfkdvwlf prghov1

Nh|zrugv= dgdswlyh ohduqlqj/ vwlfn| sulfhv/ whpsrudu| htxloleulxp

MHO0Fodvv1= H64/ G;7/ F95



4 Lqwurgxfwlrq

Prqhwdu| pdfurhfrqrplf prghov riwhq vx�hu iurp pxowlsolflw| ri udwlrqdo h{shfwd0

wlrqv htxloleuld1 Ryhuodsslqj jhqhudwlrqv +ROJ, prghov zlwk prqh| duh shukdsv wkh

ehvw0nqrzq h{dpsoh zkhuh udwlrqdo h{shfwdwlrqv gr qrw ohdg wr d xqltxh htxloleulxp

suhglfwlrq1 W|slfdoo| ROJ prghov srvvhvv erwk d ghwhuplqdwh prqhwdu| vwhdg| vwdwh

dqg d frqwlqxxp ri sdwkv frqyhujlqj wr wkh lqghwhuplqdwh qrq0prqhwdu| vwhdg| vwdwh14

Wr vkdushq wkh suhglfwlrqv ri udwlrqdo h{shfwdwlrqv lw lv 0 e| qrz 0 frpprq sudfwlfh

lq wkh olwhudwxuh wr vwxg| wkh vwdelolw| ri htxloleuld xqghu dgdswlyh ohduqlqj vfkhphv

+Pdufhw dqg Vdujhqw +4<;<d,/ Hydqv dqg Krqndsrkmd +5334,,1 Frqvlvwhqw zlwk h{shu0

lphqwdo hylghqfh/ h1j1 Pdulprq dqg Vxqghu +4<<6,/ htxloleuld zkrvh h{shfwdwlrqv fdq

eh dftxluhg yld vlpsoh ohduqlqj uxohv duh zlgho| eholhyhg wr frqvwlwxwh pruh sodxvleoh

prgho suhglfwlrqv wkdq htxloleuld wkdw zrxog uhtxluh pruh vrsklvwlfdwhg frruglqdwlrq

ghylfhv1

Vxusulvlqjo|/ wkh vwdelolw| surshuwlhv ri udwlrqdo h{shfwdwlrqv htxloleuld lq prqhwdu|

ryhuodsslqj jhqhudwlrqv prghov lv vwloo dq rshq lvvxh1 Pruh suhflvho|/ wkh olwhudwxuh

vxjjhvwv wkdw wkh vwdelolw| surshuwlhv ri udwlrqdo h{shfwdwlrqv htxloleuld ghshqg rq wkh

lqirupdwlrq vhw dydlodeoh wr djhqwv dqg lq sduwlfxodu rq zkhwkhu djhqwv xvh fxuuhqw ru

odjjhg sulfhv wr xsgdwh wkhlu lq dwlrq h{shfwdwlrqv1

Wkh olwhudwxuh rq ohduqlqj lq ROJprghov kdv iru wkh prvw sduw dvvxphg wkdw djhqwv

xvh rqo| odjjhg sulfhv wr xsgdwh lq dwlrq h{shfwdwlrqv1 Zlwk wklv dvvxpswlrq lw vhhpv

wr eh d urexvw �qglqj wkdw wkh ghwhuplqdwh prqhwdu| vwhdg| vwdwh lv wkh rqo| vwdeoh

htxloleulxp xqghu dgdswlyh/ ohdvw0vtxduhv/ ru uhodwhg ohduqlqj vfkhphv1 Wklv zdv �uvw

dujxhg e| Pdufhw dqg Vdujhqw +4<;<e,1 Dulirylf +4<<8, vkrzhg wkh uhvxow iru jhqhwlf

dojrulwkp ohduqlqj/ dqg Hydqv/ Krqndsrkmd/ dqg Pdulprq +5334, iru khwhurjhqrxv

ohduqlqj uxohv1

Krzhyhu/ d qxpehu ri uhfhqw sdshuv �qg wkdw vwdelolw| surshuwlhv fdq eh uhyhuvhg

rqfh djhqwv xvh fxuuhqw shulrg yduldeohv wr xsgdwh h{shfwdwlrqv +Gx�| +4<<7,/ Hydqv

dqg Krqndsrkmd +5334/ vhfwlrq 617,/ Exoodug dqg Plwud +5335,,1 Lq sduwlfxodu/ Ydq

]dqgw dqg Ohwwdx +5335, kdyh vkrzq wkdw xvh ri fxuuhqw sulfhv lq dq ROJ prgho fdq

uhvxow lq lqvwdelolw| ri wkh ghwhuplqdwh dqg vwdelolw| ri wkh lqghwhuplqdwh vwhdg| vwdwh1

4Wkhuh pd| dovr h{lvw htxloleulxp f|fohv dqg vxqvsrw htxloleuld/ zklfk kdyh ehhq dqdo|}hg e|

Judqgprqw +4<;8, dqg Zrrgirug +4<<3,/ uhvshfwlyho|1

4



Lw lv lpsruwdqw wr doorz djhqwv wr xvh fxuuhqw sulfhv wr xsgdwh h{shfwdwlrqv wr

lqvxuh wkdw wkh lqirupdwlrq vwuxfwxuh iru wkh ohduqlqj vhwxs lv frqvlvwhqw zlwk wkdw ri

wkh prgho1 Vlqfh djhqwv lq ROJ prghov fkrrvh wkh uhdo ydoxh ri prqh| edodqfhv/ wkh|

qhfhvvdulo| nqrz fxuuhqw sulfhv dw wkh wlph wkh| pdnh wkhlu prqh| ghpdqg ghflvlrqv1

Uhdo prqh| ghpdqg/ krzhyhu/ ghshqgv rq h{shfwhg lq dwlrq dqg lw vhhpv xqolnho| wkdw

djhqwv zrxog qrw xvh wkh vdph sulfh lqirupdwlrq wr xsgdwh wkhlu lq dwlrq h{shfwdwlrqv1

Wklv kdv qrw ehhq uhfrjql}hg ehiruh1

Wkhvh dujxphqwv vxjjhvw wkdw vwdelolw| ri wkh ghwhuplqdwh prqhwdu| vwhdg| vwdwh/

dv irxqg iru wkh fdvh ri odjjhg sulfh lqirupdwlrq/ pd| uhvw xsrq dq lqfrqvlvwhqw lq0

irupdwlrqdo vhwxs1 Krzhyhu/ wkh uhvxowv ri Ydq ]dqgw dqg Ohwwdx +5335, iru wkh fdvh

ri fxuuhqw sulfh lqirupdwlrq duh gl!fxow wr lqwhusuhw1 Djhqwv* xvh ri fxuuhqw sulfhv lq0

wurgxfhv vlpxowdqhlw| ehwzhhq sulfhv dqg h{shfwdwlrqv dqg wkhuhe| w|slfdoo| jhqhudwhv

pxowlsoh pdunhw fohdulqj sulfh0h{shfwdwlrqv sdluv1 Wklv pxowlsolflw| uhtxluhv dx{loldu|

vhohfwlrq dvvxpswlrqv wr eh deoh wr frqvwuxfw wkh ohduqlqj g|qdplfv/ dv h{sodlqhg ixu0

wkhu lq vhfwlrq 5/ dqg fdxvhv gl!fxowlhv lq xqghuvwdqglqj wkh suhflvh vrxufh ri wkh

vwdelolw| uhyhuvdo1

Wkh pdlq remhfwlyh ri wklv sdshu lv wr uhvroyh wkh lvvxh ri vwdelolw| ri udwlrqdo

h{shfwdwlrqv htxloleuld xqghu dgdswlyh ohduqlqj lq prqhwdu| ryhuodsslqj jhqhudwlrqv

prghov zkhq djhqwv fdq frqglwlrq h{shfwdwlrqv rq fxuuhqw sulfhv1 Wr gr vr lw lv sur0

srvhg wr frqvlghu wkh frpshwlwlyh olplw ri d prgho zlwk vwlfn| sulfhv dqg prqrsrolvwlf

frpshwlwlrq lqvwhdg ri wkh fxvwrpdu| frpshwlwlyh prgho zlwk  h{leoh sulfhv1

Vwlfn| sulfhv duh hvvhqwldo wr lpsuryh xsrq wkh vkruwfrplqjv ri suhylrxv vhohfwlrq

dwwhpswv1 Zkhq sulfhv duh vwlfn| djhqwv fdq xvh wkhvhv sulfhv wr xsgdwh wkhlu h{shfwd0

wlrqv zlwkrxw fuhdwlqj vlpxowdqhlw| ehwzhhq wkhvh yduldeohv1 Vwlfn| sulfhv wkhuhe| doorz

iru dq lqirupdwlrqdoo| frqvlvwhqw vhwxs exw dyrlg pxowlsolflw| ri whpsrudu| htxloleuld1

Wkh lqwurgxfwlrq ri vwlfn| sulfhv lv dovr ri lqwhuhvw lq lwv rzq ehfdxvh vwlfn| sulfhv

duh zlgho| eholhyhg wr eh dq lpsruwdqw lqjuhglhqw ri hpslulfdoo| sodxvleoh pdfurhfr0

qrplf prghov +h1j1 Jdoð dqg Jhuwohu +4<<<,,1 \hw/ wkhlu lpsolfdwlrqv iru htxloleulxp

vhohfwlrq kdyh qrw ehhq dqdo|}hg vr idu1

Ehvlghv h{whqglqj wkh vwdelolw| dqdo|vlv wr wkh fdvh ri vwlfn| sulfhv/ wkh sdshu dovr

dqdo|}hv vwdelolw| ri +qrq0vwdwlrqdu|, htxloleuld qhdu wkh vwhdg| vwdwhv/ zklfk kdyh

qrw ehhq vwxglhg suhylrxvo|/ dqg fodul�hv wkh uhodwlrqvkls ehwzhhq ohduqlqj lq qrq0

vwrfkdvwlf dqg vwrfkdvwlf yhuvlrqv ri wkh prgho1

Lq vxppdu|/ wkh uhvxowv duh wkh iroorzlqj1 Prvw lpsruwdqwo|/ dgdswlyh ohduqlqj
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vfkhphv urexvwo| vhohfw wkh vdph htxloleulxp lqghshqghqw ri wkh ghjuhh ri lpshuihfw

frpshwlwlrq1 Ixuwkhupruh/ wkh ghwhuplqdwh prqhwdu| vwhdg| vwdwh lv wkh rqo| ohduqdeoh

htxloleulxp15 Wklv frq�upv wkh hduo| �qglqjv ri Pdufhw dqg Vdujhqw +4<;<e, dqg

vxjjhvwv wkdw htxloleulxp vhohfwlrq lq prqhwdu| ROJ prghov grhv qrw ghshqg rq wkh

djhqwv* lqirupdwlrq vhw1

Wkh uhvxowv duh ghulyhg lq vhyhudo vwhsv1 Wkh sdshu �uvw dqdo|}hv d ghwhuplqlvwlf

prgho dqg vwxglhv wkh ohduqdelolw| ri wkh prqhwdu| dqg qrq0prqhwdu| vwhdg| vwdwhv xq0

ghu frqvwdqw dqg ghfuhdvlqj jdlq ohduqlqj uxohv1 Zkloh wkh lqghwhuplqdwh qrq0prqhwdu|

vwhdg| vwdwh lv dozd|v xqvwdeoh/ wkh ghwhuplqdwh prqhwdu| vwhdg| vwdwh lv orfdoo| vwdeoh

li wkh hodvwlflw| ri oderu vxsso| lv odujhu wkdq rqh0kdoi exw xqvwdeoh rwkhuzlvh1

Wkh sdshu wkhq dqdo|}hv ohdvw vtxduhv ohduqlqj lq d vwrfkdvwlf hqylurqphqw dqg

vkrzv wkdw wkh +vwrfkdvwlf, orz lq dwlrq vwhdg| vwdwh lv dozd|v orfdoo| vwdeoh lqghshq0

ghqwo| ri wkh oderu vxsso| hodvwlflw|1 Wkh lqghwhuplqdwh kljk lq dwlrq vwhdg| vwdwh dqg

wkh qrq0vwdwlrqdu| htxloleuld duh dozd|v xqvwdeoh xqghu ohdvw0vtxduhv ohduqlqj1

Dowkrxjk wkh ghwhuplqlvwlf prgho vxjjhvwv wkdw wkh hodvwlflw| ri oderu vxsso| kdv dq

lpsruwdqw lpsdfw rq wkh vwdelolw| ri wkh prqhwdu| vwhdg| vwdwh/ wkh vwrfkdvwlf prgho

vkrzv wkdw lwv uroh dulvhv rqo| gxh wr d vlqjxodulw| lq wkh wudqvlwlrq iurp d vwrfkdvwlf

wr d ghwhuplqlvwlf hqylurqphqw1

Lq sduwlfxodu/ L �qg wkdw wkh shuihfw iruhvljkw vroxwlrq ri wkh ghwhuplqlvwlf hfrq0

rp| lv ri d vlpsohu vwuxfwxuh wkdq wkh udwlrqdo h{shfwdwlrqv vroxwlrq lq wkh vwrfkdvwlf

hfrqrp| hyhq dv wkh vxssruw ri wkh qrlvh ehfrphv duelwudulo| vpdoo16 Wklv lpsolhv wkdw

djhqwv lq d vwrfkdvwlf hqylurqphqw pxvw ohduq d gl�huhqw htxloleulxp odz ri prwlrq wr

dftxluh udwlrqdo h{shfwdwlrqv/ zklfk ohdgv wr gl�huhqw vwdelolw| frqglwlrqv1

Wkh hodvwlflw| frqglwlrq ri wkh ghwhuplqlvwlf vhwxs lv irxqg wr fruuhvsrqg wr wkh

vwdelolw| frqglwlrq ri d *uhvwulfwhg shufhswlrqv htxloleulxp* lq wkh vwrfkdvwlf hfrqrp|

zkhuh djhqwv xqghusdudphwhul}h wkh hfrqrp|*v odz ri prwlrq1 Wkxv/ wkh shuihfw iruh0

vljkw htxloleulxp ri wkh ghwhuplqlvwlf prgho fdq eh lqwhusuhwhg dv wkh olplw ri d uh0

vwulfwhg shufhswlrqv htxloleulxp ri wkh vwrfkdvwlf prgho zlwk ydqlvklqj qrlvh1

Wklv vxjjhvwv wr dqdo|}h ohduqlqj lq vwrfkdvwlf prghov dqg frpsohphqwv wkh dujx0

phqw lq idyru ri vwrfkdvwlf prghov pdgh e| Hydqv dqg Krqndsrkmd +4<<;, zkr vkrzhg

