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.H\ZRUGV� 0RQRSRO\� 'LVFULPLQDWLRQ� 9HUWLFDO LQWHJUDWLRQ

-(/ &ODVVLpFDWLRQV� /�� '�

(FRQRPLGHV ������ VWXGLHV DQ XSVWUHDP PRQRSRO\ VXSSOLHU RI D QHFHVVDU\ LQSXW WR D GRZQVWUHDP &RXUQRW

ROLJRSRO\� 7KH XSVWUHDP PRQRSROLVW SDUWLFLSDWHV LQ WKH GRZQVWUHDP PDUNHW WKURXJK D IXOO\ YHUWLFDOO\ LQWH�

JUDWHG VXEVLGLDU\� VR WKH XSVWUHDP PRQRSROLVW DQG LWV VXEVLGLDU\ PDNH D MRLQW PD[LPL]DWLRQ GHFLVLRQ� 7KLV

YHUWLFDOO\ LQWHJUDWHG pUP DOVR KDV WKH DELOLW\ WR ?VDERWDJH� WKH ULYDOV RI LWV GRZQVWUHDP VXEVLGLDU\ E\ UDLVLQJ

WKHLU PDUJLQDO FRVW� SUHVXPDEO\ WKURXJK GLVFULPLQDWRU\ SURYLVLRQ RI WKH QHFHVVDU\ LQSXW� DQG WKLV VDERWDJH LV

FRVWOHVV IRU WKH YHUWLFDOO\ LQWHJUDWHG pUP� $ FHQWUDO FRQFHUQ RI WKH SDSHU LV WKH GHJUHH WR ZKLFK WKH LQWHJUDWHG

pUP ZLOO RSWLPDOO\ FKRRVH WR HQJDJH LQ VDERWDJH� ,Q WKH FRQWH[W RI OLQHDU GRZQVWUHDP GHPDQG DQG FRVWOHVV

VDERWDJH� (FRQRPLGHV �S� ���� VWDWHV�

?3URSRVLWLRQ �� (YHQ LI WKH PRQRSROLVW
V VXEVLGLDU\ KDV D FRVW DGYDQWDJH RU GLVDGYDQWDJH FRPSDUHG WR LWV

ULYDOV� WKH PRQRSROLVW VWLOO KDV DQ LQFHQWLYH WR LQFUHDVH WKH FRVWV RI ULYDOV WR LWV GRZQVWUHDP VXEVLGLDU\ XQWLO

WKH\ DUH GULYHQ RXW RI EXVLQHVV��
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7KLV VWDWHPHQW LV DQ LPSRUWDQW REVHUYDWLRQ WKDW KDV HPSLULFDO VXSSRUW LQ WKH FRQWHPSRUDU\ 8�6� WHOHFRP�

PXQLFDWLRQV LQGXVWU\ ZLWKLQ WKH FRQWH[W RI (FRQRPLGHV
 PRGHO� 0RUH JHQHUDOO\� KRZHYHU� DGGLWLRQDO FRQVLG�

HUDWLRQV PD\ DULVH�

,Q SDUWLFXODU� ZH VKRZ WKDW LW LV RSWLPDO IRU WKH LQSXW PRQRSROLVW WR FRPSOHWHO\ UHIUDLQ IURP VDERWDJH

ZKHQ �� GRXEOH PDUJLQDOL]DWLRQ LV QRW WRR VHYHUH� �� WKH PRQRSROLVW
V VXEVLGLDU\ KDV D ?ODUJH HQRXJK� FRVW

GLVDGYDQWDJH FRPSDUHG WR LWV ULYDOV� DQG �� WKH LQSXW SULFH H[FHHGV PDUJLQDO FRVW� +HQFH WKH VDERWDJH LVVXH

PXVW EH UHVROYHG HPSLULFDOO\ E\ WDNLQJ DFFRXQW RI WKH QXPEHU RI GRZQVWUHDP ROLJRSROLVWV� FRPSDULQJ WKHLU

FRVWV� DQG H[DPLQLQJ WKH XSVWUHDP SURpW PDUJLQ� :LWKLQ WKH FRQWH[W RI (FRQRPLGHV
 PRGHO� ZH pQG WKDW

GDWD IRU WKH 8�6� WHOHFRPPXQLFDWLRQV LQGXVWU\ VWURQJO\ VXSSRUW WKH FRQFOXVLRQ WKDW %HOO 2SHUDWLQJ &RP�

SDQLHV �%2&V� FXUUHQWO\ KDYH LQFHQWLYHV WR GLVFULPLQDWH DJDLQVW WKHLU ORQJ�GLVWDQFH ULYDOV� 7KH UREXVWQHVV

RI WKLV FRQFOXVLRQ DFURVV LQGXVWULHV ZLWK D VLPLODU YHUWLFDO VWUXFWXUH� VXFK DV WKH VRIWZDUH H[DPSOHV FLWHG E\

(FRQRPLGHV� DQG DFURVV PRGHOV WKDW FDSWXUH PRUH RI WKH VDOLHQW FKDUDFWHULVWLFV RI WKH VDERWDJH GHFLVLRQ� VXFK

DV WKH H[SHFWHG FRVW RI VDERWDJH� UHPDLQV DQ XQDQVZHUHG TXHVWLRQ��

7KH LQWXLWLRQ LV VWUDLJKWIRUZDUG� 7KH YHUWLFDOO\ LQWHJUDWHG pUP PDNHV SURpW IURP ERWK VHOOLQJ LWV LQSXW

WR GRZQVWUHDP ULYDOV DQG WKH DFWLYLWLHV RI LWV GRZQVWUHDP VXEVLGLDU\ �DVVXPLQJ SULFH H[FHHGV PDUJLQDO FRVW

XSVWUHDP�� 6DERWDJH LV DQ LQFUHDVH LQ PDUJLQDO FRVW WR WKH GRZQVWUHDP ULYDOV� ZKLFK FDXVHV WKHP WR GHFUHDVH

RXWSXW LQ WKH &RXUQRW HTXLOLEULXP DQG WKHUHIRUH SXUFKDVH IHZHU LQSXWV� ZKLOH WKH RXWSXW RI WKH GRZQVWUHDP

VXEVLGLDU\ LQFUHDVHV� $V LQ DQ\ VWDEOH &RXUQRW HTXLOLEULXP� WKH FRVW LQFUHDVH FDXVHV DJJUHJDWH RXWSXW WR

GHFUHDVH DQG SULFH WR LQFUHDVH� 7KXV� IRU WKH YHUWLFDOO\ LQWHJUDWHG pUP� VDERWDJH UHVXOWV LQ OHVV SURpW IURP

LQSXW VDOHV EXW PRUH SURpW IURP WKH GRZQVWUHDP VXEVLGLDU\� 8OWLPDWHO\� HYHQ WKH SURpWV RQ LQSXW VDOHV DUH

GHULYHG IURP WKH GRZQVWUHDP PDUNHW� VR WKH EHVW SRVVLEOH RXWFRPH IRU WKH YHUWLFDOO\ LQWHJUDWHG pUP LV WR

HDUQ WKH IXOO GRZQVWUHDP PRQRSRO\ SURpW RI WKH OHDVW�FRVW GRZQVWUHDP pUP� :KHQ WKH LQSXW PRQRSROLVW
V

GRZQVWUHDP VXEVLGLDU\ KDV QR FRVW GLVDGYDQWDJH� WKH QHW HoHFW RI VDERWDJH LV D JDLQ IRU WKH YHUWLFDOO\

LQWHJUDWHG pUP EHFDXVH VKXWWLQJ GRZQ ULYDOV DOORZV WKH YHUWLFDOO\ LQWHJUDWHG pUP WR VHOO WKH PRQRSRO\ RXWSXW

RI WKH OHDVW�FRVW GRZQVWUHDP pUP �LWVHOI�� ZKHQFH WKH LQWHJUDWHG pUP JDUQHUV WKH PD[LPXP SRVVLEOH SURpW�

� 6 DE RWDJH K DV FRVWV Z LWK DW OHDVW VRP H S RVLWLY H S U RE DE LOLW\ LQ P RVW VHWWLQ JV� )RU H[ DP S OH� 6 HFWLRQ ����G ���� RI WK H 7 HOHFRP �

P X Q LFDWLRQ V $ FW RI ���� HP S RZ HU V WK H )& & WR LVVX H RU G HU V� S HQ DOLWHV� DQ G X OWLP DWHO\ WR ?VX VS HQ G RU U HY RN H� WK H LQ WHU /$ 7 $
DX WK RU LW\ RI D % 2& LI WK H DJHQ F\ G HWHU P LQ HV WK DW WK H % 2& K DV FHDVHG WR P HHW WK H FRQ G LWLRQ V IRU LQ WHU /$ 7 $ DS S U RY DO� 0RU H

E U RDG O\ � E RWK U HJX ODWLRQ DQ G DQ WLWU X VW HQ IRU FHP HQ W FU HDWH H[ S HFWHG FRVWV RI VDE RWDJH�
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+RZHYHU� ZKHQ WKH LQSXW PRQRSROLVW
V VXEVLGLDU\ KDV D FRVW GLVDGYDQWDJH� LWV ULYDOV DUH DEOH WR JHQHUDWH PRUH

