Bifurcations in Macroeconomic Models

William A. Barnett

Department of Economics

University of Kansas

barnett@ku.edu

and

Yijun He

Department of Economics

Washington State University

yijun@wsu.edu

October 30 , 2002

Abstract:

                                                  Grandmont (1985) found that  the parameter space of even the simplest, most classical

models is stratified into bifurcation regions.  But in such  classical model s  all policies are Ricardian

equivalent and a ll solutions are Pareto optimal.  As a result  he was not able to reach conclus ions

about policy relevance of his dramatic discover y.  Barnett and He (1999,2002) subsequentl y found

transcritical, codimension two, and Hopf bifurcation boundaries within the parameter space of the

policy relevant Bergstrom and W ymer continuous time dyna mic macroeconometric model of the

UK econom y.

                                                  Because of the Lucas critique, there is increasing interest in Euler equation models with

GMM  estimated deep parameters.  He and Barnett´s (2002)  anal ysis of the Leeper and Sims (1994)

Euler equations macroeco nometric model re vealed the existence of  singularity - induced bifurcation

within the model’s parameter space.  Although known in engineering, singularity - induced

bifurcations have not previously been encountered in economics.

                                                  The purpose of the paper is to  introduce the  bifurcation phenomena that we have

encountered in  the anal ysis of m a croeconometric models .   We include  and emphasize  the concept

of singularity - induced bifurcation and its relationship with other forms of bifurcation .  We do so  for

the benef it of economists who might encounter singularit y bifurcation in the future, as we believe is

likely  with other Euler equation models similarly parameterized with deep parameters.

Forthcoming in:  Steve Dowrick, Rohan Pitchford, and Steven Turnovsk y, Inn ovations in

Macrodynamics , Cambridge Universit y Press.

1. Introduction

                                                  Modern mecroeconomics has witnessed the increasing use of d ynamic  models in the study
of economic behavior.   Among the widel y recogni zed models are the Bergstrom and W ym er
continuous  time dynamic macroeconometric model of the UK econom y ( Bergstrom and W ymer

1976), the Leep e r and Si ms  ( 1994)  model , and the dynamic Leontief syst ems (Luenberger and

Arbel (1977 ) .

                                                  Grandmont (1985) found that the paramet er space of even the simplest, most c lassical
models is stratified into bifurcation regions.  But in such classical models all policies are Ricardian
equivalent and all solutions are Pareto optimal.  As a result he was not able to reach conclusions
about policy relevance of his dramatic disco ver y.  Barnett and He (1999,2002) subsequentl y found
transcritical, codimension two, and Hopf bifurcati on boundaries within the parameter space of the
policy relevant Bergstrom and W ym er continuous time dynamic macroeconometric model of the

UK econom y.

                                                  Be cause of the Lucas crit ique, there is increasing i nterest in Euler equation models with

GMM estimated deep parameters.  He and Barnet t´s (2002) anal ysis of the Leeper and Sims (1994)

Euler equations macroeconometric model revealed the existence of singular it y - induced bifurcation
within the model’s param eter space.  Although known in engineering, singularit y - induced
bifurcations have not previousl y been encountered in economics. .

                                                  Euler equation models represen t an important cl ass of economic s ystems. In ad dition to the

Leeper and Sims model, there is, for example, also the well - known Luenberger (1977) fundamental
dynamic Leontief model. K nowledge of the nature of singularit y - induced bi furcations is likel y to
become  increasingl y  important in understanding th e dynamics of modern macroeconomic models.

Bifurcation anal ysis  of parameter space stratification is a fundamental and frequentl y overlooked
part of underst anding model properties, and can provide surprising results, as we have repeatedl y
found .

 The purpo se of the paper is to introduce the bifurcation phenomena that we have
encountered in the anal ysis of macroeconometric models.  We include and emphasize the concept
of singularit y - induced bifurcation and its relationship with other forms of bifurcation.  W e do so for
the benefit of economists who might encount er singularit y bifurcation in the future, as we believe is
likel y with other Euler equation models similarl y parameterized with deep parameters.  The theor y
of singularit y - induced bifurcation is still in the process of developing. Therefore, we use examples
to illustrate the effect of t he presence of this t ype of bifurcation on s ystem behaviors.