5Vrph txdol�fdwlrqv dsso| dv ghvfulehg odwhu lq wkh lqwurgxfwlrq1
6Wkh htxloleulxp odzv ri prwlrq gl�hu ehfdxvh lq d ghwhuplqlvwlf htxloleulxp vrph yduldeohv vhwwoh

grzq wr frqvwdqw ydoxhv zkloh wkh| nhhs rq  xfwxdwlqj lq wkh vwrfkdvwlf htxloleulxp/ zklfk uhtxluhv

wkdw djhqwv frqglwlrq wkhlu iruhfdvwv shupdqhqwo| rq wkhvh yduldeohv1
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wkdw glvfrqwlqxlwlhv fdq dulvh ehfdxvh vrph ri wkh vhuldo fruuhodwlrq surshuwlhv ri wkh

gdwd pd| glvdsshdu zkhq vkrfnv kdyh }hur yduldqfh1

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 eulh | vkrzv krz ohduqlqj ohdgv wr

pxowlsoh pdunhw fohdulqj sulfhv lq  h{leoh sulfh prghov zkhq djhqwv* h{shfwdwlrqv gh0

shqg rq fxuuhqw sulfhv dqg krz vwlfn| sulfhv khos wr dyrlg wklv sureohp1 Vhfwlrq 6

wkhq lqwurgxfhv wkh ROJ prgho zlwk vwlfn| sulfhv dqg lpshuihfw frpshwlwlrq1 Wkh

prgho*v shuihfw iruhvljkw htxloleuld duh ghwhuplqhg lq vhfwlrq 7 zkhuh lw lv dovr vkrzq

wkdw wkhvh htxloleuld dssurdfk wkh rqhv ri wkh  h{leoh sulfh prgho dv wkh ghjuhh ri

lpshuihfw frpshwlwlrq ydqlvkhv1 Vhfwlrq 8 dqdo|}hv ohduqlqj lq wkh ghwhuplqlvwlf prgho

dqg vhfwlrq 9 frqvlghuv d vwrfkdvwlf yhuvlrq ri wkh prgho1 Prvw whfkqlfdo ghwdlov dqg

surriv fdq eh irxqg lq wkh dsshqgl{1

5 Wkh Pxowlsolflw| Sureohp

Dv dujxhg lq wkh lqwurgxfwlrq/ dq lqirupdwlrqdoo| frqvlvwhqw vhwxs uhtxluhv wkdw ohduq0

lqj djhqwv fdq xvh fxuuhqw sulfhv wr xsgdwh wkhlu lq dwlrq h{shfwdwlrqv1 Wklv vhfwlrq

vkrzv wkdw xvh ri fxuuhqw sulfhv hdvlo| ohdgv wr pxowlsoh pdunhw fohdulqj sulfhv dqg

suhyhqwv d vwudljkwiruzdug frqvwuxfwlrq ri wkh ohduqlqj g|qdplfv1 Lw lv dovr vkrzq krz

vwlfn| sulfhv fdq eh xvhg wr ryhufrph wkh sureohp1

Wr looxvwudwh wkh srwhqwldo iru pxowlsolflw| L dvvxph vlpsoh prqh| ghpdqg dqg

vxsso| ixqfwlrqv dqg dq htxdoo| vlpsoh ohduqlqj uxoh1 Ohw uhdo prqh| ghpdqg eh jlyhq

e|

6_

|
' @� K ��e

|n� @ : K : f +4,

zkhuh �e

|n� ghqrwhv fxuuhqw h{shfwdwlrqv ri wkh ixwxuh lq dwlrq idfwru1 Prqh| ghpdqg

ixqfwlrqv ri wklv irup fdq eh ghulyhg iurp ROJ prghov zlwk prqh| dqg dovr ihdwxuh

surplqhqwo| lq prqhwdu| prghov +Fdjdq +4<89,/ Vdujhqw dqg Zdoodfh +4<;:,,1

Ixuwkhupruh/ ohw uhdo prqh| vxsso| eh jlyhq e|

6r

|
'
b6|3�

�|

n } +5,

zkhuh b : f ghqrwhv wkh qrplqdo prqh| jurzwk idfwru/ } � f wkh dprxqw ri uhdo

vhljqrudjh/ 6|3� wkh suhylrxv shulrg*v vwrfn ri uhdo edodqfhv/ dqg �| wkh lq dwlrq

idfwru1 Wkh vxsso| uxoh qhvwv qrplqdo prqh| jurzwk uxohv dqg uhdo vhljqrudjh uxohv

dqg lv d +k|shuerolfdoo|, ghfuhdvlqj ixqfwlrq ri fxuuhqw lq dwlrq1
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Lq prghov zlwk ohduqlqj/ wkh h{shfwdwlrqv lq wkh ghpdqg ixqfwlrq +4, duh ghwhuplqhg

wkurxjk dq h{solflw xsgdwlqj phfkdqlvp1 Frqvlghu wkh iroorzlqj uxoh zklfk kdv ehhq

zlgho| xvhg lq wkh olwhudwxuh=

�e

|n� ' �e

|
n �E�| ��e

|
� +6,

Wkh sdudphwhu � : f ghwhuplqhv krz idvw h{shfwdwlrqv duh xsgdwhg lq uhvsrqvh wr

sdvw iruhfdvw huuruv1 Qrwh wkdw djhqwv xvh fxuuhqw lq dwlrq wr xsgdwh/ dv uhtxluhg

iru dq lqirupdwlrqdoo| frqvlvwhqw vhwxs1 Dv d uhvxow/ fxuuhqw lq dwlrq d�hfwv fxuuhqw

h{shfwdwlrqv dqg prqh| ghpdqg zloo ghfuhdvh +olqhduo|, zlwk fxuuhqw lq dwlrq1

Iljxuh 4 ghslfwv prqh| ghpdqg dqg vxsso| zkhq h{shfwdwlrqv duh jlyhq e| ohduqlqj

uxoh +6,1 Wkh �jxuh vkrzv wkdw pdunhw fohdulqj sulfhv duh jhqhulfdoo| qrq0xqltxh/ jlyhq

wkh| h{lvw17

Pxowlsolflwlhv/ dv wkh rqh looxvwudwhg lq �jxuh 4/ fuhdwh sureohpv iru frqvwuxfwlqj

wkh g|qdplfv ri sulfhv dqg eholhiv xqghu ohduqlqj vlqfh wkh| uhtxluh wr vhohfw ehwzhhq

gl�huhqw pdunhw fohdulqj sulfhv1 Vxfk d vhohfwlrq lv qrw lqqrfhqw ehfdxvh lw d�hfwv

fxuuhqw h{shfwdwlrqv dqg/ yld wkh ohduqlqj uxoh/ wkh zkroh sdwk ri ixwxuh sulfhv1 Lw lv

wkhq gl!fxow wr xqghuvwdqg zkhwkhu wkh ohduqlqj uxoh ru wkh whpsrudu| htxloleulxp

vhohfwlrq xowlpdwho| gulyhv wkh vwdelolw| surshuwlhv ri htxloleuld1

Wr dyrlg wkh pxowlsolflw| sureohp Judqgprqw +4<;8, kdv dgghg d uhvwulfwlrq rq wkh

h{shfwdwlrqv ixqfwlrqv lq klv dqdo|vlv ri wkh vwdqgdug ROJ prgho1 Krzhyhu/ wklv uh0

vwulfwlrq grhv qrw krog iru ohduqlqj uxoh +6, dqg wkh uhpdlqlqj ohduqlqj uxohv frqvlghuhg

lq wklv sdshu1

Lqvwhdg ri uhvwulfwlqj wkh ohduqlqj uxoh/ L sursrvh wr lqwurgxfh vwlfn| sulfhv lq wkh

irup ri prqrsrolvwlfdoo|0frpshwlwlyh hqwuhsuhqhxuv zkr vhw sulfhv rqh shulrg lq dg0

ydqfh1 Li hqwuhsuhqhxuv gr qrw nqrz wkh fxuuhqw sulfh ohyho dw wkh wlph wkh| vhw wkhlu

rzq sulfhv/ wkhq wkhlu h{shfwdwlrqv duh ghwhuplqhg e| klvwru| dqg wkh sulfh vhwwlqj

sureohp kdv d xqltxh vroxwlrq1 Rqfh sulfhv duh suhghwhuplqhg/ h{shfwdwlrqv hqwhu0

lqj wkh prqh| ghpdqg ixqfwlrq fdq vdiho| ghshqg rq fxuuhqw sulfhv zlwkrxw fuhdwlqj

7H{lvwhqfh lv jxdudqwhhg iru doo � A 3 zkhq j A 3 lv qrw wrr odujh/ � qrw wrr gl�huhqw iurp 4/ dqg

4 ? �
h

w
? d

e
1 Wklv iroorzv iurp wkh idfw wkdw dw �w @ �

h

w
= pv

w
�

pw�4

�
h

w

? pg

w
@pw�4zkhuh wkh htxdolw|

iroorzv iurp wkh ohduqlqj uxoh +6, dqg pdunhw fohdulqj lq w041
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Iljxuh 4= Prqh| Pdunhw Fohdulqj

pxowlsolflw|18 Wkh frqvwuxfwlrq ri ohduqlqj g|qdplfv lv wkhq vwudljkwiruzdug1

Dowkrxjk vwlfn| sulfhv lqvxuh xqltxhqhvv ri whpsrudu| htxloleuld xqghu ohduqlqj

wkh| gr qrw lqvxuh xqltxhqhvv zkhq h{shfwdwlrqv duh udwlrqdo1 Lq udwlrqdo h{shfwdwlrqv

htxloleulxp fxuuhqw sulfhv duh ixqfwlrqv ri hqwuhsuhqhxuv* lqirupdwlrq vhw dqg wkhvh

ixqfwlrqv duh nqrzq1 Wkhuhiruh/ vwlfn| sulfh prghov vx�huv iurp wkh vdph nlqg ri

lqghwhuplqdf| ri udwlrqdo h{shfwdwlrqv htxloleuld dv  h{leoh sulfh prghov1 Wklv kdv wkh

dgydqwdjh wkdw uhvxowv iru wkh vwlfn| sulfh prgho uhpdlq hdvlo| frpsdudeoh zlwk wkh

 h{leoh sulfh vhwxs1

6 Dq ROJ Prgho zlwk Vwlfn| Sulfhv

L frqvlghu d vlpsoh ryhuodsslqj jhqhudwlrqv prgho zlwk surgxfwlrq zkhuh hdfk jhqhu0

dwlrq ri djhqwv olyhv iru wzr shulrgv 0 zrunv zkhq |rxqj dqg frqvxphv zkhq rog0 dqg

pd| wudqvihu zhdowk dfurvv wlph yld �dw prqh|1 Wkhuh lv dovr dq lq�qlwho| olyhg jry0

huqphqw wkdw �qdqfhv d frqvwdqw uhdo gh�flw wkurxjk vhljqrudjh1 Wklv vhwxs jhqhudwhv

dq hqylurqphqw forvho| uhodwhg wr wkh vhljqrudjh prgho ri Vdujhqw dqg Zdoodfh +4<;:,1

Lq hdfk wlph shulrg d qhz jhqhudwlrq ri djhqwv lv eruq1 Lq frqwudvw wr vwdqgdug

prghov djhqwv ri d jlyhq jhqhudwlrq duh hlwkhu eruq dv zrunhuv ru hqwuhsuhqhxuv zlwk d

8Vlqfh sulfhv duh suhvhw +prqh| dqg oderu, pdunhwv zloo eh fohduhg e| wkh uhdo zdjh1 Surylghg

prqh| ghpdqg lv prqrwrqh lq uhdo zdjhv/ wkhuh lv d xqltxh pdunhw fohdulqj uhdo zdjh1 Uhdo zdjhv

gr qrw vkrz xs lq wkh prqh| ghpdqg ixqfwlrq ri wkh  h{leoh sulfh hfrqrp| ehfdxvh zh dvvxph d

surgxfwlrq whfkqrorj| wkdw lv olqhdu lq oderu/ zklfk lpsolhv wkdw uhdo zdjhv duh frqvwdqw1

9



xqlw pdvv ri hdfk ri wkhp lq hyhu| qhz jhqhudwlrq19

Zrunhuv duh krprjhqhrxv dqg r�hu wkhlu oderu irufh dw d frpshwlwlyh oderu pdunhw

lq uhwxuq iru d zdjh lqfrph1

Hqwuhsuhqhxuv duh lq prqrsrolvwlf frpshwlwlrq zlwk hdfk hqwuhsuhqhxu � 5 dfc �o

surgxflqj d jrrg ^� zklfk lv dq lpshuihfw vxevwlwxwh lq wkh surgxfwlrq ri wkh djjuhjdwh

frqvxpswlrq jrrg S +Gl{lw dqg Vwljolw} +4<::,,=

S '

3
EC
]

�Mdfc�o

�
^�
��3j

4
FD

�

�3j

zlwk � : j � f

Zlwk j ' f jrrgv duh shuihfw vxevwlwxwhv dqg hqwuhsuhqhxuv duh lq shuihfw frpshwl0

wlrq1 Zkhq j : f jrrgv duh lpshuihfwo| vxevwlwxwdeoh dqg hqwuhsuhqhxuv zloo hduq

prqrsrolvwlf uhqwv1

Wkh wlplqj ri hyhqwv lv dv iroorzv1 Dw wkh ehjlqqlqj ri hdfk shulrg/ |rxqj hq0

wuhsuhqhxuv frpplw wr d sulfh dw zklfk wkh| duh zloolqj wr vhoo wkh surgxfw1 Wkhq rog

djhqwv/ l1h1 rog zrunhuv dqg rog hqwuhsuhqhxuv/ vshqg doo wkhlu prqh| kroglqjv wr rughu

jrrgv1 Dw wkh vdph wlph/ wkh jryhuqphqw rughuv jrrgv iru jryhuqphqw frqvxpswlrq1

Ilupv dffhsw dq| dprxqw ri rughuv dw wkh sulfh wkh| srvwhg dqg wkhq kluh wkh zrun

irufh wkdw lv qhfhvvdu| wr surgxfh wkh rughuhg txdqwlwlhv1 Wkh oderu pdunhw fohduv dqg

surgxfwlrq wdnhv sodfh1 \rxqj zrunhuv duh sdlg wkhlu zdjh/ |rxqj hqwuhsuhqhxuv uhwdlq

wkhlu sur�wv/ dqg wkh surgxfhg jrrgv duh gholyhuhg iru frqvxpswlrq wr wkh rog djhqwv

dqg wkh jryhuqphqw1 Wkhq d qhz shulrg vwduwv1

Ohw � �
| ghqrwh wkh sulfh srvwhg iru jrrg � dw wkh ehjlqqlqj ri shulrg | dqg �| wkh

Gl{lw0Vwljolw} sulfh lqgh{1: Ixuwkhupruh/ ohw �| ghqrwh wkh vwrfn ri qrplqdo prqh| dw

wkh hqg ri shulrg |1 Wkh uhdo ydoxh ri rxwvwdqglqj prqh| edodqfhv 6| '
�|

�|
hyroyhv

dffruglqj wr

6| '
6|3�

�|

n } +7,

zkhuh �| '
�|

�|3�
lv wkh lq dwlrq idfwru iurp |�� wr |/ dqg } � f ghqrwhv uhdo vhljqrudjh

uhyhqxh udlvhg iru jryhuqphqw frqvxpswlrq1;

9Dq| qxpehuv frxog eh fkrvhq dv orqj dv wkh| duh frqvwdqw wkurxjk wlph1

:Zh kdyh Sw @

�U
^3>4`

�
S

l
w

���4
� gl

� �

��4

1
;Jryhuqphqw frqvxpswlrq lv dvvxphg wr eh hlwkhu zdvwhixo ru wr jhqhudwh xwlolw| wkdw lv vhsdudeoh

iurp wkdw ri sulydwh frqvxpswlrq dqg ohlvxuh1

:



614 Zrunhuv

Wkh uhsuhvhqwdwlyh zrunhu zkr lv eruq lq shulrg | pd{lpl}hv

4@ 
?|cS

�

|n�

.W

|

�
��E?|� n �ES�|n��

�

vxemhfw wr

6�
| ' ?|�| +8,

S�|n� �
6�

|

�|n�

zkhuh ?| ghqrwhv krxuv ri zrun/ S
�
|n� frqvxpswlrq lq |n �/ �| wkh uhdo zdjh +lq whupv

ri shulrg | frqvxpswlrq,/ dqg 6�
| wkh zrunhu*v hqg ri shulrg | uhdo prqh| kroglqjv1

Xwlolw| ixqfwlrqv duh dvvxphg vwulfwo| frqfdyh dqg wzlfh frqwlqxrxvo| gl�huhqwldeoh1

Qrwh wkdw zrunhuv pd{lpl}h xwlolw| zlwk uhvshfw wr vrph +srwhqwldoo|, vxemhfwlyh

h{shfwdwlrqv rshudwru .W

| wkdw lv edvhg rq wkh lqirupdwlrq vhw

M| ' jE�|c�|3�c � � � (6|c6|3�c � � � �

zklfk frqwdlqv sdvw dqg fxuuhqw ydoxhv ri sulfhv dqg uhdo edodqfhv1 Zrunhuv* h{shfwd0

wlrqv wkhuhiruh ghshqg rq fxuuhqw sulfhv/ dv uhtxluhg iru dq lqirupdwlrqdoo| frqvlvwhqw

vhwxs1

Wkh �uvw rughu frqglwlrqv ri wkh xwlolw| pd{lpl}dwlrq sureohp lpsolflwo| gh�qh wkh

zrunhuv* oderu vxsso| dv d ixqfwlrq ri wkh fxuuhqw uhdo zdjh dqg h{shfwhg lq dwlrq=

?E�|c .
W

| E�|n��� +9,

Dowhuqdwlyho|/ wkh �uvw rughu frqglwlrqv gh�qh d uhdo zdjh ixqfwlrq

�E?|c .
W

| E�|n��� +:,

wkdw ghwhuplqhv wkh uhdo zdjh wkdw kdv wr eh sdlg wr lqgxfh wkh uhsuhvhqwdwlyh zrunhu

wr vxsso| ?| xqlwv ri oderu zkhq khu lq dwlrq h{shfwdwlrqv duh jlyhq e| .W

| E�|n��1 Wkh

uhdo zdjh ixqfwlrq lv frqwlqxrxvo| gl�huhqwldeoh iru .W

| E�|n�� : f dw doo ihdvleoh ohyhov

?|1

Wkh oderu vxsso| ixqfwlrq +9,/ ru wkh uhdo zdjh ixqfwlrq +:,/ vxppdul}hv zrunhuv*

rswlpdo hfrqrplf ghflvlrqv1 Wr lqvxuh wkdw uhdo prqh| ghpdqg lv grzqzdug vorslqj lq

h{shfwhg lq dwlrq dqg wr lqvxuh wkh h{lvwhqfh ri d prqhwdu| dqg d qrq0prqhwdu| vwhdg|

vwdwh iru vpdoo hqrxjk ohyhov ri jryhuqphqw vhljqrudjh/ rqh fdq lpsrvh wkh iroorzlqj

frqglwlrqv rq wkh oderu vxsso| ixqfwlrq +9,=

;



Frqglwlrq 4 41 Oderu vxsso| lqfuhdvhv lq �| dqg ghfuhdvhv lq �e
|n�

51 Oderu vxsso| lv srvlwlyh zkhq erwk �| ' � � j dqg �e
|n� ' �

61 Oderu vxsso| lv }hur zkhq �| ' ��j iru vrph �e
|n� 	4/ zkhuh �W 	4 ghqrwhv

wkh orzhvw lq dwlrq udwh +wkh lq�pxp, iru zklfk wklv lv wkh fdvh1

D vx!flhqw frqglwlrq iru wkh �uvw uhtxluhphqw wr krog lv wkdw wkh frh!flhqw ri uhod0

wlyh ulvn dyhuvlrq ri wkh xwlolw| ixqfwlrq �E�� lv odujhu wkdq rqh vxfk wkdw wkh vxevwlwxwlrq

h�hfw grplqdwhv wkh lqfrph h�hfw1 Wkh vhfrqg dqg wklug uhtxluhphqw krog zkhqhyhu

��Ef� 	 ��Ef� 	 4/ l1h1 zkhqhyhu wkh pdujlqdo xwlolw| ri frqvxpswlrq lv vx!flhqwo|

kljk exw erxqghg1

615 Hqwuhsuhqhxuv

Dw wkh ehjlqqlqj ri hdfk wlph shulrg |rxqj hqwuhsuhqhxuv vlpxowdqhrxvo| ghflgh derxw

wkhlu sulfhv1 Sur�w pd{lpl}dwlrq e| wkh frpshwlwlyh vhfwru lpsolhv wkdw wkh ghpdqg

fxuyh idfhg e| hqwuhsuhqhxu � lv jlyhq e|
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Zlwk wkh surgxfwlrq whfkqrorj| ehlqj olqhdu lq oderu/ hdfk hqwuhsuhqhxu � pd{lpl}hv
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Qrwh wkdw hqwuhsuhqhxuv pd{lpl}h zlwk uhvshfw wr vrph +srwhqwldoo|, vxemhfwlyh h{shf0

wdwlrqv rshudwru .W

|3� zklfk lv edvhg rq dq lqirupdwlrq vhw wkdw grhv qrw frqwdlq wlph

| yduldeohv1

Wkh �uvw rughu frqglwlrq ri +<, ghwhuplqhv wkh sur�w pd{lpl}lqj sulfh=

�
�

| '
�

�� j
�|3�.

W

|3�E�|�|� +43,

Dv xvxdo/ rswlpdo sulfhv duh d pdun0xs ryhu h{shfwhg pdujlqdo frvwv zkhuh wkh pdun0xs

idfwru ghshqgv rq wkh ghjuhh ri lpshuihfw frpshwlwlrq j1 Htxdwlrq +43, vxppdul}hv

sur�w pd{lpl}dwlrq ehkdylru ri hqwuhsuhqhxuv1

<



616 Wkh Uroh ri Vxemhfwlyh H{shfwdwlrqv

Wkh ehkdylru ri zrunhuv/ hqwuhsuhqhxuv/ dqg wkh jryhuqphqw fdq eh vxppdul}hg e|

htxdwlrqv +:,/ +43,/ dqg +7,/ uhvshfwlyho|1 Zkhq h{shfwdwlrqv duh srwhqwldoo| qrq0

udwlrqdo/ dv lq wkh vhwxs ri wklv prgho/ wkh qdwxuh ri wkh qrq0udwlrqdolw| pd| ghwhuplqh

krz wkhvh htxdwlrqv fdq eh frpelqhg zlwk hdfk rwkhu1

Iru h{dpsoh/ zkhq hqwuhsuhqhxuv* zdjh h{shfwdwlrqv lq htxdwlrq +43, duh lqfrq0

vlvwhqw zlwk wkhlu lq dwlrq h{shfwdwlrqv/ wkhq lw zrxog qrw eh srvvleoh wr xvh wkh uhdo

zdjh ixqfwlrq +:, wr h{suhvv zdjh h{shfwdwlrqv dv d ixqfwlrq ri wkh h{shfwhg lq dwlrq

sdwk1< Wr lqvxuh wkdw wkh prgho htxdwlrqv fdq eh xvhg dv lw lv wkh fdvh zkhq h{0

shfwdwlrqv duh remhfwlyho| udwlrqdo/ L kdyh wr lpsrvh uhvwulfwlrqv rq djhqw*v vxemhfwlyh

h{shfwdwlrqv1 Wkhvh uhvwulfwlrqv duh lq vhyhudo zd|v txlwh vwurqj/ wkrxjk ri frxuvh wkh

vwdqgdug *udwlrqdo h{shfwdwlrqv* pdnhv hyhq vwurqjhu dvvxpswlrqv1

Iluvwo|/ lw lv dvvxphg wkdw hqwuhsuhqhxuv dqg zrunhuv krog wkh vdph lq dwlrq h{shf0

wdwlrqv zkhqhyhu wkh| duh jlyhq wkh vdph lqirupdwlrq vhw143 Vhfrqgo|/ hqwuhsuhqhxuv*

iruhfdvwv ri ixwxuh zdjhv dqg lq dwlrq udwhv duh dvvxphg wr eh dozd|v frqvlvwhqw zlwk

wkh prgho vwuxfwxuh/ lq sduwlfxodu zlwk zrunhuv* oderu vxsso| ixqfwlrq dqg wkh hfrq0

rp|*v surgxfwlrq ixqfwlrq1 Wklugo|/ h{shfwdwlrqv duh vxssrvhg wr reh| wkh odz ri

lwhudwhg h{shfwdwlrqv/ l1h1 .W

|3�
d.W

|
d�oo ' .W

|3�
d�o/ zklfk vd|v wkdw djhqwv h{shfw wkhlu

iruhfdvwv wr eh xqeldvhg dv wkh| gr qrw h{shfw iruhfdvwv wr pryh lq suhglfwdeoh zd|v

dv wlph surfhhgv1 Ilqdoo|/ h{shfwdwlrqv duh srlqw h{shfwdwlrqv144

Xvlqj wkh suhylrxv dvvxpswlrqv rqh fdq h{suhvv hqwuhsuhqhxuv* zdjh h{shfwdwlrqv

dv d ixqfwlrq ri h{shfwhg ixwxuh lq dwlrq udwhv dqg nqrzq yduldeohv/ hyhq zkhq h{shf0

wdwlrqv duh srwhqwldoo| qrq0udwlrqdo1 Zlwk htxdwlrq +:, hqwuhsuhqhxuv* zdjh iruhfdvwv

duh wkhq jlyhq e|

.W

|3� d�|o ' �E.W

|3� d?|o c .
W

|3� d�|n�o� +44,

<Lqfrqvlvwhqw phdqv wkdw hqwuhsuhqhxuv h{shfw d gl�huhqw zdjh wkdq wkh rqh lpsolhg e| wkh prgho

li wkhlu lq dwlrq h{shfwdwlrqv zhuh wr ehfrph wuxh1
43Khwhurjhqhrxv h{shfwdwlrqv lq d prqhwdu| k|shulq dwlrq prgho kdyh ehhq vwxglhg lq Hydqv/

Krqndsrkmd dqg Pdulprq +5334,1
44H{shfwdwlrqv fdq dovr eh lqwhusuhwhg dv phdq h{shfwdwlrqv rqfh L frqvlghu wkh olqhdul}hg yhuvlrq

ri wkh prgho1

43



Iurp wkh olqhdulw| ri wkh surgxfwlrq ixqfwlrq dqg htxdwlrq +;, iroorzv wkdw oderu gh0

pdqg ?| fdq eh h{suhvvhg dv

?| '

]
^�

|
gl ' 6| E�|�
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|

�
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j gl

�
' 6| +45,

zkhuh wkh odvw htxdolw| iroorzv iurp wkh idfw wkdw hqwuhsuhqhxuv vhw lghqwlfdo sulfhv

ehfdxvh wkh| krog lghqwlfdo h{shfwdwlrqv1 Frpelqlqj wklv uhvxow zlwk htxdwlrqv +7,

dqg +44, gholyhuv

.W

|3� d�|o ' �

�
6|3�

.W

|3� d�|o
n }c.W

|3� d�|n�o

�
+46,

H{shfwhg uhdo zdjhv duh qrz d ixqfwlrq ri nqrzq yduldeohv dqg h{shfwhg ixwxuh lq dwlrq

udwhv1 E| htxdwlrq +43, wkh vdph krogv iru sur�w pd{lpl}lqj sulfhv1

Xvlqj uhvxow +46, doo uhohydqw htxdwlrqv/ l1h1 +7,/ +:,/ dqg +43,/ qrz lqyroyh rqo|

lq dwlrq h{shfwdwlrqv1 Wkhuhiruh/ dv lv wkh fdvh zlwk wkh  h{leoh sulfh hfrqrp|/ d vlqjoh

ohduqlqj uxoh iru lq dwlrq h{shfwdwlrqv lv vx!flhqw wr dqdo|}h wkh prgho*v ohduqlqj

g|qdplfv1

7 Shuihfw Iruhvljkw Htxloleuld

Wklv vhfwlrq fkdudfwhul}hv wkh prgho*v shuihfw iruhvljkw htxloleuld +SIH, dqg vkrzv

wkdw wkh htxloleuld ri wkh vwlfn| sulfh hfrqrp| dssurdfk wkh rqhv ri wkh  h{leoh sulfh

hfrqrp| dv wkh ghjuhh ri lpshuihfw frpshwlwlrq j ydqlvkhv1

Htxdwlrq +43, wrjhwkhu zlwk wkh idfw wkdw doo �upv fkdujh wkh vdph sulfh lpsolhv

wkdw fxuuhqw lq dwlrq fdq eh h{suhvvhg dv

�| '
�

�� j
.|3�d�|�|o +47,

Xqghu shuihfw iruhvljkw �| lv sduw ri wkh | � � lqirupdwlrq vhw1 Wkhuhiruh/ wkh sulfh

vhwwlqj htxdwlrq rqo| ghwhuplqhv wkh htxloleulxp uhdo zdjh exw qrw wkh fxuuhqw sulfh

ohyho/ l1h1

�| ' �� j +48,

Zkhq frpelqlqj wklv zlwk htxdwlrqv +7, dqg +45, rqh rewdlqv d vlqjoh htxdwlrq fkdu0

dfwhul}lqj SIH=

?E� � jc�|n�� '
?E� � jc�|�

�|

n } +49,

44
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Iljxuh 5= Shuihfw Iruhvljkw Sdwkv

SIH fdq eh jhqhudwhg e| fkrrvlqj dq lqlwldo lq dwlrq udwh �f dqg lwhudwlqj htxdwlrq

+49, iruzdug1 Iljxuh 5 ghslfwv wkh pds iurp �| wr �|n� lpsolhg e| htxdwlrq +49, zkhq

wkh ohyho ri jryhuqphqw vhljqrudjh lv jlyhq e| } ' f1

Frqglwlrq 4 jxdudqwhhv h{lvwhqfh ri wzr vwhdg| vwdwhv1 Wkhuh lv d orz lq dwlrq

vwhdg| vwdwh E�,c6,� zkhuh prqh| lv ydoxhg dqg lq dwlrq lv htxdo wr }hur

�, ' � @?_ 6, ' ?E�� jc�,� : f

dqg d kljk lq dwlrq vwhdg| vwdwh E��c6�� zkhuh prqh| lv qrw ydoxhg=45

�� ' �W @?_ 6� ' ?E� � jc��� ' f

Vlqfh Y��E}�
Y}

	 f dw } ' f prqh| vwduwv wr ehfrph ydoxhg lq wkh kljk lq dwlrq vwhdg|

vwdwh iru vpdoo srvlwlyh ohyhov ri vhljqrudjh }1

Zkhq dsso|lqj wkh lpsolflw ixqfwlrq wkhruhp wr htxdwlrq +49,/ rqh �qgv wkdw
_�|n�

_�|
: � dw wkh orz lq dwlrq vwhdg| vwdwh dqg _�|n�

_�|
	 � dw wkh kljk lq dwlrq vwhdg|

vwdwh/ zklfk jhqhudwhv wkh judsk ghslfwhg lq �jxuh 51 Lw lpsolhv wkdw wkhuh h{lvw lql0

wldoo| qrq0vwdwlrqdu| SIH zkhuh lq dwlrq dv|pswrwlfdoo| dssurdfkhv ��/ dv looxvwudwhg

lq wkh �jxuh1

45Wkh *lq dwlrq udwh* �� uhsruwhg iru wklv vwhdg| vwdwh lv wkh olplw ri wkh lq dwlrq udwhv dv j $ 31

45



Qrz frqvlghu wkh uhodwlrq wr wkh SIH lq wkh  h{leoh sulfh hfrqrp|1 Lq d  h{leoh sulfh

hfrqrp| SIH duh fkdudfwhul}hg e| dq htxdwlrq vlplodu wr +49, exw zlwk wkh htxloleulxp

uhdo zdjh jlyhq e| �| ' �/ zklfk iroorzv iurp wkh olqhdulw| ri wkh surgxfwlrq ixqfwlrq1

Vlqfh ?E�c �� lv frqwlqxrxvo| gl�huhqwldeoh dqg vlqfh wkh lq dwlrq udwhv lq d SIH pxvw

olh lq wkh erxqghg lqwhuydo dfc��o/ wkh SIH ri wkh vwlfn| sulfh hfrqrp| dssurdfk wkh

rqhv ri wkh  h{leoh sulfh hfrqrp| dv wkh ghjuhh ri lpshuihfw frpshwlwlrq j dssurdfkhv

}hur146

8 Vwdelolw| ri Vwhdg| Vwdwhv xqghu Dgdswlyh Ohduq0

lqj

Wklv vhfwlrq dqdo|}hv wkh vwdelolw| ri wkh vwhdg| vwdwh htxloleuld xqghu dgdswlyh ohduqlqj

vfkhphv1 Wkh dqdo|vlv ri qrq0vwdwlrqdu| htxloleuld lv ghihuuhg wr vhfwlrq 91

Dvvxph djhqwv iruhfdvw ixwxuh lq dwlrq udwhv dffruglqj wr wkh iroorzlqj dgdswlyh

uxoh=

|�
e

|n�
' |3��

e

|
n �|E�| � |3��

e

|
� +4:,

Ohiw0kdqg vlgh vxevfulswv ghqrwh wkh wlph dw zklfk h{shfwdwlrqv duh iruphg dqg uljkw0

kdqg vlgh vxevfulswv wkh gdwh iru zklfk wkh lqgh{hg yduldeoh lv iruhfdvwhg1 Uxoh +4:,

vd|v wkdw wkh qhz lq dwlrq iruhfdvw lv htxdo wr wkh suhylrxv iruhfdvw soxv �| wlphv wkh

odwhvw iruhfdvw huuru/ zklfk lv jlyhq e| wkh whup lq wkh eudfnhwv1 Qrwh wkdw wkh fxuuhqw

lq dwlrq udwh �| hqwhuv lqwr wkh iruhfdvw pdgh dw wlph |/ dv uhtxluhg1

Wkh jdlq sdudphwhu �| 5 Efc �� ghwhuplqhv krz idvw h{shfwdwlrqv dgdsw lq uhvsrqvh

wr iruhfdvw huuruv1 Wzr nlqgv ri jdlq vhtxhqfhv zloo eh frqvlghuhg= frqvwdqw jdlq

ohduqlqj uxohv zkhuh �| ' � dqg ghfuhdvlqj jdlq ohduqlqj uxohv zkhuh �| $ f zlwk
S

�| ' 41 Wkh prwlydwlrq iru frqvlghulqj frqvwdqw dqg ghfuhdvlqj jdlq uxohv lv wkdw

Ydq ]dqgw dqg Ohwwdx +5335, kdyh uhsruwhg wkdw vwdelolw| pd| ghshqg rq zklfk nlqg

ri jdlq vhtxhqfh lv fkrvhq1

Dq dowhuqdwlyh zd| wr h{suhvv ohduqlqj dqg iruhfdvwlqj uxoh +4:, lv wr vd| wkdw djhqwv

46Pruh suhflvho|= iru dq| lqlwldo ydoxh �3 ohw ��

w
ghqrwh wkh sdwk ri lq dwlrq jhqhudwhg e| lwhudwlqj

+49, iruzdug zlwk zw @ 4 � �/ wkhq iru dq| % A 3 wkhuh h{lvwv d � A 3 vxfk wkdw iru doo �3 =

vxs
w

�
���

w
��3

w

�
� ? %1
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shufhlyh wkh lq dwlrq surfhvv wr eh jlyhq e|

�| ' @n 0| +4;,

zkhuh @ lv wkh +xqnqrzq, vwhdg| vwdwh lq dwlrq udwh dqg 0| d zklwh qrlvh vkrfn1 Htxd0

wlrq +4;, lv xvxdoo| uhihuuhg wr dv djhqwv* Shufhlyhg Odz ri Prwlrq +SOP,1 Htxdwlrq

+4:, wkhq lpsolhv wkdw djhqwv hvwlpdwh wkh sdudphwhu @ dffruglqj wr

e@| '
S

|3�

�'f

��T�3�

�'f
E�� �|3��

�
�|3��|3�

�
+4<,

dqg suhglfw e|

|�
e
|n� ' e@| +53,

Zkhq �| '
�

|
wkhq e@| lv wkh ohdvw vtxduhv hvwlpdwh ri @/ l1h1 wkh dyhudjh ri sdvw lq dwlrq

udwhv1 Iru �| ' � 	 �/ e@| lv dq h{srqhqwldoo| glvwulexwhg zhljkwhg dyhudjh ri sdvw

lq dwlrq udwhv1

Hqwuhsuhqhxuv dovr uhtxluh wzr shulrg iruhfdvwv ri lq dwlrq1 Wkhvh iruhfdvwv fdq

eh rewdlqhg e| dsso|lqj wkh odz ri lwhudwhg h{shfwdwlrqv wr htxdwlrq +4:,147 Zulwlqj

htxdwlrq +4:, iru |n��
e
|n2 dqg wdnlqj wlph | h{shfwdwlrqv rq erwk vlghv uhvxowv lq

|�
e
|n2 ' |�

e
|n� +54,

zklfk vd|v wkdw iruhfdvwv iru wkh idu ixwxuh duh lghqwlfdo wr iruhfdvwv iru wkh qhdu ix0

wxuh1 Wklv iroorzv irup wkh idfw wkdw djhqwv shufhlyh lq dwlrq wr  xfwxdwh durxqg d

vwhdg| vwdwh dqg eholhyh wkdw wkhlu iruhfdvw iru wkh qhdu ixwxuh lqfrusrudwhv doo dydlodeoh

lqirupdwlrq1

814 Wkh Jhqhudo +Lq0,Vwdelolw| Uhvxow

Wklv vhfwlrq fkdudfwhul}hv wkh frqglwlrqv iru zklfk wkh hfrqrp| frqyhujhv wr d vwhdg|

vwdwh zkhq djhqwv ohduq dv rxwolqhg lq wkh suhylrxv vhfwlrq1

Wr ghulyh wkh uhvxow L pxvw lpsrvh vrph uhjxodulw| frqglwlrqv/ zklfk duh vxppdul}hg

dv frqglwlrq 5 lq dsshqgl{ ;141 Frqglwlrq 5 lqvxuhv wkdw ydulrxv pdwulfhv duh ri ixoo

udqn dqg wkdw wkhlu hljhqyhfwruv gr qrw olh uljkw rq wkh xqlw flufoh1

Wkh iroorzlqj sursrvlwlrq vwdwhv wkh pdlq uhvxow ri wklv vhfwlrq=

47Wkh vdph uhvxow lv rewdlqhg zkhq xvlqj htxdwlrqv +4;, dqg +53, lqvwhdg1

47



Sursrvlwlrq 4 Frqvlghu d vwhdg| vwdwh E�c6� dqg dvvxph frqglwlrq 4 dqg uhjxodulw|

frqglwlrq 5 krog1 Ohw �� ghqrwh wkh ghulydwlyh ri wkh uhdo zdjh ixqfwlrq +:, zlwk uhvshfw

wr lwv �0wk dujxphqw hydoxdwhg dw E�c6�1 Li dw wkh vwhdg| vwdwh

�2

� � j
E�� �� 	

��

�� j

6

�
	 �n � +55,

wkhq wkhuh h{lvwv d � : f vxfk wkdw wkh vwhdg| vwdwh lv orfdoo| dv|pswrwlfdoo| vwdeoh

41 iru doo frqvwdqw jdlq ohduqlqj uxohv zlwk dgdswdwlrq udwhv f 	 � 	 ��

51 iru doo ghfuhdvlqj jdlq ohduqlqj uxohv1

Li +55, grhv qrw krog/ wkhq wkhuh h{lvwv d � : f vxfk wkdw wkh vwhdg| vwdwh lv xqvwdeoh

41 iru doo frqvwdqw jdlq ohduqlqj uxohv zlwk dgdswdwlrq udwhv f 	 � 	 ��

51 iru doo ghfuhdvlqj jdlq ohduqlqj uxohv1

Wkh surri fdq eh irxqg lq dsshqgl{ ;151 Lw lv vwudljkwiruzdug iru wkh frqvwdqw jdlq

ohduqlqj uxoh exw pruh lqyroyhg iru wkh ghfuhdvlqj jdlq uxoh zkhuh rqh kdv wr frqvlghu

d qrq0dxwrqrprxv gl�huhqfh htxdwlrq1 Wkh surri lv ixuwkhu frpsolfdwhg e| wkh idfw

wkdw rqh ri wkh hljhqydoxhv frqyhujhv wr 4 dv �| frqyhujhv wr }hur1

Frqglwlrq +55,/ zklfk ghwhuplqhv wkh vwdelolw| surshuwlhv/ kdv dq lpphgldwh hfr0

qrplf lqwhusuhwdwlrq lq whupv ri wkh vwdelolw| ri wkh vwhdg| vwdwh zlwk uhvshfw wr ghyld0

wlrqv ri uhdo prqh| edodqfhv dqg lq dwlrq h{shfwdwlrqv iurp wkhlu vwhdg| vwdwh ydoxhv1

Iluvw/ frqvlghu ghpdqg ghyldwlrqv1 Wkh whup lq wkh plggoh ri htxdwlrq +55, lv wkh

hodvwlflw| ri wkh lq dwlrq udwh zlwk uhvshfw wr wkh |�� prqh| vwrfn 6|3�/ vhh htxdwlrqv

+46, dqg +47,1 Vlqfh �� : f lw iroorzv wkdw lq dwlrq ulvhv lq uhvsrqvh wr srvlwlyh

ghpdqg vkrfnv/ zklfk vkrxog vwdelol}h wkh hfrqrp| ehfdxvh lqfuhdvhg lq dwlrq khosv

ghydoxdwlqj h{fhvvlyh prqh| edodqfhv dqg wkhuhe| sxvkhv wkh hfrqrp| edfn wrzdugv

wkh vwhdg| vwdwh1 \hw/ li wkh lq dwlrq uhdfwlrq lv wrr vwurqj wkhq d ghyldwlrq ri prqh|

lq rqh gluhfwlrq lv iroorzhg e| dq hyhq odujhu ghyldwlrq lq wkh rssrvlwh gluhfwlrq dqg

wkh v|vwhp vwduwv wr rvfloodwh zlwk lqfuhdvlqj dpsolwxgh durxqg wkh htxloleulxp1 Wkh

whup rq wkh yhu| uljkw ri +55, lv wkh erxqg rq wkh hodvwlflw| wkdw suhyhqwv wklv iurp

kdsshqlqj1
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Qh{w/ frqvlghu ghyldwlrqv ri lq dwlrq h{shfwdwlrqv iurp vwhdg| vwdwh lq dwlrq dqg

wkh iroorzlqj lqhtxdolw|

�2 	 ��

6

�2
+56,

zklfk lv d vx!flhqw frqglwlrq iru wkh lqhtxdolw| rq wkh ohiw0kdqg vlgh ri +55, wr krog1

D srvlwlyh vkrfn wr djhqwv* lq dwlrq h{shfwdwlrqv kdv wzr rssrvlqj h�hfwv rq lq dwlrq

zklfk duh fdswxuhg e| wkh wzr vlghv ri lqhtxdolw| +56,1

Iluvwo|/ �upv dqwlflsdwh orzhu surgxfw ghpdqg ehfdxvh lq dwlrq ghydoxdwhv rog

djhqwv* uhdo prqh| edodqfhv1 Wklv fdxvhv d idoo lq h{shfwhg oderu ghpdqg dqg h{shfwhg

zdjhv dqg wkhuhe| sxwv grzqzdug suhvvxuh rq lq dwlrq1 Wklv pryh grzq wkh oderu

vxsso| ixqfwlrq lv fdswxuhg e| wkh whup rq wkh uljkw ri +56,/ zklfk lv wkh ghulydwlyh

ri wkh uhdo zdjh zlwk uhvshfw wr oderu ghpdqg wlphv wkh ghulydwlyh ri uhdo prqh| 6|

+zklfk lv lghqwlfdo wr oderu ghpdqg ?|, zlwk uhvshfw wr �|1

Vhfrqgo|/ kljkhu h{shfwhg lq dwlrq wd{hv pryh wkh oderu vxsso| vfkhgxoh xszdugv

ehfdxvh zrunhuv kdyh wr eh frpshqvdwhg zlwk d kljkhu uhdo zdjh wr r�hu dq| jlyhq

dprxqw ri oderu1 Wklv h�hfw sxwv xszdug suhvvxuh rq lq dwlrq dqg lv fdswxuhg e| wkh

whup rq wkh ohiw ri +56,1

Li wkh �uvw h�hfw grplqdwhv/ wkhq uhdo zdjhv zloo ghfuhdvh lq uhvsrqvh wr dq lqfuhdvh

lq lq dwlrq h{shfwdwlrqv1 Wkh sulfh vhwwlqj htxdwlrq +47, wkhq lpsolhv wkdw uhdol}hg

lq dwlrq zloo eh orzhu wkdq h{shfwhg lq dwlrq1 Iurp wkh ohduqlqj uxoh lw wkhq iroorzv

wkdw lq dwlrq h{shfwdwlrqv zloo uhwxuq ryhu wlph wr wkh vwhdg| vwdwh ydoxh148

815 Ohduqlqj wkh Kljk Lq dwlrq Vwhdg| Vwdwh

Wklv vhfwlrq dssolhv sursrvlwlrq 4 wr vwxg| wkh vwdelolw| ri wkh kljk lq dwlrq vwhdg|

vwdwh xqghu dgdswlyh ohduqlqj1 Wkh pdlq uhvxow lv

Fruroodu| 4 Iru jryhuqphqw h{shqglwxuhv } forvh hqrxjk wr }hur/ frqglwlrq +55, qhyhu

krogv iru wkh kljk0lq dwlrq vwhdg| vwdwh1

Surri= E| frqwudglfwlrq vxssrvh wkdw wkh ohiw0kdqg vlgh ri +55, krogv1 Wklv uhtxluhv

�2�
2
� �2�� ��6 	 f

48Zkhq htxdwlrq +56, grhv qrw krog wkhq wkh vwhdg| vwdwh lv qrw qhfhvvdulo| xqvwdeoh/ vhh htxdwlrq

+55,/ vlqfh fxuuhqw h{shfwdwlrqv lq xhqfh dovr ixwxuh h{shfwdwlrqv dqg wkh h{shfwhg ixwxuh prqh|

vwrfnv1 Wklv fkdqqho kdv ehhq ljqruhg lq wkh suhylrxv dujxphqw dqg lv fdswxuhg e| wkh dgglwlrqdo

whup rq wkh ohiw ri htxdwlrq +55,1
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Zlwk �2 : f/ d qhfhvvdu| frqglwlrq iru wklv lv

� 	
�

2
n

u
�

e
n
��

�2

6

Dv } $ fc �$ �� dqg 6 $ f 1 Vlqfh �2 : f dqg �� : f dw E�c6� ' E��c f�/

wklv frqglwlrq erlov grzq wr � 	 �/ zklfk frqwudglfwv �� : ���

Dv lq Pdufhw dqg Vdujhqw +4<;<d,/ zkhuh djhqwv frxog xvh rqo| odjjhg sulfhv wr

xsgdwh h{shfwdwlrqv/ wkh kljk lq dwlrq vwhdg| vwdwh lv xqvwdeoh1 Wklv krogv lqghshqghqw

ri wkh ghjuhh ri lpshuihfw frpshwlwlrq j1

Lw lv udwkhu vxusulvlqj wkdw vwlfn| sulfhv gr qrw d�hfw wkh vwdelolw| surshuwlhv ehfdxvh

hyhq iru j � f wkh ohduqlqj g|qdplfv lq d  h{leoh sulfh prgho dqg d vwlfn| sulfh

prgho gl�hu frqvlghudeo|= zlwk  h{leoh sulfhv lq dwlrq dozd|v dgmxvwv wr eulqj wkh

prqh| pdunhw lqwr htxloleulxp> zlwk vwlfn| sulfhv lq dwlrq lv fkrvhq e| hqwuhsuhqhxuv1

Wkhlu fkrlfh eulqjv wkh prqh| pdunhw lqwr htxloleulxp rqo| li wkhlu h{shfwdwlrqv duh

fruuhfw1 Rxwvlgh wkh udwlrqdo h{shfwdwlrqv htxloleulxp wkh uhdo zdjh dgmxvwv wr lqvxuh

wkh +whpsrudu|, pdunhw htxloleulxp1 Wkhuhiruh/ lq dwlrq g|qdplfv rxwvlgh htxloleulxp

gl�hu hyhq wkrxjk wkh htxloleulxp g|qdplfv ri wkh wzr prghov duh +doprvw, lghqwlfdo

iru vpdoo j1

816 Ohduqlqj wkh Orz Lq dwlrq Vwhdg| Vwdwh

Dsso|lqj sursrvlwlrq 4 wr wkh orz lq dwlrq vwhdg| vwdwh gholyhuv=

Fruroodu| 5 Iru jryhuqphqw h{shqglwxuhv } forvh hqrxjk wr }hur/ wkh vwdelolw| frqgl0

wlrq +55, krogv dw wkh orz lq dwlrq vwhdg| vwdwh li dqg rqo| li

0?c� :
�

2
+57,

zkhuh 0?c� lv wkh uhdo zdjh hodvwlflw| ri oderu vxsso| dw wkh vwhdg| vwdwh1

Surri= Doo wkh whupv lq +55, duh frqwlqxrxv lq }1 Wkhuhiruh/ zkhq +55, krogv iru } ' f/

lw zloo dovr krog iru vx!flhqwo| vpdoo exw srvlwlyh }1 Dw } ' f/ rqh kdv � ' � dqg

6 ' ?E��jc �� : f1 Iru wkhvh ydoxhv �n�

�
' 2 dqg �2

�3j

�3�

�
' f1 Vlqfh �� : f dqg

6 : f/ wkh lqhtxdolw| lq wkh ohiw ri +55, krogv1 Vlqfh � ' ��j lq htxloleulxp/ wkh

whup lq wkh plggoh ri +55, lv htxdo wr 0�c? '
�

0?c�
/ zklfk hvwdeolvkhv wkh fodlp1�

4:



Iru d vx!flhqwo| hodvwlf oderu vxsso| wkh orz lq dwlrq vwhdg| vwdwh lv vwdeoh1 Djdlq

wklv krogv lqghshqghqw ri wkh ghjuhh ri lpshuihfw frpshwlwlrq1 Li oderu vxsso| lv wrr

lqhodvwlf +0?c� 	
�

2
, wkhq lq dwlrq uhdfwv vwurqjo| wr ghpdqg ghyldwlrqv ehfdxvh �upv

suhglfw d vwurqj uhdfwlrq lq uhdo zdjhv1 Wkh vwurqj lq dwlrq uhdfwlrq ohdgv wr ghpdqg

ghyldwlrqv ri wkh rssrvlwh vljq lq wkh qh{w shulrg dqg jhqhudwhv wkh rvfloodwlqj ehkdylru

ghvfulehg lq vhfwlrq 8141

Wkh uhvxow ri fruroodu| 5 gl�huv qrwdeo| iurp wkdw lq Pdufhw dqg Vdujhqw +4<;<e,

zkr irxqg wkh orz lq dwlrq vwhdg| vwdwh wr eh vwdeoh lqghshqghqw ri wkh oderu vxsso|

hodvwlflw|1 Rqh pljkw eh whpswhg wr frqfoxgh wkdw lw lv wkh gl�huhqw ohduqlqj g|qdplfv

ri wkh vwlfn| sulfh dqg  h{leoh sulfh hfrqrp| wkdw xowlpdwho| pdwwhu iru wklv gl�huhqfh

lq vwdelolw|= lq d  h{leoh sulfh prgho uhdo surgxfwlrq frvwv uhpdlq xqd�hfwhg e| qrplqdo

ghpdqg frqglwlrqv1

\hw/ lw lv dovr srvvleoh wkdw wkh uroh ri wkh oderu vxsso| hodvwlflw| lq wkh vwlfn| sulfh

prgho dulvhv rqo| gxh wr d vlqjxodulw| lq wkh wudqvlwlrq iurp d vwrfkdvwlf wr d ghwhu0

plqlvwlf prgho= Lq d ghwhuplqlvwlf hfrqrp| vwhdg| vwdwh prqh| edodqfhv duh frqvwdqw

zklfk lpsolhv wkdw d vlpsoh shufhlyhg odz ri prwlrq ri wkh irup +4;, lv vx!flhqw wr

dftxluh udwlrqdo h{shfwdwlrqv1 Li/ krzhyhu/ wkh prqh| fuhdwlrq surfhvv frqwdlqhg d udq0

grp frpsrqhqw/ wkhq prqh| edodqfhv zrxog shupdqhqwo|  xfwxdwh dqg/ gxh wr wkh

sulfh vwlfnlqhvv/ lq dwlrq zrxog uhdfw zlwk vrph odj1 Frqvhtxhqwo|/ djhqwv zrxog kdyh

wr frqglwlrq iruhfdvwv rq odjjhg prqh| wr ohduq wr suhglfw lq dwlrq udwlrqdoo|1 Wklv

pd| zhoo dowhu wkh vwdelolw| surshuw| ri wkh htxloleulxp1

Wkhuhiruh/ wkh qh{w vhfwlrq vwxglhv dq hfrqrp| zlwk vwrfkdvwlf ghpdqg vkrfnv1

9 D vwrfkdvwlf prgho

Wklv vhfwlrq frqvlghuv dq dxjphqwhg yhuvlrq ri wkh prgho zlwk jryhuqphqw vhljqrudjh

vkrfnv1 Wkh vwrfkdvwlf vhwxs idflolwdwhv wkh vwdelolw| dqdo|vlv ri qrq0vwdwlrqdu| udwlrqdo

h{shfwdwlrqv htxloleuld dqg khosv wr sxw lqwr shuvshfwlyh wkh uroh iru wkh hodvwlflw| ri

oderu vxsso| irxqg lq wkh suhylrxv vhfwlrq149

Vxssrvh jryhuqphqw vhljqrudjh lv frpsrvhg ri d �{hg dqg d udqgrp frpsrqhqw

}| ' } n �|

49Dqdo|vlv ri qrq0vwdwlrqdu| htxloleuld lq ghwhuplqlvwlf prghov fdq eh gl!fxow ehfdxvh yduldeohv

pd| ehfrph dv|pswrwlfdoo| froolqhdu dv wkh| vhwwoh grzq wr frqvwdqw ydoxhv1
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zkhuh �| lv d zklwh qrlvh vkrfn zlwk }hur phdq dqg vpdoo erxqghg vxssruw1 Uhdo

prqh| wkhq hyroyhv dffruglqj wr wkh iroorzlqj vwrfkdvwlf odz ri prwlrq

6| '
6|3�

�|

n } n �| +58,

Iru } : f qrw wrr odujh dqg �| � f wkhuh duh djdlq wkh wzr ghwhuplqlvwlf vwhdg| vwdwhv

E�?c6?� zlwk ? ' ,c � durxqg zklfk htxdwlrqv +47, dqg +58, fdq eh olqhdul}hg=4:
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+59,

Wkh olqhdul}dwlrq frh!flhqwv Ek?c q?
f c q

?
� c B

?� iru ? ' ,c � duh uhsruwhg lq dsshqgl{ ;16/

zkhuh lw lv dovr vkrzq wkdw wkh udwlrqdo h{shfwdwlrqv vroxwlrqv ri htxdwlrq +59, kdyh d

plqlpxp vwdwh yduldeoh uhsuhvhqwdwlrq dv dq DU+4, surfhvv#
�|

6|

$
' @n�

#
�|3�

6|3�

$
n

#
f

�|

$
+5:,

zkhuh @ lv d 5{4 yhfwru dqg � ' EK�c�� d 5{5 pdwul{ zlwk K�c2 9' f1

Lq d udwlrqdo h{shfwdwlrqv htxloleulxp wkh frh!flhqw rq odjjhg prqh| lq wkh lq d0

wlrq htxdwlrq ri +5:, lv qhyhu htxdo wr }hur/ zklfk lpsolhv wkdw djhqwv pxvw frqglwlrq

wkhlu lq dwlrq h{shfwdwlrqv rq odjjhg prqh| edodqfhv li wkh| zlvk wr iruhfdvw udwlrqdoo|1

Ghpdqg vkrfnv duh lpsruwdqw iru iruhfdvwlqj ixwxuh lq dwlrq hlwkhu ehfdxvh wkh| duh

holplqdwhg e| dq dssursuldwh uhdfwlrq ri lq dwlrq lq wkh vxevhtxhqw shulrg ru ehfdxvh

wkh| shuvlvw lqwr wkh ixwxuh zkhuh wkh| d�hfw ixwxuh surgxfwlrq frvwv1 Zlwk prqh|

edodqfhv ehlqj shupdqhqwo| vkrfnhg/ wkhlu lpsruwdqfh iru suhglfwlqj lq dwlrq grhv qrw

ydqlvk ryhu wlph1

L qrz ghvfuleh lq vrphzkdw juhdwhu ghwdlo wkh udwlrqdo h{shfwdwlrqv htxloleuld +UHH,

iru wkh olqhdul}hg vwrfkdvwlf prgho1 Wkh fodlpv ehorz duh pdgh suhflvh lq dsshqgl{

;16151

Lq wkh qhljkerukrrg ri wkh ghwhuplqlvwlf orz lq dwlrq vwhdg| vwdwh wkhuh h{lvw wzr

vwrfkdvwlf UHH1 Wkhuh lv d vwrfkdvwlf vwhdg| vwdwh ghqrwhg e| E@,c�c � ,c�� dqg dq h{sor0

vlyh UHH ghqrwhg e| E@,c2c� ,c2� zkhuh wkh pdwul{ �,c2 kdv dq hljhqydoxh wkdw lv odujhu

wkdq rqh1

4:Wkh olqhdul}dwlrq xvhv htxdwlrq +46, wr h{suhvv wkh zdjh h{shfwdwlrqv lq htxdwlrq +47,1
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Lq wkh qhljkerukrrg ri wkh ghwhuplqlvwlf kljk lq dwlrq vwhdg| vwdwh wkhuh dovr h{lvw

wzr vwrfkdvwlf UHH1 Wkhuh lv djdlq d vwrfkdvwlf vwhdg| vwdwh ghqrwhg e| E@�c�c ��c��

dqg dq dv|pswrwlfdoo| vwdwlrqdu| UHH/ ghqrwhg e| E@�c2c ��c2�1 Vlqfh wkh hljhqydoxhv

ri ��c2 duh lqvlgh wkh xqlw flufoh wkh phdq ri wklv vroxwlrq frqyhujhv wr wkh ghwhuplqlvwlf

kljk lq dwlrq vwhdg| vwdwh1

Wkhuhiruh/ wkh vlwxdwlrq lq wkh vwrfkdvwlf prgho orrnv txlwh vlplodu wr wkdw lq wkh

ghwhuplqlvwlf prgho1 Wkh pdlq gl�huhqfh lv wkdw wkh htxloleulxp odz ri prwlrq iru

lq dwlrq qrz ghshqgv rq odjjhg prqh| edodqfhv1

914 H{shfwdwlrqdo Vwdelolw| ri UHH

Wklv vhfwlrq dqdo|}hv wkh vwdelolw| ri wkh UHH zkhq djhqwv xvh ohdvw vtxduhv hvwlpdwlrq

wr ohduq derxw wkh sdudphwhuv E@c�� ri wkh plqlpxp vwdwh yduldeoh vroxwlrq +5:,1

Htxdwlrq +5:, lv wkh vlpsohvw htxdwlrq djhqwv frxog hvwlpdwh zlwk wkh krsh ri dftxlulqj

udwlrqdo eholhiv lq wkh orqj uxq1

Wkh frqvlghuhg ohdvw vtxduhv ohduqlqj g|qdplfv fdq eh ghvfulehg dv iroorzv1 Ohw

E@|3�c �|3�� ghqrwh wkh ohdvw vtxduhv hvwlpdwhv ri E@c�� edvhg rq lqirupdwlrq xs wr

wlph |� �1 E| wkh odz ri lwhudwhg h{shfwdwlrqv/ djhqwv* iruhfdvwv zloo eh jlyhq e|

.|3�

%
�|

6|

&
' @|3� n�|3�

#
�|3�

6|3�

$
+5;,

.|3�

%
�|n�

6|n�

&
' @|3� n�|3�

#
@|3� n�|3�

#
�|3�

6|3�

$$
+5<,

Lqvhuwlqj wkhvh h{shfwdwlrqv lqwr htxdwlrq +59, gholyhuv d qhz gdwd srlqw/ zklfk lv wkh

rxwfrph ri rswlpdo sulfh vhwwlqj ghflvlrqv zkhq h{shfwdwlrqv duh jlyhq e| +5;, dqg

+5<,1 Xvlqj wkh qhz gdwd srlqw djhqwv fdofxodwh d qhz ohdvw vtxduhv hvwlpdwh E@|c �|�

dqg wkh surfhvv uhshdwv lwvhoi1

Iru d zlgh udqjh ri hfrqrplf prghov lw kdv ehhq vkrzq wkdw h{shfwdwlrqdo vwdelolw|

+H0Vwdelolw|, ri d UHH ghwhuplqhv zkhwkhu wkh ohdvw vtxduhv hvwlpdwhv E@|c �|� orfdoo|

frqyhujh wr wkhlu UHH0ydoxhv xqghu ohdvw vtxduhv ohduqlqj +Hydqv dqg Krqndsrkmd

+4<<7/ 5334,,1

H0Vwdelolw| lv gh�qhg lq whupv ri wkh pdsslqj iurp wkh Shufhlyhg Odz ri Prwlrq

+SOP,/ sdudphwhul}hg e| E@c�� lq +5:,/ wr wkh lpsolhg sdudphwhuv A E@c�� ri wkh
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Dfwxdo Odz ri Prwlrq +DOP,1 Wkh DOP sdudphwhuv duh rewdlqhg e| lqvhuwlqj wkh

h{shfwdwlrqv +5;, dqg +5<, lqwr wkh prgho +59,/ zklfk |lhogv

A E@c�� '
�
Ekn qf@n q�@n q��@� c Eqf� n q��

2 n B�
�

+63,

H0Vwdelolw| ri d UHH lv wkhq ghwhuplqhg e| wkh orfdo vwdelolw| surshuwlhv ri wkh ruglqdu|

gl�huhqwldo htxdwlrq

_

_�
E@c�� ' A E@c��� E@c�� +64,

dw wkh UHH0ydoxhv ri E@c��/ zkhuh � ghqrwhv qrwlrqdo ru yluwxdo wlph1

Wkh iroorzlqj sursrvlwlrq uhsruwv wkh H0Vwdelolw| surshuwlhv iru wkh UHH ri wkh

prgho1 Wkh surri fdq eh irxqg lq dsshqgl{ ;16161

Sursrvlwlrq 5 Wkhuh h{lvwv d ohyho ri jryhuqphqw h{shqglwxuhv } : f vxfk wkdw iru doo

ohyhov f � } 	 } wkh iroorzlqj krogv1

Iru wkh olqhdul}dwlrq dw wkh ghwhuplqlvwlf orz lq dwlrq vwhdg| vwdwh

� wkh vwrfkdvwlf vwhdg| vwdwh E@,c�c� ,c�� lv H0vwdeoh/

� wkh h{sorvlyh vroxwlrq E@,c2c� ,c2� lv H0xqvwdeoh/

Iru wkh olqhdul}dwlrq dw wkh ghwhuplqlvwlf kljk lq dwlrq vwhdg| vwdwh

� wkh vwrfkdvwlf vwhdg| vwdwh E@�c�c ��c�� lv H0xqvwdeoh/

� wkh dv|pswrwlfdoo| vwdwlrqdu| vroxwlrq E@�c2c ��c2� lv H0xqvwdeoh1

Wkh sursrvlwlrq vkrzv wkdw wkh vwrfkdvwlf orz lq dwlrq vwhdg| vwdwh lv wkh rqo|

H0vwdeoh UHH1 Djdlq/ wklv krogv lqghshqghqw ri wkh ghjuhh ri lpshuihfw frpshwlwlrq1

Ixuwkhupruh/ wkh orz lq dwlrq vwrfkdvwlf vwhdg| vwdwh lv qrz H0vwdeoh lqghshqghqw ri

wkh ydoxh ri wkh oderu vxsso| hodvwlflw|1 Wkh odwwhu ihdwxuh hphujhv ehfdxvh wkh frhi0

�flhqw rq odjjhg prqh| lq wkh lq dwlrq htxdwlrq lv jlyhq e| �

6, dw wklv htxloleulxp/

zklfk lpsolhv d xqlw0hodvwlflw| ri lq dwlrq zlwk uhvshfw wr ghpdqg vkrfnv1 Frqvh0

txhqwo|/ ghpdqg vkrfnv duh h{shfwhg wr eh ghydoxdwhg e| d fruuhvsrqglqj dprxqw ri

lq dwlrq lq wkh vxevhtxhqw shulrg dqg wkh oderu vxsso| hodvwlflw| ehfrphv luuhohydqw

iru hqwuhsuhqhxu*v sulfh vhwwlqj ehkdylru1

Jlyhq wklv gl�huhqfh wr wkh ghwhuplqlvwlf prgho wkh qh{w vxevhfwlrq vkrzv krz wkh

vwdelolw| frqglwlrqv iru wkh ghwhuplqlvwlf dqg wkh vwrfkdvwlf prgho duh uhodwhg wr hdfk

rwkhu1
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915 Uhodwlrq zlwk wkh Ghwhuplqlvwlf Prgho

Vxssrvh iru d prphqw djhqwv xvhg ohdvw vtxduhv wr hvwlpdwh wkh SOP ri wkh ghwhuplq0

lvwlf prgho/ l1h1

�| ' @n 0| +65,

Fohduo|/ iruhfdvwv edvhg rq wklv SOP zloo qhyhu eh udwlrqdo lq wkh suhvhqfh ri ghpdqg

vkrfnv1 Krzhyhu/ wkh hfrqrp| fdq vwloo frqyhujh wr d *uhvwulfwhg shufhswlrqv htxlole0

ulxp*1 Lq vxfk dq htxloleulxp h{shfwdwlrqv duh uhvwulfwhg wr eh ri wkh irup +65, dqg

plqlpl}h wkh phdq0vtxduhg iruhfdvw huuru iru wkh DOP +59, jhqhudwhg e| wkh h{shfwd0

wlrqv +65,1

Dsshqgl{ ;1617 vkrzv wkdw frqyhujhqfh wr d uhvwulfwhg shufhswlrqv htxloleulxp

rffxuv iru wkh olqhdul}dwlrq dw wkh ghwhuplqlvwlf orz lq dwlrq vwhdg| vwdwh zkhqhyhu

0?c� :
�

2
/ zklfk lv suhflvho| wkh vwdelolw| frqglwlrq ri fruroodu| 51 Pruhryhu/ wkh uhvxow0

lqj uhvwulfwhg shufhswlrqv htxloleulxp frqyhujhv wr wkh shuihfw iruhvljkw vwhdg| vwdwh

dv wkh vxssruw iru wkh vkrfn �| ydqlvkhv1 Ixuwkhupruh/ dqg wklv lv fruroodu| 5/ wkh

uhvwulfwhg shufhswlrqv htxloleulxp lv wkh shuihfw iruhvljkw vwhdg| vwdwh li wkh vxssruw lv

olwhudoo| }hur1

Wkxv/ wkh SIH dqdo|}hg lq vhfwlrq 8 lv qrw wkh olplw ri wkh plqlpxp vwdwh yduldeoh

UHH iru d ydqlvklqj vxssruw ri wkh vkrfnv1 Lqvwhdg lw lv wkh olplw ri d uhvwulfwhg

shufhswlrqv htxloleulxp1 Wkh vwdelolw| frqglwlrqv iru uhvwulfwhg shufhswlrqv htxloleuld

qhhg qrw eh lghqwlfdo wr wkrvh ri wkh UHH/ dv kdv ehhq qrwhg e| Hydqv dqg Krqndsrkmd

+5334/fkdswhu 46, lq d pruh vlpsoh vhwwlqj1

Wkh suhylrxv �qglqjv dovr khos wr lqwhusuhw wkh uhvxowv ri Ydq ]dqgw dqg Ohwwdx

+5335, zkrvh vwdelolw| uhyhuvdov duh rewdlqhg +pdlqo|, iru frqvwdqw jdlq ohduqlqj uxohv

lq d ghwhuplqlvwlf prgho14; D frqvwdqw jdlq uxoh zlwk d jdlq wkdw lv erxqghg iurp

}hur zrxog qhyhu frqyhujh wr d udwlrqdo h{shfwdwlrqv htxloleulxp lq d vwrfkdvwlf hq0

ylurqphqw1 Wklv vxjjhvwv wkdw wkhlu vwdelolw| frqglwlrqv gr qrw fdswxuh wkh vwdelolw|

surshuwlhv ri d udwlrqdo h{shfwdwlrqv htxloleulxp lq d vwrfkdvwlf yhuvlrq ri wkhlu prgho

exw udwkhu wkh vwdelolw| surshuwlhv wr vrph rwkhu htxloleulxp/ dv lv wkh fdvh zlwk wkh

shuihfw iruhvljkw htxloleuld lq wklv sdshu1

4;Iru wkh fdvhv zkhuh uhyhuvdov duh uhsruwhg iru ghfuhdvlqj jdlq ohduqlqj uxohv uh0lqwhusuhwdwlrq dv

frqvwdqw jdlq uxohv lv srvvleoh dv dovr dujxhg e| wkhvh dxwkruv1
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: Frqfoxvlrqv

Wklv sdshu kdv vkrzq wkdw sulfh vwlfnlqhvv khosv wr rewdlq d xqltxh whpsrudu| htxlole0

ulxp lq prghov zkhuh lqirupdwlrqdo frqvlvwhqf| uhtxluhv wkdw djhqwv fdq xvh fxuuhqw

sulfhv wr xsgdwh wkhlu h{shfwdwlrqv1 Sulfh vwlfnlqhvv wkhuhe| shuplwv wr vwxg| wkh

vwdelolw| ri udwlrqdo h{shfwdwlrqv htxloleuld xqghu ohduqlqj g|qdplfv lq d uljrurxv zd|1

Wkh pdlq uhvxow iru wkh ryhuodsslqj jhqhudwlrqv prgho lv wkdw/ lqghshqghqw ri wkh

ghjuhh ri lpshuihfw frpshwlwlrq/ wkh ghwhuplqdwh prqhwdu| vwhdg| vwdwh lv wkh xqltxh

vwdeoh htxloleulxp1 Krzhyhu/ wkh sdshu kdv dovr vkrzq wkdw vwdelolw| surshuwlhv pljkw

gl�hu ehwzhhq ghwhuplqlvwlf dqg vwrfkdvwlf prghov vlqfh wkhuh pljkw eh d glvfrqwlqxlw|

dw wkh }hur yduldqfh iru vkrfnv1 Lq wkh suhvhqw fdvh wklv glvfrqwlqxlw| hphujhg eh0

fdxvh wkh htxloleulxp odz ri prwlrq iru lq dwlrq iru wkh ghwhuplqlvwlf hfrqrp| zdv

frqvlghudeo| vlpsohu wkdq wkh htxloleulxp odz iru d vwrfkdvwlf hfrqrp| zlwk ydqlvklqj

qrlvh1

Wklv odwwhu �qglqj lv lqwhuhvwlqj ehfdxvh lw looxvwudwhv wkdw djhqwv zkr gr qrw vwduw

rxw e| hvwlpdwlqj d iruhfdvwlqj htxdwlrq zkrvh vwuxfwxuh lv frqvlvwhqw zlwk wkh udwlr0

qdo h{shfwdwlrqv vroxwlrq pljkw hlwkhu ohduq d gl�huhqw htxloleulxp/ h1j1 d uhvwulfwhg

shufhswlrqv htxloleulxp/ ru d�hfw wkh vwdelolw| ri wkh hfrqrp|1 Diwhu doo/ lw lv d udwkhu

vwurqj dvvxpswlrq wr srvwxodwh wkdw djhqwv ohduq derxw d prgho wkdw lv frqvlvwhqw zlwk

wkh odz ri prwlrq ri wkh hfrqrp| rqfh ohduqlqj lv frpsohwh1

D qdwxudo vwhs wr wdnh lv wr vwxg| prghov zkhuh djhqwv pxvw ohduq qrw rqo| derxw

wkh sdudphwhul}dwlrq ri d jlyhq prgho exw dovr derxw zklfk prgho wr xvh iru ohduqlqj1

Lq Dgdp +5335, L kdyh vwxglhg vrph ri wkh lpsolfdwlrqv ri ohduqlqj derxw iruhfdvw

prghov exw ixuwkhu uhvhdufk lq wklv duhd zrxog eh prvw zhofrph1
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; Dsshqgl{

;14 Uhjxodulw| Frqglwlrq

Frqglwlrq 5 Dw d vwdwlrqdu| udwlrqdo h{shfwdwlrqv htxloleulxp +�c6,

��

�� j

6

�2
9'

�2

� � j

�� �
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�� j
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�2
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�n �
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�| 9'
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�
; |

zkhuh

�� '
Y�

B?
E6c�� dqg �2 '
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Y |3��e
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E6c��

;15 Surri ri Sursrvlwlrq 4

Vxevwlwxwlqj +47, lqwr +4:, dqg xvlqj +46, dqg +54, gholyhuv=

|�
e
|n� ' |3��

e
| n �| E� E|3��

e
| c6|3��� |3��

e
|� zlwk +66,

�E|3��
e
| c6|3�� � |3��

e
|

�
�

6|3�

|3��
e

|

n }c |3��e
|

�
� � j

+67,

Wkh htxdwlrq deryh ghvfulehv wkh qhz lq dwlrq h{shfwdwlrqv dv d ixqfwlrq ri sdvw

h{shfwdwlrqv dqg sdvw uhdo prqh| kroglqjv1 Uhdo prqh| hyroyhv dffruglqj wr

6| '
6|3�

�E|3��e
| c6|3��

n } +68,

Olqhdul}lqj +66, dqg +68, durxqg d vwhdg| vwdwh E�c6� |lhogv#
w�c|

w2c|

$
' �E�|�

#
w�c|3�

w2c|3�

$
n

#
�|o�c|

o2c|

$
+69,

zkhuh

w�c| ' |�
e
|n� ��

w2c| ' 6| �6

duh wkh ghyldwlrqv iurp wkh htxloleulxp ydoxhv/ wkh o�c| duh vhfrqg rughu dssur{lpdwlrq

huuruv/ dqg �E�|� lv d 5{5 pdwul{ jlyhq e|

�E�|� '

#
� n �|E��E�c6�� �� �|�2E�c6�

� 6

�2��E�c6�
�

�
� 6

�2�2E�c6�

$
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zkhuh �� lv wkh sduwldo ghulydwlyh ri � zlwk uhvshfw wr wkh �0wk dujxphqw1

Wkh hljhqydoxhv ri �Ef� duh jlyhq e|

b� ' �

b2 '
�

�
�

6

�2

/�
E�� j�

dqg wkh hljhqydoxhv ri �E�|� e|

b�c| ' b� n
Yb�
Y�

�| n�E�2| � +6:,

b2c| ' b2 n
Yb2
Y�

�| n�E�2| � +6;,

zkhuh wkh odvw whupv duh vhfrqg rughu dssur{lpdwlrq huuruv1

Li frqglwlrq +55, krogv/ wkhq mb2m 	 �1 Wkh uhjxodulw| frqglwlrq 5 lpsolhv
���Yb2Y�

��� 	4

dw � ' f1 Wkxv/ mb2c|m 	 � iru vpdoo hqrxjk �|1 Qh{w/ frqvlghu wkh hljhqydoxh b�c|1 Xvh

wkh fkdudfwhulvwlf sro|qrpldo ri �E�� jlyhq e|

� E�E��c b� ' E���E��� b� E�22E��� b����2E���2�E��

zkhuh wkh ���E�� ghqrwh wkh pdwul{ hqwulhv ri �E��1 Wkhq dsso| wkh lpsolflw ixqfwlrq

wkhruhp wr rewdlq Yb�
Y�

dw � ' fc b ' b� ' � G

Yb�
Y�

' �
Y� E�E��c b�*Y�

Y� E�E��c b�*Yb

'
�

�3j

�
�2E�� ��� ��

6
�

�

�� b2

Frqglwlrq +55, lpsolhv wkdw Yb�
Y�

	 f dqg wkhuhe| mb�c|m 	 � iru vpdoo hqrxjk �|1 Wkxv/

+55, lpsolhv wkdw erwk hljhqydoxhv ri �E�|� duh zlwklq wkh xqlw flufoh iru �| vx!flhqwo|

vpdoo1 Rwkhuzlvh/ dw ohdvw rqh hljhqydoxh olhv rxwvlgh wkh xqlw flufoh1 Wklv hvwdeolvkhv

wkh vwdelolw| dqg lqvwdelolw| fodlpv iru wkh frqvwdqw jdlq ohduqlqj uxohv1

Wkh surri iru wkh ghfuhdvlqj jdlq ohduqlqj uxohv lv srvwhg dw wkh vxssohphqwv vhfwlrq

ri wkh zhe0vlwh ri wkh Uhylhz ri Hfrqrplf Vwxglhv +zzz1uhvwxg1ruj1xn,1 Wkh surri lv

frpsolfdwhg e| wkh idfw wkdw wkh gl�huhqfh htxdwlrq +69, lv qrq0dxwrqrprxv dqg wkdw

rqh ri wkh hljhqydoxhv ri �E�|� frqyhujhv wr 4 dv �| $ f1 Wkh surri xvhv vlplodu whfk0

qltxhv dv Hydqv dqg Krqndsrkmd +5333, zkr wuhdw d vlpsohu jhqhudo vhwxs1 Wkh pdlq

gl�huhqfh wr Hydqv dqg Krqndsrkmd lv wkdw wkh fxuuhqw vhwwlqj frqwdlqv d vwdwh yduldeoh

+w2c|, wkdw lv qrw d eholhi dqg wkhuhiruh grhv qrw frqwdlq d jdlq vhtxhqfh frqyhujlqj wr

}hur1
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;16 Dsshqgl{ wr Vhfwlrq 9

;1614 Olqhdul}dwlrq Frh!flhqwv

Iru } ' f/ wkh frh!flhqw pdwulfhv durxqg wkh orz lq dwlrq htxloleulxp +�,c6,, duh

jlyhq e|

k, '

#
�

�
,

2

�3j

6,E� n
�

,

2

�3j
�

$
+6<d,

q,f '

#
� �

6
,
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,

�

�3j
f

�6, n
�
6,
�2 �

,

�

�3j
f

$
+6<e,

q,� '
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,

2

�3j
f
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,

2

�3j
f

$
+6<f,

B, '

#
f

�
,

�

�3j

f ��6, �
,

�

�3j

$
+6<g,

zkhuh

�,

� '
Y�

Y?|
E6,c�,� dqg �,

2 '
Y�

Y.|3�d�|o
E6,c�,�

Vlploduo|/ wkh frh!flhqwv iru wkh kljk lq dwlrq htxloleulxp +��c6�, dw } ' f duh jlyhq

e|

k� '

#
�

�
��
�2 �

�

2

�3j

f

$
+73d,

q�f '

#
� f

f f

$
+73e,

q�� '

#
�� �

�

2

�3j
f

f f

$
+73f,

B� '

#
f

�
�

�

�3j

f �

��

$
+73g,

zkhuh ��

� dqg �
�

2 duh qrz hydoxdwhg dw E6�c���1

;1615 Plqlpxp Vwdwh Yduldeoh Vroxwlrqv

Frqvlghu d vwrfkdvwlf olqhdu h{shfwdwlrqdo gl�huhqfh htxdwlrq ri wkh irup

%| ' & n�f.|3� d%|o n��.|3� d%|n�o n(%|3� n �| +74,
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zlwk %|c �|c & 5 -?c �fc ��c( 5 -?f?c dqg �� 9' fc ( 9' f1 Wkh plqlpxp vwdwh yduldeoh

vroxwlrqv ri +74, wdnh wkh irup

%| ' @n�%|3� n �|

surylghg wkhuh h{lvwv d uhdo vroxwlrq wr wkh pdwul{ txdgudwlf htxdwlrq

���
2 � E�f � U�� n( ' f +75,

vhh fkdswhu 43 lq Hydqv dqg Krqndsrkmd +5334,1 Wkhq @ lv jlyhq e|

EU ��f ���E� n���@� & ' f +76,

Wkh plqlpxp vwdwh yduldeoh udwlrqdo h{shfwdwlrqv vroxwlrqv fdq eh fdofxodwhg e|

vroylqj wkh pdwul{ htxdwlrqv +75, iru � dqg wkhq xvlqj +76, wr fdofxodwh @ zkhuh

&c��c �2/ dqg ( duh jlyhq e| wkh olqhdul}dwlrq frh!flhqwv lq dsshqgl{ ;16141 Vrph

ohqjwk| dojheud vkrzv wkdw durxqg wkh orz lq dwlrq vwhdg| vwdwh E�,c6,� wkhuh duh wzr

DU+4, udwlrqdo h{shfwdwlrqv vroxwlrqv jlyhq e|#
�|

6|

$
' @,c� n� ,c�

#
�|3�

6|3�

$
n

#
f

�|

$

'

#
f

6,

$
n

#
f �

6,

f f

$#
�|3�

6|3�

$
n

#
f

�|

$

dqg#
�|

6|

$
' @,c2 n� ,c2

#
�|3�

6|3�

$
n

#
f

�|

$

'

#
� n6, ��

,

�2
,

�
�
6,
�
2 ��

,

�2
,

$
n

#
f ���

,

�2
,

f � n6, ��
,

�2
,

$#
�|3�

6|3�

$
n

#
f

�|

$

Zlwk wkh hljhqydoxhv ri �,c� ehlqj htxdo wr }hur/ wklv vroxwlrq lv vwdwlrqdu|1 Krzhyhu/

vlqfh 6, �
,

�

�,

2

: f wkh vroxwlrq
�
@,c2c �,c2

�
kdv dq hljhqydoxh odujh wkdq rqh/ zklfk lpsolhv

wkdw lw lv h{sorvlyh1

Durxqg wkh kljk lq dwlrq vwhdg| vwdwh E��c6�� wkhuh lv d vlqjoh DU+4, udwlrqdo

h{shfwdwlrqv vroxwlrq jlyhq e|#
�|

6|

$
' @�c2 n��c2

#
�|

6|

$
n

#
f

�|

$

'

#
��

f

$
n

#
f �

��

�

��

2

f �

��

$#
�|3�

6|3�

$
n

#
f

�|

$
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Vlqfh �� : � wkh hljhqydoxhv ri ��c2 duh lqvlgh wkh xqlw flufoh/ zklfk lpsolhv wkdw

wkh vroxwlrq lv dv|pswrwlfdoo| vwdwlrqdu|1 Iru } : wkh olqhdul}dwlrq frh!flhqwv durxqg

E��E}�c6�E}�� duh jlyhq e|

k� '

#
�

�
��
�2 ��

2

�3j

6� n 6��2

E�3j�

$
+77d,

q�
f '

3
C � � 6���

�

��E�3j�
f

�

6�

E���
2 n

E6��
2

��
�

E���
�

E�3j�
f

4
D +77e,

q�
� '

#
�� ��

2

�3j
f

�

6���
2

��E�3j�
f

$
+77f,

B� '

3
C f

��
�

�3j

f �
��
�

6���

E���
2

E�3j�

4
D +77g,

dqg wkhuh h{lvwv dqrwkhu udwlrqdo h{shfwdwlrqv vroxwlrq/ zklfk fhdvhv wr h{lvw dw } ' f=#
�|

6|

$
' @�c� n��c�

#
�|

6|

$
n

#
f

�|

$

'

#
f

6�

$
n

#
f ��

6�

f f

$#
�|3�

6|3�

$
n

#
f

�|

$

Vlqfh erwk hljhqydoxhv ri ��c� duh htxdo wr }hur wklv vroxwlrq lv vwdwlrqdu|1

;1616 Surri ri Sursrvlwlrq 5

Wkh gl�huhqwldo htxdwlrq +64, lv vwdeoh +xqvwdeoh, dw vrph UHH E@Wc �W� li doo hljhqydoxhv

+vrph hljhqydoxh, ri

Y�eS EA E@c���

Y�eSE@c��

dw E@c�� ' E@Wc �W� duh vpdoohu wkdq rqh +lv odujhu wkdq rqh,/ zkhuh �eSE�� ghqrwhv wkh

+froxpqzlvh, yhfwrul}dwlrq rshudwru1 Ohw

A E@c�� ' EA @E@c��c A�E@c���

zkhuh A @ ghqrwhv wkh lpsolhg DOP iru @/ dqg A� wkh DOP iru �1 Vlqfh A�E@c�� lv

lqghshqghqw ri @/ vhh +63,/ rqh kdv wr frqvlghu rqo| wkh hljhqydoxhv ri Y �eS A�E��
Y �eS�

dqg
YA@E@c��

Y@
1 Wkh iroorzlqj wdeoh olvwv wkh hljhqydoxhv ri wkhvh wzr pdwulfhv iru wkh uhvshfwlyh

udwlrqdo h{shfwdwlrqv vroxwlrqv dw } ' f=4<

4<Iru wkh vroxwlrq +dk>4>Ek>4, lw olvwv wkh olplwv ri wkh hljhqydoxhv iru j $ 31

5;



UH0Vroxwlrq HY*v ri Y �eS A�E��
Y �eS �

HY*v ri YA@E@c��
Y@

@,c�c � ,c� b� ' b2 ' fc b� ' be ' �� �,

2

�3j
�6, �,

�

�3j
bD ' fc bS ' ��6, �,

�

�3j

@,c2c � ,c2 b� ' b2 ' fc b� ' �c be ' � n
�,

2

�3j
n6, �,

�

�3j
bD ' fc bS ' � n �,

2

@�c�c��c� b� ' b2 ' fc b� ' be ' � bD ' fc bS ' � n E��
� ��

��

2

�3j

@�c2c��c2 b� ' b2 ' fc b� ' �c be ' � n
��

2

�3j
bD ' fc bS ' � n �� ��

2

�3j

Vlqfh �?
� : f/ �?

2 : f iru ? ' ,c � dqg �� : �/ lw iroorzv wkdw wkh udwlrqdo h{shfwdwlrqv

vroxwlrq E@,c�c � ,c�� lv H0vwdeoh dqg wkh vroxwlrqv E@,c2c �,c2�/ E@�c�c ��c�� dqg E@�c2c ��c2�

duh H0xqvwdeoh1

;1617 Wkh Uhvwulfwhg Shufhswlrqv Htxloleulxp

Vxssrvh djhqwv iruhfdvw xvlqj wkh SOP +65,/ zklfk lpsolhv .|3�E�|� ' .|3�E�|n�� '

@|3�/ zkhuh @|3� lv wkh |� � hvwlpdwh ri @1 Iru jlyhq @|3� ' @ wkh lpsolhg DOP +59, lv

vwdwlrqdu| iru wkh olqhdul}dwlrq frh!flhqwv +6<, dw wkh orz lq dwlrq vwhdg| vwdwh li dqg

rqo| li
�
�
���6, �,

�

�3j

�
�
� 	 �1 Vlqfh 6, : f/ �,

� : f/ dqg j 5 Efc �� wklv lv wkh fdvh li dqg

rqo| li 0?c� : �
2
1 Surylghg wkh hodvwlflw| frqglwlrq krogv wkh pdsslqj iurp wkh SOP

wr wkh DOP/ A E@�/ lv jlyhq e| wkh surmhfwlrq ri wkh DOP +59, zlwk h{shfwdwlrqv jlyhq

e| @ rqwr wkh SOP +65,/ l1h1 A E@� ' .E�E@��1 Iurp +59, lw iroorzv wkdw A E@� ' �1

Wkhuhiruh wkh vwrfkdvwlf gl�huhqwldo htxdwlrq ghwhuplqlqj H0vwdelolw| ri wkh uhvwulfwhg

shufhswlrqv htxloleulxp

_@

_�
' A E@�� @ ' � � @

kdv d xqltxh �{hg srlqw dw @ ' � +wkh orz vwhdg| vwdwh lq dwlrq udwh, zklfk lv dozd|v H0

vwdeoh +surylghg 0?c� : �
2
,1 Lw iroorzv wkdw wkh DOP +59, zlwk .|3�E�|� ' .|3�E�|n�� '

�  xfwxdwhv durxqg wkh shuihfw iruhvljkw vwhdg| vwdwh zlwk ghyldwlrqv iurp lw frqyhujlqj

wr }hur dv wkh vxssruw ri wkh vkrfn �| ydqlvkhv1

Uhihuhqfhv

Dgdp/ Nodxv/ �Dgdswlyh Ohduqlqj dqg F|folfdo Ehkdylru ri Rxw0

sxw dqg Lq dwlrq/� Xqlyhuvlw| ri Iudqnixuw Plphr/ zzz1zlzl1xql0

iudqnixuw1gh2surihvvruhq2zlhodqg2dgdp/ 53351

Dulirylf/ Mdvplqd/ �Jhqhwlf Dojrulwkpv dqg Lq dwlrqdu| Hfrqrplhv/� Mrxuqdo ri

Prqhwdu| Hfrqrplfv/ 4<<8/ 69/ 54<�5761

5<



Exoodug/ Mdphv E1 dqg Ndxvkln Plwud/ �Ohduqlqj Derxw Prqhwdu| Srolf| Uxohv/�

Mrxuqdo ri Prqhwdu| Hfrqrplfv +iruwkfrplqj,/ 53351

Fdjdq/ S1/ Wkh Prqhwdu| G|qdplfv ri K|shu0Lq dwlrq/ lq Plowrq Iulhgpdq +hg1,/

%Vwxglhv lq wkh Txdqwlw| Wkhru| ri Prqh|%/ Xqlyhuvlw| ri Fklfdjr Suhvv/ 4<891

Gl{lw/ Dylqdvk N1 dqg Mrvhsk H1 Vwljolw}/ �Prqrsrolvwlf Frpshwlwlrq dqg Rswl0

pxp Surgxfw Glyhuvlw|/� Dphulfdq Hfrqrplf Uhylhz/ 4<::/ 9:/ 5<:�63;1

Gx�|/ Mrkq/ �Rq Ohduqlqj dqg wkh Qrqxqltxhqhvv ri Htxloleulxp lq dq Ryhuodsslqj

Jhqhudwlrqv Prgho zlwk Ildw Prqh|/� Mrxuqdo ri Hfrqrplf Wkhru|/ 4<<7/ 97/

874�8861

Hydqv/ Jhrujh Z1 dqg Vhssr Krqndsrkmd/ �Frqyhujhqfh ri Ohdvw Vtxduhv Ohduq0

lqj wr d Qrq0Vwdwlrqdu| Htxloleulxp/� Hfrqrplfv Ohwwhuv/ 4<<7/ 79/ 464�4691

dqg / �Hfrqrplf G|qdplfv zlwk Ohduqlqj= Qhz Vwdelolw| Uhvxowv/� Uhylhz

ri Hfrqrplf Vwxglhv/ 4<<;/ 98/ 56�771

dqg / �Frqyhujhqfh iru Gl�huhqfh Htxdwlrqv zlwk Ydqlvklqj Wlph Ghshq0

ghqfh/ Zlwk Dssolfdwlrqv wr Dgdswlyh Ohduqlqj/� Hfrqrplf Wkhru|/ 5333/ 48/

:4:�:581

dqg / Ohduqlqj dqg H{shfwdwlrqv lq Pdfurhfrqrplfv/ Sulqfhwrq= Sulqfhwrq

Xqlyhuvlw| Suhvv/ 53341

/ / dqg Udprq Pdulprq/ �Frqyhujhqfh lq Prqhwdu| Lq dwlrq Prghov

zlwk Khwhurjhqhrxv Ohduqlqj Uxohv/� Pdfurhfrqrplf G|qdplfv/ 5334/ 8/ 4�641

Jdoð/ Mrugl dqg Pdun Jhuwohu/ �Lq dwlrq G|qdplfv= D Vwuxfwxudo Hfrqrphwulf

Dqdo|vlv/� Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 4<<</ 77/ 4<8�5551

Judqgprqw/ Mhdq0Plfkho/ �Rq Hqgrjhqrxv Frpshwlwlyh Exvlqhvv F|fohv/� Hfrqr0

phwulfd/ 4<;8/ 86/ <<8�43791

Kluvfk/ Pruulv dqg Vwhskhq Vpdoh/ Gl�huhqwldo Htxdwlrqv/ G|qdplfdo V|vwhpv/

dqg Olqhdu Dojheud/ Qhz \run= Dfdghplf Suhvv/ 4<:71

Kruq/ Urjhu dqg Fkduohv Mrkqvrq/ Pdwul{ Dqdo|vlv/ Fdpeulgjh= Fdpeulgjh Xql0

yhuvlw| Suhvv/ 4<;81
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Pdufhw/ Doehuw dqg Wkrpdv M1 Vdujhqw/ �Frqyhujhqfh ri Ohdvw Vtxduhv Ohduqlqj

Phfkdqlvpv lq Vhoi Uhihuhqwldo Olqhdu Vwrfkdvwlf Prghov/� Mrxuqdo ri Hfrqrplf

Wkhru|/ 4<;</ 7;/ 66:�69;1

dqg Wkrpdv Vdujhqw/ �Ohdvw Vtxduhv Ohduqlqj dqg wkh G|qdplfv ri K|shu0

lq dwlrq/� lq Z1 Eduqhww/ M1 Jhzhnh/ dqg N1 Vkhoo/ hgv1/ Hfrqrplf Frpsoh{lw|=

Fkdrv/ Vxqvsrwv/ Exeeohv/ dqg Qrqolqhdulw|/ Fdpeulgjh Xqlyhuvlw| Suhvv 4<;</

ss1 44<�46:1

Pdulprq/ Udprq dqg Vk|dp Vxqghu/ �Lqghwhuplqdf| ri Htxloleuld lq d K|shulq0

 dwlrqdu|Zruog= H{shulphqwdo Hylghqfh/� Hfrqrphwulfd/ 4<<6/ 94+8,/ 43:6�443:1

Vdujhqw/ Wkrpdv M1 dqg Qhloo Zdoodfh/ �Lq dwlrq dqg wkh Jryhuqphqw Exgjhw

Frqvwudlqw/� lq Dvvdi Ud}lq dqg Hiudlp Vdgnd/ hgv1/ Hfrqrplf Srolf| lq Wkhru|

dqg Sudfwlfh/ Pdfploodq 4<;:1

Ydq0]dqgw/ Wlprwk| dqg Pduwlq Ohwwdx/ �Urexvwqhvv ri Dgdswlyh H{shfwdwlrqv

dv dq Htxloleulxp Vhohfwlrq Ghylfh/� Pdfurhfrqrplf G|qdplfv +iruwkfrplqj,/

53351

Zrrgirug/ Plfkdho/ �Ohduqlqj wr Eholhyh lq Vxqvsrwv/� Hfrqrphwulfd/ 4<<3/ 8;/

5::�63:1
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< Surri ri Sursrvlwlrq 4 +ghfuhdvlqj jdlq,

Wkh uhpdlqlqj sduw ri wkh surri frqvlghuv ghfuhdvlqj jdlq ohduqlqj uxohv1 Wkh ixqf0

wlrq �E�c �� dv gh�qhg lq +67, lv frqwlqxrxvo| gl�huhqwldeoh lq erwk dujxphqwv lq d

qhljkerukrrg ri w ' Efcf�1 Wkhuhiruh/ iru doo g� : f dqg g2 : f zlwk g� dqg g2

duelwudulo| vpdoo wkhuh h{lvwv d qhljkerukrrg wr Efc f� zkhuh wkh devroxwh ydoxhv ri wkh

dssur{lpdwlrq huuruv lq +69, duh erxqghg e|

mo�c|m � g� Emw�c|3�mn mw2c|3�m� +78d,

mo2c|m � g2 Emw�c|3�mn mw2c|3�m� +78e,

Qh{w/ frqvlghu wkh hljhqyhfwruv e� dqg e2 ri �Ef� fruuhvsrqglqj wr wkh hljhqyhfwruv b�

dqg b2/ uhvshfwlyho|=

e� '

#
e��

�

$
'

3
C �3

�

�
n

6

�2
�2

3

6

�2
��

�

4
D

e2 '

#
e2�

�

$
'

#
f

�

$

Wkh hljhqyhfwruv e�c| dqg e2c| ri �E�|� fruuhvsrqglqj wr wkh hljhqydoxhv b�c| dqg b2c|/

uhvshfwlyho|/ duh jlyhq e|

e�c| '

#
e��c|

�

$
'

3
C b�c|3

�

�
n

6

�2
�2

3

6

�2
��

�

4
D

e2c| '

#
e2�c|

�

$
'

3
C b2c|3

�

�
n

6

�2
�2

3

6

�2
��

�

4
D

Qrz frqvlghu wkh yhfwru edvh frqvlvwlqj ri wkh hljhqyhfwruv Ee�c|c e2c|� ri �E�|�1 Ohw wkh

yhfwru Ew�c w2� kdyh uhsuhvhqwdwlrq E4�c 42��| zlwk wklv qhz edvh/ l1h1#
w�

w2

$
' Ee�c|c e2c|�

#
4�

42

$
�|

+79,

zkhuh wkh vxevfulsw �| lqglfdwhv wkh edvh wr zklfk wkh frruglqdwhv uhihu1 Wkhq iurp

+69, #
4�c|

42c|

$
�|

'

#
b�c| f

f b2c|

$#
4�c|3�

42c|3�

$
�|

n

#
r�c|

r2c|

$
�|

+7:,
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zkhuh wkh dssur{lpdwlrq huuruv duh jlyhq e|#
r�c|

r2c|

$
�|

'

#
�

e��c|3e2�c|
E�|o�c| � e2�c|o2c|�

�

e��c|3e2�c|
E��|o�c| n e��c|o2c|�

$
�|

Xvlqj +78d,/ +78e,/ dqg +79, wkh dssur{lpdwlrq huuruv fdq eh erxqghg dv iroorzv=

mr�c|m �
�

me��c| � e2�c|m
E�| mo�c|mn me2�c|m mo2c|m�

�
�

me��c| � e2�c|m
E�|g� n me2�c|mg2� EEmw�c|3�mn mw2c|3�m��

'
�

me��c| � e2�c|m
E�|g� n me2�c|mg2�Em4�c|3�e��c| n 42c|3�e2�c|mn m4�c|3� n 42c|3�m�

�
�

me��c| � e2�c|m
E�|g� n me2�c|mg2�Em4�c|3�m Eme��c|mn �� n m42c|3�m Eme2�c|mn ���

Vlqfh *�4|<" me��c| � e2�c|m : f/ me2�c|m � �E�|�c dqg vlqfh g� dqg g2 fdq eh pdgh

duelwudulo| vpdoo lw iroorzv wkdw

mr�c|m � �|g
�

�
Em4�c|3�mn m42c|3�m� +7;,

iru vrph g �

�
: f wkdw fdq dovr eh pdgh duelwudulo| vpdoo e| frqvlghulqj d vx!flhqwo|

vpdoo qhljkerukrrg durxqg wkh vwhdg| vwdwh1 Vlploduo|/

mr2c|m �
�

me��c| � e2�c|m
E�| mo�c|mn me��c|m mo2c|m�

�
�

me��c| � e2�c|m
E�|g� n me��c|mg2�Em4�c|3�m Eme��c|mn �� n m42c|3�m Eme2�c|mn ���

� g �

2
Em4�c|3�mn m42c|3�m� +7<,

iru vrph g �

2
: f duelwudulo| vpdoo1

Dq lqfrqyhqlhqw ihdwxuh ri +7:, lv wkdw wkh frruglqdwhv duh h{suhvvhg lq whupv ri d

gl�huhqw yhfwru edvh iru hdfk �|1 Wkhuhiruh/ L uhzulwh +7:, zlwk frruglqdwhv iurp wkh

yhfwru edvh Ee�c e2�1 Wklv edvh lv doprvw lghqwlfdo wr wkh edvh Ee�c|c e2c|� iru vpdoo �|1

Ohw E4�c 42��|
kdyh uhsuhvhqwdwlrq Ek�c k2�f zlwk edvh Ee�c e��/ l1h1#

k�

k2

$
f

'

#
@��c| @�2c|

@2�c| @22c |

$#
4�

42

$
�|

' Ee�ce2�
3� Ee�c|c e2c|�

#
4�

42

$
�|

'

#
e��c|

e��

e2�c|

e��

�� e��c|

e��
�� e2�c|

e��

$#
4�

42

$
�|

+83,
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ru frqyhuvho| #
4�

42

$
�|

'

#
K��c| K�2c|

K2�c| K22c|

$#
k�

k2

$
f

'

#
e��3e2�c|

e��c|3e2�c|
�

e2�c|

e��c|3e2�c|

e��c|3e��

e��c|3e2�c|

e��c|

e��c|3e2�c|

$#
k�

k2

$
f

+84,

Rqh fdq h{suhvv wkh erxqg rq wkh dssur{lpdwlrq huuru lq +7;, lq qhz frruglqdwhv

mr�c|m � �|g
�

�
EmK��c|k�c|3� n K�2c|k2c|3�mn mK2�c|k�c|3� n K22c|k2c|3�m�

� �|g
�

�
EEmK��c|mn mK2�c|m� mk�c|3�mn EmK�2c|mn mK22c|m� mk2c|3�m�

� �|g
��

�
Emk�c|3�mn mk2c|3�m� +85,

iru g ��

�
: f dqg duelwudulo| vpdoo iru d vx!flhqwo| vpdoo qhljkerukrrg1 Vlploduo| iru

wkh erxqg lq +7<,

mr2c|m � g ��

2
Emk�c|3�mn mk2c|3�m� +86,

zlwk g ��

2
: f/ duelwudulo| vpdoo1 Iurp +7:,/ +83,/ dqg +84,

k�c| ' @��c|4�c| n @�2c|42c|

' @��c| Eb�c|4�c|3� n r�c|� n @�2c|EEb242c|3� n r2c|�

' @��c| Eb�c| EK��c|k�c|3� n K�2c|k2c|3�� n r�c|�

n @�2c| Eb2c| EK2�c|k�c|3� n K22c|k2c|3�� n r2c|�

' E@��c|b�c|K��c| n @�2c|b2c|K2�c|�k�c|3�

n E@��c|b�c|K�2c| n @�2c|b2c|K22c|�k2c|3� n @��c|r�c| n @�2c|r2c| +87,

dqg vlploduo|

k2c| ' E@2�c|b�c|K��c| n @22c|b2c|K2�c|�k�c|3�

n E@2�c|b�c|K�2c| n @22c|b2c|K22c|�k2c|3� n @2�c|r�c| n @22c|r2c| +88,
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D orzhu erxqg iru mk2c|m lv jlyhq e|
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li mb2m 	 � Emb2m : ��1
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Vlqfh
S

|
�| '4 wkh ohiw0kdqg vlgh zloo lqfuhdvh zlwkrxw erxqg dv r lqfuhdvhv1 Exw wkhq

m@|3�nrm� pxvw frqyhujh wr }hur/ d frqwudglfwlrq1 Wkhuhiruh/ *�4|<" mk|m� ' kW ' f1

Wklv hvwdeolvkhv wkdw wkhuh h{lvwv d qhljkerukrrg L ri k ' Efc f� vxfk wkdw li k| 5 L

dw d wlph | � |WW/ wkhq k| $ Efc f�1 E| frqwlqxlw| ri ��E�c �� dqg wkh idfw wkdw +69,

kdv d �{hg srlqw dw Efc f� iru doo �|/ k| uhpdlqv lq L iru | � |WW li wkh lqlwldo ydoxhv kf

duh fkrvhq iurp dqrwkhu vx!flhqwo| vpdoo qhljkerukrrg L � � L 1 Wklv hvwdeolvkhv wkh

dv|pswrwlf vwdelolw| uhvxow iru ghfuhdvlqj jdlq ohduqlqj uxohv1

L qrz surfhhg zlwk wkh lqvwdelolw| sduw ri wkh sursrvlwlrq1 Zkhq +55, grhv qrw krog

wkhq Yb�
Y�

: f/ ru mb2m : �/ ru erwk1

Iluvw vxssrvh mb2m : �� Wkhq `22 : � iru | � |W1 Frqvlghu wkh frqh �q '

iEk�c k2�m mk2m � q mk�mj1 L zloo vkrz wkdw wkhuh h{lvwv d �qlwh wlph |WW � |W dqg d

qhljkerukrrg L � � L vxfk wkdw li k| 5 �q _ L � dw d wlph | � |WW/ lw iroorzv wkdw

k|n� 5 �q1 Lq rwkhu zrugv/ k| pxvw ohdyh L � ehiruh lw fdq ohdyh �q1

Iurp +89, zh kdyh wkdw iru k| 5 �q dqg q odujh hqrxjk
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zh kdyh

q Emk�c|n�m � mk�c|m� � mk2c|n�m � mk2c|m

Iurp k| 5 �q zh kdyh

q mk�c|m � mk2c|m

Dgglqj xs wkh odvw wzr htxdwlrqv lpsolhv k|n� 5 �q1

Qrz qrwh wkdw iurp +93, lw iroorzv wkdw iru | � |WW dqg dq| k| 5 �q _ L � zlwk

k2c| 9' f wkh vhtxhqfh ik|n�j
"

�'� zloo ohdyh L
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Lw uhpdlqv wr vkrz wkdw iru dq| vpdoo qhljkerukrrg L �� � L � wkhuh lv d srlqw kf 5 L ��

wkdw lv pdsshg lq d �{hg qxpehu ri vwhsv |WW lqwr d qrq0}hur srlqw k|WW 5 �q _ L �1

Wkh pdsslqj �E�c6� dv gh�qhg lq +67, lv frqwlqxrxvo| gl�huhqwldeoh iru � : f1

Ixuwkhupruh/ � E�c6� : f iru � : f1 Vlqfh lq dq| vwdwlrqdu| udwlrqdo h{shfwdwlrqv

htxloleulxp E�c6� zlwk } � f zh kdyh � � �/ +69, lv frqwlqxrxvo| gl�huhqwldeoh lq d

qhljkerukrrg ri k ' Efc f�1 E| wkh uhjxodulw| dvvxpswlrqv/ wkh pdwulfhv �E�|� duh qrq0

vlqjxodu1 Wkh pdsslqj +69,/ wkhuhiruh/ ixo�oov wkh dvvxpswlrqv ri wkh lqyhuvh ixqfwlrq

wkhruhp +vhh h1j1 Kluvfk dqg Vpdoh +4<:7,/ s166:,1 Pruhryhu/ wkh| kdyh d �{hg srlqw
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lqyhuvh ixqfwlrq wkhruhp dqg kdv d �{hg srlqw dw Efc f�1 Qrz �{ dq duelwudu| L �� � L �

dqg fkrrvh d k|WW 5 �q _ L �� zlwk mk�c|Wm dqg mk2c|Wm vx!flhqwo| vpdoo1 Wkhq e| wkh

frqwlqxrxv gl�huhqwldelolw| ri wkh |WW0lwhudwlyh pds dqg wkh �{hg srlqw surshuw|/ wkh
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Uhvwulfwlqj frqvlghudwlrq wr d vx!flhqwo| vpdoo qhljkerukrrg L � � L rqh fdq

fkrrvh T2� duelwudulo| forvh wr }hur dqg T22 duelwudulo| forvh wr mb2m 	 �1 Zlwk d
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dqg mk2c|m lv ghfuhdvlqj lq �
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�1 Wklv lpsolhv wkdw k|n� 5 � �

q zkhqhyhu k| 5 �
�

q _ L
�
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q1 Dw wkh vdph wlph
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S

�| '4 lpso| wkdw k| zloo ohdyh L
� lq �qlwh wlph1 Wkhq

fkrrvlqj dq k|W 5 �
�

q _ L �� vx!flhqwo| forvh wr }hur zloo lqvxuh wkdw wkh suh0lpdjh kf
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