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Abstract

This paper studies the effects of local interactions on employment distributions in a Keynesian-
type model with strategic complementarities. It is shown that rational expectations generate
symmetric equilibria for any interaction structure except autarky. Under adaptive expecta-
tions, the distribution of employment converges to a symmetric rational expectations equilib-
rium, implying that inequality cannot persist in the long run. On the basis of both analytical
and computational results, however, it is shown that symmetric equilibria are unstable in the

sense that, in the presence of noise, local interactions can produce globally persistent inequality.

*An earlier version of this paper was presented under the title “Markets as Distributed Networks” at the Fifth
International Conference of the Society for Computational Economics at Boston College, June 1999.

T would like to thank William Brock, Steven Durlauf, David Griffeath, Jonathan Parker, Larry Samuelson,
William Sandholm, and participants of the 1998 Santa Fe Institute Graduate Workshop on Computational Economics
for valuable suggestions and comments. Special thanks to Cosma Shalizi for programming assistance, and to the
Santa Fe Institute for its hospitality. Of course, any remaining errors are mine.



1 Introduction

Markets are systems in which large numbers of interacting agents operate in parallel. In a standard
Arrow-Debreu framework, the interactions between these agents are ‘global’. That 1s, conditional
on equilibrium prices, the buyers and sellers of a given good are indifferent as to who to trade with,
hence each agent has an equal probability of trading with any other agent in the economy.

The assumption of ‘global interactions’ plays an important role in macroeconomics. By appeal-
ing to laws of large numbers, it enables us to solve important aggregation problems. By allowing
for the construction of ‘representative agents’, the complexities of multi-agent systems can be
significantly reduced.

In real world markets, however, there is no doubt that the assumption of global interactions
is violated. Even in today’s ‘global village’, there are many reasons why agents are unable or
unwilling to trade with each other. Trade volumes still tend to decrease with distance, in spite
of substantial reductions in transportation costs. ' Due to imperfect information and incomplete
contracts, agents that are unknown to each other tend to be less likely to trade. 2 Because of legal
constraints, agents cannot choose to live and work wherever they want. And even if they could,
cultural differences or language barriers may keep them from moving, or may bias them towards
consumption of home-produced goods and services.

In this paper we will focus on the consequences, rather than the causes, of local interactions.
In particular, we will study the effects of local interactions on the steady state distributions of
employment and income in a Cooper and John (1988) type Keynesian model with strategic com-
plementarities.

The setup of the paper is as follows. First, section 2 presents the basic notation and assump-
tions of the model. Next, section 3 discusses its equilibrium properties under various assumptions.

It will be shown that rational expectations generate symmetric equilibria for any interaction topol-

I This is true even when one controls for spatial correlations in income. As Deardorff (1998) notes, for instance: “It
has long been recognized that bilateral trade patterns are well described empirically by the so-called gravity equation,
which relates trade between two countries positively to both of their incomes and negatively to the distance between
them, usually with a functional form that is reminiscent of the law of gravity in physics.” (p. 7). For empirical
evidence, see, e.g., Bergstrand (1985) and Frankel (1998).

2See, e.g. Williamson (1985) on asset specificity, Kranton (1996) on search costs, Fafchamps (1998) on reputation,
and Fukuyama (1995) on trust.



ogy, while under adaptive expectations, the distribution of employment converges to a rational
expectations equilibrium, implying that spatial inequality cannot persist in the long run. As a
special case, section 4 studies a binary version of the model, which turns it into an evolutionary
coordination game. Stochastic versions of this game are analyzed in Section 5. The major finding,
supported by extensive computational experiments, is that symmetric equilibria are unstable in the
presence of noise, implying that local interactions can indeed generate global persistence. Section

6 interprets and concludes.

2 Description of the Model

We consider an economy with two types of agents, workers and firms, and three types of goods. In
addition, the economy has a spatial structure, a time structure, and a technological structure, the

details of which are described below.

2.1 Space

Agents live on a finite two-dimensional lattice S C Z2 Each site of the lattice is inhabited by
one (representative) worker and one (representative) firm, who are indexed by their coordinates
= (i,5)>

The interaction structure between agents is represented as a matrix P with elements p(z,y),
denoting the fraction of income spent by the worker at site z on the goods produced at site
y. The interaction strength between z and y is assumed to decrease with their distance, i.e.
p(z,y) = ¥(]Jz — y|), where |z — y| denotes the Euclidean metric, and #(-) is a monotonically
decreasing function, which in geographic space can be interpreted as resulting from the existence
of transportation or travel costs.* To simplify the model, however, the selection of trade partners

is not explicitly modelled, hence P will be taken as exogenous.® In particular, two special cases

3 Alternatively, each worker-firm pair could be thought of as a single representative agent, or a social planner.
This interpretation will be used in section 4. For now, however, we will treat the worker and the firm as separate
entities, possibly representing a unit mass of workers and a unit mass of firms.

4 Alternatively, one could think of S as a product characteristics space, where the preferences of agents are
such that the utility of goods is decreasing in the distance of their characteristics from the goods they produce
themselves. Formally, this could be modelled by a Cobb Douglas utility function, the coefficients of which represent
the equilibrium fractions of income that each agent would like to spend on each good.