2. Stability

Many existing dynamic macroeconomic models can be written in the following general form

 D x  = f ( x , ),         (1)
where D is the differentiation operator, x  is the  stat e vector,  is the param eter vector, and f  is the
vector of functions that governs  the d ynamics of t he system. Ever y component of f ( x , ) is smooth

(infinitely  continuousl y  differ entiable) in a local region of interest. For example, the well - known

Bergstrom continuous time UK macroeconomic model can be written in the form (1) ( Barnett and

He (1999 )).  In the language of s ystems theor y, s ystem (1) is the class of  first - order autonom ous

system s .

For s ystem (1), there may exists a point x

*
 such that  f ( x

*
, )= 0 .   Then  x

*
 is an equilibrium .  W hen

started  at x

                                                                         *
                                                                               , the system will  stay there  forever. Without loss of generality, we ma y assume that

x

        *
              = 0  (b y replacing x with x - x

*
).

The value of the parameter vector  can  affect the dynamics of (1). Let us assume th at  can  take

values within  a possible set

Q
. It can be important to now how the value of the parameter verctor

can change the behavior of (1).

One basic propert y of a s ystem is its stability . If x

*
 is an equilibrium of (1), we know that (1) sta ys

at x

                        *
                               f orever if the s ystem starts at the equilibrium . One would also like  to know what would

happen if the s ystem  starts not exactly at x

*
 but in a neighborhood of it. Stability answers that

question and related questions.

We now  introduce theor y regarding stab ility of a system such as (1) around the equilibrium x

*
= 0 .

For this purpose, let us re write (1) as

 D x  =  A( ) x  +  F( x ,

),         (2)

W here  A( )  is the Jacobian  matrix  of f ( x ,

) acquired b y differentiating f  with respect to x  and

evaluating the resulting matrix  at the equilibrium x

*
= 0 .  The matrix  A( ) is the coefficient matrix of

the linear term s , and

  F ( x , )  =  f ( x , )  -  A( ) x   =  o( x )

is the vector of higher order term s . In nonlinear systems theor y, the local stability of (1) can be

studied by examining the eigenvalues of the coefficient matrix A( ), as follows:

(a) I f all eigenvalues of A( ) have strictl y  negative real parts, then (1) is locally as ymptotically

stable in the neighborhood of x  =  0 .

(b) If at least one of the eigenvalues of A( ) has positive real part, then (1) is locally as ymptoticall y

unstable in the neighborhood of x  =  0 .

(c) If all eigenv alues of A( ) have nonpositive real parts and at least one has zero real part, the

stability of (1) usuall y cannot be determined from the matrix A( ). One needs to analyze higher

order terms in order to determine the stability of the system. In most cases,  one needs to examine

the system behavior along a certain manifold to determine the stability.

Because A( ) is a function of the parameter vector , stability of (1) could be dependent on .

Consequently, it is import ant to know for what parameter values the s ystem  (1) is stable and for

what  values it is not. It i s also important to know the nature of the instability, when the s ystem

unstable.

T he values of  such that (1) is stable defines stable  region S  of the parameter space . In order to
determine S, we need  to find its boundaries. We now examine how to determine the boundar y of
the stability region. According to the conditions (a) - (c), the boundar y could only happen under
condition (c) ,  so  that A( ) has at least one zero eigenvalue. On  the boundary, w e also  need to
determine the stability of the system, but finding the boundar y provide s the  crucial step.