SURpW GRZQVWUHDP WKDQ LWV VXEVLGLDU\� 7KH LQSXW PRQRSROLVW FDQQRW FDSWXUH DOO RI WKLV SURpW EHFDXVH WKH

GRZQVWUHDP &RXUQRW ROLJRSRO\ UHVWULFWV RXWSXW LQ RUGHU WR SXVK SULFH DERYH WKH VXP RI WKH LQSXW SULFH DQG

RWKHU PDUJLQDO FRVWV �GRXEOH PDUJLQDOL]DWLRQ�� $OWKRXJK WKH H[WHQW RI GRXEOH PDUJLQDOL]DWLRQ DSSURDFKHV

]HUR DV WKH QXPEHU RI &RXUQRW FRPSHWLWRUV LQFUHDVHV� WKH LQSXW PRQRSROLVW VWLOO PD\ QRW EH DEOH WR FDSWXUH

WKH PD[LPDO GRZQVWUHDP SURpW EHFDXVH WKH LQSXW SULFH PD\ EH VHW WRR ORZ �WKH LQSXW SULFH LV H[RJHQRXV

LQ WKLV PRGHO�� +RZHYHU� LI WKH UHODWLYHO\ HrFLHQW GRZQVWUHDP ULYDOV JHQHUDWH HQRXJK H[WUD SURpW� DQG WKH

XSVWUHDP PRQRSROLVW FDSWXUHV HQRXJK RI WKLV SURpW WKURXJK LWV LQSXW VDOHV� WKHQ WKH LQWHJUDWHG pUP LV EHWWHU

Ro UHGXFLQJ LWV RZQ GRZQVWUHDP RXWSXW �SHUKDSV WR WKH SRLQW RI VKXWGRZQ� UDWKHU WKDQ IDYRULQJ LWV RZQ

VXEVLGLDU\ WKURXJK VDERWDJH�

� � 7 KH 7 KHRU HW LF DO O \ 2SW LP DO 6DERW DJH & KRLF H

7R VHH WKLV IRUPDOO\ ZH XVH (FRQRPLGHV
 OLQHDU GHPDQG PRGHO DQG DVVXPH IRU VLPSOLFLW\ WKDW p[HG FRVWV

DUH ]HUR�� 7KH GRZQVWUHDP VXEVLGLDU\ RI WKH XSVWUHDP PRQRSROLVW LV ODEHOHG pUP �� DQG GRZQVWUHDP GHPDQG

LV S  D b E4� 7KH VXP RI (FRQRPLGHV
 HTXDWLRQV ���� DQG ���� JLYHV HTXLOLEULXP SURpW IRU WKH YHUWLFDOO\

LQWHJUDWHG pUP� ge

�
�U�� DV D IXQFWLRQ RI WKH GHJUHH RI VDERWDJH U� (FRQRPLGHV
 HTXDWLRQ ���� SURYLGHV WKH

GHULYDWLYH RI WKLV IXQFWLRQ�

#ge

�

#U
 
��Qb ��

E�Q ����
>�Db Fb V� b ��Z b F� � U�Qb ��b Q[@� ���

ZKHUH�

s Qb � LV WKH QXPEHU RI GRZQVWUHDP ULYDOV�

s F LV WKH XSVWUHDP PRQRSROLVW
V PDUJLQDO FRVW RI SURGXFLQJ WKH QHFHVVDU\ LQSXW�

s [ LV WKH H[WUD PDUJLQDO FRVW IRU pUP � LQ SURGXFLQJ WKH GRZQVWUHDP SURGXFW �L�H�� WKH GHJUHH RI LQHrFLHQF\

LQ GRZQVWUHDP SURGXFWLRQ IRU WKH LQSXW PRQRSROLVW
V VXEVLGLDU\��

s V LV WKH GRZQVWUHDP ULYDOV
 PDUJLQDO FRVW� QHW RI WKH SULFH FKDUJHG E\ WKH XSVWUHDP PRQRSROLVW IRU WKH

QHFHVVDU\ LQSXW �VR pUP �
V PDUJLQDO FRVW LV V� [� QHW RI WKH SULFH FKDUJHG E\ WKH XSVWUHDP PRQRSROLVW

IRU WKH QHFHVVDU\ LQSXW��

� 6 LQ FH WK H Q X P E HU RI p U P V LV p [ HG LQ ( FRQ RP LG HV
 P RG HO �WK HU H LV Q R HQ WU \ �� VX Q N FRVWV K DY H Q R HoHFW RQ WK H DQ DO\ VLV� 6 HH

WK H S DU DJU DS K V DW WK H HQ G RI WK LV VHFWLRQ IRU WK H FK DQ JHV E U RX JK W DE RX W E \ S RVLWLY H p [ HG �Q RQ �VX Q N � FRVWV�



� '$ 9 ,' 0� 0$ 1 '<

s Z LV WKH LQSXW SULFH�

s IRU EUHYLW\� ZH KHQFHIRUWK GHQRWH WKH XSVWUHDP PDUJLQ E\ P u Z b F DQG DOVR OHW v u Db Fb V�

(TXDWLRQ ��� LV GHULYHG XQGHU WKH DVVXPSWLRQ WKDW DOO pUPV SDUWLFLSDWH LQ WKH GRZQVWUHDP PDUNHW� 6LQFH

p[HG FRVWV DUH ]HUR� (FRQRPLGHV
 HTXDWLRQ ���� SURYLGHV WKH SDUWLFLSDWLRQ FRQVWUDLQW IRU WKH GRZQVWUHDP

ULYDOV�

v b �Pb �U � [ ! �� ���

ZKLFK PXVW KROG IRU U VPDOO LQ RUGHU IRU WKH SUREOHP WR KDYH DQ\ FRQWHQW� 0RUHRYHU� LQ DQ\ LQWHUHVWLQJ

FDVH WKH pUPV PXVW EH SURpWDEOH ZKHQ WKH\ DUH LGHQWLFDO DQG WKHUH LV QR VDERWDJH� $FFRUGLQJO\� ZH DVVXPH

KHQFHIRUWK WKDW ��� KROGV ZKHQ [  U  �� 6XEVWLWXWLQJ ��� DERYH LQWR (FRQRPLGHV
 HTXDWLRQ ���� H[SUHVVHV

WKH GRZQVWUHDP SDUWLFLSDWLRQ FRQVWUDLQW IRU pUP � DV

T
e

�
�U�  
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#ge
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,I ��� KROGV EXW ��� LV YLRODWHG� WKHQ LQWHJUDWHG SURpW LV MXVW XSVWUHDP SURpW g8e
�

�U�� VLPLODU WR (FRQRPLGHV


HTXDWLRQ ����� EXW WKLV H[SUHVVLRQ PXVW EH UH�GHULYHG WR DFFRXQW IRU T
e

�
�U�  �� 7KH V\PPHWULF &RXUQRW

HTXLOLEULXP TXDQWLWLHV LQ WKLV FDVH DUH

T
e

L
 

D b �Z � V� U�

QE
L  �� � � � � Q

DQG VR XSVWUHDP SURpW LV

g8e
�

�U�  
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7KLV KDV D GHULYDWLYH RI

#g8e
�

#U
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P�Qb ��
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ZKLFK LV QHJDWLYH ZKHQHYHU WKH XSVWUHDP SURpW PDUJLQ LV SRVLWLYH� 7KLV VLPSO\ VD\V WKDW WKH YHUWLFDOO\

LQWHJUDWHG pUP FDQQRW EHQHpW IURP GHFUHDVHG LQSXW VDOHV ZKHQ LW LV QRW SDUWLFLSDWLQJ LQ WKH GRZQVWUHDP

PDUNHW DQG LWV XSVWUHDP PDUJLQ LV SRVLWLYH� :H DVVXPH KHQFHIRUWK WKDW P ! ��
�

�,I WK H LQ S X W S U LFH LV U HJX ODWHG VR WK DW LW HT X DOV X S VWU HDP P DU JLQ DO FRVW� WK HQ WK H Y HU WLFDOO\ LQ WHJU DWHG p U P FOHDU O\ FDQ Q RW

HDU Q DQ \ S U Rp W IU RP LQ S X W VDOHV Q R P DWWHU K RZ P DQ \ X Q LWV LW VHOOV WR P RU H Hr FLHQ W G RZ Q VWU HDP U LY DOV� ,Q WK LV FDVH WK H IRU HFORVX U H

OHY HO RI VDE RWDJH LV RS WLP DO� 3 DU DG R[ LFDOO\ � DOORZ LQ J WK H LQ S X W S U LFH WR U LVH WRZ DU G WK H P RQ RS RO\ OHY HO LV E HQ Hp FLDO� LQ WK H VHQ VH

WK DW LW U HG X FHV WK H LQ FHQ WLY H WR HQ JDJH LQ VDE RWDJH�
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(FRQRPLGHV QRWHV �S� ���� WKDW ge

