Optimum Population A New Look: �

A Hamiltoniam Approach Towards A Dynamic Analysis

Heinz School Working Paper Series 94-20

Presented to

Population Association of America

at

The Annual Conference

Miami, Florida

May 6, 1994

by

Farasat A.S. Bokhari

H. John Heinz III School Of Public Policy & Management

Carnegie Mellon University

Pittsburgh, PA 15213

e-mail: fb2a@andrew.cmu.edu

George W. McCarthy

Jerome Levy Economic Institute

Bard College

Annandale-On-Hudson, NY 12504

e-mail: mccarthy@levy.bard.edu abstract.

The current optimumpopulation models found in economic literature define static

optimumpopulation used in forming policyi.e. at a what should be the optimum given instant

number ofpeople in a (closed) economy. We believe that although this definition is useful, it is

verylimiting as far as policyimplications are concerned. When making policies, we are hardly

concerned with what should be the absolute number ofpeople in the countryat anygiven time,

for the parameters are ever changing. Especiallyso, ifthe optimumpopulation is defined via

market conditions. As an effort to improve these models, we define optimum dynamic

population, or the optimumpopulation growth trajectory. Our model, therefore deals with

population growth rather than the absolute levelofpopulation. This gives a dynamic goal(and

a more realistic one) to the policymakers and discussions can be held in familiar language once

again, ’we want to decrease/increase the population growth to .... .’

This paper applies Hamilton’s principle ofleast action to find optimumcontrol

trajectories ofpopulation and net consumption. This is done using a neoclassicaleconomic

growth modelusing capitalstock, net national income and investment in the equations of

motion to maximize socialwelfare. The major difference between our modeland anyprevious

work is that welfare is not maximized onlyone period thus defining a static optimum, but at

rather an entire range ofperiods thus defining optimumpopulation and consumption over

controltrajectories which maximize socialwelfare and are used for policyanalysis.

We analyze some ofthe more popular population policies in light ofour model. These

policies have been divided into two categories: long-run and short-run. More specifically, in

the long-run, policies are ascribed to controlthe endogenous factor, population growth. In the

short-run, the policyimplications are to tryand controlother variables in the economyso that

the naturalgrowth ofthe population, now an exogenous factor, is the optimumgrowth.

KeyWords (s): OptimumPopulation, Hamiltonian, SocialWelfare, Population Policies,

Preferences, NeoclassicalEconomic Growth Model

JEL Classification(s): J10, J13, J18, O11, O12

Introduction

Macro-leveleconomic policyand nationalpopulation policyshare, at the veryleast,

considerable hubris. Both propose methods that attempt to direct or controlcomplex

processes that are poorlyunderstood. Keeping this in mind, we hope to move fromthe

ridiculous to the sublime byincorporating a preference for population into a dynamic macro

model. In this waywe hope to develop a theoreticaltoolwith which to modelthe population-

development process. We also hope to develop the modelas a toolto help generate more

informed and realistic development planning.

The modelextends the static optimumpopulation modeldeveloped byHarold Votey. 1

Voteyincorporated a preference for children (increased population) into the standard optimum

population model. Votey’s modelelucidated the tradeoffbetween increased population and 2

materialstandards ofliving. In the same way, we hope to develop an understanding ofthis

tradeoffin a dynamic setting.

The problems associated with deriving a socialwelfare function have received much

attention in economics literature. As our point ofentry, we assume that a socialwelfare 3

function can be derived and is known bypolicymakers. In this paper, we develop a modelfor

use in maximizing socialwelfare given other constraints on an economy. Specifically, output is

constrained bythe available inputs and technology. Further, the levelofconsumption, an

explicit argument in the welfare function, determines the levelof future periods bydetermining

investment. We use Hamilton’s principle ofleast action to derive dynamic trajectories and

conditions needed to insure that socialwelfare is maximumgiven these constraints.

The socialwelfare function has two main arguments: per capita consumption and an

explicit expression ofthe socialpreference for population. Alternate parametric specifications

are hypothesized to consider societies with pronatalist preferences, indifference regarding

population, and "anti-natalist" preferences. In allcases, greater consumption is assumed to be

preferred.

Anydynamic population-development theoryworth its salt should be able to do two

things: first, it should modelthe population-development process wellenough to explain the

demographic transition in both historicaland contemporaryterms; second, it should be able to

identifyimportant variables that are available for potentialpolicytargets. At the outset, we

need to make the important disclaimer that the modelpresented here onlybegins the process of

dynamic modelbuilding. It willrequire substantialdevelopment to deliver on the two criteria

specified above.

After deriving the optimumcontroltrajectories that insure welfare maximization, we

discuss the implications ifthe simple modeldeveloped. The modelsuggests two types ofpolicy

1 Votey, H. L. (1969) "The Optimum Population and Growth: A NewLook," Journal of Economic Theory

1969(I) pp. 273-290.

2 see Sauvy, H. (1968) "Population: Population Theories," Vol 12,International Encyclopedia of Social Sciences

pp. 349-357 for a discussion of optimal population models.

3 see for instance: Gorman (1953, 1968); Sen (1970, 1979); Arrow(1959, 1963) that might be used to keep the economyon optimaltrajectories. The first involves direct

manipulation ofpreferences regarding population. The second involves utilizing the tradeoff

between increased population and materialstandards ofliving, both current and future. These

policies are divided into two groups: long run and short run policies, respectively. Some

discussion ofthis is in order.

The demographic transition theorystilloccupies a centralposition in population studies.

Those ofus fromdeveloped countries who obsess on the population problems ofless

developed countries worryabout the pace at which these countries pass through the fertility

transition. Policymakers stillwonder whether it is possible to accelerate the transition.

Further, there are those (Singapore and Malaysia, for instance) who worrythat over emphasis

on limiting population growth has led to a suboptimalrate ofgrowth.

Scholarlystudyofboth the historic transition ofdeveloped countries and recent studies

ofdeveloping countries revealmanyanomalies. These have called into question economically

deterministic theories ofthe transition. Instead, more difficult to quantifyculturaland social

theories have been suggested. A major issue is identifying events which trigger the fertility

transition. These anomalies have created a quandaryfor those attempting to generate effective

policies to hasten fertilityreduction in developing countries.

In his discussion ofthe generalized theoryofthe demographic transition, Coale

characterizes both demand-side and supply-side preconditions for the decline of fertilitywithin

marriage. Coale doesn’t privilege either supplyor demand forces. It seems reasonable to 4

assert that supplyofknowledge and methods ofcontraception is a necessarybut not a sufficient

condition for fertilityreduction. Similarly, demand for contraception is necessarybut not

sufficient to promote regulation of fertility.

Nevertheless, policymakers interested in slowing population growth can be broadly

characterized as supply-siders and demand-siders. In the debate a main point ofcontention is

whether a true demand for contraception exists and whether a significant amount ofthis

demand is unmet. Supply-siders assert that the demand is there and policyshould be concerned

with delivering contraception. Demand-siders point out that supplying contraception is

ineffective ifdemand for contraception is not wellformed. Centralto this debate is a putative

preference revealed bythe population regarding children. Depending on the theorist, this

preference is treated either as exogenous or endogenouslydetermined.

The "new home economics" presents fertilityas the culmination ofthe familycalculus.

Preference for children is generallyregarded as exogenous. Familysize is determined bythe

interplayofincome and the opportunitycost ofhaving children. In this view, fertilityis

endogenous to extrahousehold factors like employment opportunities for women, and even tax

4 Coale’s three preconditions for the decline of fertilitywithin marriage can be summarized as: 1) Potential

parents must recognize that fertilityis within their realm of choice; 2) There must be a "demand" for fewer

children; (in Coale’s words: "Reduced fertilitymust be advantageous.") 3) There must be the knowledge and

availabilityof an effective contraceptive method (supply). See: Coale, A.J. (1973) in Proceedings of the IUSSP

International Population Conference, Liege:International Union for the Scientific Studyof Population, pp. 53-

72.

policy. This theoryprovides what some consider the economicallydeterministic explanation 5

ofthe demographic transition. Population policydirected at fertilityreduction suggested by

this theorywould target the opportunitycost ofchildren. Anypolicythat raises the

opportunitycost willresult in a decline in fertility.

Views that challenge the economic determinismofthis theorysuggest that fertilityis

determined (or, in Marxist terms, overdetermined) in a complex sociological, historical, and

culturalprocess. In essence, these theories suggest that historic, cultural, and sociological

institutions which are resistant to change arise in one historic setting and exercise some

influence on behavior in other settings. Friction between materialconditions and these

institutions serves to erode the institutions over time. Centralto this view is the role of

changing consciousness ofindividuals who realize the obsolescence ofinstitutions and

subsequentlyreject themin favor ofinstitutions more compatible with existing material

conditions. Changing ofconsciousness can be regarded as the shifting ofpreferences.