5 An important extension for future work will be to endogenize the interaction structure by allowing the selection



will be analyzed:

e Global interactions: p(z,y) =571, Ve, y
0 ifyé¢ N,

e Local Interactions: p(z,y) =

|N;|~! ify € N,

where N, indicates the ‘trade neighborhood’ (set of trade partners) of z, and |S| and |N;| denote
the total number of agents and of 'neighbors’; respectively. Note that, for N; = S, the second case

reduces to the first.

2.2 Time

Time is discrete, and is structured as follows:

e At the beginning of each period, workers are hired and goods are sold;
e During each period, goods are produced;

e At the end of each period, workers are paid, and firms determine how much labor to hire in the

next period.

2.3 Goods

There are three goods in this economy: a labor commodity 7;, a composite market good y;, and a

composite nonmarket or ‘home-made’ good h;. All goods are nonstoreable. Notation is as follows:

né(z) demand for labor to be employed during period ¢ at site z
n; (x) supply of labor to be employed during period ¢ at site z
n(z) labor employed during period ¢ at site =

i employment configuration during period ¢

i employment rate during period ¢

of trade partners to depend on differentials in price levels and transportation costs.



ye (z) demand for market goods at the end of period ¢ at site z

yi (x) supply of market goods at the end of period ¢ at site z
ye(z) market goods sold at the end of period ¢ at site z
hi(2) nonmarket goods produced and consumed during period ¢ at site z

The labor commodity n:(z) is assumed to have countable support Q = {0, % e ”n;l, 1}. This
assumption is mainly made for convenience, and may be interpreted so as to mean that labor
can only be hired in discrete quantities (e.g., hours). A state of the economy, then, is a spatial

employment distribution 5, € Q5.

2.4 Technology

Each worker is endowed with one homogeneous unit of labor time per period, of which 7:(z)
is allocated to market activities (working for the firm), and 1 — n:(z) is allocated to nonmarket
activities (e.g. farming, household work, crime, or any other activity that enable workers to survive
outside the labor market). The production processes for both activities are assumed to be constant
returns to scale, with market production assumed to be more efficient. Normalizing the marginal

productivity of market work to one, this gives a pair of production functions for each site z:

ve(z) = () (1)

hi(z) = ofl — ns(2)], (2)

where o < 1 indicates the marginal productivity of nonmarket activities.



2.5 Workers

From the perspective of consumption, market goods and nonmarket goods are perfect substitutes.

Hence, each worker’s preferences may be represented by a utility function of the form

uy(2) = ¢(he(@) + er(2)), (3)

where ¢(-) is a monotonically increasing function; h:(z) is the amount of goods produced and
consumed at home, and ¢;(z) denotes the amount of consumption goods purchased in the market.

Since nonmarket goods, by definition, have no market value, market goods can only be pur-
chased in exchange for income earned in the market, which is simply the market wage w;(z) times
the number of hours worked for the firm n:(z). To simplify the analysis, T will assume that bor-
rowing or saving is impossible, and that the firm’s profits m;(z) are transferred to the worker at
the end of each period. ® At the beginning of each period, then, each worker solves the following
problem:

pn2x, Ohe(@) + ()

st c(z) < we(x)me(z) + m(z) (4)

he(x) < ofl — n)]
This gives the following labor supply curve:
=0 ifw(zr)<co

(@) Seq if wi(z) =0 (5)

=1 ifw(z) >0,

where Q denotes the support of n:(z).

6Since the worker takes these profits as given, this has no effect on the worker’s decisions.



2.6 Firms

At the end of each period, each firm maximizes expected profits so as to determine the amount of
labor it wishes to hire in the next period:

;11@))( Eyami(z) = By (x) — we(2)me(2)

sty (z) < m(z) (6)
ye(2) = min{y{'(z), y; (2)},
where F;_1 1s the subjective expectations operator, conditional on information at the end of period
t—1.
The first constraint says that the supply of market goods must be within the production pos-

sibility set; the second that firms cannot sell as much as they want. Assuming that the trade

structure P is common knowledge, the firm at z should expect the demand for its goods to be

Be-1gf () = X ply, 1) Brose(y), (7)
yeS

where p(y, z) denotes the proportion of y’s market income that is spent at site z, so that

> oply, )= plyx)=1. (8)

yeSs z€S

Substituting this into the firm’s objective function gives

zn(a))( Ei_ym = min Zp(y,a:)Et_lct(y),m(m) — we(z)m (). (9)
" yes



This yields the labor demand curve:

=22, Py, &) Er_rce(y) if wy(z) < 1
n; (2) €10, 3,y 2)Broicr(y)]  if wi(x) =1 (10)

—0 if wy(z) > 1.

2.7 Equilibrium

Definition 1 An equilibrium of this model is a set of allocations 1., y:, ¢, and hg, trade structure

P, and prices wy and m, such that, for all z,y € S,z # y,

(i) given expectations E;_ici(y), trade structure P, and wages wi(z), each firm chooses nf(z)

and y; (z) so as to solve its profit mazimization problem;

(ii) taking profits m(z) and wages w(z) as given, each worker chooses 0 (z), ci(z), and h:(z)

so as to solve her utility mazrimization problem;
(iii) labor markets clear: ni(z) = ni(z);

(iv) goods markets clear: y?(z) = yi(z).

Proposition 1 In any equilibrium, it must be true that, for all z, y,

ne(x) =Y p(y. 2) Eeoime(y) (11)

yeS

Proof: Firms know that workers will spend all their income each period:

Biayi(x) = Y ply, @) Eeoren(y),
yeSs

(12)
= 3" ply ) Beoawe(y)me (y) + m(y)]

yeS



Substituting this into the firm’s labor demand curve gives

> yes Py ) Evafwi(y)n: (y) + mio(y)] if wi(2) <1

0 if wy(z) > 1.

Note that this demand curve is decreasing in the firm’s own real wage rate, but is increasing in
the real wage rates of others. However, in equilibrium, the demand for labor is independent of the
real wage rate of others. To see this, observe that, under the assumption that the firm’s profits are
transferred to the worker (or, alternatively, that the marginal propensity to consume is the same

for both workers and firms), we have

m (@) = m(x) (1 = we(2)) (14)

This gives the result that

ni(2) =Y py, &) Eeame(y). (15)

yeS

From Figure 1 1t can be seen that, for any labor demand, there exist wages such that labor markets

clear. Hence, the amount of labor actually employed in equilibrium will satify:

ne(z) = ply, 2) Beame(y) = 0e(x) (16)

yeS

In game theoretic terms, this equation can be intepreted as a best response function, implying
that our definition of equilibrium is consistent with that of Nash equilibrium. Since the function
is positively sloped, there exist ‘strategic complementarities’ in employment: 7 if the employment
rate at site y increases, then, for all z such that p(y,z) > 0, this creates a higher demand for the
goods produced at site z, which in turn increases the demand for labor in z.

When n;(z) = 0 or n:(2) = 1, the exact determination of the wage rate, and hence, the division

7On the notion of strategic complements, see Cooper and John (1988).



of the surplus (1 — o), depends on the distribution of power between firms and workers, which
we will take as exogenous. The reason is that, while the division of the surplus does affect the
inequality within regions, it turns out not to affect the inequality between regions, which is what

this paper will focus on.

Proposition 2 There exist 3 types of equilibria, which must satisfy, Va:

(1) w(z)€[0,0),  m(x)=0
(2)  w(z) =0, ne(x) = 22, p(y, 2) Eeo1me (y)

(3)  wi(x) €(o,1],  m(z) =1

Proof: See figure 1. O

Figure 1: Labor market equilibrium.

3 Equilibrium Properties

In this section, the static and dynamic properties of the equilibrium distribution of employment
will be discussed for general support € of labor, general interaction structure P, and specific

assumptions on expectations. In subsequent sections, the model will be further analyzed for binary
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state spaces, local interaction structures, and different assumptions concerning the productivity of
nonmarket work.

In order to fix expectations, we first need to make further assumptions about the available
information to each firm. As a benchmark case, section 3.1 will discuss the equilibrium proper-
ties under the assumption of rational expectations, which says that subjective expectations equal

mathematical equations:

Ee_ame(y) = Ene(y).

Under this assumption, which implies that firms know the true model of the economy, the model is
essentially static, in that there are no temporal correlations between the equilibrium employment
levels in different periods. Section 3.2 will discuss a more interesting, dynamic version of the model,

in which firms are assumed to have adaptive expectations,

Eeame(y) = me-1(y).

Under this assumption, the distribution of employment follows a Markov process, which i1s shown

to converge to a rational expectations equilibrium.

3.1 Equilibrium Properties under Rational expectations

Proposition 3 Let firms have rational expectations: F;_1m:(y) = En(y). Then,
a. there exist |Q] symmetric equilibria.

b. when p(y,z) > 0 for some y # z, the set of symmetric equilibria is unique.

11



Proof: Under rational expectations, the equilibrium demand for labor is given by

ne(2) =Y ply, )m(y), Va,y.t;

y€eSs

ne(y) = ZP(%?J)%(Z), Vy, 2,1, (17)

2€S8

and so on for all z,y,z € S.
Define pi(z) = % This gives as the relative employment distribution a system of |S|
¥

linear equations in |S| unknowns, which in vector notation can be written as

pe = Ppy. (18)

Since both the rows and the columns of P sum to one, it is a doubly stochastic matrix, which is
known to have the uniform distribution as its invariant measure. To see this, suppose that p:(z) =
pe(y) = |S|7" for all ,y. Then we must have 7(y) = 7; for all y, where 7, = |S|7' Y g me(2)
denotes the average employment rate (or income level) in the economy as a whole. Substituting
this into the labor demand function for z gives m(z) = 3_, p(y, z)% = ¢, which confirms that this
constitutes an equilibrium. In any symmetric equilibrium, n:(z) = % for all 2, implying that the
number of equilibrium employment rates equals the cardinality of the set .

To prove (b), observe that the only case in which asymmetric equilibria could exist is when P
= I, in which case each site is autarkic and any vector 7 is invariant. This case is ruled out by the
assumption that p(y,z) > 0 for some y # z. Note that symmetry implies that all goods markets
clear: when all firms hire the same amount of labor, firms are able to predict the demand for their

goods exactly, and therefore will be able to avoid any surpluses or shortages. O
To summarize, when firms have rational expectations, each site must have the same level of employ-

ment, output, and income at each moment in time along each equilibrium path. Since asymmetric

equilibria do not exist, this implies that the rational expectations model cannot generate spatial

12



inequality. Moreover, since the employment levels in different periods are mutually independent,
the model i1s not able to generate temporal correlations either. Along each equilibrium path, the
economy is in equilibrium at all times, but it is possible that each period a new equilibrium is
selected.

These conclusions are in contrast with the fact that we do observe high serial correlations (even
‘unit roots’) in a typical employment or GDP timeseries.® But they are also disconcerting from a
theoretical point of view. What is missing is a theory of equilibrium selection, and an explanation of
how it is possible that a large number of agents could possibly coordinate on any given equilibrium.

As evolutionary game theorists have pointed out,” the strict rationality assumptions that might
be reasonable consistency requirements in one-shot 2-by-2 games, or economies with a small number
of “representative agents”, become quite untenable when applied to games with a large number
of players that repeatedly encounter similar situations. In such cases, of which this model is
an instance, it might be more reasonable to assume that agents have adaptive expectations, i.e.,
they base their expectations of others’ behavior on the past. The next section will explore the

implications of this assumption, which will introduce a dynamic element into the model.

3.2 Equilibrium Properties under Adaptive Expectations
Proposition 4 Let firms have adaptive expectations: Ei_11:(y) = n:—1(y). Then

a. a stationary distribution of the adaptive expectations model is a rational expectations equi-
librium
b. when p(z,y) = ¥(|Jz — y|), Yz, y, and p(y, z) > 0 for some y # z, the distribution of employ-

ment converges to the rational expectations equilibrium distribution in finite time.

Proof: Under adaptive expectations, the amount of labor employed by a given firm is a weighted

average of the amounts of labor employed by its trade partners in the last period:

m(z) = p(y, z)me-1(y). (19)

yeS

8Cf. Nelson and Plosser (1982), Blanchard and Summers (1986).
9FE.g., Samuelson (1997).

13



Again defining p;(z) = %, the temporal evolution of the employment distribution must
Yy

satisfy
pe = Pug_1, Ve, (20)
which exhibits the Markov property:
Pr(u € Alpe—1, pte—s, ..., po) = Pr (ur € Alp—1), YA C Q5. (21)
A stationary distribution, or steady state, of this process must satisfy
pe = Pue, Vi, (22)

and therefore must be a rational expectations equilibrium (by proposition 3).

To prove (b), first note that, since n:(x) has countable support, P can be interpreted as a
transition probability matrix. Under the given assumptions, this matrix is irreducible, i.e. S is a
connected graph. 1% To see this, note that, if p(z,y) is only a function of the distance between =z
and y, then if p(z,y) > 0 for some z # y, this implies p(z, z) > 0, for all z such that |z —y| = |z —z]|.
Moreover, since p(z,y) = ¥(|z —y]|) for all z, y this implies that all agents have some possible trade
partner at some distance. Finally, since p(z,y) is increasing in the distance, then if p(z,y) > 0 for
some x # y, this implies that, on a lattice, z has a positive probability of trading with at least
its four nearest neighbors. If all agents have a positive probability of trading with their nearest
neighbors then the graph is connected,o i.e. it is possible for each agent to trade either directly or
indirectly with any other agent.

In addition to guaranteeing irreducibility, the assumptions on P also imply that the system is
‘positive recurrent’, meaning that there exists no closed economies, i.e. no subset of agents that

only trade with each other. By the ergodic theorem for Markov chains, irreducibility and positive

10Formally, a graph G consists of a nonempty set V(G) of wertices, and a list F(G) of unordered pairs of these
vertices, called edges. In our case vertices are called ‘sites’ and an edge of the form zy indicates that z and y are
able to trade with each other. In a connected graph, any site can be reached from any other site by a path consisting
of only a finite number of edges (trades).

14



recurrence together imply uniqueness of the invariant distribution. On a finite lattice this implies

that the economy will converge to its invariant distribution in finite time. O

As an aside, observe that, on a finite lattice with countable state space, En; = 71, 1.e.,
the average employment rate is a martingale. While adaptive expectations thus generate some
temporal persistence in the short run (which is consistent with the observed random walk behavior
of actual employment rates), in the absence of shocks the employment distribution converges to
its uniform invariant measure in finite time. Hence, in the long run, spatial inequality cannot
persist. Moreover, in terms of absolute employment levels, the system is nonergodic: different

initial configurations will lead to different steady state levels of employment.

4 Binary Support

We will now focus on the special case where n;(z) has binary support Q = {0, 1}. In other words,
workers can be either employed or unemployed, and part time work is not possible. A possible
justification for this assumption is that production itself has a binary character, either due to
the nature of the good produced, or due to some kind of increasing returns (e.g. startup costs,
economies of scale, learning by doing), implying that the optimum amount of production is either
0 or 1.!' Alternatively, one might think of ¢ as denoting a relatively short period, e.g. a day, so
that part-time work is in fact possible, but only by smoothing labor between these periods.

The binary case 1s interesting because it turns the model into a simple coordination game that
can be interpreted as a spin system, i.e., an interacting particle system with state space {0,1}°.
In this section we will analyze both the global and local interactions version of this model under

the assumption that payoffs are deterministic. A stochastic version will be analyzed in section 5.

U Formally, this could be modelled, for instance, by assuming a Leontief production function: yi(z) =
min{1,n:(z)}.

15



4.1 The Employment Game

Consider a planner version of the model, in which each site is represented by a single agent (e.g.,

a “social planner”) with utility function

Vi(z) = [1 = me(x)lo + wi(e)n: (z) + i (2)
(23)
=[1=m(@)o+n(2) Y ply. x)me(y
yeS

In binary space, the fraction p(y, ) of income spent by y at & can be equivalently interpreted as the
probability that agent z will be “matched” with agent y, who then has the opportunity to purchase
goods from z. The assumption that p(z,y) = |N;|~! for y € N, can then be interpreted so as to
say that agent z is randomly matched with an agent y in its neighborhood. After being matched,
the two agents then play an “Employment Game”, the payoff matrix of which is represented in

Table 1.

ne(y) =0 | m(y) =1
W@ =0] o0 | o0
m(z)=1 0,0 1,1

Table 1: Two-Player Employment Game

The Employment Game has the structure of a “coordination game” | the two pure Nash equi-
libria of which are given by the symmetric strategy profiles {0,0} and {1,1}. A mixed strategy
py = Pr (n:(y) = 1) in this case can be interpreted as a belief on the part of agent  concerning
the probability of being matched with some y € N, whose workers are employed. Since being
employed means having the purchasing power to buy goods, this probability equals the expected

demand for z’s output:

py =Pr (m(y) = 1) = ply, 2) Eeoame(y) = 0elv), (24)
yes

16



which gives as the expected utility for the representative agent at site z

Ei_qVi(e) = [1 = me(2)]o + ne(2) e (y) (25)

Maximizing expected utility gives the best response correspondence for agent z:

0 if ne(y) <o

pepy) = Pr(m)>0) $ei01] ifi(y) =0 (26)

I
—_

if e(y) >0

Since the game is symmetric, a similar correspondence can be obtained for y. As can be seen from
Figure 2, the two correspondences intersect in three places, corresponding to three symmetric Nash

equilibria, two pure and one mixed.

py A
. Pz (Py)
py(Pz)
o . 4
[ >
o 1 Pz

Figure 2: Best Response Correspondences

4.2 Global Interactions

Under global interactions, N, = S, i.e., agents are matched randomly each period with any other
agent in the economy. Since agents have to make their decisions before they know who they will
be matched with (i.e. before they know who the next buyer will be), the best they can do is to

base their predictions on the basis of the average play in the current period. Thus, if the current

17



employment rate is 7, the next buyer is expected to be employed with probability p, = 7.
As Blume (1997) notes, this interpretation of mixed strategies as “average play” in a population

is consistent with that of Nash (1950: 21-23):

It is unnecessary to assume that the participants have full knowledge of the total struc-
ture of the game, or the ability and inclination to go through any complex reasoning
process. But the participants are supposed to accumulate empirical information on the
relative advantages of the various pure strategies at their disposal . ..

We assume that there is a population (in the sense of statistics) of participants for each
position of the game. Let us also assume that the ‘average playing’ of the game involves
n participants selected at random from the n populations, and that there i1s a stable
average frequency with which each pure strategy is employed by the ‘average member’
of the appropriate population. ... Thus the assumption we made in this ‘mass-action’
interpretation lead to the conclusion that the mixed strategies representing the average
behavior in each of the populations form an equilibrium point.

Under global interactions and adaptive expectations, however, the mixed Nash equilibrium is
dynamically unstable. Intuitively, this follows from the fact that the average employment rate is
a bounded martingale: FE7;y1 = 7:. Since the number of agents is finite, this implies that, even
if all agents start out playing the mixed equilibrium strategy p, = o, due to random chance the
average employment rate in the next period is likely to differ slightly from o, and will eventually
move to one of the pure Nash equilibria (steady states). 12 Whether this is the Pareto-optimal
outcome of full employment or the Pareto-suboptimal outcome of autarky depends on the initial
fraction of employed workers, as well as on o. However, no matter which equilibrium is selected,

the implication is again that under global interactions inequality cannot persist.

4.3 Local Interactions

While global interactions constitute one extreme interaction topology, we will now focus on the
other extreme, i.e. that of perfectly local interactions, where each agent only interacts with its
nearest neighbors.'> A ‘nearest neighborhood’ of z is defined as the set of agents that are Euclidean
distance one removed from z, i.e., N, = {y : [y — | = 1}. This is sometimes referred to as the

“Von Neumann neighborhood” of z.

12This also follows directly from proposition 3, which says that 5 = {0} and n = {1} are the only two invariant
measures, and from proposition 4, which says that they constitute the absorbing states into which a Markov chain
on a countable state space must eventually get trapped.

13Tn future work, we plan to consider more general interaction topologies



In order to ensure that all agents have an equal number of neighbors, a periodic boundary
condition is imposed, which turns the economy into a torus. To reduce the parameter space, the
model is analyzed for the special case ¢ = 0.5, under which the equilibrium strategy for each agent
reduces to a simple “majority rule”: workers will be employed only if the majority of their trade
partners were employed in the previous period, and they will not be employed if the majority of
their trade partners were unemployed in the previous period. If there is a match, workers are hired
with probability one half.

To study the spatio-temporal evolution of this system, the model was implemented on the Cel-
lular Automata Machine (CAMS) at the Santa Fe Institute. Various numerical experiments were
carried out on a 512 by 512 array, starting from different random initial configurations (Bernouilli
product measures with density u € [0, 1]. Figure 3 shows the typical evolution of the local interac-
tions system starting from a symmetric random distribution with density 0.5.

As panel (a) shows, after only a few periods, three regimes emerge: (1) clusters of full em-
ployment (represented as black), (2) clusters of unemployment or autarky (white), and (3) ‘mixed
economies’ which appear to be grey, but are in fact ‘checkerboard’ configurations where agents
switch periodically between the two pure strategies.

Interestingly, while the mixed strategy itself is unstable, these mixed economies are stable
given the specific local interaction topology. Moreover, the mixed regimes behave just like the pure
strategy regimes in terms of their spatial evolution. An important difference is, however, that the
pure strategy regimes do not interact; they need to be “mediated” by a mixed strategy regime.

Eventually, the regime that starts to dominate by chance takes over the entire lattice. Pockets of
unemployment or full employment which are completely surrounded by the mixed regime gradually
disappear, and wvice versa. The process by which this happens is called curvature-driven surface
tension: since clusters that span a curved boundary will on average have unequal frequencies of
the two strategies, the common strategy will continue to be favored, at a rate which decreases with
the curvature of the boundary.

Ultimately, the process always converges to one of the three steady states. Again, there is sen-

sitivity to initial conditions: from random initial distributions with density u # 0.5, the initially
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() t=1000 (d) =3,000

Figure 3: Evolution of the Majority Rule Model

predominant regime ends up dominating with overwhelming probability.

5 Stochastic Employment Games

In this section, we extend the previous model by allowing for uncertainty with respect to the value
of nonmarket production, ¢, which will now be allowed to vary both in time and in space. We will

investigate two special cases:
(1) o:(z) ~ U[0,1]

(2) o(z) ~ logistic
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These distributional assumptions are chosen mainly for their simplicity, and because they may
be appealing from an econometric point of view. Moreover, they allow the model to be directly
related to the statistical mechanics literature. As section 5.1 discusses, under the first assumption
our model reduces to an interacting particle system called the Voter Model, while under the second
assumption, the model bears close relationship to the Ising model from statistical mechanics. The
latter model was first introduced to economics by Blume (1993) and Brock (1993), and has been

further studied by Brock and Durlauf (1995, 2000). The Ising model is discussed in section 5.2.

5.1 The Voter Model

Suppose that o¢(z) ~ UJ0,1], or that agents believe this is the case. Then the solution to the

expected utility maximization problem is

Pr (n:(z) = 1) = Pr (04(2) <1:(y)) = 7:(y) (27)

This specification implies that firms have linear best response functions, hence that any symmetric
strategy profile constitutes a Nash equilibrium.

In this special case, the model is formally equivalent to a well-known interacting particle system
called the Voter Model, which was introduced independently by Clifford and Sudbury (1973) and
by Holley and Liggett (1975). The latter authors, who gave the model its name, considered a
population of interacting voters, who determine their political position 7:(z) € {0, 1} by choosing
a random ‘friend’ y € S, and adopting his or her position with probability p(y, ). Hence, n; can
be regarded as a process in which the value n:(z) is replaced by n:—1(y) with probability p(y, ).

An interesting property of the Voter model is that, in one and two dimensions, the system
converges to states with all zeros or all ones (i.e., pure strategy equilibria), under any interaction
topology that constitutes a connected graph. This is true even on infinite lattices, while in infinite
spaces with three or more dimensions additional steady states exist. The proof of this claim is
given in Durrett (1988: 21-26), and will be sketched rather informally below.

Define L(m;) as the location of a given amount of income m, which initially satisifies L(mgq) = =.
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Then the path followed by this income across locations is a symmetric random walk with the same

transition probabilities as the employment/income path of a given location:

p(y,z) = Pr (L(m¢) = 2|L(m—1) = y)
(28)

=Pr (n(2) = 1nea(y) = 1)
Under the assumption that p(y, z) = ¢¥/(|y — z|), where ¥(-) is a monotonically increasing function,
this random walk is positive recurrent. Next consider two sites, z and y which start out with
unequal incomes: n:(z) = 1,1m:(y) = 0, say. Both incomes follow symmetric random walks in
two-dimensional space, hence the distance between the locations of these incomes must also follow
a symmetric random walk. In one and two dimensions, symmetric random walks are recurrent,
which implies that the distance must eventually be 0 with probability 1. Now observe that the
paths followed by locations of incomes and by incomes of locations are the same in distribution (i.e.
are each other’s dual process). This implies that the distance between two individual incomes must
eventually be 0 as well, which in turn implies that inequality cannot persist in two dimensions.

Figure 4 illustrates the evolution of the finite, two dimensional case with nearest neighbor

interactions.

14Tn three or more dimensions, however, random walks are not recurrent and hence this may not happen. These
results generalize to any homogeneous model in which = adopts the position of y with some probability p(y), with
the classification being determined by the recurrence or transience of the random walk with kernel p.
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() t=10,000 (d) ¢=50,000

Figure 4: Evolution of the Voter Model
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5.2 The Ising Model

Consider next the case where o¢(2) = % + pei(z), where ¢(z) is a logistically distributed random
utility term, and p represents the impact of this error term on agent’s decisions. Under these

assumptions, each agent has the following best response function:

Pr(neta(z) = 1) = Pr (e(y) > o + pee(2))

=Pr (e(z) < = (e(y) — o)) (29)

= |-

1
T 1 e 2m)-o)’

where 8 = i is chosen so as to make the model formally equivalent to an Ising model with state
space {0,1}. While in statistical mechanics 3 is commonly interpreted as the “inverse temperature”,
in economics it has been termed the “intensity of choice” ( Brock and Durlauf 1995), for the reason
that, as § increases, agents become ‘intenser’ in the sense that they are less sensitive to noise. This

implies that, as f — oo, the best response function for the stochastic case reduces to the majority

rule best response correspondence of the deterministic model:

0 if he(y) <o
Prinep(z)=1) =905  ifiy) =0 (30)
1 if 5:(y) > 0.

5.2.1 Ising Model with Global Interactions

Under adaptive expectations, the best response function is

1
Pr(na(z) =1) = 1+ e—280i(2)=0.5) (31)

Assuming global interactions, this implies:

A A 1
Net1 () = 1+ e—260i:—05]
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The derivative of this function is

afh‘}‘}(ﬁt) — 2ﬂ (1 + 6_2/6[7%_0'5]) -2 (33)
87%
The mixed Nash equilibrium is stable when the best response function cuts the 45-degree line from
above, i.e. when
on D
77t+1A(0 5) <
67]t

B<2

As illustrated in Figure 5, for # > 2 the mixed equilibrium becomes unstable and two additional
steady states emerge. Note that these are not pure strategy Nash equilibria; rather, they correspond
to steady state distributions where either a majority of workers is employed or a majority is
unemployed. However, since each worker is employed with equal probability, the inequality that

may occur at a given point in time is not persistent.

ﬁt+1 y
1 5-3
p=2
p=1
0.5 g=0
0.5 1 7t

Figure 5: Best Response Functions for the Ising Model

5.2.2 Generalizing the Interaction Structure

So far we have assumed that the transition probabilities are independent of agents’ own current

state. Implicitly, this implies that agents do not consume any of the goods produced at their own
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site. This may seem quite unrealistic in the sense that, even in today’s globalized economy, much if
not most trade still seems to be taking place within rather than between regions (e.g., net exports
rarely constitute more than 50% of a country’s GDP). Also, at the individual level, the probability
of being employed appears to be affected at least to some extent by individuals’ own employment
history, in addition to the employment rate in the neighborhood.

To capture the more general case where agents consume some fraction a of their own goods,

the trade structure may be redefined as a matrix P with elements:

a ify==x
Ply:2) =911 —a) ifyen, (35)

This gives the following best response function:

1 .
Pr (neyi(z) =1) = 1 + e—2B8lams (@) +(1—-a)i:—0.5] (36)

Under global interactions, 1;(z) = n:, hence the steady state level of employment is independent

of a. However, conditioning on each agent’s current state, we obtain a different result:

Ne41 (M) =0 - Pr (g1 =1 [He=1) + (1—=1m) Pr (41 =15 =0)

A » A » (37)
= (1+ e—2ﬁ[oc+(1—oc)m—0.5]) £ (=) (1 4 e—2,6[(1—o<)m—0.5]) .
According to this equation, a phase transition is predicted to take place for
on 0.5 - _

ﬂt-glﬁ( ) — (1+e—aﬁ) 1 + (1 + e_aﬁ) 26(1 _ a)e—oc,@

' (38)
+(1—1—6“’8)_1—1—(l—i—eaﬁ)_Qﬂ(l—a)eaﬁ > 1,
which reduces to

Bl —a) > 1+e7” (39)
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This inequality suggests that, as « increases, larger values of § are required for clustering to occur.
Intuitively this makes sense, because larger values of o imply that agents become less likely to
change their current state, hence a larger ‘intensity of choice’ (§) is needed in order for spatial

clustering to occur.

5.2.3 Ising Model with Local Interactions

With our more general interactions topology, a “nearest neighborhood” trade structure may be

defined as
« if ly—z|=0
p(y, :L‘) = i(l — a) if |y— 33| =1 (40)
0 ifly—z|>1

The local interactions model was first simulated for the case @ = 0.2, under which each agent
has an equal probability of trading within her own region as she has with any of the agents from
the four neighboring regions. The results are shown in Figure 6.

In statistical mechanics, a global interactions model is often used as a so-called ‘mean field
approximation’ (MFA) to a local interactions model. In this case, this appears to be a bad ap-
proximation, to the extent that for 7 as large as 2.8 the system is still ergodic with an invariant
distribution close to random noise. Apparently, the intensity of choice is not strong enough for
clustering to occur. As [ increases, however, clusters do start to form, to the point that, for ap-
proximately @ > 3.1, the economy converges to either in a near-full-employment or a near-autarktic
state. This process of clustering is similar to that of the deterministic model (see Figure 2) and is
shown for # = 3.5 in Figure 7.

The most interesting observation here is that, for g neither ‘too low’ nor ‘too high’ relative to
a, there exists a ‘phase separation regime’, in which clusters of employment and unemployment
emerge that are able to become quite large, but never take over the entire lattice.

This observation turns out to be quite general, as shown in Figure 8.
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a=0.208=28t= 230,000

a=023=311=100 a=0283=351=100

Figure 6: Ising Model (o = 0.2, varying f3)



t = 3000

Figure 7: Clustering of the Ising Model (o = 0.2, 8 = 3.5)
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true phase boundary (estimate)

2nd order MFA:
B(l —a) =28

9 1st order MFA

[0

0.2 0.

ot

Figure 8: Ising Model: phase diagram

Interestingly, the actual phase boundary (estimated on the basis of a large number of numerical
experiments) appears to be quite close to the analytical prediction of equation 39, which could be
called a ‘second order MFA’. For any level of «, there appears to exist a value of 8 such that, for
( ‘large enough’ the system undergoes a transition from an ‘ergodic’ to a ‘clustering’ regime.

While a phase separation regime does appear to exist for any level of a, it is not always easy to
observe. When « is relatively small, as in the @ = 0.2 case, the clusters that persist are so small
that the phase separation regime is hard to distinguish from the ergodic regime. When « is too
large, on the other and, the clusters are so big that it becomes hard to distinguish them from the
clusters in the clustering regime.

For intermediate levels of a, however, the phase separation regime can be observed quite clearly.
As is shown in Figure 9 for a = 0.5, the general pattern is the same as for the a = 0.2 case, but this
time the phase separation regime is clearly distinguishable. For # = 3.5, the invariant distribution
is ergodic, with close to zero spatial persistence, while for § = 4 the sensitivity to neigbors is
large enough as to allow for curvature-driven-surface-tension clustering to occur. For slightly lower
values of 3, however, medium sized clusters emerge that are able to persist indefinitely. '® In Figure

10 the same phase transition is shown for g fixed at 3.9. As « increases, a transition takes place

15The time periods of t = 50,000 and t = 100,000 indicate the number of updates after which the simulation was
stopped; these times are quite arbitrary in that the configuration did not seem to change much either before or after
this time.
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a=0.5,6=3.9,t= 50,000 a=0.5,0=4,t=2,000

Figure 9: Tsing Model (a = 0.5, varying ()

from clustering to randomness with obvious spatial persistence occuring both at (a, 5) = (0.5, 3.9)

and (a,3) = (0.51,3.9).
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a=051,0=391t=c a=0.52=39,t=c

Figure 10: Tsing Model (8 = 3.9, varying «)
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6 Interpretation and Conclusion

In light of previous analytical results, the occurrence of global persistence may seem surprising, and
may even be considered to be due to the specificities of the software, or length of the simulation
procedure. The reason why inequality can persist, however, is in fact quite intuitive, and can be
explained as follows:

While the probability of becoming unemployed conditional on living in a full employment econ-
omy is very small, in the presence of noise some workers do occasionally become unemployed even
if this is an “irrational” decision on the part of firms. When a given worker becomes unemployed,
this decreases the expected demand for goods produced in the neighborhood of this worker, which
in turn increases the probability that neighboring firms will stop hiring workers as well. Once
those neighbors stop hiring workers, however, the neighbors of those neighbors are more likely to
do so, etc., so that a cluster of unemploymed workers may start to grow within an economy that
originally was at full employment.

Of course, the probability that this happens at any given location is extremely small, since
workers who become unemployed by chance will tend to be hired again as soon as firms find
out that there is in fact sufficient demand for their output. However, the probability that an
unemployment cluster starts to grow somewhere within a full employment cluster increases with
the size of the employment cluster, and increases with a (which makes agents “fall back” less
quickly). This implies that, when the intensity of choice (8) is large enough (relative to «) to allow
for large clusters, but small enough to allow for noise, it is possible for the process to continue
indefinitely, growing clusters within clusters within clusters.

So far, the analysis has been constrained to the two extreme cases of perfectly global and
perfectly local trade. Plans for future work include the study of more general trade networks,
the structure of which may be estimated on the basis of actual bilateral trade flow data, and the
exploration of the implications of ‘globalization’ for the persistence of inequality both in space and

n time.
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