�
LV VWULFWO\ FRQYH[ LQ U �ZKHQ GHPDQG LV OLQHDU�� )URP ���� FRQYH[LW\

LPSOLHV T
e

�
�U� LV LQFUHDVLQJ LQ U �WKLV LV DOVR LPPHGLDWH IURP (FRQRPLGHV
 HTXDWLRQ ������ 7KXV� LI ��� KROGV

DW U  � WKHQ ��� LV WKH FRUUHFW H[SUHVVLRQ IRU WKH SURpW GHULYDWLYH IRU DOO U XS WR WKH VKXWGRZQ OHYHO IRU

WKH ULYDOV� $VVXPH IRU WKH PRPHQW WKDW ��� KROGV DW U  �� 7KHQ E\ VWULFW FRQYH[LW\� WKH RSWLPDO FKRLFH RI

U LV HLWKHU WKH U  � FRUQHU RU WKH FRUQHU DW ZKLFK WKH ULYDOV H[LW WKH PDUNHW� $OVR E\ VWULFW FRQYH[LW\� LI

��� LV QRQQHJDWLYH DW U  � LW LV SRVLWLYH IRU DOO U ! �� LQ ZKLFK FDVH WKH YHUWLFDOO\ LQWHJUDWHG pUP EHQHpWV

IURP LQFUHDVLQJ U DERYH � DQG FRQWLQXLQJ WR LQFUHDVH U XS WR Ue  �vb �P�[� � �IURP ����� DW ZKLFK SRLQW

WKH ULYDOV H[LW WKH PDUNHW� )URP ��� HYDOXDWHG DW U  �� LW LV FOHDU WKDW ��� LV QRQQHJDWLYH DW U  � ZKHQ

�Q � ��[ LV VPDOO� ,Q WKLV FDVH� WKH FRQFOXVLRQ RI (FRQRPLGHV
 3URSRVLWLRQ � KROGV� +RZHYHU� ��� FDQ EH

QHJDWLYH DW U  � LI WKH QXPEHU RI ULYDOV Qb � DQG WKH YHUWLFDOO\ LQWHJUDWHG pUP
V LQHrFLHQF\ SDUDPHWHU [

DUH ODUJH HQRXJK� 6R IRU �Q � ��[ ODUJH� ZH PXVW FKHFN ZKHWKHU ge

�
�U� UHDFKHV D PLQLPXP DV D IXQFWLRQ RI

U� DQG ZKHWKHU DV U LQFUHDVHV IXUWKHU LW WKHQ UHFRYHUV WR ge

�
��� DW VRPH OHYHO RI U EHORZ WKH OHYHO WKDW GULYHV

WKH ULYDOV RXW RI WKH PDUNHW� ,I VR� WKHQ WKH FRQFOXVLRQ RI (FRQRPLGHV
 3URSRVLWLRQ � VWLOO KROGV� ,I QRW� WKHQ

WKH YHUWLFDOO\ LQWHJUDWHG pUP
V SURpW DV D IXQFWLRQ RI U LV HYHU\ZKHUH EHORZ ge

�
���� LQ ZKLFK FDVH WKH RSWLPDO

FKRLFH IRU WKH YHUWLFDOO\ LQWHJUDWHG pUP LV U  � �L�H�� QR VDERWDJH��

,W LV VWUDLJKWIRUZDUG IURP (FRQRPLGHV
 HTXDWLRQV ���� DQG ���� WR VHW ge

�
�U�  ge

�
��� DQG VROYH IRU U� 7KH

FULWLFDO YDOXH DW ZKLFK g
e

�
�U� UHFRYHUV WR ge

�
��� LV

zU  b��v b �Pb Q[� �Qb ���

+HQFH� LI zU x Ue WKHQ WKH FRQFOXVLRQ RI (FRQRPLGHV
 3URSRVLWLRQ � KROGV� ZKLOH LI zU ! U
e WKHQ RSWLPDO

VDERWDJH LV ]HUR �PDLQWDLQLQJ WKH DVVXPSWLRQ WKDW ��� KROGV DW U  ��� 7KH FRQGLWLRQ zU ! U
e UHGXFHV WR

[ !
Q� �

�Q��
�v b �P�� ���

)URP ��� HYDOXDWHG DW [  U  �� WKH ULJKW VLGH LV SRVLWLYH� 1RQHWKHOHVV� LW LV FOHDU WKDW WKH LQHTXDOLW\ ZLOO

KROG ZKHQ [ DQG Q DUH ODUJH�

7KLV VLWXDWLRQ LV LOOXVWUDWHG LQ )LJXUH �� LQ ZKLFK WKH YHUWLFDO D[LV LV Q  � VLQFH WKHUH PXVW EH DW OHDVW

RQH ULYDO� %\ PDQLSXODWLQJ ��� ZH FDQ H[SUHVV WKH Te
�
���  � ORFXV DV

[  
v� �Qb ��P

Q
� ���
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7KLV HTXDWLRQ LV SORWWHG DORQJ ZLWK WKH zU  U
e ORFXV ���� 7KH VKDGHG DUHD VKRZV WKH FRPELQDWLRQV RI