We know from matrix theor y that A( ) has at least one zero eigenvalue if and only if

  det(A( ))  =  0.          (3)

In principle, (3) identifies  th e stability boundar y. But  when  is multi - dimensional, it can be
difficult to solve for the values of  that satisf y (3). In some cases, it is possible to re duce (3) into a
solvable form such  t hat a closed form solution can  be obtained. Otherwise, it might  be able to solve

(3) numerically. Some interesting cases were reported in Barnett and He (1999, 2000) ,  in which we
apply various methods to solve and display stability boundaries characterized by (3).

We  need to introduce a concept that is important in i dentifying boundar y points . An equilibrium
point x
                                               *

                                                     of (1) is called hyperbolic  if the coefficient matrix A( ) has no eigenvalues with zero real
parts. For a h yperbolic equilibrium x
*

, the asymptotic behavior of (1) is determined b y the
eigenvalues of A( ) acco rding to conditions (a) - (b) . The  behavior of non - hyperbolic equilibria can
be especially  interesting.

3. Bifurcations in Macroeconomics

One wa y of studying s ystem  properties , when the values of the s ystem´s parameters are not known
with certaint y,  is through bifurcation analysis. Bifurcation refers to a class of phenomena in
dynamic s ystems such that the  dynamic properties of the system change when parameters cross a
boundar y.  When the location of a s ystem´s parameters is not know with certaint y, it is important to
know about the existence and location of such bifurcation boundaries and to explore on whi ch side
of the boundaries the parameters lie.  Bifurcation boundaries  have been discovered in man y
macroeconomic s ystems .  The types of bifurcation boundaries found include  Hopf bifurcations in
growth models [e.g., Benhabib and Nishimura (1979), Boldrin and  Woodford (1990), Dockner and

Feichtinger (1991), Nishimura and Takahashi (1992)], pitchfork bifurcations in the tatonnement
process [ e.g. , Bala (1997), Scarf (1960)], and transcritical bifurcations [Barnett and He (1999)].

Bifurcations are especial intere sting to d ynamic macroeconomic s ystems ,  since  seve ral well - known
models ,  including Be rgstrom and W ymer´s (1976)  UK model ,  operate close to bifurcation
boundaries between stable and unstable regions of the parameter space. .

For  small  perturbations of param eters, there are no structural changes in the dynamics  of a
hyperbolic equilibrium, provided the perturbations are sufficientl y small. Therefore, bifurcations
can  occur  onl y in the local neighborhood of  non - hyperbolic equilibria.

3.1. Transcritical Bifurc ations

A transcritical bifurcation occurs when a s ystem has a non - h yperbolic equilibrium with a

geometricall y simple zero eigenvalue at the bifurcation point, and  when  additional transversality

conditions  also  are satisfied [given b y the Sotomayor’s Theor em in Sotomayor (1973)].

For a one - dimension al  s ystem,

  D x  =  G( x ,

                                                                                                                      q
),

the transversality conditions for a transcritical bifurcation at (x,

 q
)=(0,0) are

                                                  G(0,0)  =  G

x

(0,0)  =  0, G

q

(0,0)  =  0, G

xx

(0,0) �DQG�*

q
x

2

-  G

xx

G

qq

(0,0)  >  0.     (4)

The canonical form of such systems is

                                                  Dx  =

                                                                                        q
                                                                                                 x  -  x

2

.          (5)

Note that (5)  is stable around the equilibrium x

*

=0 for
q
 <0, and unstable for
q
 >0. The equilibrium

x

         *

              =

                       q
                                 is stable for

                                                                                                                      q
 <0, and unstable for
q
 >0.

The following  Figure 1 illustrates the  resulting  trans critical bifurcation. In Figure 1, the solid line

represents stab le equilibrium points ,  while the dashed one shows unstable ones.

Figure 1. Diagram of Transcritical Bifurcation

Transcritical bifurcations have been found in high - dimensional continuous - time macroeconometric

systems. In high dimensi on case s , transversalit y conditions have to be verified on a certain

manifold.  S ee Guckenheimer and Holmes (1983) for details.