Given the different views ofthe relationship between fertilityand development, it isn’t

odd that population policyis often split between the attempt to reshape preferences regarding

children and the attempt to supplycontraception to an assumed unmet demand. The former

policyis illustrated bythe attempts to define and then redefine family-size goals in Malaysia by

the edict ofthe Prime Minister. The latter policyhas been attempted in anynumber of 6

settings.

It is our contention that materialconditions as expressed byper capita consumption as

wellas other factors reshape preferences regarding population in the long run. In the model

proposed here, we treat the preference for children as exogenous in the short run and

endogenous in the long run. We consider long run policies to bring about economic and

sociologicalchanges needed to attain intertemporalwelfare maximization, possiblythrough

changing preferences. In the short-run, on the other hand, the assumption is that population

growth is an exogenous factor. Thus we can ascribe no realistic policythat willchange the

population growth to match the optimumgrowth trajectory. Other policyoptions are

considered that allow the economyto adjust to the exogenous population growth rate. This

maybe viewed as a temporaryor a ’quick fix’ to the welfare maximization problem. These

short-run policies willprovide a solution to a bounded welfare maximization.

While it might seemunrealistic to consider planning both economic growth and

population, this is not without precedent. In 1988, Mexican President Carlos Salinas de

Gortariannounced a medium-termdevelopment plan that included a provision linking

demographic and economic performance. The provision called for setting the minimumrate of

economic growth at twice the rate ofpopulation growth. Recently, Malaysia and Singapore 7

have adopted pronatalist population policies based on a fears ofdeclining fertility

foreshadowing economic decline. One might wellask whether Mexico’s choice of factor is 8

5 Whittington, L. A. et al. (1990) "Fertilityand the Personal Exemption: Implicit Pronatalist Policyin the

United States," 80(3), pp. 545-556.

American Economic Review

6 "BabyPower," , January1992, pp. 16-20. Geographical Magazine

7 Moreno, L. 1991. "The Linkage Between Population and Economic Growth in Mexico: A Newpolicy

Proposal?" 26(3) pp. 159-60.

Latin American Research Review

8 "BabyPower," , January1992, pp. 16-20. Geographical Magazine arbitraryor ifit is based on some perceived efficiency. Similarly, one might ask whether the

fear ofdeclining per capita income in Malaysia and Singapore is predicated on more than

eugenicist grounds. We hope the following modelwillcontribute to the studyofthe tradeoff

between population size and the standard ofliving ofboth current and future generations.

The paper is organized in the following way. Part 1 presents the formalstructure ofthe

model. The optimaltrajectories for population and per capita consumption are derived. In Part

2, the long run policyimplications ofthe modelare discussed. Short run policyimplications are

developed in Part 3.

1. The Optimal Trajectories.

Our goalis to generate a parsimonious modelwith which to modelthe tradeoffbetween

materialstandards ofliving, as measured byconsumption, and population growth. More

importantly, we wish to develop this tradeoffin intertemporalterms. While it can be argued

that preferences evolve over time (as wellas technology), we assume a simple specification for

the welfare function that remains invariant over time. The economyis assumed to be closed.

Both investment and population changes are generated internally. Allinputs are assumed to be

fullyutilized. While the modelis admittedlysimplistic, the hope is that bells and whistles might

be added in the future.

Our objective is to find trajectories ofvariables that can be influence through policyso

that the socialwelfare function is maximized at alltimes. In moving froman initialtime t to a 9 terminaltime t , ifsocialwelfare is to be maximized at each instant, then an algebraic sumof " the cardinalmeasure ofthe socialwelfare must also be maximumover this range. Ifwe 9

measure welfare in units of, say, "happy" and time in "hours", then this allows us to define an

objective functionalJ given by:

J = h N t <1.1>

’ � � � � t

t

C

N

"

9

� � �

! " d

where:

h = a non-zero positive constant

C = consumption

N = population size

! = parameter determining the relative preference for per capita consumption

" = parameter determining the relative preference for children (population)

9 Note that it need not be of cardinal measure for we are not trying to evaluate it. It is interesting to consider,

however, that if we do indeed generate a cardinal measure it could be used to do intertemporal welfare

evaluation that might eventuallybe useful in issues like environmental valuation.

The units ofthe objective functionalare "happyhours." The objective functionalis a mapping

fromthe set ofcontroltrajectories to points on the realnumber line, the value ofwhich must be

maximized in order to maximize socialwelfare. In moving through the time range, the

economymust also follow the equation ofmotion ofthe state variable capital. The �

equation ofmotion for K(t), or the economic constraint is:

.

K(t) = F(K,N) C K. <1.2>

.

� � � .

where:

K = the capitalstock

. = the rate ofdepreciation ofcapital

Given the objective functional<1.1> which is to be maximized and the equation of

motion <1.2>, we recognize this as a , a subset ofthe generalcontrol problem of Lagrange

problem. In a nutshell, the generalcontrolproblemthat we are faced with is:

max J = h N t

’ � � � � t

t

C

N

"

9

� � �

! " d

{C,N} <1.3>

subject to: K(t) = F(K,N) C K.

.

� � � .

There are four modern approaches used in engineering economic systems to solve the

problemofcontrol. These four approaches are ,calculus of variations, dynamic programming

maximum principle the principle of least action or Hamilton’s principle, also known as and

Mobilization Mathematicas putting a mathematician to some use also know as . We are going

to use the third approach because as opposed to the other approaches, it is capable ofcoping

directlywith the generalconstraints on the controlvariables. Also because it usuallysuggests

the nature ofthe solution, thus making it easier to analyze the solution in economic terms. The

approach is verysimilar to the static method ofLagrange multipliers used byVotey. This

approach demands that a new variable be defined, the Hamiltonian , which is always [

maximumin the controlvariable space. The Hamiltonian is defined as the sumofthe

intermediate termin the objective functionaland the inner product ofa time dependent costate

variable and the equation ofmotion. The technique also requires that the rate ofchange ofthis

Hamiltonian with respect to state variables, in ceteris paribus conditions, be equalto the

negative oftime rate ofchange ofthe costate variable.

Let q(t) be the costate variable, then the Hamiltonian is defined as:

[ = h N + q K <1.4>

.

� � �

� �

C

N

! "

= h N + q F(K,N) C K � � � � � �

� � � �

C

N

! " .

where consumption, capital, population and the costate variable are allfunctions oftime. The

maximumprinciple technique, then requires the following conditions:

‘ ‘

‘ ‘

[ [ N C = = 0 <1.5>

q = . <1.6> .

� ‘

‘

[ K

Calculating these partialderivatives and taking their time derivatives to find the control

trajectories ofpopulation and consumption, we get the following three equations:

q ( 1) .

q C N

= C+ N MP <1.7>

. . ˘ ! " !� � R �

q ( 1) ( ) .

q C N

= C+ N <1.8>

. .

! " ! � �

and

q q .

q K t

F = where q = <1.9> .

. � ‘

‘ d

d

Byturning the set ofthese three equations into a linear system, we can solve for N(t) and C(t),

. .

the optimumgrowth trajectories for population and consumption (See Appendix A for

derivations). These turn out to be:

<1.10>

N = N

.

� �

. !

"

MP ( ) ˘

( 1)

� � � �"

�

‘ ‘ R F K

�

<1.11>

C= + MP C

. ˘ � � � �

. !

"

MP ( ) ˘

( 1)

� � � �"

� R

‘ ‘ R F K �

where:

is the marginalproduct ofcapital; ‘

‘

F

K

is the constant proportionate rate ofcapitaldepreciation; .

is an explicit measure ofpreference for population; "

is a measure ofpreference for per capita consumption; and, !

MP is the percentage change in the marginalproduct oflabor. ˘

R

Thus we have successfullyfound optimaltrajectories for population and consumption growth.

Following these trajectories ensures that socialwelfare willbe maximumat alltimes.

2. Long-run Policy Implications: Population Growth is an Endogenous Factor.

The first thing to be noted is that population and consumption growth, in the absence of

a change in the marginalproduct oflabor, must be the same. This implies that the ratio ofthe

percentage change ofpopulation to the percentage change in consumption must be equalto

one. This is to saythat the rate ofchange ofpopulation to consumption is exactlyone.

Equations <1.10> and <1.11> also tellus that per capita consumption C/N, must always be

equalto the ratio ofthe rate ofchange ofpopulation and the rate ofchange ofconsumption.

This is to saythat the percentage change in consumption C/C must be equalto the percentage Þ

change in population N/N. Þ

The second important thing to be noted is that relationships exist between the optimum

population trajectoryand the explicit preference for population ( ), the return on capital, and "

the depreciation rate ofcapital. Further, the optimumtrajectories are insensitive to the

magnitude ofthe marginalproduct oflabor, but rather depend on the percentage change ofthe

marginalproduct oflabor. Let the "natural" growth ofpopulation be , then equation <1.10> (

states that:

= <2.1> (

� �

. !

"

MP ( ) ˘

( 1)

� � � �"

�

‘ ‘ R F K

This is to saythat ifcapitaldepreciation is, say, four percent and the return on capitalfive

percent and beta is one half, and percentage change in marginalproduct ofthe population is

zero, then population growth must be exactlytwo percent in order to insure that welfare is

maximum.

What would it mean ifthe actualpopulation growth rate differed fromthe theorized

optimum? Either the population is not behaving in an optimalmanner, or the parameters ofthe

welfare and production functions are incorrect. Ifit were determined that the population is

behaving in a suboptimalway, policies should be initiated to achieve the desired levelof

population growth. For example, ifpopulation is growing faster than the required two percent,

then efforts should be made to decrease population growth. If, on the other hand, the

parameters ofthe functions are not correctlyspecified, then the solution is to more accurately

measure these parameters to solve for the welfare maximum.

It should be kept in mind that policymaking is typicallya non-neutralexercise. Policy

makers might represent the interests ofspecific constituencies, for example future generations.

It might be the case that the population growth levelexceeds rates warranted byother

exogenous factors, localcarrying capacityfor instance. In these cases it might behoove the

policymaker to change the trajectories ofthe economy. This could be done in a number of

ways. One would be a long run policytargeting directly. Other measures might make use of "

the implied tradeoffbetween the materialstandard ofliving and population. In the first case,

programs that influence tastes regarding childbearing willdirectlyaffect . These might " include education or media campaigns promoting familyplanning. In the second case,

incentives could be given to limit familysize byeither offering tax breaks to couples who have

fewer children or byimposing progressive taxation based on familysize. We willconsider

these in turn.

2.1: Taxation

We did not incorporate taxation into the consumption function, i.e. we onlyallocated

output between consumption and investment. However, we can stilldiscuss its effects because

the government might allocate revenues in a varietyofways. Revenue need not be either

consumed or invested, it could essentiallybe held out ofcirculation as savings and used at a

future date. In this case, it might be possible to indirectlyinfluence fertilitybyreallocating

revenues across time.

The idea ofcontrolling population through taxation is certainlynothing new. The

underlying assumption ofthis policyis the backward-bending supplycurve oflabor and this

assumption can easilybe traced as far back as Malthus himself. In the second ofthe three

propositions following the theoremofpopulation, Malthus says, "Population invariably

increases where the means ofsubsistence increase" . Further, Malthus also mentions that 10

when the laboring classes have a higher disposable income it willbe spent "unproductively."

Malthus makes it clear in his writings that unproductive consumption willlower the future

output ofthe nation bythrowing labor out ofemployment . Such Malthusian ideas are the 11

underlying assumptions ofmanycontemporarypolicies regarding population growth.

Whittington discuss the influence ofthe personalexemption on the fertilityin the et al

20th centuryUnited States. Theyshow that "the personalexemption has a positive and

significant effect on the nationalbirthrate, and this result is robust to a varietyof

specifications." Theystate further that "it appears that the United States -- and perhaps other 12

countries as well-- can influence to a degree the fertilitydecisions ofits citizens through

deliberate changes in tax policies." 13

Imposing an additionaltax on parents where the tax is proportionalto the number of

children might help lower fertilityto bring it in line with targeted welfare trajectories. The

optimalsize ofthe tax, however, willdepend on the tradeoffbetween the preference for

children and the preference for consumption.

Ronald Lee notes that increased fertilityalso generates spillover effects which diminish

the qualityoflife for those alreadyalive. He presents an efficient taxation scheme which 14

10 Malthus T.R., (1798) pp. 127, Barnes & Noble, Inc., (1966). On the Principles of Population

11 Malthus T.R., (1798). Chpt VII., Wells & Lilly, Boston(1821). Principles Of Political Economy,

12 Whittington, L. A. et al. (1990) "Fertilityand the Personal Exemption: Implicit Pronatalist Policyin the

United States," 80(3), p. 545.

American Economic Review

13 ibid.

14 Ronald Lee (1990), "Comment: The Second Tragedyof the Commons," in Resources, Environment, and

Population: Present Knowledge, Future Options, K. Davis and M.S. Bernstam, eds. NewYork: Population

Council.

captures the externalcosts imposed on societybyadded births. Imposing this tax would police

the free access to world resources enjoyed bythe unborn. However, the taxation scheme,

based on a static optimization, doesn’t reflect the interests of future generations. A dynamic

framework as presented here would aid in determining the optimaltax, given some reasonable

representation of future preferences.

PaulDemeny suggests that the cost ofhaving more children should be increased by 15

decentralizing anyexisting public health and education programs. In this waythe localities will

be directlyresponsible for

financing their own schools and health programs. This, in effect, internalizes manyofthe

externalcosts of fertilityor at least localizes them. The effects ofthis policyoption willnot

differ markedlyfromthe last one, however, the taxation systemwillbe more efficient ifit

accuratelyreflects the inherent preference ofthe population towards children.

Ifa tax policymatches the rate ofpopulation growth to a targeted rate, then aggregated

welfare might not be maximized. However, the modelis limited with regard to the

measurement ofwelfare losses through taxation schemes. Since we have aggregated

population into a single measure, it is impossible to measure distribution effects. This

observation reflects Sen’s warning: an aggregated welfare function obtained froman infinite set

ofhomothetic utilityfunctions is a welfare function ofa "representative" consumer usefulonly

in determining market behavior. It has no bearing on the welfare ofanyindividualbecause it

ignores the distribution. A potentialextension ofthe modelmight disaggregate population 16

into classes to incorporate distribution.

So far, we have discussed cases in which taxation policies are used to limit fertility. In

some cases, the population growth rate might be deemed inadequate for optimaltrajectories.

Giving incentives to produce more children bytax breaks seems to be especiallyeffective if

there is an inherent preference for more children. However, ifthere is an inherent distaste for

more children, care must be taken that the tax breaks promised bythe state more than

compensate the personalconsumption forgone bythe parent(s) due to the dependencyofthe

child on their income. Ifthe cost ofproducing and rearing a child to a parent is more than the

tax breaks, and a distaste for children exists, than the policymight be fruitless. In other words,

the financialburden ofthe child must be borne bythe state. The tradeoffis made obvious: to

incur the cost ofeverychild would mean that the state revenues must be high, which in turn

implies either a heavytaxation ofpeople with no children, or a generallyveryhigh tax rate and

thus low per capita consumption.

2.2: Changing Preferences for Children and the Demographic Transition

Taxation policies and their like take advantage ofthe tradeoffbetween people and

materialstandards ofliving. These allow policymakers to manipulate fertilitybyadjusting the

opportunitycosts ofhaving children. An alternate long run policywould be to directly

influence tastes. As discussed above, this policyis not without precedent. In Singapore, a

familysize limitation was imposed through public relations and tax incentives. "Singaporeans

15 Paul Demeny, Lecture delivered at Bard College, April 14, 1992.

16 A.K. Sen (1970), , Holden-Day Collective Choice and Social Welfare responded so obedientlyto former premier Lee Kuan Yew’s appeals for smallfamilies that by

1975 the totalfertilityrate had dropped to two...it continued to decline untilby1985, it had

dropped to just 1.6." This resulted in a labor shortage and the need to increase population. 17

Again, the government might endeavor to change the preferences regarding children. In

Singapore, attempts have been made to directlyreturn the economyto an "optimum" trajectory

through tax incentives and a new pronatalist public relations campaign. It remains to be seen

whether fertilityresponds in the upward direction to these incentives.

The "Demographic Transition" is defined as a period during which birth and death rates

move froma pre transition levelof40 50 per 1000 to a post transition levelthat � � �

eventuallysettles down in the neighborhood of12-14 per 1000 . The theoryasserts that an 18

onset ofthe decline ofthe death rates tends to precede the decline ofthe birth rates. Further,

during the phase oftransition when both the rates are declining, death rates fallfaster than the

birth rates. This initiallycauses a widening gap between the crude birth rates and death rates

and thus increases the growth rate ofpopulation. In the later stages ofthe transition however,

this gap is graduallynarrowed as the decline in death rates becomes less dominant than the

decline in the birth rates untilthe two converge.

For empiricalanalysis and projections, the theorydivides the countries ofthe world into

two categories: More Developed Countries (MDCs) and Less Developed Countries (LDCs).

The obvious flaws ofsuch classification are admitted even bythe staunch supporters ofthis

theory. The MDCs consist ofNorthern America, Europe, Former Soviet Union, Japan,

Australia and New Zealand. Allthe rest ofthe countries are classified as LDCs.

According to this theory, the fertilityrevolution is part ofa much broader process called

"modernization". Modernization involves, on the economic side, a sustained increase in the

realoutput per head, changes in the techniques and scale ofproduction, transportation and

distribution ofgoods as wellas monetarization ofthe economyand shifts towards

industrialization ofproductive resources. On the socialand demographic side it involves

changes in fertility, mortalityand net migration rates. Also it includes changes in spatial

distribution ofthe population, familysize and structure as wellas educationaland public health

programs. Broadlyspeaking, allofthese changes have been experienced bythe group

17 "BabyPower," , January1992, pp. 16-20. Geographical Magazine

18 See Demeny, Paul, (1986) "The World Demographic Situation", World Population and U.S. Policy: The

Choices Ahead, Jane Mencken, ed.

19 "Elements of this transition are apparent in parts of northwestern Europe in the eighteenth century. In the

course of the nineteenth century, as modernization gathered increasing headwayin its areas of origin, it

graduallydiffused southward and eastward throughout Europe. Bythe end of the century, its beginnings can be

identified in eastern most Europe, including Russia, and also in Japan. A somewhat similar development was

taking place concurrentlyin overseas areas settled byEuropeans, mirroring to some extent the diffusion pattern

within Europe. Modernization is apparent first in areas initiallysettled chieflybymigrants from northwestern

Europe the United States in the first part of the nineteenth century, followed byCanada, Australia, and New �

Zealand and subsequentlyin parts of Latin America, where migration from southern and eastern Europe is �

especiallyimportant. In the twentieth century, and increasinglysince World War II, the initial signs of

modernization have become more widespread in parts of Asia and northern Africa and, more recently, in

sub Saharan Africa." Easterlin, R.A. and Crimmins, E., p. 4 Universityof Chicago � The Fertility Revolution,

Press. (1985).

classified as MDC where the transition started around the late eighteenth century . Indeed, 19

the historyofMDCs is a major justification for the validityofthe theory.

Byinductive reasoning, the theoryassumes that LDCs willfollow the same pattern of

fertilitydecline as that experienced bythe European countries in the 19th centuryand thus

makes population projections accordingly. However, these predictions are not in harmonywith

the empiricalevidence. Teitelbaum lists eight factors that help explain whyLDCs have

20 21

been impeded fromachieving the predicted fertilitydecline. In addition he also lists eight

factors that allegedlywillaccelerate the process ofdecline ofthe fertilityrates in LDCs. 22

19 "Elements of this transition are apparent in parts of northwestern Europe in the eighteenth century. In the

course of the nineteenth century, as modernization gathered increasing headwayin its areas of origin, it

graduallydiffused southward and eastward throughout Europe. Bythe end of the century, its beginnings can be

identified in eastern most Europe, including Russia, and also in Japan. A somewhat similar development was

taking place concurrentlyin overseas areas settled byEuropeans, mirroring to some extent the diffusion pattern

within Europe. Modernization is apparent first in areas initiallysettled chieflybymigrants from northwestern

Europe the United States in the first part of the nineteenth century, followed byCanada, Australia, and New �

Zealand and subsequentlyin parts of Latin America, where migration from southern and eastern Europe is �

especiallyimportant. In the twentieth century, and increasinglysince World War II, the initial signs of

modernization have become more widespread in parts of Asia and northern Africa and, more recently, in

sub Saharan Africa." Easterlin, R.A. and Crimmins, E., p. 4 Universityof Chicago

� The Fertility Revolution,

Press. (1985).

20 Teitelbaum, M., "The Relevance of Demographic Transition Theoryfor the Developing Countries," Science,

188(4187) May2, 1975. pp. 420 425. (1975). �

21 A brief summaryof the eight factors (given byTeitelbaum) that will impede LDCs from achieving a fertility

decline similar to that experienced bythe European countries in the 19th. centuryare as follows:

1 : in European countries were gradual and the same is not true for many Pace &source of mortality decline

developing countries.

2 : Fertility levels before decline in most developing countries todayis much higher than in pretransitional

Europe.

3 : International migration in 19th. centuryEurope consisted of "exporting" tens of millions of their citizens to

the "new" continents. The same opportunityis not available to the developing nations of today.

4 : due to the previouslymentioned factors in developing nations is much greater Rate of Population growth

than that experienced by19th. centuryEuropean countries during their transition. Doubling time of population

in LDCs is about 20 years, for the 19th centuryEuropean countries, the average was about 90 years. This may

slowanynatural tendencies to completion of the demographic transition.

5 : Momentum for further growth is far greater for developing countries than was for the 19th. centuryEuropean

countries due to the developing countries higher fertilityrates. This has also resulted in a much "younger" age

structure in the developing nations than was for European countries.

6 : are verylimited for developing nations as Opportunities for occupational and rural-to-urban mobility

compared to the 19th. centuryEuropean countries due to extra ordinarilyrapid urban growth in the developing

nations. This curbs the hypothesized effects of urban alternative life styles and reproductive values on the

increased rural population.

7 : Fewer opportunities for female participation in the labor force in nonagricultural sector in the developing

nations as compared to the 19th. centuryEuropean countries.

8 : in developing countries due to doubling of school age cohorts Difficulties of providing universal education

in onlytwo or three decades compounded with the difficultyof expanding educational facilities at the same rate.

This defers the goal of universal education along with its effects on fertilitybehaviors.

22 Eight factors (byTeitelbaum) that will allowLDCs to make a more rapid fertilitydecline than that

experienced bythe 19th. centuryEuropean countries:

1 : in developing countries has been much more rapid than in the Pace of social &economic development

19th. centuryEuropean countries and "causes" or expedites the decline in marital fertility.

One set ofpolicies suggested bythis schoolofthought are directed towards fertility

controlthrough sociologicaldevelopment. Although it takes us out ofthe domain of

economics proper, it behooves us to discuss some ofthese sociologicalfactors at least in terms

ofbeta( ) in our model. "

The first step towards decreasing fertilitylevels in the LDCs might be to educate

people. This might be generaleducation, which is believed bysome to change the relationship

ofthe individualto the environment (consciousness). The education might be more 23

specificallyabout the advantages ofsmallfamilyunits. This in turn willaffect the tastes and

preferences ofthe people over a period oftime such that the decline in the fertilitylevels willbe

voluntaryi.e. without anytaxation incentives given bythe government. The Princeton

European FertilityStudystresses the importance ofsubnationallinguistics and culturalbarriers

impeding fertilitydecline. Clearlythen, as pointed out byTeitelbaumalso, the role ofthe

centralgovernment in LDCs should include greater integration ofthe societyas wellas

promotion ofboth generaleducation and education about fertilitycontrolin multiple languages.

This is not an impossible task given that newspaper publications, radio and TV communications

are alreadywellestablished in LDCs. Improvement in transportation, telecommunication and

postalsystems willalso help in the same direction.

Ifwe believe that child replacement is a motivation for higher fertility, voluntaryfertility

controlthrough a change in tastes willbe implemented in the economyonlyifpeople have the

assurance that everychild born has a good chance ofsurvival. This in turn declares a

prerequisite for voluntaryfertilitycontrol, that is high life expectancy, especiallyofinfants.

This is a difficult task for anygovernment, but in LDCs, where western technologyis imported

readily, including medicaltechnology(which in fact is responsible for rapid mortalitydecline in

2 : Methods of fertility control are more effective and safe todaythan those available to the 19th. century

European countries. Access and easier availabilityof fertilitycontrol methods will, consequently, have greater

demographic effects.

3 : Greater latitude of deferment of marriage and increased nonmarriage was a factor in fertilitydecline in the

19th. centurydevelopment. Fertilityin developing nations maybe reduced via changes in both in marriage

practices and fertilitywithin marriages.

4 : Increased legitimacy of the small family norm has been established due to the European transition.

Although small families were not verycommon in the 19th. centuryEuropean countries itself, but its adoption

in the developing nations can cause acceleration of the process of cultural and intellectual diffusion which in

turn will have demographic effects.

5 : Increased interest &planning capability of government in developing nations will result in fertilitydecline.

Bycontrast, the leaders in the 19th. centurywere not as aware of population growth being a variable in the

economic development. Alreadygovernments representing 81% of the population of the developing nations

have declared their population growths to be too excessive.

6 : in developing nations, unlike its Government ability to permeate subnational linguistic/cultural barriers

possibilityin the 19th. centuryEuropean countries, will also decrease the fertilityrates. This being so because

of availabilityof improved administrative and technological infrastructure.

7 : via United Nations and other agencies means that LDCs maycall upon substantial International assistance

outside resources and expertise.

8 : More rapid pace of fertility decline has been observed in those countries that experienced fertility have

decline in recent decades as compared to 19th. centuryEuropean countries. This maybe due to a combination of

factors given above.

23 J. Cleland and C. Wilson (1987), "Demand Theories of the FertilityTransition," 41(1) pp. Population Studies

5-30.

LDCs compared to 19th. centuryEurope) this is not an impossible task. Thus a government,

byproviding improved medicalfacilities, can increase the infant life expectancywhich in turn

willallow for voluntaryfertilitydecline.

Another step towards voluntaryfertilitycontrolis to provide a substitute for more

children as a source ofincome in old age--- another possible reason for the preference for more

children. This could be provided through transfer payments such as adoption ofsocialsecurity

and increased implementation ofpension plans in the government and private sector. Compared

to the 19th. centuryEuropean countries, where this facilitywas not available, such a policy

might contribute towards a faster decline in the fertilityrates in LDCs.