GRZQVWUHDP ULYDOU\ DQG GRZQVWUHDP LQHrFLHQF\ RI WKH LQSXW PRQRSROLVW
V VXEVLGLDU\ WKDW UHVXOW LQ VDERWDJH�

+HUH� WKH VDERWDJH LV FRPSOHWH DQG IRUHFORVHV WKH ULYDOV� ,Q WKH XQVKDGHG DUHD� WKH LQSXW PRQRSROLVW FKRRVHV

]HUR VDERWDJH� 1RWH WKDW WKH GHJUHH RI LQHrFLHQF\ PXVW EH DW OHDVW �v b �P� � WR DYRLG VDERWDJH�

) LJXU H � � 6DERW DJH DU HD Z KHQ T
e

�
��� ! �

:H KDYH DVVXPHG WKDW ��� KROGV IRU U  � DW DOO �Q� [� FRPELQDWLRQV VDWLVI\LQJ zU  Ue� EXW WKLV QHHG QRW

EH WUXH� :KHQ ��� IDLOV DW U  � WKHQ ��� LV WKH FRUUHFW H[SUHVVLRQ IRU WKH GHULYDWLYH RI WKH LQWHJUDWHG pUP
V

SURpW DW VPDOO YDOXHV RI U� ,Q WKLV FDVH WKH YHUWLFDOO\ LQWHJUDWHG pUP ORVHV SURpW IURP LWV LQLWLDO XQLWV RI

VDERWDJH� DQG FDQ RQO\ KRSH WR UHFRYHU WKDW ORVW SURpW LI U LV LQFUHDVHG HQRXJK WR PDNH ��� KROG� 7KHQ� IRU

ODUJHU U� ��� LV WKH FRUUHFW H[SUHVVLRQ DQG VR RSWLPDO VDERWDJH LV RQFH DJDLQ D FRUQHU� GHWHUPLQHG E\ ZKHWKHU

ge

�
�U� UHFRYHUV WR g8e

�
��� DW VRPH OHYHO RI U EHORZ U

e

� /HW AU GHQRWH WKH FULWLFDO YDOXH RI U DW ZKLFK g
e

�
�U�

HTXDOV g8e
�

���� ,W LV VWUDLJKWIRUZDUG EXW WHGLRXV WR VKRZ WKDW AU LV GHpQHG E\

Q>ETe
�
�AU�@� uP�Q b ��>ETe

�
�AU� � AU@�

6XEVWLWXWLQJ U
e  AU DQG VROYLQJ WKLV TXDGUDWLF IRU [ \LHOGV WKH AU  U

e ORFXV�

[  v b �

U
P�Qb ���v bP�

Q
� ���

)LJXUH � LOOXVWUDWHV ��� DQG ��� IRU WKH FDVH LQ ZKLFK ��� IDLOV DW U  � IRU DOO �Q�[� FRPELQDWLRQV VDWLVI\LQJ

AU  U
e� 2QFH DJDLQ� WKH VKDGHG DUHD VKRZV WKH FRPELQDWLRQV RI GRZQVWUHDP ULYDOU\ DQG GRZQVWUHDP
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LQHrFLHQF\ RI WKH LQSXW PRQRSROLVWV
V VXEVLGLDU\ WKDW OHDG WR WKH IRUHFORVXUH FKRLFH RI VDERWDJH� ,Q WKH