3.2. Pitchfork Bifurcations

The standard  one dimensional  system with a pitchfork bifurcation is

                                                  Dx  =

                                                                                        q
                                                                                                 x  -  x

3

.

q
x*

For each
                                                              q

                                                                       >0, this system has three equilibria: x

*

=0 (unstable),
± q

(stable). For ever y
q

 <0, there
is only one (stable) equilibrium x

*

=0. Figure 2 is its bifurcation diagram.

Figure 2. Diagram of Pitchfork Bifu rcation.

Transversality conditions can be obtained as the follows. Consider a one - variable, one - parameter
differential equation

                                                  Dx  =  f(x,
                                                                                                                q

                                                                                                                        ).

Suppose that there exists an equilibrium x

*

 and a parameter value
q
*

 such that (x

*

,
q
*

) satisfies the
following conditions:

.

0

|

)

,

                                                                                                            (

                                                                      )

                                                         (

,

0

|

)

,

                                                                                                            (

                                                                      )

                                                         (

,

0

|

)

                                                                                                               ,

                                                                                                 (

                                                                       )

                                                         (

*

,

*

                                                                                         2

*

                                                                                                                        3

*

                                                                                         3

*

*

¹

                                                                                                             ¶

                                                                                              ¶

                                                                               ¶

¹

                                                                                                       ¶

                                                                                ¶

=

                                                                                                       ¶

                                                                                ¶

=

=

=

=
q
q
                                                                                                                     q

q

q

                                                                                                                    q
x
x

x
x

x
x

                                                                                                      x

                                                                                                                   x

                                                                                                    f

                                                              c

                                                                                                               x

                                                                                                                   x

                                                                                                   f

                                                              b

                                                                                                               x

                                                                                                        x

                                                                                        f

                                                              a

Then (x

                                                    *

                                                          ,
                                                              q *

                                                                            ) is a pitchfork bifurcation point. Depending on the signs of the transversalit y
conditions, the equilibrium x

*

 could change from stable to unstable when the parameter
q

 crosses
q *

              .

Consider the differentia l equation

                                                  Dx  =
                                                                                        q

                                                                                                 x  -  x

3

.

We find that x

                                                                                                *

                                                                                                     =0 and x

*

=
± q
are equilibria. The Jacobian is
q

- 3x

2

, which is equal to zero when
x=0 and
                                                          q

                                                                   =0. The transversality conditions are also satisfied at (0,0). Hence the point (0,0) is a
pitchfork bif urcation point. Judging b y the sign of
q

- 3x

2

, we can see that the equilibrium x

*

=0 is

(0,0)

q

x

stable ,  when

                                                                                       q
                                                                                                 <0 and unstable when
q
 >0. The two other equilibria x

*

=

± q
are stable for
q
 >0. In

this case, pitchfork bifurcation is said to be supe rcritical. Otherwise, the pitchfork bifurcation is

subcritical.

Bala (1997) explains how pitchfork bifurcation occurs in the tatonnement process. Consider an

econom y consisting of two goods and two agents. The process consists of two goods and two

agents.  The agents have CES utility functions parameterized b y
m Î
[0, 1]. The utility functions and

endowments of agents 1 and 2 are

)

1

/(

2

)

1

/(

1

)

1

/(

1

                                                                                                             2

                                                                                       1

                                                                 2

)

1

/(

2

)

1

/(

1

)

1

/(

1

                                                                                                           2

                                                                                    1

                                                                1

2

)

                                                                                                                     ,

                                                                                              ,

                                                                         (

2

)

                                                                                                                   ,

                                                                                            ,

                                                                       (

-

-
-

-
-

-

-

-

=

-

-

=

m
m
m
m
m
m
m
m
m
m

m

                                                     m
m

                                                     m

x
x

                                                                                                     x

                                                                                x
x
x

                                                                                                   x

                                                                              x

where x

                                                     1

                                                            and x

                                                                                                   2

                                                                                                          are the amounts of the two goods which are consumed. Let the price of good 2 be

normaliz ed to be 1 ,  and let p denote the price of good 1. The following are the resultant excess

demand functions for the econom y e

m

:

1

2

2

1

2

                                                                                                      )

                                                                                     ,

                                                                    (

1

2

1

2

2

                                                                                                    )

                                                                                   ,

                                                                  (

                                                             2

1

                                                            1

-

+

+

+

                                                                                                                =

-

+

+

+

                                                                                                              =

-

m
m
m
m

m
m

                                                                                           m

                                                                                          m

p
p
p

                                                                            p

                                                     z
p
p

p
p

                                                                          p

                                                     z

The tatonnement process for the economy e

m

 is given by

                                                  Dp  =  z

                                                                                                1

                                                                                                     (p,

                                                                                                                       m
).

Bala (1997) shows that pitchfor k bifurcation exists in this system ,  and, furthermore, that for an y

m Î
                     (3/4,1), the econom y e

m

 has three equilibria. C haos also exists in the tatonnement process as

shown in Bala and Majumdar (1992).

3.3. Saddle - Node Bifurcations

The standard s ystem with a pitchfork bifurcation is

                                                  Dx  =

                                                                                        q
                                                                                                     -  x

                                                                                                                       2

.

Note that it differs from the basic s ystem for trans critical bifurcation by replacing the first order

term with the zero order parameter and from the basic system  for pitchfork bifurcation b y lowering

the orders  of  both terms. There exist s  no equilibrium for
q<0.
For an y given
q
>0, this system has

two equilibria ,  x

                                                                                                              *

                                                                                                                   =

± q .
Figure 3 shows the  bifurcation diagram.

ú

ú

ú

ú

ú

ú

ú

ú

ú

ú

ú
û

ù

                                                                                 ê

                                                                                 ê

                                                                                 ê

                                                                                 ê

                                                                                 ê

                                                                                 ê

                                                                                 ê

                                                                                 ê

                                                                                 ê

                                                                                 ê

                                                                                 ê

                                                                                 ë

                                                                                 é

                                                                   =

-

-

-

-

-

1

3

1

1

3

1

1

3

                                                                                               1

4

2

0

2

2

0

2

2

                                                                                               0

...

...

0

...

0

                                                                                           0

...

...

0

...

0

0

...

                                                                                           0

0

...

0

0

0

...

1

...

0

...

0

                                                                                           0

...

...

0

...

0

1

...

                                                                                           0

0

...

0

0

1

...

n

n

n

n

n
c
c
c

c
c

                                                                                                                        c

c

                                                                                                                       c

                                                                                        c

c
c
c

c
c

                                                                                                                       c

c

                                                                                                                       c

                                                                                       c

                                                     S

Let S

                                    0

                                          be obtained b y deleting rows 1 and n/2 and columns 1 and 2, and let S

1

 be obtained by
deleting rows 1 and n/2 and columns 1 and 3. Then the matrix A(
q

) has exactly one pair of purel y
imaginar y eigenvalues [see, e.g., Guckenheimer et al. (1997)]  if

                                                  det(S)  =  0,  det(S

0

)det(S

1

)  > 0.       (6)

If det(S)  �  0 or if det(S

0

)det(S

1

)<0, then A(
q

) has no purely imaginar y eigenvalues. If det(S)=0 and
det(S

                                   0

                                         )det(S

                                                                                  1

                                                                                       )=0, then A(
q

) ma y have more than one pair of purel y imaginary eigenvalues.

Therefore, the second condition for a bifurcation boundar y is

  det(S)  =  0,  det(S

0

)det(S

1

) �  0.       (7)

The condition (7) could be used to find candidates for bifurcation bound aries ,  and t hen the
candidate  segments  could be checked to determine which are true boundaries. Since solving (7)
anal ytically is impossible with realistic cases , a numerical procedure was provided in Barnett and

He (1999) to find bifurcation boundaries. T he stability of (7) at parameter values on the bifurcation
boundar y can be analyzed in the same manner as for transcritical bifurcations. Figure 4 shows the
bifurcation diagram for Hopf bifurcations.