The second important sociologicalchange, again pointed out byTeitelbaum, is to

discourage earlymarriages. Premature nuptials are commonplace in LDCs and consequently

affect the fertilityrates. Policyimplications lie in the judiciarysystemthat make marriages

illegalbefore a certain age. This maylead to a deferment ofmarriages, which removes at least

one factor contributing towards a slower fertilitydecline in LDCs.

2.3: Other Policies.

Depending upon whether a countrywants to increase or decrease its population growth,

it can import or export its labor through immigration. Though this maynot always be possible

due to economic conditions; job opportunities in the importing countries maynot seem

attractive to the foreign labor class. Also the politicalrealities oftodaynecessarilylimit

internationalmigration. Therefore, it maynot be one ofthe easiest policies to adopt.

Migration policy, given the ease with which it can be adjusted, is clearlyone wayin

which policymakers can directlyadjust population growth in the short run. This leads us to

consider other short run policies, not necessarilydirected at fertilitycontrolthat might be used

to optimize socialwelfare.

3. Short-run Policy Implications: Population Growth is an Exogenous Factor.

Admittedly, attempts to change behavior regarding fertilityinvolve mediumto long

termpolicies. In allofthe policies given above, the crucialunderlying assumption was that

these policies can bring about changes in the population growth prior to anyother changes in

the economy. It might be more interesting to consider the short run policyenvironment. In

this case we assume that fertilityis exogenous and constant. Policywillbe directed toward

maximizing welfare byadjusting the rate ofpopulation increase through macroeconomic

instruments that change the rate at which population increase is traded offagainst consumption.

Ofcriticalimportance in the short run is the assessment ofthe rate ofchange ofwelfare

over time. While welfare might be optimized at one point in time, ifoptimalwelfare is

decreasing over time this suggests at least politicalunsustainability. Assessing the direction of

change ofwelfare willgive policymakers long-range targets while theygo about satisfying

short termgoals.

Even ifwe assume that preferences do not change, and hence and remain the same, ! "

in realitywe cannot expect the return on capitaland the percentage change in the return on

labor to remain the same. In fact we mayeven enter period two, when the ’constant’ depreciation rate ofcapitalmayhave changed to a new ’constant’. Ifanyofthese factors

change prior to obtaining the desired population growth, we willhave to reevaluate the new

trajectory. In extreme cases the new calculated growth mayeven demand exact reversalof

previouslyemployed policies. Such a wild goose chase maylead to economic and political

chaos. Even in countries like China, where the centralgovernment has verypersuasive

methods available to controlpopulation trajectories, it is hardlypossible that the Utopian

condition ofbringing about these changes fast enough, exists.

The question now becomes which economic factors are to be controlled so that the

naturalgrowth ofpopulation imitates the optimumtrajectoryfor population.

Taking as exogenous population growth, then we can rewrite equation <2.1> as: (

<3.1> ‘

‘ O R

F

K = MP = ( 1) MP ( ) ˘

. ( " !

� � � � � � "

and inserting this in equation <1.11> for the optimumtrajectoryfor consumption, we get:

C= ( + MP ) C <3.2>

. ˘

( R �

Note that ifthe percentage change in marginalproduct ofpopulation is zero, then consumption

must grow at the same rate as population, an observation also made earlier.

In order to analyze the relationship between different variables, we willchoose specific

values for certain constants under realistic assumptions. Note that if > 0, then the society !

quite greedilyviews consumption as a "more is better" good. Hence anyvalue of > 0 would !

be realistic but it would make our modelmuch easier to understand ifwe make a simplifying

assumption that = 1. Choosing alpha equalto one, equation <2.1> becomes: !

( = <3.3>

� �

.

" ( 1)

�

�

‘ ‘ F K

Fromthe equation above we can calculate the realrate ofreturn on capitalthat willinsure that

( , the naturalgrowth ofpopulation is the optimumgrowth. For the moment, however, we are

not interested in this exact value, but rather whether the levelofinvestment needed to optimize

welfare is obtainable in a free market setting. Specifically, ifthe realrate ofreturn net of

depreciation is negative investment determined bya market willnot be likelyto invest to the

extent necessary.

We willanalyze various scenarios on a case bycase basis. One last equation that we

need for our analysis is the W equation. The correct value ofthe return on capitalwillinsure Þ

that we follow the optimumtrajectorywhich willmaximize socialwelfare. The sign ofW will Þ

tellus ifthe maximumwelfare (whatever it is) is increasing or decreasing over a period oftime.

Ifwelfare is decreasing, we can assume that this trajectoryis inherentlyunsustainable.

W = h[ N C+ C ( -1) N N] <3.4> Þ

� � � �

Þ � Ð Ð � " � # Ñ Ñ " " " 24

3.1 Consumption is "MIB", Population Growth is Negative and there is a preference for

more children.

When > 0, there is a preference for more children. Since we have assumed that " ! �

! " (

= 1, then we have the inequality( 1) is greater than zero. Also since is less than zero, �

then fromequation <3.3>, we get the

condition that must be negative. Hence:

� �

. � ‘

‘

F

K

. < . <3.5> ‘

‘

F

K

When the return on capital, or the marginalproduct ofcapitalis high, it means that less capital

is being employed relative to labor. Since the population is decreasing, a high marginalproduct

ofcapitalor one greater than the constant proportionaldepreciation ofcapitalwillgive an

incentive to increase investment. The increase in investment willincrease the stock ofcapitalin

future periods i.e. it accumulates faster than it depreciates. This willgenerate increased output

in the next period due to an increase ofcapitalusage. However, a higher levelofinvestment

implies that the net consumption in the first period has decreased. The maximization ofsocial

welfare is dependent on consumption per capita and not net nationalconsumption. Since the

population itselfhas decreased, the consumption-population ratio is such that welfare remains

maximum. We claimed, on the basis ofcommon sense, that an increase in investment will

decrease the net consumption; but do our equations predict the same thing? Plugging the

appropriate signs, generated bythe conditions given in this section, in equation <1.11>, we see

that the percentage change in consumption is indeed less than zero . 25

24 W = h N , � �

� �

C N

! "

W = h[ N C C + C ( - ) N N] and substituting = 1 Þ � � � � �

Þ � Ð � Ñ Ð �"Ñ Ð � �"Ñ

" ! ! ! " ! ! " ! !

we get

W = h[ N C + C ( -1) N N] Þ � � � �

Þ � Ð Ð �#Ñ �"Ñ " " "

25 C = + MP C . ˘ � � � �

. !

"

MP ( ) ˘

( 1)

� � � �"

� R

‘ ‘ R F K �

where = 1, and 1> 0 therefore ! " �

C C ( 1) (+)

( ) Þ �

�

� = = = ( )

� �

.

"

‘ ‘ R F K �

In fact, equation <3.2> shows that the sign ofthe optimumconsumption trajectoryis

dictated bythe sign of. We must always be verycarefulin saying whether is the exogenous ( (

growth ofpopulation or ifit is the optimumcontroltrajectoryofpopulation.

In a famous lecture , Keynes argued that the effect ofa declining population is an era 26

in which demand for capitaltends to be much lower than expected. This leads to a state of

excess supply(or underconsumption) that is not veryeasilycorrected and ifthe demand for

capitalis not increased, the results could be disastrous. Keynes thus advocated that in the face

ofdeclining population, "the demand for a net increase ofcapitalgoods is thrown back into

being whollydependent on an improvement in the average levelofconsumption or on a fallin

the rate ofinterest." Thus, the condition <3.5> imposed byour modelis compatible with the

Keynesian remedy.

Given exogenous conditions on population growth, and socialpreferences, welfare

optimization requires labor intensive techniques ofproduction compounded with an interest

rate that insures an increase in investment. However, a closer look at equation <3.4> tells us

that even though we are maintaining maximumwelfare in the short run, the welfare itselfis

decreasing . The reason for the decrease in the maximumwelfare is selfevident: there is a 27

preference for more children, but population growth is negative, negative population growth

requires negative consumption growth for optimization ofwelfare, but consumption is "MIB."

Therefore anyprolonged period ofdecrease in welfare forces us to look at our equations as

dictating a long run intervention. The population growth must now be taken as an endogenous

factor requiring intervention. These long-run policies, lest we forget, were passionately

discussed in the last section.

3.2 Consumption is "MIB", Population Growth is Positive and there is a distaste for

more children.

Distaste for more children means that ( ) < 0 which implies that ( - 1) < 0. Since " ! " �

( . is now positive, we get the exact same condition on the relationship of and . Once again ‘

‘

F

K

� �

. must be negative and hence: � ‘

‘

F

K

. < . <3.6> ‘

‘

F

K

Thus we require a low capitallabor ratio and an interest rate for which investment is

positive and has a reasonable market solution. However, this time the percentage change in

consumption is greater than zero. (This can be readilychecked bythe reader plugging in

appropriate signs in equation <1.11>) This is so because an increasing population willrequire

26 Keynes, J.M., "Some Economic Consequences of a Declining Population," (Feb. 16th, 1937) Eugenics Review

27 W = h[ N C + C ( -1) N N], h, N and C are all positive, N < 0, C < 0, and ( -1) > 0. Þ

� � � �

Þ � � �

Ð �"Ñ Ð �#Ñ " " " "

Therefore W = h[ ((+) (-)) + ((+) (+) (+) (-))] = h[(-) +(-)] = � � � � � an increasing levelofconsumption that yields per capita consumption that maximizes the social

welfare. Increasing levels ofconsumption as wellas investment necessitates that net national

income be constantlyincreased through labor intensive production.

It is unclear whether under the given scenario and the optimization conditions, the

socialwelfare is increasing or decreasing. The sign ofW depends on the relative sizes ofC, N, � �

C/N & ( -1) . In the specialcase when the percentage change in the marginalproduct of " 28

labor is zero, i.e. MP = 0, then equation <3.2> yields the condition C = C. Bysubstituting ˘

R

� � (

( " � � C for C in <3.4> we see that welfare increases onlyif takes on a value between 0 and 1 . 29

Thus in the short-run we can maximize the socialwelfare bymaintaining an interest rate

dictated bythe inequality<3.6>. Further, this maximumwelfare willbe increasing (for MP ˘

R

=0) ifthe preference for population is such that 0 < < 1. If is not within this range, then " "

long run policies to controlthe population growth must be adopted, otherwise, even though the

welfare is maximumat each instant, it willgo on decreasing over a period oftime.

3.3 Consumption is "MIB", Population Growth is Negative and there is a distaste for

more children.

Since ( ) < 0 and < 0, we get an unusualrelationship that " ! ( �

� �

. � ‘

‘

F

K > 0. Thus:

. > <3.7> ‘

‘

F

K

In this case the return on capitalmust be less than the depreciation rate ofcapital. This implies

a negative net return on investment, i.e. the realrate ofinterest = - < 0. Due to a rapid 3 ‘

‘

F

K .

decline in population the interest rates on capitalwillbe verylow and labor wages veryhigh.

Since capitalis cheap the economymust be extremelycapitalintensive. The net national

output, generated primarilydue to relativelyhigh capitalemployment, must mostlybe

consumed. However, equation <3.2> demands that for welfare maximization, the percentage

change in net consumption must also be negative. Once again we relyon Keynes to support

this absurdity . 30

Since according to equation <3.2> we can not have an improvement in the average level

ofconsumption, we must relyon a drastic fallin the rate ofinterest to the extent that it is

actuallynegative (condition <3.4.7> i.e > marginalproduct ofcapital). This modelthen .

claims that since the population is decreasing and has a propensityto go on decreasing while it

28 W = h[ N C + C ( -1) N N] = h N [ C + ( -1)N] = h N [(+) + (+)(-)(+)] =

� � �

� � � � � � � � �

Þ � Ð �"Ñ Ð �#Ñ Ð �"Ñ Ð �"Ñ

" " " " " " C N (+)[(+) + (-)]

29 If MP = 0 C = C. Therefore W = h N [ C + ( -1)N] = h N [ C + C ( -1)] = ˘

R Ð �"Ñ Ð �"Ñ p � � � � � � � � � � � � � ( " ( ( " " " C N h N C[1 + ( -1)] = h N C[ ] Given that is greater than zero, W will be positive onlyif

� � � � � � � Ð �"Ñ Ð �"Ñ " " ( " ( " (

" " "

> 0. However, we also knowthat ( - 1) < 0, therefore 0 < < 1.

30 Keynes advocates that in the face of a declining population, the demand for an increase of capital goods

whollydepends on an improvement in the average level of consumption or on a fall in the rate of interest.

also prefers that per capita consumption be increasing, it must also somehow increase, or at the

veryleast, maintain its net nationaloutput. Since the amount oflabor needed to maintain the

production is decreasing, the onlyway(ignoring technology) to maintain production is to have

an unusuallyhigh levelofcapitalemployment. Thus our modelclaims that we need a negative

interest rate to to have such a high levelofcapitalemployment. The noncompatibilityofthis

remedywith everydaycommon sense can be resolved bythe fact that we are looking at a short

run modelwhere our objective is to maximize the socialwelfare through consumption-

population ratios. Note also that in this scenario, the welfare would be increasing if is less "

than zero . In the long-run we need to direct our policies towards population growth. 31

3.4 Consumption is "MIB", Population Growth is Positive and there is a preference for

more children.

This case scenario is that ( ) > 0, > 0 hence > 0 " ! ( . � �

� �

‘

‘

F

K

thus:

. > . <3.8> ‘

‘

F

K

Once again we get the unusualrequirement that the return on capitalbe less than the

depreciation rate ofcapital. However, here we see that the percentage change in consumption

must be greater than zero (see equation <3.2>). This brings about a dilemma. How is it

possible, given that population is increasing at a positive exponentialrate, to maintain

increasing consumption in the same proportion while also the returns on capitalbe verylow?

In the economic region, low marginalproductivityofcapitalwillbe obtained ifthere is an

unusuallyhigh employment ofcapitalwhich means that interest rates are low. In this case the

levelofcapitalmust be so high that the rate ofreturn is actuallynegative. Then despite the

increasing supplyoflabor, the realwages must also be increasing in order to insure the

increasing levelofconsumption. This implies that consumption as wellas investment are both

high and increasing. However, in our model, net nationaloutput was distributed among

consumption and investment which implies a trade-offbetween the two. Then there must be

some other factor affecting the production function such that the net nationaloutput is high

enough to allow both, a high investment as wellas a high levelofconsumption. Since we are

dealing with a closed economy, the high levelofoutput needed to support a high investment

and consumption, given that the return on capitalis negative, must be due to an extremelyhigh

return oflabor employment. This is to saythat the production is in the region where marginal

product ofcapitalis negative and the marginalproduct oflabor is veryhigh. (N.B. We are

claiming that the marginalproduct oflabor be veryhigh, the in marginal not percentage change

product oflabor, which we actuallyassumed to be zero.)

In a rationalmarket based society, we cannot expect there to be further investment �

once realinterest rates become negative. Yet our modeldemands a negative interest rate to

31 If MP = 0, then from equation <3.3.4> we get W = h N C[ ] which will be positive if < 0, ˘

R Ð �"Ñ � � � �

" ( " "

given that is less than zero. ( support this high investment ofcapital. Government would have to provide this levelof

investment.

Western nations ofthe nineteenth centuryand developing nations ofthe twentyfirst

century(LDCs), broadlyspeaking, are examples ofthe scenario where there is a population

explosion and there is a preference for more children. Moreover, records show that the

average realwage in Western European countries was rising in the nineteenth century . Our 32

modeldemands an exogenous factor to explain this phenomenon. The technologicalinnovation

ofthe IndustrialRevolution is one factor; one we have not dealt with explicitlyin this model.

The other is subsidized investment. When we consider the publiclysubsidized railroad

expansion in the United States during the 19th century, it could be argued that the net return to

investment might wellhave been negative over a long period oftime.

As far as developing nations facing positive population growth and a revealed

preference for children, the optimalsolutions (in the short run) require that the levelof

investment must be high enough that the return is driven into the negative range. Clearlythen,

the short run solution to the population problemin the developing nations lies in heavily

subsidized investment. Technologytransfer (migration ofcapital, human or physical) type

might also work to maintain welfare maximization. Ofcourse, the appropriateness ofthe

investment vis a vis labor intensitymight be veryimportant. This does not in anywaymean

that no long-run policies should be adopted to controlthe population growth.

4. Conclusion.

In this paper we have used to find optimumcontroltrajectories to

Hamilton’s Principle

insure that socialwelfare is maximumgiven production constraints. These optimumcontrol

trajectories are given byequations <1.10> and <1.11> and derivations are shown in Appendix

A. We then analyzed these trajectories in light of and ; the preference profiles ofthe ! "

population. In order to test our modelwe chose some realistic values ofthese constants and

analyzed the implications under different scenarios. We also discussed some ofthe popular

policyoptions in reference to population problems. Throughout this paper we have stressed

that population growth is to be taken as an endogenous factor in the long-run and as an

exogenous factor in the short-run.

Bymaking this distinction in the long-run and the short-run policyoptions, we have

avoided a lot ofconfusion that could have arisen. For example it is unrealistic to tryto change

the economy’s preference profile regarding children ‘overnight’. Thus in the short-run we can

address the economic growth problembyfocusing on migration, the interest rate, capitaland

technology. At the same time we recognize that such conditions cannot be maintained

indefinitelyand so we must also focus on population growth.

In effect, our modelallows us to accept the fact that the population growth in a

developing nation, saySudan, is not going to start decreasing in the near future. Giving that it

won’t, can we stillensure welfare maximization (and economic development) in Sudan? The

32 Lee, R., "Population in Preindustrial England: An Econometric Analysis", Quarterly Journal of Economics

87(4), pp. 581 607, (1973). � answer is certainlyyes as long as we do not forget that adjusting capitalstock is a temporary

fix. Eventuallywe must tryto controlpopulation also.

The modelimmediatelysuggests extensions. One important extension would be to

incorporate technologicalchange explicitly. Ifwe adopt Boserup’s view that technological

innovation occurs due to population pressure, we could modeltechnologyitselfas a function of

N or population density. Another extension would be to incorporate a time dimension in the 33

specification of. might be a function ofpopulation size, population density, or a varietyof " "

other "exogenous" variables: education levels; dominant religion; or, familystructure, for

instance. As mentioned above, population itselfmight be disaggregated into labor classes. We

might relax the assumption of fullutilization ofresources to consider the effects ofdependency

ratios on welfare maximization. Further, capitalcould be disaggregated into types.

Finally, the most important extension ofthe modelwould be to develop an empirical

specification that might be used to estimate values of, , and the influence ofother variables ! "

on them. We might be able to modelthe demographic transition empiricallyin order to

understand its structure. Understanding the population-development interaction might assist

development planning in important ways. Sustainable development planning might be greatly

aided bysuch a tool.

Development is a process that unfolds over time. As such, static theoreticalmodels are

limited in their abilityto modelit. Dynamic modeling has rarelybeen applied to development

planning. To our knowledge, it has never been applied to the population-development

interaction. We offer this modelas a meager first step.

33 Ester Boserup, Chicago:Universityof Chicago Press, (1981) Chapters Population and Technological Change,

1-3.

APPENDIX

We want to maximize welfare when moving fromperiod t to t . The welfare function and the ! " equation ofmotion are:

W = h N K(t) = F(K,N) C K,

.

� � � � �

� �

C

N

! " .

where K, N and C are allfunctions oftime. This is a generalcontrolproblemin which the

objective functionalis maximized when the Hamiltonian is maximumfor allt between t and t , 9 "

where the Hamiltonian is: [

= h N + q K

.

[ � � �

� �

C

N

! "

<A.1>

= h N + q F(K,N) C K , � � � � � �

� � � �

C

N

! " .

and q, the costate variable is also a function oftime. In order to find the optimumtrajectories of

the controlvariables, that is population and consumption, the principalofleast action requires

for interior solutions that the rate ofchange ofthe Hamiltonian with respect to controlvariables

alone be zero at alltimes and that the time rate ofchange ofthe costate variable be equalto the

negative partialderivative ofthe Hamiltonian with respect to the state variable, capital.

Algebraicallythese conditions are:

‘ ‘

‘ ‘

[ [ N C = = 0 <A.2>

q = <A.3> .

� ‘

‘

[ K

We now evaluate these partialderivatives.

‘ � "

‘

� [ ! " !

C = h C N q = 0 <A.2.1> ! � � � �

‘ ‘

‘ ‘

� � " [ ! " !

N N

F = ( ) h C N + q = 0 <A.2.2> " ! � � � � �

q = = q q . <A.3.1> . d

d q

t K

F � � �

� �

‘

‘ .

The last ofthese equations give the percentage change in the costate variable over the entire

range.

q .

q K

F = . � ‘

‘

<A.4>

In order to get the time derivatives ofpopulation and consumption, we take time derivatives of

equations <A.2.1> and <A.2.2> and get:

! ! " !

h[ ( 1)C N C+ ( )C N N ] q = 0, <A.5>

. . .

� � �

! " ! " ! ! � # � "

� � � "

( )h[ C N C+ ( 1)C N N] + q + q = 0 <A.6>

. . .

" ! ! " !

� � �

! " ! " ! ! � " ‘ � � � " � #

‘

F

N t d

d

� �

‘ ‘ F N

respectively. Putting q in equation <A.5> on one side ofthe equalsign, we divide both sides of .

the equation byq lifted fromequation <A.2.1> to obtain:

q h[ ( 1)C N C+ ( )C N N ] .

q

. .

hC N

= ! ! " !

!

� � �

! " ! " ! !

! " !

� # � "

� � � "

� " �

which upon cancellations gives:

q ( 1) ( ) .

q C N

= C+ N

. .

! " !

� � <A.7>

Similarlyin equation <A.6> we put q + q on one side ofthe equation and divide .

� ‘

‘

F

N t d

d

� �

‘ ‘ F N

both sides byq lifted from<A.2.2> to get: � ‘

‘

F

N

q + q .

q

( ) h [ C N C+ ( 1) C N N ] . .

( ) h C N

�

�

� � � � � � � � � � �

� � � �

‘ ‘ ‘ � " ‘

� " � �

� " � #

�

F N t F N d F N d

� � ‘ ‘ = " ! ! " !

" !

! " ! " ! !

! " !

which simplifies to:

q ( 1) .

q C N MP

MP .

= C+ N ,

. .

! " !� � � R

R

<A.8>

where = = percentage change in the marginalproduct oflabor. MP .

MP t N

F R

R

� � d

d

� �

‘ ‘ F N ‘

‘

Equations <A.4>, <A.7> and <A.8> are the keyto find optimumcontroltrajectories,

the Cand the N equations that we seek. These maybe extracted bythe help oflinear algebra.

. .

To economize on long equations we introduce four new symbols momentarily.

Let Q = , C = , N = and MP = . Byequating equations <A.7> and <A.8> we

˘ ˘ ˘ ˘ q .

q C N MP

C N . . MP .

R R

R get:

Q = C + ( 1)N MP = ( )C + ( )N, which simplifies to:

˘ ˘ ˘ ˘ ˘ ˘

! " ! ! " !

� � � � " � R

C = N + MP <A.9>

˘ ˘ ˘

R

Rearranging equation <A.7> and using the new notation we get:

C = <A.10> ˘ Q ( )N ˘ ˘

( 1)

� �

�

" !

!

and inserting this equation in <A.8> gives:

Q = + ( ) N MP

˘ ˘ ˘

! " !

� �

Q ( )N ˘ ˘

( 1)

� �

� R

" !

! � � " �

This equation can be solved for N (and hence for N) in terms ofQ and MP . The equation ˘ ˘ . ˘

R

above can be rewritten as:

Q MP = ( 1) N N,

˘ ˘ ˘ ˘

� � � � �

Q ( ) ˘

( 1) ( 1)

! ! " !

! ! � � R

� " !

which after some algebraic dexterityyields:

N = (See Endnote) <A.11> ˘ Q MP ( ) ˘ ˘

( 1)

� � �"

� R !

"

Substituting for N and Q fromthe symbols introduced earlier and fromequation <A.4>, we get ˘˘

the optimumpopulation growth trajectory:

N = N

.

� �

. !

"

MP ( ) ˘

( 1)

� � � �"

�

‘ ‘ R F K

� <A.11>

Bysubstituting for N fromequation <A.11> in equation <A.9> we get C in terms ofQ and

˘ ˘ ˘

MP . ˘

R

C = + MP <A.12> ˘˘ � �

Q MP ( ) ˘ ˘

( 1)

� � �"

� R R !

"

and once again bysubstitution fromequation <A.4> we get the optimumtrajectoryfor

consumption:

C= + MP C

. ˘ � � �

. !

"

MP ( ) ˘

( 1)

� � � �"

� R

‘ ‘ R F K

�

� <A.13>

Equations <A.11> and <A.13> are the optimumcontroltrajectories implying that in

order to maximize socialwelfare, population and consumption growth rate exponential. Ifthe

population growth is exogenous and is, say, changing at a constant exponentialrate , then ( (

must be equalto:

( = , <A.14>

� �

. !

"

MP ( ) ˘

( 1)

� � � �"

�

‘ ‘ R F K

thus:

‘

‘ O R

F

K = MP = ( 1) MP ( ) ˘

. ( " !

� � � � � � "

<A.15>

which when substituted into <13>, simplifies to:

C= ( + MP ) C <A.16>

. ˘

( R �

Endnote: Ifwe had provisioned for neutraltechnologyin the production function, that is Y(t)

= A(t) F(K,N) and had not assumed F/ N)/ t = 0, equations <A.10>, <A.12> and � ‘ d( d ‘

<A.4> would be:

N = ; ˘ Q MP ( 1) A( )

˘ ˘ ˘

( 1)

� � � �"

� R ! !

"

C = + MP + A; and,

˘ ˘˘ � �

Q MP ( 1) A( )

˘ ˘ ˘

( 1)

� � � �"

� R R ! !

"

Q = A , respectively, ˘

. � � ‘

‘

F

K

where: MP = F/ N and A = A/A . ˘˘ .

R

‘ ‘

� � �

d

d

( F/ N)

t ‘ ‘

BIBLIOGRAPHY

Aizcorbe, Ana M., "Testing the ValidityOfAggregates," Journal of Business and Economic

Statistics, 8(4), pp. 373 83, (Oct. 1990). �

Arrow, K.J., , New Haven:Yale UniversityPress, (1963). Social Choice and Individual Values

-------------., "RationalChoice Functions and Orderings," , 26, pp. 121 127, Economica �

(1959).

Benhabib, J, & Jovanovic, B., "Externalities and Growth Accounting," American Economic

Review , 81(1) pp. 82 113, (March 1991). �

Bergson, A., "A Reformulation ofCertain Aspects ofWelfare Economics," Quarterly Journal

of Economics 52, pp. 310 34 (1938). �

Boserup, Ester, Chicago:UniversityofChicago Press, Population and Technological Change,

(1981).

Caldwell, J.C., "The Economic RationalityofHigh Fertility: An Investigation Illustrated with

Nigerian SurveyData," , 31(1), pp. 785 830, (1977).

Population Studies �

Cleland, J. and Wilson, C., "Demand Theories ofthe FertilityTransition: An Iconoclastic

View," 41(1), pp. 5 30, (1987).

Population Studies, �

Coale, A.J. in Proceedings of the IUSSP International Population Conference,

Liege:InternationalUnion for the Scientific StudyofPopulation, pp. 53-72. (1973)

Cole, J.W. and J.A. Nydon, "Class, Gender and Fertility: Contradictions ofSocialLife in

ContemporaryRomania," 23(4), pp. 469-476, (1990).

East European Quarterly,

Demeny, Paul , "The World Demographic Situation", World Population and U.S. Policy: The

Choices Ahead , Jane Mencken, ed., (1986).

Easterlin, R.A. and Crimmins, E., Chicago:UniversityofChicago The Fertility Revolution,

Press. (1985).

Espenshade, T.J., "Zero Population Growth and the Economies ofDeveloped Nations,"

Population and Development Review , 4(4), pp. 645 680, (1978). �

Farooq, G.M. and F.L. MacKellar, "Demographic, Employment and Development Trends:

The Need for Integrated Planning," , 129(3), pp. 301-315, (1990).International Labor Review

Fisher, F.M., "Aggregate Production Function and the Explanation ofWages: A Simulation

Experiment," , LIII, pp. 305 325, (Nov. 1971).

Reviewof Economics and Statistics �

Giffen, Sir Robert, "Population, NationalPower, and Wealth: A Late Nineteenth Century

Assessment", , 5(2), pp. 319 346, (1979).

Population and Development Review �

Gorman, W.M., "CommunityPreference Field," 21, pp. 63 80, (Jan. 1953). Econometrica, �

---------------. ,"Separable Utilityand Aggregation," , 21, pp. 469 81, (1968). Econometrica �

Grauman, J.V. "Population: Population Growth", International Encyclopedia of the Social

Sciences, V.12, pp. 376 381, (1968). �

Grazia, A. De., "MathematicalDerivation ofan Election System," , 44, pp. 42 51, Isis �

(1953). (English translation ofpaper presented byBorda, J.C. de., in 1770.)

Gupta, K. "DependencyRates and Savings Rates: Comment," American Economic Review,

61(Jun.), pp. 469 480, (1971). �

Harris, Donald J., "Capital, Distribution, and the Aggregate Production Function," American

Economic Review, 63(1) pp. 100 13, (March 1973), �

Haynes, S.E., et al., "An Econometric Test ofStructuralChange in the Demographic

Transition," 87(3), pp. 554 567, (1985).

Scandinavian Journal of Economics, �

Intriligator, M.D., Prentice Hall, Mathematical Optimization and Economic Theory, �

(1971).

Jacobson, Jodi L., "Women’s Reproductive Health: The Silent Emergency" World Watch

Paper #102, World Watch Institute, Washington, D.C. (1991).

Jefferson, G.H., " The Aggregate Production Function and ProductivityGrowth: Verdoorn’s

Law Revisited," 40, pp. 671 691, (1988).

Oxford Economic Papers �

Keyfitz, Nathan., "Population Appearances and Demographic Reality", Population and

Development Review, 6(1), pp. 47 60, (1980). �

__________, "Toward a TheoryofPopulation-Demographic Interaction," in Resources,

Environment, and Population: Present Knowledge, Future Options, K. Davis and M.S.

Bernstam, eds. New York: Population Council(1990).

Keynes, J.M., "Some Economic Consequences ofa Declining Population," Eugenics Review,

29(1), pp. 13 17, (1937). �

Kirk, Dudley, "Population: The Field ofDemography", International Encyclopedia of Social

Sciences, Vol. 12, pp.342 349, (1968). �

Kristof, N. D., "Stark Data on Women: 100 Million are Missing," , pp. c1 & NewYork Times

c12, (Tuesday, Nov.5, 1991).

Lee, Ronald, "Population in Pre IndustrialEngland: An Econometric Analysis," � Quarterly

Journal of Economics 87(4), pp. 581 607, (1973). �

_______, "Comment: The Second Tragedyofthe Commons,"

Leff, N.H., "DependencyRates and Savings Rates," 59(Dec.), American Economic Review,

pp. 886 895, (1969). �

Levy, Daniel, "Aggregate Output, CapitalAnd Labor in the Post War U.S. Economy," �

Economic Letters, 33(1) pp. 41 45, (May1990). �

Malthus, T.R., Macmillan and Co. Ltd. at Oxford Essay on the Principle of Population,

UniversityPress, London (1926)

----------------, Wells and LillyCourt Street, Boston

Principles of Political Economy, �

(1821).

Marx, Karl, "On Malthus and Population", from Capital and Foundations of the Critique of

Political Economy, Vintage Books, New York (1973).

McCombie, J.S.L., "Does the Aggregate Production Function ImplyAnything About

Production? A Note on the Simon and Shaikh Critiques," 19(8), pp. Applied Economics,

1121 36, (August 1987). �

Minabe, N., "The Possible Shapes ofthe Production PossibilityCurve under Cobb Douglas �

Production Function," 14(1), pp. 1 8, (July1980).

European Economic Review, �

-------------., "The Possible Shapes ofthe Production PossibilityCurve under Cobb Douglas �

Production Function : A Comment," 19(2/3), pp. 395 96, (Oct.

European Economic Review, �

1982).

Moreno, L. "The Linkage Between Population and Economic Growth in Mexico: A New

PolicyProposal?" 26(3) pp. 159-170, (1991).

Latin American Research Review,

Ram, R., "DependencyRates and Aggregate Savings: A New Cross Section Study," �

American Economic Review, 72(3), pp. 537 544, (1982). �

Russell and Wilkinson, Microeconomics: A Synthesis of Modern and Neoclassical Theory,

John Wiley& Sons, Inc. (1979).

Samuelson, P.A., Harvard UniversityPress, (1974). Foundation of Economic Analysis,

-----------------., "Arrow’s MathematicalPolitics," pp. 49, Human Values and Economic Policy,

New York UniversityPress, (1967).

Sandelin, Bo, "On the Origin ofThe Cobb Douglas Production Function," � Economy and

History , 19 (2) pp. 117 23, (1976). �

Sauvy, H. "Population: Population Theories", International Encyclopedia of Social Sciences,

Vol. 12, pp.349 357, (1968). �

Schumpeter, "Population, Returns, Wages, & Employment" Part II, Chpt.5 from History of

Economic Analysis, Oxford UniversityPress, Inc., 2nd. edition, (1955).

Segal, A. "Africa’s Population and FamilyPlanning Dynamics," 3rd. Quarter, pp. Africa Today

25-37, (1993)

Sen, A.K., , Holden Day,(1970). Collective Choice and Social Welfare �

----------., "The Welfare Basis ofRealIncome Comparisons: A Survey," Journal of Economic

Literature, Vol. XVII, pp. 1 45, (March 1979). �

------------., "InterpersonalAggregation and PartialComparability," , 38, pp. Econometrica

393 409,(1970). �

Shaikh, Anwar, "Laws ofProduction and Laws ofAlgebra: The Humbug Production

Function," 56(1), pp. 115 20, (Feb. 1974).

Reviewof Economics and Statistics, �

Shrycock, Siegel and Stockton, , Chapters 1, 13, The Methods and Materials of Demography

14, 15, 16, 17, (1976).

Solow, Robert M., "Law ofProduction and the Laws ofAlgebra: The Humbug Production

Function: Comment." 56(1), pp. 121, (Feb. 1974),

Reviewof Economics and Statistics,

--------------------., "A Contribution to the TheoryofEconomic Growth," Quarterly Journal of

Economics, pp. 65 94, (mimeo). �

---------------------., "TechnicalChange and the Aggregate Production Function," Reviewof

Economics and Statistics, 39 pp. 312 320. (August 1957) �

Teitelbaum, M., "The Relevance ofDemographic Transition Theoryfor the Developing

Countries," 188(4187) May2, 1975. pp. 420 425. (1975).

Science, �

Votey, H.L. "The OptimumPopulation and Growth: A New Look", Journal of Economic

Theory, 1(1), pp. 273 290, (1969). �

Whittington, J.A., J. Alm and H.E. Peters, "Fertilityand the PersonalExemption: Implicit

Pronatalist Policyin the United States," 80(3), pp. 545-556,American Economic Review

(1990).

Wilkinson, M., "An Econometric Analysis ofFertilityin Sweden, 1870 1965," �

Econometrica 41(4), pp. 633 642, (1973). �