XQVKDGHG DUHD VDERWDJH LV ]HUR� ZKLFK UHTXLUHV WKDW LQHrFLHQF\ EH DW OHDVW v b �
S
P�vbP��

) LJXU H � � 6DERW DJH DU HD Z KHQ T
e

�
���  �

7KHUH LV DQ LQWHUPHGLDWH FDVH� LQ ZKLFK ��� IDLOV DW U  �� DW WKH �Q� [� FRPELQDWLRQV IRU ZKLFK Q LV ODUJH

DORQJ WKH AU  U
e ORFXV� ZKLOH ��� KROGV DW U  � DW WKH �Q�[� FRPELQDWLRQV IRU ZKLFK Q LV VPDOO DORQJ WKH

zU  U
e ORFXV� %\ VWXG\LQJ WKH GHULYDWLYHV RI ���� ���� DQG ��� LW FDQ EH VKRZQ WKDW WKH zU  U

e DQG AU  U
e

ORFL

FURVV WKH T
e

�
���  � ORFXV DW PRVW RQFH� DW WKH VDPH SRLQW� ZLWK zU  U

e EHORZ WKH T
e

�
���  � ORFXV OHIW RI WKH

FURVVLQJ DQG AU  U
e DERYH WKH Te

�
���  � ORFXV ULJKW RI WKH FURVVLQJ� 7KLV FDVH LV LOOXVWUDWHG LQ )LJXUH �� ZLWK

WKH IRUHFORVXUH VDERWDJH DUHD DJDLQ VKDGHG� $V LQ )LJXUH �� LQHrFLHQF\ PXVW EH DW OHDVW v b �
S
P�v bP�

WR DYRLG VDERWDJH�

2QH ZD\ WR LQWHUSUHW )LJXUHV ��� LV WR UHFDOO WKDW LI WKH YHUWLFDO VWUXFWXUH ZHUH XQUHJXODWHG ELODWHUDO

PRQRSRO\ WKHQ WKH XSVWUHDP PRQRSROLVW ZRXOG VHW LWV PDUJLQ DW P  v �� 1R XSVWUHDP PRQRSROLVW ZRXOG

HYHU FKDUJH PRUH WKDQ WKLV XQOHVV LW ZHUH DWWHPSWLQJ WR HoHFW D SULFH VTXHH]H� DQG IURP ��� ZH VHH WKDW WKH

LQFHQWLYH WR VDERWDJH FRPSOHWHO\ GLVDSSHDUV DW WKLV YHU\ KLJK PDUNXS QR PDWWHU KRZ VPDOO WKH GRZQVWUHDP

VXEVLGLDU\
V LQHrFLHQF\ RU WKH OHYHO RI GRZQVWUHDP ULYDOU\� ,I WKH XSVWUHDP PDUJLQ LV KHOG EHORZ WKLV OHYHO�

SHUKDSV E\ UHJXODWLRQ� WKHQ ��� VKRZV WKDW WKH OHYHO RI LQHrFLHQF\ QHHGHG WR DYRLG VDERWDJH LV GLUHFWO\

SURSRUWLRQDO WR WKH H[WHQW WKDW WKH XSVWUHDP PDUJLQ LV VXERSWLPDO IURP DQ XSVWUHDP ELODWHUDO PRQRSROLVW
V



� '$ 9 ,' 0� 0$ 1 '<

) LJXU H � � 6DERW DJH DU HD LQ W KH P L[HG F DVH

SHUVSHFWLYH�

9HU\ OLWWOH RI WKLV DQDO\VLV FKDQJHV TXDOLWDWLYHO\ LI ZH DOORZ IRU SRVLWLYH p[HG �QRQ�VXQN� FRVWV� ,I pUP � KDV

DYRLGDEOH p[HG FRVWV WKHQ WKH T
e

�
���  � ORFXV VKLIWV GRZQZDUG� PDNLQJ WKH )LJXUH � VFHQDULR UHODWLYHO\ OHVV

OLNHO\� :LWKLQ WKDW VFHQDULR� WKH FKRLFH IRU WKH LQWHJUDWHG pUP LV EHWZHHQ WZR SRLQWV RQ WKH ge

�
�U� IXQFWLRQ�

ERWK RI ZKLFK DUH UHGXFHG E\ WKH DPRXQW RI WKH p[HG FRVWV� VR WKH GHFLVLRQ FULWHULRQ LV XQFKDQJHG� 7KH VKDSH

RI ge

�
�U� LV DoHFWHG E\ DYRLGDEOH p[HG FRVWV RI WKH GRZQVWUHDP ULYDOV� EXW QRW LQ D ZD\ WKDW FKDQJHV WKH

GHFLVLRQ�UHOHYDQW FRUQHU YDOXHV� :KHQ ULYDOV
 p[HG FRVWV DUH SRVLWLYH WKH OHYHO RI VDERWDJH UHTXLUHG WR SURGXFH

IRUHFORVXUH LV ORZHU EHFDXVH WKH ULYDOV
 RSWLPDO TXDQWLW\ MXPSV GLVFRQWLQXRXVO\ IURP VRPH SRVLWLYH OHYHO WR

]HUR ZKHQ VKXWGRZQ RFFXUV� %XW WKLV PHUHO\ FUHDWHV D GLVFRQWLQXLW\ LQ ge

�
�U� DW ZKLFK LW MXPSV XS WR WKH

ge

�
�Ue� OHYHO WKDW RFFXUV ZKHQ ULYDOV
 p[HG FRVWV DUH ]HUR� DOEHLW DW D ORZHU OHYHO RI U WKDQ WKH ]HUR�p[HG�FRVW

YDOXH U
e� 6LQFH WKH UHOHYDQW FRUQHU YDOXHV RI ge

�
�U� DUH XQDoHFWHG E\ ULYDOV
 p[HG FRVWV� WKH ELQDU\ ]HUR�IXOO

VDERWDJH GHFLVLRQ LV XQDoHFWHG E\ VXFK FRVWV� 1RWH� KRZHYHU� WKDW WKLV FRQFOXVLRQ LV KHDYLO\ GHSHQGHQW RQ

WKH DVVXPSWLRQ WKDW VDERWDJH LV D FRVWOHVV DFWLYLW\� 2WKHUZLVH� WKH LQWHJUDWHG pUP FDUHV DERXW KRZ PXFK

VDERWDJH LV UHTXLUHG WR SURGXFH IRUHFORVXUH� LQ ZKLFK FDVH SRVLWLYH ULYDOV
 p[HG FRVWV PDNH VDERWDJH PRUH

OLNHO\ EHFDXVH OHVV RI LW LV QHHGHG WR LPSOHPHQW IRUHFORVXUH�

,Q WKH UHODWLYHO\ PRUH OLNHO\ )LJXUH � VFHQDULR ZKHQ pUP � KDV DYRLGDEOH p[HG FRVWV� WKH FKRLFH IRU WKH

LQWHJUDWHG pUP LV EHWZHHQ DQ XQFKDQJHG g8e
�

��� DQG D ORZHU ge

�
�U� IXQFWLRQ� PDNLQJ VDERWDJH OHVV OLNHO\ �WKH



.,//,1 * 7 + ( *226 ( �

XSVWUHDP pUP LV LQ EXVLQHVV LQ ERWK FDVHV� VR LWV p[HG FRVWV DUH LUUHOHYDQW IRU WKH FKRLFH RI VDERWDJH�� $V LQ

WKH )LJXUH � VFHQDULR� ge

�
�U� KDV D GLVFRQWLQXLW\ DW WKH IRUHFORVXUH YDOXH RI U ZKHQ ULYDOV KDYH DYRLGDEOH p[HG

FRVWV� EXW WKH UHOHYDQW FRUQHU YDOXH RI ge

�
�U� LV XQFKDQJHG� VR WKH �FRVWOHVV� VDERWDJH GHFLVLRQ LV XQDoHFWHG

E\ VXFK p[HG FRVWV� 7KXV� RYHUDOO� WKH SUHVHQFH RI p[HG FRVWV IRU pUP � PDNHV VDERWDJH OHVV OLNHO\ E\ PDNLQJ

WKH )LJXUH � VFHQDULR PRUH OLNHO\ DQG PDNLQJ VDERWDJH OHVV OLNHO\ ZLWKLQ WKDW VFHQDULR� ZKLOH WKH SUHVHQFH RI

p[HG FRVWV IRU WKH ULYDOV GRHV QRW DoHFW WKH VDERWDJH GHFLVLRQ DV ORQJ DV VDERWDJH LV FRVWOHVV�

� � 7 KH (P SLU LF DO O \ 2SW LP DO 6DERW DJH & KRLF H LQ 7 HO HF RP P XQLF DW LRQV

0DF$YR\� :HLVPDQ� DQG :LOOLDPV ������ VWXG\ WKH ZHOIDUH HoHFWV RI HQWU\ E\ D %2& LQWR LWV LQ�UHJLRQ

LQWHU/$7$ PDUNHW� DV DXWKRUL]HG VXEMHFW WR VWLSXODWLRQV E\ WKH 7HOHFRPPXQLFDWLRQV $FW RI ����� ,Q WKLV

VHWWLQJ WKH %2& LV OLNHO\ WR EH D QHDU�PRQRSRO\ VXSSOLHU RI WKH LQSXW ?H[FKDQJH DFFHVV� ZKLOH VLPXOWDQHRXVO\

FRPSHWLQJ ZLWK $7	7� 6SULQW� 0&,� DQG RWKHUV IRU WKH GRZQVWUHDP ?ORQJ GLVWDQFH� SURGXFW� (FRQRPLGHV

������ S� ���� PHQWLRQV WKH DOOHJDWLRQV WKDW VXFK D %2& ZLOO XVH YDULRXV WDFWLFV WR GLVFULPLQDWH DJDLQVW

LWV ORQJ�GLVWDQFH ULYDOV LQ WKH SURYLVLRQ RI H[FKDQJH DFFHVV� $V VKRZQ DERYH� ZKHWKHU WKHVH DOOHJDWLRQV DUH

FRQVLVWHQW ZLWK WKH %2&
V LQFHQWLYHV FDQQRW EH GHWHUPLQHG E\ UHO\LQJ RQ (FRQRPLGHV
 3URSRVLWLRQ �� 5DWKHU�

WKLV PXVW EH WHVWHG E\ VWXG\LQJ WKH FRVW DQG GHPDQG SDUDPHWHUV WR GHWHUPLQH WKH LQGXVWU\
V SRVLWLRQ LQ

WKH �Q� [� VSDFH� 0DF$YR\� :HLVPDQ� DQG :LOOLDPV �SS� ���� FLWH UHOHYDQW OLWHUDWXUH WR SDUDPHWHUL]H WKUHH

SODXVLEOH OLQHDU GHPDQGV IRU WKH ORQJ GLVWDQFH PDUNHW� 7KH\ DOVR UHSRUW �S� �� D UHJXODWHG LQSXW SULFH RI

Z  ���� FHQWV SHU PLQXWH DQG D GRZQVWUHDP PDUJLQDO FRVW RI DSSUR[LPDWHO\ V  � FHQW SHU PLQXWH� .DKQ

DQG 7DUGLo ������ SS� ������ UHSRUW XSVWUHDP PDUJLQDO FRVW RI DERXW F  � FHQW SHU PLQXWH �ERWK WKLV

FRVW DQG WKH UHSRUWHG Z LQFOXGH RULJLQDWLRQ DQG WHUPLQDWLRQ� VR WKH DQDO\VLV KHUH LV IRU FDOOV WKDW DUH ERWK

RULJLQDWHG DQG WHUPLQDWHG E\ WKH VDPH %2&�� +HQFH� ZH KDYH WKUHH LQGXVWU\ HVWLPDWHV RI v DQG DOVR DQ

HVWLPDWH RI P  Z b F  ���� FHQWV SHU PLQXWH�

8VLQJ WKHVH SDUDPHWHUV� 7DEOH � UHSRUWV WKH [�YDOXHV RI WKH zU  U
e� Te

�
���  �� DQG AU  U

e ORFL �HTXDWLRQV

���� ���� DQG ���� UHVSHFWLYHO\� IRU HDFK RI WKH WKUHH v HVWLPDWHV� ,Q WKH pUVW SDQHO WKH AU  Ue ORFXV OLHV

HYHU\ZKHUH DERYH WKH Te
�
���  � ORFXV� VR WKH VLWXDWLRQ LV DV GHSLFWHG LQ )LJXUH �� 7KH AU  U

e FROXPQ JLYHV

WKH OHYHO RI LQHrFLHQF\ UHTXLUHG RI WKH %2& ORQJ GLVWDQFH VXEVLGLDU\ LQ RUGHU WR DYRLG VDERWDJH� ,Q WKH

VHFRQG DQG WKLUG SDQHOV� WKH AU  U
e DQG zU  U

e ORFL FURVV WKH T
e

�
���  � ORFXV EHWZHHQ Q  � DQG Q  ��
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VR WKH VLWXDWLRQ LV DV GHSLFWHG LQ )LJXUH �� :KHQ Q  � WKH zU  U
e FROXPQ JLYHV WKH OHYHO RI LQHrFLHQF\

UHTXLUHG RI WKH %2& ORQJ GLVWDQFH VXEVLGLDU\ LQ RUGHU WR DYRLG VDERWDJH� ZKLOH WKH AU  U
e FROXPQ JLYHV WKLV

HVWLPDWH IRU Q ! �� ,Q DOO FDVHV ZH VHH WKDW WKH OHYHOV RI LQHrFLHQF\ WKDW ZRXOG SURGXFH ]HUR VDERWDJH DSSHDU

LPSODXVLEO\ KLJK� UHTXLULQJ GRZQVWUHDP %2& LQHrFLHQF\ DW OHDVW ��� WLPHV WKH ULYDOV
 FRVW RI V  ��

7$%/( �� ,1()),&,(1&< /2&, )25 7(/(&20081,&$7,216

0$5*,1 P  ����

'HPDQG ,QWHUFHSW� D  ������ v  �����

Q zU  Ue Te
�
���  � AU  U

e

� �LQWHUFHSW� ����� ����� �����
� ����� ����� �����
� ����� ���� �����
�� ���� ���� �����

� �DV\PSWRWH� ���� ���� �����

'HPDQG ,QWHUFHSW� D  ������ v  �����

Q zU  U
e

T
e

�
���  � AU  U

e

� �LQWHUFHSW� ����� ����� �����
� ����� ����� �����
� ����� ���� �����
�� ���� ���� �����

� �DV\PSWRWH� ���� ���� ����

'HPDQG ,QWHUFHSW� D  ������ v  �����

Q zU  Ue Te
�
���  � AU  U

e

� �LQWHUFHSW� ����� ����� �����
� ���� ���� ����
� ���� ���� ����
�� ���� ���� ����

� �DV\PSWRWH� ���� ���� ����

,W LV VWUDLJKWIRUZDUG WR YHULI\ WKDW WKH zU  U
e DQG AU  U

e ORFL ERWK VKLIW GRZQ ZLWK LQFUHDVHV LQ WKH

XSVWUHDP PDUJLQ P �VWHPPLQJ IURP LQFUHDVHV LQ WKH LQSXW SULFH Z� KROGLQJ XSVWUHDP FRVW F FRQVWDQW��

+HQFH DQ LQFUHDVH LQ WKH XSVWUHDP PDUJLQ PDNHV VDERWDJH OHVV OLNHO\� EXW KRZ VWURQJ LV WKLV HoHFW" ,Q

7DEOH � ZH VHH WKDW WKH XSVWUHDP PDUJLQ ZRXOG KDYH WR EH YHU\ KLJK LQGHHG� LQYROYLQJ PRUH WKDQ D ������

PDUNXS� EHIRUH WKH LQHrFLHQF\ OHYHOV WKDW SURGXFH ]HUR VDERWDJH GURS EHORZ ��� RI ULYDOV
 FRVW� 7KLV KLJK

XSVWUHDP PDUJLQ LV YHU\ QHDU WKH PDUJLQ P  v �  ���� WKDW WKH XSVWUHDP pUP LQ DQ XQUHJXODWHG ELODWHUDO
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PRQRSRO\ ZRXOG FKDUJH DQ HrFLHQW GRZQVWUHDP pUP� (VVHQWLDOO\� WR DYRLG VDERWDJH LQHrFLHQF\ PXVW EH YHU\