Figure 4. Diagram for Hopf Bifurcation

q

y
x

4. Singularity - Induced Bifurcations

In Section 3, we reviewed s ome well - documented bifurcation regions encountered  in

macroeconomic models. We devote this section to a recently discovered  surprising  bifurcation

region found in the Leeper and Sims  (1994) b ifurcation  model:  singularity - induced bifurcation.

Some macroeconomic models ,  such as the widel y recognized d ynamic Leotief model and the

Leeper and Sims model , have the form

 E x (n+1)  =  A x (n)  +  f (n) ,         (8)

in which x (n) is the state vector , f (n) is the  vector  dri ving variable s , n is time, and E and  A are

constant matrices of appropriate dimensions. The most significant aspect of (8) is the possibility

that the matrix E could be singular. If E is alwa ys invertible, then (8) will be  in  the discr ete - time

form of (1).

The model (8) in continuous time has the following form.

 E( x , )D x  =  F ( x , ).         (9)

Singularity - induced bifurcation occurs  when the rank of E( x , ) changes ,  such as from an invertible

matrix to a singular one. In such cases, the dimension of the dynamic part of the system changes

accordingl y. To see this point, f or an y given form of (9), we can alwa ys perform appropriate

coordinate transformation so that (9) is equivalent to the following form.

)

,

,

(

0

)

,

,

(

)

                                                                                                                  ,

                                                                                           ,

                                                                      (

2

1

2

2

1

1

1

                                                                                                          2

                                                                                    1

                                                              1

q
q

                                                                                                                      q

x
x

F
x
x

F

Dx

                                                                                                  x

                                                                             x

                                                     E

=

=

For this reason, the s ystem (9) is often referred to as a differential - algebraic system.

The structural properties of the dynamics for (9) are substantially  more  complex than those for (1).

Standard forms are available in bifurcation anal ysis of (1) ,  but no canonical forms are available for

(9). When E=I, (9) becomes (1) . In that case  bifurcations  can be classified according to the

canonical forms obtained from transforming A. The values that E ma y take create a large number

of  possibilities.

We use the following examples to demonstrate the complexity of bifurcation behavior of (9).

Example 1 . C onsider the following s ystem modified from the canonical s ystem for transcr i tical

bifurcation.

                                                  Dx  =

                                                                                        q
                                                                                                 x  -  x

2
           (10)

                                                  0  =  x  -  y

                                                                                                          2
                                                                                                                          (11)

                                                                          The equilibria now become (0,0) and (
q, ± q

). In thi s case, (10) - (11) is stable around the

                                                                          equilibrium (x

*

, y

*

)  =  (0,0) for
q

 <0, and unstable for
q

 >0. The equilibrium (x

*

, y*)  =  (
q, ± q

) is

                                                                          undefined  when
q

 <0  and unstable when
q

 >0. Fi gure 5 shows the three - di mensional bifurcation

                                                                          diagram for this s ystem,

0

0 . 2

0 . 4

0 . 6

0 . 8

1

0

0 . 5

1

-1

-0 . 5

0

0 . 5

1
q

x

y

Figure 5. Bifurcation Diagram for (10) - (11) for
q

>0.

                                                                          Example 2 . The following s ystem is modified from the cano nical s ystem for saddle - point

                                                                          bifurcation.

Dx  =
q

 -  x

2

           (12)

0  =  x  -  y

2

          (13)

                                                                          The equilibria are (
q , ± 4 q

) ,  which are defined onl y for
q

 >0. In this case, (12) - (13) is stable

                                                                          around both equilibri a.

0

0 . 2

0 . 4

0 . 6

0 . 8

1

0

0 . 5

1

-1

-0 . 5

0

0 . 5

1

q
x
y

Figure 6. Bifurcation Diagram for the S ystem (12) - (13).

                                                                          The form of matrix E is fixed  to be

ú

û
ù

ê

ë
é

=

0

0

0

1

E ,

                                                                          in both Example 1 and Example 2. However, in some systems such as the Leeper and Sims model,

                                                                          the matrix E is also parameterized.  The following example demonstrates bifurcation in such cases.

                                                                          Example 3 . Consider the system

Dx  =  ax  -  x

2

.          (14)

q
Dy  =  x  -  y

2

         (15)

                                                                          in which a>0. For ever y
q
, the equilibria are (0,0) and (a,
a

±
). In this case, (14) - (15) is unstable

                                                                          around the equilibrium (x

*

, y

*

)  =  (0,0) for an y value of
q
. The equilibrium (x

*

, y*)  =  (a, a

+
) is

                                                                          unstable for
q
 <0, and stable for
q
 >0 ,  although the value of the equilibrium does not depend on
q
 at

                                                                          all. The third equilibrium (x

*

, y*)  =  (a, a

-
) is unstable for
q
 >0  and stable for
q
 <0.

                                                                          The effect of adding the second d ynamic equation is more visible if we consider the s ystem (14) -

                                                                          (15) in phase plan.

Figure 7. Phase Portrait of (14) - (15) for
q

>0

Figure 7 clearl y shows the stability of the equilibrium point (1,1) and the insta b ility of (1, - 1) and

(0,0). It displa ys  two - dimensional dynamics for any
q

� . However, when
q

=0, the s ystem behavior
degenerates into the movement along the curve x - y

2

=0, as shown in Figure 8 .

�

Figure 8. Phase Portrait of (14) - (15) for
q

= 0

Example 4 . If the second equation in (14) - (15) is changed to be linear, such that

(0,0)

(1,1)

(1, - 1)

x

y

y
x

(1, - 1)

(1,1 )

(0,0)

                                                  Dx  =  ax -  x

2

         (16)

                                                  q
                                                           Dy  =  x  -  y          (17)

then for ever y

                                                                                                 q
                                                                                                           the equilibria are (0,0) and (a,a) . In this case, (15) - (16) is unstable around the

equilibrium  (x

                                                                                                *

                                                                                                      ,y

                                                                                                                  *

                                                                                                                       )  =  (0,0) for an y value of
q
. The equilibrium (x

*

, y*)=(a,a) is unstable for
q
 <0 and

stable for

                                                                  q
                                                                            >0. Again the value of the equilibrium does not depend on
q
 at all. Figures 9 and 10

show the phase portrait s  for (16) - (17) for
q
 >0 and  for
q
 = 0, respectiv ely.

Figure 9. Phase Portrait of (16) - (17) for
q
>0.

Figure 10. Phase Portrait of (1 6) - (17) for
q
=0.

x
y

(1,1)

(0,0)

(0,0)

(1,1

)

x
y

Again, Figures 9 and 10 demonstrate the drastic changes of d ynamical properties ,  when the
parameter traverses the b if urcation boundar y. W hen
q

=0, the variable y in (16) - (17) is just a replica
of the variable x in (16) - (17). T he real independent dynamics is just one - dimensional. However,
when
                                        q ¹

                                                          0, the s ystem moves in to  a two - dimensional space. The variable y follows x wit h some
deviation error . The error asymptoticall y diminishes to zero.

Changes in the d ynamical properties of (9) can reflect  more than a simple change of the rank of E.

In fact, even with the same rank of E, the order of the dynamical part of (9) could sti ll vary ,  when
parameters take different values ,  as illustrated in the following example.

Example 5 . Consider the following s ystem

                                                  Dx

                                                                      1

                                                                             = x

                                                                                                      3

                                                  Dx

                                                                      2

                                                                             = - x

                                                                                                            2

                                                  0 = x

                                                                                    1

                                                                                           + x

                                                                                                                    2

 +
q
x

3

         (18)

For an y
                                                       q

                                                                � , solving from the last equation results in

                                                  Dx

                                                                      1

                                                                             = - (x

                                                                                                                 1

                                                                                                                        + x

2

)/
 q

                                                  Dx

                                                                      2

                                                                             = - x

                                                                                                            2

                                                                                                                           (19)
which is stable at the equilibrium (0,0) for
q

 >0  and unstable at equilibrium (0,0) for
q

 <0 .

Solving from the last equation of  (18) when
q

=0, � we obtain

                                                  x

                                                          1

                                                                 = - x

                                                                                                2

                                                  x

                                                          3

                                                                 = x

                                                                                          2

                                                  Dx

                                                                      2

                                                                             = - x

                                                                                                            2

                                                                                                                           (20)
for an y t>0. Note the difference of the order of d yn amics in (20) from that of (19)!

5. Conclusion

In this paper, we have provided a summar y of some well - documented bifurcation ph eno mena in
macroeconomic models.  Most notably, we have introduced singularit y - induced bifurcations ,  which
have not previousl y been encountered in economics and which He and Barnett (2002)  surprisingly
recentl y discovered in the Leeper and Sims Euler equation s macroeconometric model. Although
many interesting results have been obtained  in the existing literature , bifurcation theory in
economic d ynamics is far from complete.

                                                  References

                                                  Bala, V. (1997), ^A Pitchfork Bifurcation in the Taton n ement Process,~ Eco nomic Theory ,
vol  10, pp. 521 - 530.

                                                  Bala, V., and M. Majumdar (1992), ^Chaotic Tatonnement,~ Economic Theory , vol  2, pp.

437 - 445.

                                                  Barnett, William A. and Yijun He (1999), ^Stability Anal ysis of Continuous - Time

Macroeconometric S ystems,~ Studies in Nonlin ear Dynamics and Econometrics , January, vol 3, no.

4, pp. 169 - 188.

                                                  Barnett, William A. and Yijun He (2002), ^Stabilization Policy as Bifurcation Selection:

Would Stabilization Policy Work if the Econom y Really Were Unstable? ,~ Macroeconomic

Dynamics , vol  6, no 5, November, forthcoming.

                                                  Benhabib, J., and K. Nishimura (1979): ^The Hopf bifurcation and the existence and

stability of closed orbits in multisector models of optimal economic growth,~ Journal of Economic

Theory ,  vol 21, pp. 421 - 444.

                                                  Bergstrom , A.R., and C.R. W ymer (1976), ^A Model of Disequilibrium Neoclassic Growth

and its Application to the United Kingdom,~ in A.R. Bergstrom, ed., Statistical Inference in

Continuous Time Economic Models , North Holland, Amsterdam.

                                                  Boldrin, M., and M. Woodfor d (1990), ^Equilibrium Models Displaying Endogenous

Fluctuations and Chaos: A Surve y,~ J. of Monetary Economics , vol  25, pp. 189 - 222.

                                                  Carr, J., (1981): Applications of Center Manifold Theory , New York: Springer - Verlag.

                                                  Dockner, E.J., and G. Feichtinger  (1991): ^On the optimality of limit c ycles in dynamic

economic s ystems,~ Journal of Economics , vol 51, pp. 31 - 50.

                                                  Gandolfo, G. (1996), Economic Dynamics , Springer, New York.

                                                  Glendinning, P. (1994), Stability, Instability, and Chaos , Cambridge University  Press.

                                                  Grandmont, J. M. (1985), ^On Endogenous Competitive Business C ycles,~ Econometrica ,

vol 53, pp. 995 - 1045.

                                                  Guckenheimer, J., and P. Holmes (1983), Nonlinear Oscillations, Dynamical Systems, and

Bifurcations of Vector Fields , New York: Springer - Ver lag.

                                                  Guckenheimer, J., and M. Myers, and B. Sturmfels (1997). ^Computing Hopf Bifurcations

I,~ SIAM J. Numer. Anal.  vol  34, pp. 1 - 21.

                                                  He, Yijun and William A. Barnett (2002), ^New P henomena Identified in a Stochastic

Dynamic Macroeconometric Model:  A B ifurcation Perspective,~ Journal of Econometrics ,

forthcoming.