ODUJH LQ WKLV PDUNHW EHFDXVH WKH UHJXODWHG XSVWUHDP PDUJLQ LV IDU EHORZ WKH XSVWUHDP ELODWHUDO PRQRSROLVW
V

RSWLPXP�

7$%/( �� ,1()),&,(1&< /2&, )25 7(/(&20081,&$7,216

+<327+(7,&$/ 0$5*,1 P  ����

'HPDQG ,QWHUFHSW� D  ������ v  �����

Q zU  Ue Te
�
���  � AU  U

e

� �LQWHUFHSW� ���� ����� ����
� ���� ����� ����
� ���� ����� ����
�� ���� ����� ����

� �DV\PSWRWH� ���� ����� ����

� � & RQF O XVLRQ

7KHUH DUH PDQ\ DVSHFWV RI WKH VDERWDJH GHFLVLRQ QRW FDSWXUHG E\ WKH PRGHO VWXGLHG KHUH� 0DUNHW FKDU�

DFWHULVWLFV WKDW PD\ DPHOLRUDWH WKH LQFHQWLYH WR VDERWDJH LQFOXGH GRZQVWUHDP SURGXFW GLoHUHQWLDWLRQ �DV LQ

%HDUG� .DVHUPDQ� DQG 0D\R �������� GRZQVWUHDP LQFUHDVLQJ UHWXUQV �DV ZLWK 6LEOH\ DQG :HLVPDQ
V ������

FDSDFLW\ FRQVWUDLQWV�� DQG WKH GHJUHH RI DXWRQRP\ JUDQWHG WR WKH GRZQVWUHDP VXEVLGLDU\ �PRWLYDWHG� SHU�

KDSV� E\ WKH W\SH RI VWUXFWXUDO VHSDUDWLRQV DQG VDIHJXDUGV UHTXLUHG E\ 6HFWLRQ ��� RI WKH 7HOHFRPPXQLFDWLRQV

$FW RI ������ $ YHU\ LPSRUWDQW FKDUDFWHULVWLF RI WKH PRGHO KHUH LV WKDW VDERWDJH LV FRVWOHVV WR WKH LQSXW PR�

QRSROLVW� 5HJXODWLRQ DQG DQWLWUXVW HQIRUFHPHQW ERWK FUHDWH H[SHFWHG FRVWV IURP VDERWDJH� VR QR FRQFOXVLRQ

UHJDUGLQJ WKH LQFHQWLYH WR VDERWDJH FDQ EH UHJDUGHG DV GHpQLWLYH XQWLO WKHVH FRVWV DUH LQFRUSRUDWHG LQWR WKH

PRGHO�

:LWKLQ WKH FRQWH[W RI (FRQRPLGHV
 PRGHO� WHOHFRPPXQLFDWLRQV LQGXVWU\ GDWD SUHGLFW WKDW %2&V KDYH

LQFHQWLYHV WR HQJDJH LQ WKH IRUHFORVXUH OHYHO RI VDERWDJH� 7KLV SUHGLFWLRQ GRHV QRW GHULYH IURP WKHRUHWLFDO

FRQVLGHUDWLRQV� EXW UDWKHU IURP LQGXVWU\ SDUDPHWHUV� ,Q DQ LQGXVWU\ WKDW KDV DQ XSVWUHDPPDUJLQ PXFK FORVHU

WR WKH ELODWHUDO PRQRSROLVW
V RSWLPXP� GXH WR PRUH HODVWLF GHPDQG� KLJKHU FRVWV� RU VLPSO\ D KLJK PDUJLQ�

WKH OHYHO RI LQHrFLHQF\ QHHGHG WR DYRLG VDERWDJH ZRXOG EH FRUUHVSRQGLQJO\ ORZHU� ,QGHHG� DFFRUGLQJ WR WKH

PRGHO� LQWHQVH GRZQVWUHDP FRPSHWLWLRQ �Q ODUJH�� D ODUJH FRVW GLVDGYDQWDJH IRU WKH XSVWUHDP PRQRSROLVW
V

GRZQVWUHDP VXEVLGLDU\ �[ ODUJH�� DQG D ODUJH XSVWUHDP PDUJLQ �P } v �� DUH MRLQWO\ VXrFLHQW IRU WKHUH WR
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EH QR VDERWDJH� 7KHVH FRQGLWLRQV DUH VHQVLEOH� 7KH\ VLPSO\ VD\ WKDW WKH YHUWLFDOO\ LQWHJUDWHG pUP LV EHWWHU

Ro FDSWXULQJ D VKDUH RI WKH SURpW IURP RWKHU GRZQVWUHDP VXSSOLHUV LI WKH GRXEOH PDUJLQDOL]DWLRQ SUREOHP LV

QRW WRR ODUJH� LI WKH GRZQVWUHDP ULYDOV KDYH D ODUJH HQRXJK HrFLHQF\ DGYDQWDJH� DQG LI WKH XSVWUHDP PDUJLQ

HQDEOHV WKLV FDSWXUH� 7R GR RWKHUZLVH ZRXOG EH ?NLOOLQJ WKH JRRVH WKDW ODLG WKH JROGHQ HJJ��

5HI HU HQF HV

% HDU G � 7 � 5�� '� /� .DVHU P DQ � DQ G - � : � 0D\ R� 5 HJXODW LRQ � 9 HU W LFDO ,Q W HJU DW LRQ � DQ G 6 DERW DJH �PDQ XVFU LSW � �1 RY HP E HU � ������

( FRQ RP LG HV� 1 �� 7 KH ,Q FHQ W LYH IRU 1 RQ � 3 U LFH ' LVFU LPLQ DW LRQ E\ DQ ,Q SXW 0RQ RSROLVW � ,Q WHU Q DWLRQ DO - RX U Q DO RI ,Q G X VWU LDO
2U JDQ L]DWLRQ �� ������� ��������

.DK Q � $ � ( � DQ G 7 � - � 7 DU G Lo� $ rGDYLW EHIRU H W KH 3 XEOLF 6 HU YLFH & RPPLVVLRQ RI 0LVVRXU L LQ W KH 0DW W HU RI W KH $ SSOLFDW LRQ RI

6 RXW KZ HVW HU Q %HOO / RQ J ' LVW DQ FH IRU 3 U RYLVLRQ RI ,Q � 5 HJLRQ � ,Q W HU / $ 7 $ 6 HU YLFHV LQ 0LVVRXU L �1 RY HP E HU � ������

0DF$ Y R\ � 3 � : �� '� /� : HLVP DQ � DQ G 0� $ � : LOOLDP V� 6 KRXOG / RFDO 7 HOHSKRQ H & RPSDQ LHV EH $ OORZ HG W R ( Q W HU W KH / RQ J� ' LVW DQ FH

0DU NHW " $ 5 HJXODW RU \ & RQ XQ GU XP� 0DQ X VFU LS W �)HE U X DU \ � ������

6 LE OH\ � '� 6 � DQ G '� /� : HLVP DQ � 5 DLVLQ J 5 LYDOV
 & RVW V� 7 KH ( Q W U \ RI DQ 8 SVW U HDP 0RQ RSROLVW LQ W R ' RZ Q VW U HDP 0DU NHW V�
,Q IRU P DWLRQ ( FRQ RP LFV DQ G 3 ROLF\ �� ������� ��������


