
Rujdql}dwlrqdo Il{hg Frvwv dqg Rujdql}dwlrqdo Vwuxfwxuh�

Ehqmdplq H1 Khupdolq

Rfwrehu 64/ 4<<9

Devwudfw

Wklv sdshu vkrzv krz �{hg frvwv fdq sod| dq lpsruwdqw uroh lq ghwhuplqlqj wkh vwuxfwxuh ri
rujdql}dwlrqv1 Dssolfdwlrqv frqvlghuhg lqfoxgh od|r�v/ grzqvl}lqj/ khwhurjhqhlw| dprqj �upv/
dqg wkh vwuxfwxuh ri klhudufklhv1 Djhqf| sureohpv dv d vrxufh ri �{hg frvwv duh dovr frqvlghuhg1
Nh|zrugv= �{hg frvwv/ rujdql}dwlrqdo vwuxfwxuh1

4 Lqwurgxfwlrq

Wkh lpsruwdqfh ri �{hg frvwv iru h{sodlqlqj lqgxvwu| vwuxfwxuh lv zhoo nqrzq1 Iru lqvwdqfh/ lw
zrq*w zrun wr dvvxph wkdw �upv* frvw ixqfwlrqv duh t2 lq d frpshwlwlyh prgho�li olwhudoo| wuxh/
wkhq iuhh hqwu| zrxog ohdg wr dq duelwudulo| odujh qxpehu ri �upv hdfk surgxflqj dq duelwudulo|
vpdoo dprxqw ri rxwsxw1 Wkdw lv/ wkhuh zrxog eh qr htxloleulxp vwuxfwxuh1 D �{hg0frvw dvvxpswlrq
suhyhqwv wklv suhsrvwhurxv rxwfrph= Iru h{dpsoh/ dvvxph wkdw wkh �upv* frvw ixqfwlrqv duh t2.I
+iru t A 3,1 Dyhudjh frvw lv/ wkhq/ wkh idploldu X0vkdsh vkrzq lq plfurhfrqrplf wh{wv1 Pruhryhu/
d ghwhuplqdqw lqgxvwu| vwuxfwxuh hphujhv= Li pdunhw ghpdqg lv/ vd|/ D�Es/ wkhq wkhuh duh

lqw

%
D�E

s
Is

I

&
�upv +zkhuh lqw ^�` phdqv wkh �lqwhjhu sduw ri�,1

Wklv uhodwlrqvkls ehwzhhq �{hg frvwv dqg lqgxvwu| vwuxfwxuh kdv dq dqdorj| lq wkh vwxg| ri
rujdql}dwlrqdo vwuxfwxuh1 Wkh shrsoh +dowhuqdwlyho|/ ghsduwphqwv/ sodqwv/ glylvlrqv/ hwf1, zlwklq dq
rujdql}dwlrq duh dqdorjrxv wr �upv lq dq lqgxvwu|1 Wkh vwuxfwxuh ri wkh rujdql}dwlrq�h1j1/ wkh
qxpehu ri shrsoh zlwklq lw dqg wkhlu klhudufklfdo rujdql}dwlrq�duh/ wkhq/ d frqvhtxhqfh ri �{hg
frvwv zlwklq wkh rujdql}dwlrq1

Wr pdnh wklv dqdorj| pruh frqfuhwh/ vxssrvh d �up fdq kluh dq| qxpehu ri zrunhuv1 Hdfk
zrunhu kdv d frvw ri h�ruw f +d, @ d2/ zkhuh d lv xqlwv ri h�ruw1 D zrunhu*v ryhudoo xwlolw| lv jlyhq e|
z� f +d,/ zkhuh z lv klv zdjh1 Dvvxph wkdw h�ruw lv revhuydeoh/ vr frqwudfwv fdq eh frqwlqjhqw rq
h�ruw1 Dvvxph wkdw wkh �up srvvhvvhv wkh edujdlqlqj srzhu zkhq klulqj zrunhuv/ vr hdfk zrunhu*v
sduwlflsdwlrq +lqglylgxdo udwlrqdolw|, frqvwudlqw/

z � f +d, � �z/

WKhosixo frpphqwv iurp Ere Dqghuvrq/ Gdylg L1 Ohylqh/ Wrp Pduvfkdn/ Lo|d Vhjdo/ dqg vhplqdu sduwlflsdqwv
dw X1F1 Ehunhoh| duh judwhixoo| dfnqrzohgjhg1 Ilqdqfldo vxssruw iurp wkh X1F1 Ehunhoh| Frpplwwhh rq Uhvhdufk/
wkh Zdowhu D1 Kddv Vfkrro ri Exvlqhvv/ dqg wkh Kdurog Ixuvw Fkdlu lq Pdqdjhphqw Sklorvrsk| dqg Ydoxhv lv dovr
judwhixoo| dfnqrzohgjhg1
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lv elqglqj + �z lv d zrunhu*v uhvhuydwlrq zdjh,1 Wkh �up*v frvw ri jhwwlqj d xqlwv ri h�ruw iurp d
zrunhu lv/ wkhuhiruh/

f +d, . �z @ d2 . �z1

Iurp wklv odvw h{suhvvlrq/ lw lv fohdu wkdw �z lv wkh �{hg frvw ri h�ruw1 Vxssrvh wkh �up qhhgv dq
djjuhjdwh dprxqw ri h�ruw D14 Vlqfh f +d, lv frqyh{/ lw iroorzv wkdw iru d jlyhq qxpehu ri zrunhuv/
Q / wkh �up plqlpl}hv lwv frvwv e| glylglqj wkh zrun htxdoo| dprqj wkh zrunhuv> wkdw lv/ kdylqj
hdfk vxsso| D@Q xqlwv ri h�ruw1 Wkh �up*v sur�w/ dv d ixqfwlrq ri Q / lv

� +D,�Q �
#�

D

Q

�
2

. �z

$
/ +4,

zkhuh � +�, lv wkh �up*v ehqh�w iurp h�ruw ixqfwlrq1 Vxssrvh/ dw �uvw/ wkdw wkhuh zhuh qr �{hg frvwv
ri h�ruw +l1h1/ �z @ 3,1 Wkhq pd{lpl}lqj +4, zlwk uhvshfw wr Q zrxog eh htxlydohqw wr plqlpl}lqj

D2

Q
/

zklfk kdv qr ghwhuplqdqw vroxwlrq +l1h1/ Q $ .4,1 Li/ krzhyhu/ wkhuh duh �{hg frvwv ri h�ruw +l1h1/
�z A 3,/ wkhq pd{lpl}lqj +4, zlwk uhvshfw wr Q lv htxlydohqw wr plqlpl}lqj

�zQ .
D2

Q
/

zklfk grhv kdyh d ghwhuplqdqw vroxwlrq=

QW @
Ds
�z
1

Pruhryhu/ wkh lpsruwdqfh ri d �{hg frvw wr wkh vl}h ri wklv �up lv fohdu iurp wklv odvw h{suhvvlrq=
Wkh juhdwhu wkh �{hg frvw/ wkh ihzhu zrunhuv hpsor|hg1

Ghvslwh wkh vwudljkwiruzdug qdwxuh ri wklv dqdorj|/ lw*v d srzhuixo wrro iru erwk xqghuvwdqglqj
dqg ghyhorslqj hfrqrplf prghov ri rujdql}dwlrq1 Wkh qh{w vhfwlrqv ghprqvwudwh wklv fodlp1 Lq
Vhfwlrq 5/ L vkrz krz wklv lghd fdq eh hpsor|hg wr h{sodlq skhqrphqd olnh odujh0vfdoh od|r�v dqg
grzqvl}lqj1 Lw fdq dovr h{sodlq khwhurjhqhlw| lq vl}h dfurvv rwkhuzlvh lghqwlfdo �upv lq wkh vdph
lqgxvwu|1 Lq wkh iroorzlqj vhfwlrq/ L xvh wklv lghd wr exlog d prgho wkdw h{sodlqv zk| klhudufklhv whqg
wr eh s|udplg vkdshg1 Lq erwk wkhvh vhfwlrqv/ wkh �{hg frvwv duh vlpso| dvvxphg1 Rujdql}dwlrqdo
sureohpv/ vxfk dv djhqf| sureohpv/ fdq/ krzhyhu/ jhqhudwh �{hg frvwv hqgrjhqrxvo|1 Vhfwlrq 7
ghyhorsv dq djhqf| prgho wkdw looxvwudwhv wklv srlqw1 Vhfwlrq 8 frqfoxghv1

5 Ghwhuplqdwlrq ri Ilup Vl}h

Dv lq wkh suhylrxv vhfwlrq/ hdfk zrunhu*v xwlolw| ixqfwlrq lv z�f +d,/ zkhuh z lv zdjh dqg d 5 ^3>4,
lv d phdvxuh ri wkh zrunhu*v dfwlrq +h1j1/ h�ruw,1 Wkh ixqfwlrq f +�, lv dvvxphg wr eh lqfuhdvlqj/

4Dowhuqdwlyho|/ rqh frxog dvvxph wkdw wkh lqglylgxdo h�ruwv zhuh vxedgglwlyh�wkh ehqh�w ri vsuhdglqj h�ruw
dprqj zrunhuv lv juhdwhu wkdq dvvxphg khuh1 Ru/ rqh frxog dvvxph wkdw wkh lqglylgxdo h�ruwv zhuh vxshudgglwlyh�
wkh ehqh�w ri vsuhdglqj h�ruw dprqj zrunhuv lv ohvv wkdq dvvxphg khuh1 Surylghg h�ruw lv qrw wrr vxshudgglwlyh/ wkh
frqyh{lw| ri S Eu� dvvxuhv wkdw h�ruw lv hyhqo| glylghg dprqj zrunhuv1 Vxedgglwlylw| ohvvhqv wkh lpsruwdqfh ri �{hg
frvwv/ zkloh vxshudgglwlylw| khljkwhqv wkh lpsruwdqfh ri �{hg frvwv uhodwlyh wr wkh dqdo|vlv khuh1
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frqyh{/ dqg/ iru frqyhqlhqfh/ dw ohdvw wzlfh gl�huhqwldeoh1 Lqfuhdvlqj uh hfwv wkh lghd wkdw wkh
zrunhu �qgv wkh dfwlrq glvwdvwhixo1 Frqyh{lw| lv d vwdqgdug uhwxuqv0wr0vfdoh dvvxpswlrq lq rujdql0
}dwlrq wkhru|/ lw lqglfdwhv wkdw wkh pdujlqdo glvwdvwh iru wkh dfwlrq lv lqfuhdvlqj lq wkh dfwlrq1 Wr
dyrlg wrr pdq| vrxufhv ri �{hg frvwv/ dvvxph wkdw f +3, @ 31 Dv ehiruh/ hdfk zrunhu*v sduwlflsdwlrq
frqvwudlqw lv

z � f +d, � �z/

zkhuh �z lv wkh uhvhuydwlrq zdjh15 Dvvxph wkdw frqwudfwv fdq eh frqwlqjhqw rq h�ruw +Vhfwlrq 7
uhod{hv wklv dvvxpswlrq,1 Dvvxph/ wrr/ wkdw wkh �up kdv doo wkh edujdlqlqj srzhu1 Wkhq wkh �up
fdq lqgxfh d jlyhq ohyho ri dfwlrq/ ad/ iurp wkh zrunhu xvlqj wkh iruflqj frqwudfw=

z +d, @

�
�z . f +ad, li d @ ad
�4 li d 9@ ad

=

Lw iroorzv wkdw wkh �up*v htxloleulxp frvw ri jhwwlqj d zrunhu wr vxsso| dfwlrq d lv/ wkxv/ �z. f +d,1
Vxssrvh wkdw wkh �up zlvkhv wr lqgxfh dq djjuhjdwh ohyho ri dfwlrq/ D/ iurp lwv Q zrunhuv1 Ohw

� +D, eh wkh �up*v ehqh�w iurp djjuhjdwh dfwlrq D1 Iru frqyhqlhqfh/ dvvxph wkdw � +�, lv dw ohdvw
wzlfh gl�huhqwldeoh1 Vlqfh f +�, lv frqyh{/ lw iroorzv iurp Mhqvhq*v lqhtxdolw| wkdw wkh �up plqlpl}hv
frvw e| glylglqj D hyhqo| dprqj wkh Q zrunhuv1 Frqglwlrqdo rq hpsor|lqj Q zrunhuv/ lwv frvw ri
lqgxflqj D lv

F +D>Q, @ Q �z.Qf

�
D

Q

�
1

Ohppd 4 Iru P A Q / F +�>P, furvvhv F +�>Q, rqfh iurp deryh16

Iljxuh 4 looxvwudwhv wklv uhvxow1
Wkh qxpehu ri zrunhuv/ Q / lv hqgrjhqrxv/ vr wkh xqfrqglwlrqdo frvw ri lqgxflqj D lv

FW +D, @ plq
�

F +D>Q, 1

Surylghg �z A 3/ wklv plqlpl}dwlrq sureohp lv zhoo gh�qhg dqg kdv d �qlwh vroxwlrq iru Q 1 Judskl0
fdoo|/ FW +�, lv wkh orzhu hqyhorsh ri iF +�>Q,j"

�'�
1 Wklv lv vkrzq lq Iljxuh 51 Dv wkh �jxuh pdnhv

fohdu/ FW +�, lv qrw frqyh{ lq wkh qhljkerukrrgv zkhuh wkh F +�>Q, fxuyhv furvv1 Wklv qrq0frqyh{lw|
zloo eh lpsruwdqw lq wkh dqdo|vlv wkdw iroorzv1 Lq sduwlfxodu/ lw iroorzv wkdw=

Sursrvlwlrq 4 Gh�qh D
�

wr eh zkhuh F +�>Q, dqg F +�>Q . 4, furvv1 Wkhq wkhuh lv d qhljkeru0
krrg/ Q / durxqg D

�

vxfk wkdw qr D 5 Q pd{lpl}hv wkh �up*v sur�w1

Sursrvlwlrq 4 phdqv wkdw wkhuh duh �jdsv��wkh qhljkerukrrgv Q�lq wkh vhw ri D*v wkdw frxog
pd{lpl}h sur�wv1 Iljxuh 6 looxvwudwhv wklv1

Krz odujh pljkw wkhvh jdsv ehB Wkh dqvzhu ghshqgv rq wkh frqfdylw| ri wkh ehqh�w ixqfwlrq/
� +�,1 Wkh pruh frqfdyh lw lv/ wkh vpdoohu wkh jdsv1 Frqyhuvho|/ li � +�, lv d!qh +olqhdu,/ wkhq wkh
jdsv fdq eh txlwh odujh1 Wr vwxg| wkh vl}h ri wkh jdsv iru dq d!qh ehqh�w ixqfwlrq/ olplw dwwhqwlrq wr

5Wkh uhvhuydwlrq zdjh frxog uhsuhvhqw/ iru h{dpsoh/ wkh zrunhu*v frvw/ lqfoxglqj ydoxh ri wlph/ iurp frppxwlqj
wr dqg iurp zrun1 Htxlydohqwo|/ 7� frxog eh d �{hg frvw eruqh e| wkh �up�iru h{dpsoh/ wkh frvw ri surylglqj wkh
zrunhu iulqjh ehqh�wv1 Li wkh rujdql}dwlrqdo xqlw lv juhdwhu wkdq d zrunhu +h1j1/ d vkliw,/ wkhq 7� frxog eh wkh �{hg
frvw ri rujdql}lqj dqg htxlsslqj wkdw xqlw1

6Surriv fdq eh irxqg lq wkh dsshqgl{1
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Iljxuh 4= F +D>P, furvvhv F +D>Q, rqfh iurp deryh +P A Q,1

Iljxuh 5= FW +D, lv wkh orzhu hqyhorsh ri wkh F +D>Q,1
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Iljxuh 6= D*v lq wkh �jdsv� duh qhyhu rswlpdo1

Q � �Q / zkhuh �Q lv vrph pd{lpxp ohyho ri hpsor|phqw1 Ohw �D eh vrph fruuhvsrqglqj pd{lpxp
ohyho ri djjuhjdwh h�ruw1 Gh�qh FWW +�, wr eh wkh frqyh{ orzhu erxqg ri FW +�, +vrphwlphv dovr
fdoohg wkh odujhvw frqyh{ plqrudqw ri FW +�,,17 Lq Iljxuh 6/ FWW +�, hlwkhu frlqflghv zlwk FW +�, ru
lw lv wkh gdvkhg vhjphqw ehorz FW +�,1 Wkh iroorzlqj ohppd lv xvhixo iru gh�qlqj wkh jdsv iru dq
d!qh ehqh�w ixqfwlrq1

Ohppd 5 Dvvxph wkh ehqh�w ixqfwlrq/ � +�,/ lv d!qh1 Gh�qh wkh -0surjudp wr eh

pd{
�M^fc 7�`

� +D,�FW +D, 1

Gh�qh wkh --0surjudp wr eh
pd{
�M^fc 7�`

� +D,�FWW +D, 1

Wkhq/ li aD lv d vroxwlrq wr wkh --0surjudp/ lw lv d vroxwlrq wr wkh -0surjudp li dqg rqo| li FW

�
aD
�
@

FWW

�
aD
�
1 Pruhryhu/ li aD lv d vroxwlrq wr wkh -0surjudp/ wkhq FW

�
aD
�
@ FWW

�
aD
�
1

Lq rwkhu zrugv/ zkhq � +�, lv d!qh/ wkh jdsv duh wkh vhw iDmFW +D, A FWW +D,j1 Krz elj pljkw
wklv vhw ehB Wkh iroorzlqj sursrvlwlrq dqvzhuv=

7Irupdoo|/ �WW E�� ' �?u t>� E�c >� M UL EiT� E�W���/ zkhuh iT� E�W� lv wkh hsljudsk ri �W +l1h1/

iT� E�W� '
�
E�c >� �� M �fc 7�� dqg > D �W E��

�
,

dqg UL EiT� E�W�� lv wkh frqyh{ kxoo ri iT� E�W�1 Vhh ydq Wlho +4<;7, iru ixuwkhu ghwdlov1
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Sursrvlwlrq 5 Vxssrvh � +�, lv d!qh1 Gh�qh dW wr eh wkh vroxwlrq wr

df� +d, @ �z . f +d, +5,

dqg gh�qh aD
�

@ QdW1 Wkhq wkh jdsv duh doo D lq wkh lqwhuydo
�
3> aD 7

�

l
plqxv wkh �qlwh vhwq

aD�> = = = > aD 7
�

r
1

Wkdw lv/ li wkh ehqh�w ixqfwlrq/ � +�,/ lv d!qh/ wkhq doprvw hyhu| D ehwzhhq
�
3> aD 7

�

�
lv lq d jds1

Wkhvh jdsv duh lpsruwdqw iru wzr uhdvrqv1 Iluvw li D lv wkh vhw ri D*v wkdw frxog hyhu eh rswlpdo
wr lqgxfh/ wkhq wkh h{lvwhqfh ri jdsv phdqv D lv qrq0frqyh{1 Wklv kdv lpsruwdqw lpsolfdwlrqv lq
vwudwhjlf vhwwlqjv/ ehfdxvh lw phdqv wkdw hyhq li �upv duh rwkhuzlvh lghqwlfdo/ wkh rqo| sxuh0vwudwhj|
htxloleuld fdq vwloo eh dv|pphwulf1 Dv L dujxh lq Vhfwlrq 515/ wklv fdq khos wr h{sodlq khwhurjhqhlw|
lq rujdql}dwlrqdo vl}h +dovr vhh Khupdolq/ 4<<7/ iru d uhodwhg dqdo|vlv,1

Wkh jdsv duh dovr lpsruwdqw iru xqghuvwdqglqj rujdql}dwlrqdo frpsdudwlyh vwdwlfv1 Wr vhh zk|/
ohw � eh d sdudphwhu wkdw fkdqjhv wkh ehqh�w ixqfwlrq1 Dv � fkdqjhv/ wkh rswlpdo D/ DW/ wr lqgxfh
zloo dovr fkdqjh1 Wkh fkdqjh lq DW zlwk � zloo qrw/ krzhyhu/ eh hyhu|zkhuh frqwlqxrxv= Durxqg
jdsv/ wkh fkdqjh lq DW zloo eh glvfuhwh�DW zloo kdyh wr �mxps ryhu� wkh jdsv1 Wklv kdv wzr
lpsolfdwlrqv1 Iluvw/ vpdoo fkdqjhv lq d �up*v hqylurqphqw +h1j1/ �, fdq kdyh gudpdwlf h�hfwv rq lwv
ehkdylru +h1j1/ d elj mxps lq DW,1 Vhfrqg/ vlqfh jdsv lqfoxgh wkh fxwr� ydoxhv/ D

�

/ d vpdoo fkdqjh
lq wkh hqylurqphqw fdq ohdg wr d glvfuhwh fkdqjh lq wkh vl}h ri wkh �up +h1j1/ iurp Q wr Q . 4,1
Wkh odujhu duh wkh jdsv/ wkh pruh iuhtxhqwo| wkh| duh hqfrxqwhuhg1 Wklv phdqv wkdw d vhtxhqfh ri
vpdoo fkdqjhv lq wkh hqylurqphqw fdq ohdg wr d vhtxhqfh ri odujh fkdqjhv lq wkh �up*v vl}h dqg lwv
dfwlylw|1

Lq wkh fdvh ri dq d!qh ehqh�w ixqfwlrq/ wkhvh fkdqjhv zloo eh sduwlfxoduo| gudpdwlf1 Vxssrvh

� +D, @

�
�D. n/ li D A 3
3/ li D @ 3

/

zkhuh n � 31 Gh�qh

Q +n, @

�
4/ li n A �z
3/ li n � �z

1

Wkhq li � +�, lv wkh ehqh�w ixqfwlrq/ wkh �up zloo doprvw vxuho| eh ri vl}h Q +n, ru vl}h �Q =

Sursrvlwlrq 6 Vxssrvh wkh ehqh�w ixqfwlrq lv � +D, @ �D. n dqg Q � �Q 1 Wkhq iru doo ydoxhv
ri wkh pdujlqdo ehqh�w sdudphwhu/ �/ wkh rswlpdo vl}h ri wkh �up lv hlwkhu Q +n, ru �Q / h{fhsw li
� @ f� +dW,/ lq zklfk fdvh doo �up vl}hv duh rswlpdo +zkhuh dW lv gh�qhg lq Sursrvlwlrq 5,1 Ilup
vl}h zloo eh �Q li � A f� +dW, dqg lw zloo eh Q +n, li � ? f� +dW,1

Xqghu wkh dvvxpswlrqv ri Sursrvlwlrq 6/ dv � furvvhv wkh ydoxh f� +dW,/ �up vl}h fkdqjhv gud0
pdwlfdoo|= hlwkhu mxpslqj iurp Q +n, wr �Q ru iurp �Q wr Q +n,1

514 Dssolfdwlrq= Grzqvl}lqj dqg Od|r�v

Dq lqwuljxlqj ihdwxuh ri rujdql}dwlrqv lv krz udslgo| wkh| fdq vkulqn dqg/ wr d ohvvhu h{whqw/ jurz1
Zkdw lv sx}}olqj derxw wkhvh fkdqjhv/ vxfk dv odujh0vfdoh od|r�v/ lv wkdw wkh| riwhq frph lq uhvsrqvh
wr udwkhu vorz0prylqj ru suhglfwdeoh fkdqjhv lq wkh hfrqrplf hqylurqphqw1 Lq whupv ri wkh qrwdwlrq
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iurp wkh odvw vhfwlrq/ Q fkdqjhv txlfno| zkloh � fkdqjhv vorzo|1 Rujdql}dwlrqdo �{hg frvwv dqg wkh
uhvxowlqj jdsv lq wkh rswlpdo dfwlrqv vhw/ D/ r�hu rqh dqvzhu wr wklv sx}}oh1

Iru h{dpsoh/ frqvlghu d frpshwlwlyh �up wkdw fdq vhoo doo lwv rxwsxw dw d sulfh ri s shu xqlw1
Ohw wkh �up*v rxwsxw eh D1 Dvvxph wkdw Q � �Q 1 Wkhq lq whupv ri wkh hduolhu qrwdwlrq/ � @ s dqg
� +D, @ sD1 Vxgghq od|r�v +ru h{sdqvlrqv, duh/ wkhq/ dq lpphgldwh fruroodu| ri Sursrvlwlrq 6=

Fruroodu| 4 Frqvlghu d frpshwlwlyh �up wkdw fdq vhoo lwv rxwsxw dw d sulfh ri s shu xqlw1 Ohw lwv
rxwsxw eh D1 Wkhq hpsor|phqw/ Q / lv frqvwdqw h{fhsw zkhq sulfh idoov ehorz f� +dW,/ dw zklfk srlqw
lw idoov wr }hur1

Vr sulfh fdq eh vwhdglo| idoolqj/ exw lw lv rqo| zkhq lw furvvhv f� +dW, wkdw hpsor|phqw idoov1
Pruhryhu/ zkhq lw idoov/ lw idoov gudpdwlfdoo| iurp �Q wr 31 Frqyhuvho|/ sulfh fdq eh vwhdglo| ulvlqj/
exw lw lv rqo| zkhq lw furvvhv f� +dW, wkdw hpsor|phqw h{sdqgv18

Wdnhq olwhudoo|/ Fruroodu| 4 lv udwkhu h{wuhph�ihz/ li dq|/ �upv jr iurp �Q hpsor|hhv wr }hur1
D pruh vhqvleoh lqwhusuhwdwlrq pljkw eh wkdw �Q lv wkh qxpehu ri zrunhuv ryhu zklfk wkh �up kdv
glvfuhwlrq lq vrph lqwhuphgldwh uxq +h1j1/ dw d jlyhq wlph d idfwru| qhhgv d plqlpxp ripf zrunhuv/
exw fdq hpsor| d pd{lpxp ri pf. �Q zrunhuv,1 Uhodwhgo|/ wkh uhvxow pdnhv pruh vhqvh li dssolhg
wr sduwv ri wkh �up +h1j1/ vkliwv ru ghsduwphqwv,19 Wkdw lv/ lw frxog h{sodlq holplqdwlqj d vkliw1 Ru
�Q uhihuv wr wkh qxpehu ri zrunhuv dw d jlyhq ohyho ri pdqdjhphqw dqg wkh Fruroodu| ghvfulehv wkh
ghflvlrq wr holplqdwh d od|hu ri pdqdjhphqw1 Ilqdoo|/ Q fdq eh lqwhusuhwhg dv lwvhoi frxqwlqj xqlwv
wkdw duh odujhu wkdq d vlqjoh shuvrq=

Uhpdun 4 Li rqh uhlqwhusuhwv Q dv frxqwlqj vkliwv/ ghsduwphqwv/ ru sodqwv/ ru rwkhu xqlwv ri
surgxfwlrq/ wkhq Fruroodu| 4 r�huv dq h{sodqdwlrq iru vxgghq dqg gudpdwlf pryhphqwv lq wkhlu
hpsor|phqw1

Dq d!qh ehqh�w ixqfwlrq lv/ dgplwwhgo|/ dq h{wuhph dvvxpswlrq lq pdq| frqwh{wv1 Frqvlghu/
wkhuhiruh/ d prqrsrolvw zkr idfhv lqyhuvh ghpdqg L � Vt1 Frqwlqxh wr dvvxph wkdw rxwsxw lv D1
Qrz � +D, @ LD�VD21 Lq wklv vlwxdwlrq/ wkhuh duh vwloo jdsv�wkh vl}h ri zklfk ghshqg rq V�exw
ehfdxvh wkh| duh vpdoohu/ wkh frpsdudwlyh vwdwlfv zloo eh ohvv gudpdwlf1 Krzhyhu/ li V lv vpdoo/
wkhq wkh jdsv duh elj/ dqg hpsor|phqw zloo vwloo pryh �txlfno|� lq uhvsrqvh wr vpdoo fkdqjhv lq L1
Iru lqvwdqfh/ li �z @ 4/ f +d, @ d2/ dqg L pryhv lq vwhsv ri rqh iurp 7 wr 83/ wkhq hpsor|phqw dovr
pryhv lq vwhsv ri rqh zkhq V @ �

2
1 Exw li V @ �

e
/ wkhq hpsor|phqw pryhv lq vwhsv ri wzr +h1j1/

Q @ 49 zkhq L @ 43/ exw Q @ 4; zkhq L @ 44,> li V @ �

H
/ wkhq hpsor|phqw pryhv lq vwhsv ri irxu>

dqg li V @ �

�f
/ wkhq hpsor|phqw pryhv lq vwhsv ri �yh1: Pruh jhqhudoo|/ li � +�, lv qrw wrr frqfdyh

+h1j1/ V lv vpdoo,/ wkhq idluo| vxgghq dqg vl}hdeoh pryhphqwv lq hpsor|phqw fdq eh h{shfwhg dv
wkh frqvhtxhqfh ri vpdoo fkdqjhv lq wkh hfrqrplf hqylurqphqw1

Wklv �vxgghqqhvv� lv frpsohphqwhg e| dgmxvwphqw frvwv ru odjv1 Dowkrxjk dgmxvwphqw frvwv ru
odjv fdq/ lq wkhpvhoyhv/ h{sodlq vxgghq odujh pryhphqwv lq hpsor|phqw/ wkhlu h�hfw lv uhlqirufhg
e| wkh h{lvwhqfh ri jdsv1 G|qdplfdoo| dgmxvwlqj hpsor|phqw fdq eh frpsduhg wr fkrrvlqj zkhuh d

8Ri frxuvh/ wklv devwudfwv dzd| iurp dq| xqfhuwdlqw| lq sulfh pryhphqw ru wkh srvvlelolw| wkdw wkhuh pljkw eh
wlph wr exlog +h1j1/ d �up pljkw ehjlq lwv h{sdqvlrq zkhq R 	 S� E@W� lq dqwlflsdwlrq ri frqwlqxhg sulfh lqfuhdvhv li lw
pxvw doorw wlph wr exlog,1

9Iru h{dpsoh/ Qhz \run Wlphv +4<<9,/ sdjh </ jlyhv dq h{dpsoh ri d ghsduwphqw lq Fkhplfdo Edqn wkdw zdv
grzqvl}hg iurp 48 wr 41 ^Vlqfh wkh ghsduwphqw glg qrw vkxw/ suhvxpdeo| wkh ehqh�w ixqfwlrq kdg d srvlwlyh lqwhufhsw
+l1h1/ & : 7�,/ vhh Sursrvlwlrq 61`

:Wkh Pdwkhpdwlfd surjudp xvhg wr ghulyh wkhvh uhvxowv lv dydlodeoh iurp wkh dxwkru xsrq uhtxhvw1

:



wudlq vkrxog vwrs rq lwv mrxuqh|/ zlwk hdfk hpsor|phqw ohyho ehlqj d srwhqwldo vwdwlrq1 Li jdsv duh
odujh/ wkhq wkhuh lv olwwoh ehqh�w wr vwrsslqj dw hdfk lqwhuphgldwh vwdwlrq�vlqfh lw uhpdlqv rswlpdo
iru vxfk d vkruw shulrg ri wlph +vpdoo vhw ri sdudphwhu ydoxhv,1 Li lwv ehqh�w lv vpdoo hqrxjk/ wkh
vwdwlrq�hpsor|phqw ohyho�zloo eh e|sdvvhg1

Pruhryhu/ wkh uroh ri �{hg frvwv lv hvvhqwldo wr h{sodlqlqj zk| dgmxvwphqwv fkdqjh hpsor|phqw1
Diwhu doo/ zkdw wkh �up zdqwv wr dgmxvw lv D +froohfwlyh h�ruw/ dfwlrq/ ru krxuv,1 Devhqw �{hg frvwv/
wkhuh lv qr uhodwlrqvkls ehwzhhq D dqg Q 1 Iru lqvwdqfh/ vxssrvh �z @ 3 dqg/ wr jlyh wkh prgho
forvxuh/ vxssrvh wkdw qr pruh wkdq �Q zrunhuv fdq eh hpsor|hg1 Wkhq wkh �up lv dozd|v ri vl}h
�Q�doo wkdw fkdqjhv duh D dqg wkh dprxqw dvnhg ri hdfk zrunhu/ D@ �Q 1;

Lq pdq| uhfhqw fdvhv ri grzqvl}lqj +vhh/ h1j1/ Qhz \run Wlphv/ 4<<9,/ wkh �up vkhgv zrunhuv/
exw qrw rxwsxw ru sur�wv1 Wkh prgho ghyhorshg khuh fdq dovr khos lq wklqnlqj derxw wklv nlqg
ri grzqvl}lqj1 W|slfdoo|/ lq wklv nlqg ri grzqvl}lqj/ od|r�v duh dvvrfldwhg zlwk vzlwfklqj wr dq
dowhuqdwlyh phwkrg ri surgxfwlrq +h1j1/ dxwrpdwlrq/ rxwvrxuflqj/ ryhu0vhdv surgxfwlrq/ hwf1,1 Dv
zlwk rwkhu od|r�v/ rqh txhvwlrq lv zk| wkh vzlwfk lq phwkrgv lv vr vxgghq dqg vr frpsohwh1 Zk|/
iru lqvwdqfh/ grq*w �upv xvh d vorzo| dgmxvwlqj zhljkwhg dyhudjh ri wkh rog dqg qhz phwkrgvB

Wr prgho wklv/ dvvxph wkdw wkh �up fdq vhoo doo wkh rxwsxw lw zlvkhv dw d sulfh ri s shu xqlw/ exw
rqo| xs wr �QdW xqlwv1 Dvvxph/ wrr/ wkdw wkhuh lv dq dowhuqdwlyh phwkrg ri surgxfwlrq/ lq zklfk
wkh �up*v frvw zrxog eh �D1 Dvvxph/ krzhyhu/ wkdw wklv phwkrg lv lqlwldoo| pruh frvwo|=

� A f� +dW, = +6,

Wkh �up*v fkrlfh ri h�ruw xqghu wkh ruljlqdo whfkqrorj|/ D/ pd{lpl}hv

sD. s
�
�QdW �D

�� �
�
�QdW �D

��FW +D, 1

Wklv fdq eh uhzulwwhq dv
�D�FW +D, . �QdW +s� �, 1

Wkh ehqh�w ixqfwlrq lv d!qh lq D1 Pruhryhu/ iurp +6, dqg Sursrvlwlrq 5/ lw iroorzv wkdw wkh rswlpdo
D @ �QdW�wkhuh lv qr xvh ri wkh dowhuqdwlyh phwkrg�dqg Q @ �Q 1

Qrz vxssrvh wkdw wklv dowhuqdwlyh phwkrg ehfrphv ohvv frvwo| +h1j1/ wkh frvw ri dxwrpdwlrq
idoov,1 Wkhuh zloo eh qr xvh ri wklv dowhuqdwlyh phwkrg dqg hpsor|phqw zloo vwd| frqvwdqw dw �Q
xqwlo wkh srlqw wkdw � @ f� +dW,/ dw zklfk srlqw hpsor|phqw zloo vxgghqo| gurs wr 3 dqg wkh xvh ri
wkh dowhuqdwlyh phwkrg zloo mxps xs vkduso| +iurp 3 wr �QdW,1 Surgxfwlrq uhpdlqv frqvwdqw dqg
sur�wv dfwxdoo| lqfuhdvh1 Ryhudoo/ wkhvh uhvxowv duh frqvlvwhqw zlwk wkh dqhfgrwdo hylghqfh uhsruwhg
lq Qhz \run Wlphv +4<<9,1

Dgplwwhgo|/ lw frxog eh d vwurqj dvvxpswlrq wr dvvxph wkdw wkh dowhuqdwlyh phwkrg ri surgxfwlrq
kdv olqhdu frvwv1 Vxssrvh/ lqvwhdg/ wkdw lwv frvw zhuh � +D,/ zkhuh � +�, lv dq lqfuhdvlqj dqg frqyh{
ixqfwlrq1 Wkhq � +D, @ s �QdW � �

�
�QdW �D

�
/ zklfk lv frqfdyh1 Dv wkh deryh glvfxvvlrq ri wkh

prqrsrolvw pdgh fohdu/ wkh suhylrxv dqdo|vlv zloo/ krzhyhu/ eh d uhdvrqdeoh dssur{lpdwlrq li � +�,
lv qrw wrr frqyh{1

;Wklv dovr h{sodlqv zk| wkh prgho lv qrw ehlqj gulyhq e| wkh idfw wkdw zrunhuv frph lq glvfuhwh xqlwv1 Iudfwlrqdo
zrunhuv duh/ lq d vhqvh/ srvvleoh= Li/ vd|/ 	@ lv ixoo0wlph zrun/ wkhq kdoi d zrunhu fruuhvsrqgv wr dvnlqj �

2
	@ iurp d

zrunhu1 Zkdw glvfrxudjhv wkh �up iurp grlqj wklv lv wkdw wklv �iudfwlrqdo� zrunhu vwloo wuljjhuv d ixoo dprxqw ri wkh
�{hg frvw/ 7�1

;



515 Dssolfdwlrq= Khwhurjhqhlw| lq Rujdql}dwlrqdo Vl}h

D ihdwxuh frpprq wr doprvw hyhu| lqgxvwu| lv krz lwv �upv ydu| lq vl}h1 Iru lqvwdqfh/ Jhqhudo
Prwruv lv odujhu wkdq Irug/ zklfk lv odujhu wkdq Fku|vohu1 Lq wklv vhfwlrq/ L frqvlghu krz �{hg0
frvw0lqgxfhg jdsv fdq khos wr h{sodlq wklv khwhurjhqhlw|1<

Frqvlghu d Frxuqrw gxrsro| +dowkrxjk wkh uhdvrqlqj zrxog h{whqg wr pruh �upv dqg dowhuqdwlyh
irupv ri frpshwlwlrq,1 Ohw hdfk �up*v ehqh�w ixqfwlrq eh t

�

+L � V +t
�

. t
�

,,/ zkhuh t
�

lv lwv rzq
rxwsxw dqg t

�

lv lwv ulydo*v rxwsxw1 Vxssrvh wkdw t @ D1
Lq wklv prgho/ zhuh wkhuh qr jdsv +l1h1/ zhuh FW +�, dq hyhu|zkhuh frqyh{ ixqfwlrq,/ wkhq qr

dv|pphwulf sxuh0vwudwhj| htxloleulxp frxog h{lvw=

Sursrvlwlrq 7 Frqvlghu d Frxuqrw gxrsro| zlwk lghqwlfdo �upv lq zklfk lqyhuvh pdunhw ghpdqg
lv L�VT/ zkhuh T lv pdunhw rxwsxw1 Li FW +�, zhuh hyhu|zkhuh frqyh{/ wkhq wkhuh zrxog eh d xqltxh
sxuh0vwudwhj| htxloleulxp dqg lw zrxog eh v|pphwulf1

Rq wkh rwkhu kdqg/ zlwk jdsv lw fdq eh wkdw doo sxuh0vwudwhj| htxloleuld duh dv|pphwulf=

H{dpsoh 4 Frqvlghu d Frxuqrw gxrsro| zlwk lghqwlfdo �upv lq zklfk lqyhuvh pdunhw ghpdqg lv
8 � '

I

�2
/ zkhuh T lv pdunhw rxwsxw1 Dvvxph �z @ 4 dqg f +d, @ d21 Frqglwlrqdo rq hpsor|lqj Q

zrunhuv/ �up l*v uhdfwlrq ixqfwlrq lv

D
�

@
Q
�
8� ��

I

�2

�
5
�

�

I

�2
. 4

� = +7,

Lw lv uhdglo| vkrzq wkdw D
�

@
s
Q +Q . 4, +wkh fxwr� ehwzhhq Q dqg Q.4 zrunhuv,1 D v|pphwulf

htxloleulxp h{lvwv rqo| li +7, kdv d vroxwlrq zlwk D
�

@ D
�

dqg wklv vroxwlrq olhv ehwzhhq D
�3� dqg

D
�

1 Li +7, kdv d v|pphwulf vroxwlrq/ wkhq

D +Q, @ 43
Q

Q
s
6 . 7

1

Lw lv uhdglo| vkrzq wkdw wkh D +Q, 5 +D
�3�> D� , rqo| li Q @ 6ru 71 D +6, @ 6=59551 Krzhyhu/ wkh

ehvw uhvsrqvh wr D +6, lv qrw wr kluh 6 zrunhuv dqg lqgxfh wrwdo h�ruw D +6,/ exw wr kluh 7 zrunhuv
dqg lqgxfh wrwdo h�ruw 6=:99<1 D +7, @ 6= 99361 Krzhyhu/ wkh ehvw uhvsrqvh wr D +7, lv qrw 7 zrunhuv
dqg D +7, lq h�ruw/ exw wr kluh 6 zrunhuv dqg lqgxfh wrwdo h�ruw 6= 49<<1 Pruhryhu/ xqghu wkhvh
dvvxpswlrqv/ lw fdq eh vkrzq wkdw D

�

@ 6=46:7 dqg Q
�

@ 6 iru �up l dqg D
�

@ 6=;337 dqg Q
�

@ 7
iru �up m lv d sxuh0vwudwhj| htxloleulxp143

Lq H{dpsoh 4/ wkh gl�huhqfh lq hpsor|phqw ehwzhhq wkh �upv lv rqh1 Reylrxvo|/ li dssolhg wr
odujh frusrudwlrqv/ wklv zrxog qrw eh d vljql�fdqw vrxufh ri khwhurjhqhlw|1 Rq wkh rwkhu kdqg/ li
wkh xqlwv duh odujhu wkdq rqh zrunhu�h1j1/ d ghsduwphqw/ sodqw/ ru glylvlrq�wkhq wkh uhvxowv duh

<Dgplwwhgo|/ wkhuh duh rwkhu srvvleoh h{sodqdwlrqv= �upv fdq kdyh dffhvv wr gl�huhqw surgxfwlrq whfkqrorjlhv
+h1j1/ ehfdxvh ri sdwhqwv, ru wkh| fdq idfh gl�huhqw idfwru sulfhv +h1j1/ d frqvhtxhqfh ri surgxflqj lq gl�huhqw
orfdwlrqv,1 Exw lw lv grxewixo wkdw wkhvh duh xqlyhuvdo h{sodqdwlrqv�wkh| gr qrw/ iru h{dpsoh/ vhhp wr �w wkh
grphvwlf dxwrpreloh lqgxvwu| sduwlfxoduo| zhoo1 Durq +4<;;, dqg Oxfdv +4<:;, r�hu dqrwkhu h{sodqdwlrq edvhg rq
khwrujhqhlw| lq pdqdjhuldo delolw|1 Wkhvh prghov/ krzhyhu/ vhhp ehwwhu vxlwhg wr h{sodlq lqwhu 0lqgxvwu| khwhurjhqhlw|
lq vl}h udwkhu wkdq lqwud0lqgxvwu| khwhurjhqhlw|1

43Wkh surjudpv iru yhuli|lqj wklv duh dydlodeoh iurp wkh dxwkru xsrq uhtxhvw1

<



pruh phdqlqjixo1 Dowhuqdwlyho|/ frqwlqxh wr wklqn derxw wkh xqlwv ehlqj zrunhuv/ exw zrunhuv dw
d vx!flhqwo| kljk ohyho ri pdqdjhphqw +h1j1/ ylfh suhvlghqwv,/ vr wkdw d gl�huhqfh ri rqh zrunhu
zrxog fruuhvsrqg wr rqh ohvv ghsduwphqw/ sodqw/ ru glylvlrq1

Frxog wkh gl�huhqfh lq hpsor|phqw eh eljjhu wkdq rqhB Wkh dqvzhu ghshqgv rq wkh vl}h ri wkh
jdsv/ zklfk/ lq wxuq/ ghshqgv rq wkh ehqh�w ixqfwlrq1 Li �up l*v ehqh�w ixqfwlrq lv d!qh lq lwv rzq
wrwdo h�ruw/ wkhq wkh dqvzhu lv |hv1 Iru h{dpsoh/ ohw D

�

eh h�ruw rq dgyhuwlvlqj dqg vxssrvh wkdw
�up l*v uhyhqxh lv

Uf .
D
�

! +D
�

,
li D

�

A 3

dqg }hur rwkhuzlvh/ zkhuh Uf A �z lv uhyhqxh iurp fxvwrphuv xqd�hfwhg e| dgyhuwlvlqj dqg ! +�, lv
dq lqfuhdvlqj ixqfwlrq1 Djdlq dvvxph Q � �Q 1 Ilqdoo| vxssrvh

4

! +dW,
A f� +dW, /

4

!
�
�QdW

� ? f� +dW, / dqg

4

! +QdW,
9@ f� +dW, / iru dq| Q 1

Wkhq d sxuh0vwudwhj| htxloleulxp lv D
�

? dW dqg Q
�

@ 4/ zkloh D
�

� �QdW dqg Q
�

@ �Q 1 Lq idfw/

Sursrvlwlrq 8 Iru wkh dgyhuwlvlqj gxrsro| jdph/ wkh rqo| wzr sxuh0vwudwhj| htxloleuld kdyh wkh
irup D

�

? dW dqg Q
�

@ 4/ zkloh D
�

� �QdW dqg Q
�

@ �Q 1

6 S|udplg0Vkdshg Klhudufklhv

Lq wklv vhfwlrq/ L frqvlghu krz rujdql}dwlrqdo �{hg frvwv fdq khos wr h{sodlq zk| klhudufklhv duh
s|udplg vkdshg�kljkhu wlhuv duh vpdoohu wkdq orzhu wlhuv1 Wkhuh duh/ dgplwwhgo|/ pdq| idfhwv
wr klhudufklhv dqg pdq| prghov ri klhudufklhv/44 vr wklv lv qrw dq dwwhpsw dw d frpsuhkhqvlyh ru
gh�qlwlyh prgho ri klhudufk| +li vxfk d fuhdwxuh h{lvwv,1 Udwkhu/ wkh lqwhqwlrq lv wr looxvwudwh ixuwkhu
wkh lpsruwdqfh ri rujdql}dwlrqdo �{hg frvwv lq xqghuvwdqglqj rujdql}dwlrqv/ zkloh frqwulexwlqj wr
dq xqghuvwdqglqj ri rqh idfhw ri klhudufklhv/ qdpho| wkhlu vkdsh1

D zrunhu*v ixqfwlrq lv wr vroyh sureohpv +h1j1/ uhvsrqg wr fxvwrphu frpsodlqwv/ lpsuryh sur0
gxfwlrq/ ghvljq frusrudwh vwudwhj|/ hwf1,1 Ohw w lqgh{ sureohpv dqg ohw �

|

ghqrwh h�ruw ru dwwhqwlrq
ghyrwhg wr sureohp w1 D zrunhu*v wrwdo h�ruw lv d/ wkh vxp ryhu klv �

|

*v1 Dv ehiruh/ klv xwlolw| lv
z� f +d,1 Ohw �

|

+�, eh wkh suredelolw| wkdw d zrunhu vxffhhgv lq vroylqj sureohp w frqglwlrqdo rq
ghyrwlqj � dwwhqwlrq wr lw1 Dvvxph wkdw �

|

+3, @ 3 dqg �
|

+�, lv qrq0ghfuhdvlqj iru doo w1 Wr pdnh
wkh prgho pruh lqwhuhvwlqj/ L irfxv rq sureohpv wkdw duh qrw uhdglo| vroydeoh= dvvxph/ wkhuhiruh/
wkdw �

|

+�, kdv d ohdvw xsshu erxqg ohvv wkdq rqh1 Ohw e
|

eh wkh ehqh�w ri vroylqj sureohp w1
Vxssrvh wkdw li d zrunhu idlov wr vroyh d sureohp/ wkhq wkh sureohp lv sdvvhg xs wr klv vxshulru145

Klv vxshulru*v suredelolw| ri vroylqj lw lv dovr �
|

+�,/ zkhuh � lv wkh dwwhqwlrq wkh vxshulru ghyrwhv

44D sduwldo olvw ri prghov lv Zlooldpvrq +4<9:,/ Fdoyr dqg Zhoolv} +4<:;,/ Vdk dqg Vwljolw} +4<;9,/ Jhdqdnrsorv
dqg Plojurp +4<<4,/ Erowrq dqg Ghzdwulsrqw +4<<7,/ dqg PfDihh dqg PfPloodq +4<<8,1

45Wkh gluhfwlrq ri wudqvihu lv wdnhq dv h{rjhqrxv lq wklv prgho1 Lq sduwlfxodu/ odwhudo wudqvihuv duh vlpso| dvvxphg
wr eh lpsudfwlfdo1 Wkh h{rjhqrxv gluhfwlrq ri wudqvihu lv lq nhhslqj zlwk sdshuv lq wkh olwhudwxuh +vhh/ h1j1/ Vdk dqg
Vwljolw}/ 4<;9,1

43



wr lw1 Olnhzlvh/ li wkh vxshulru idlov wr vroyh lw/ vkh sdvvhv lw xs wr khu vxshulru/ dqg vr iruwk146

Li wkhuh zhuh qr �{hg frvwv/ wkhq wkh frqyh{lw| ri f +�, hqwdlov wkdw hdfk zrunhu zrxog zrun
h{foxvlyho| rq rqh sureohp dqg/ iru wkh vdph uhdvrq/ hdfk vxshuylvru zrxog kdyh mxvw rqh shuvrq
xqghu khu lq wkh klhudufk|1 Wkdw lv/ wkh klhudufk| zrxog eh d uhfwdqjoh udwkhu wkdq d s|udplg1

Sursrvlwlrq 9 Dvvxph qr �{hg frvwv1 Wkhq/ li d sureohp/ w/ vdwlv�hv

e
|

�
|

+�,� f +�, A 3 iru vrph � A 3/ +8,

lw zloo kdyh d zrunhu dqg d srwhqwldoo| lq�qlwh vhtxhqfh ri vxshuylvruv ghyrwhg h{foxvlyho| wr lw1 Li
frqglwlrq +8, idlov/ wkhq qr zrunhu zloo eh dvvljqhg wr wkh sureohp1

Qrwh/ wrr/ wkdw devhqw �{hg frvwv wkh vl}h ri wkh �up lv lqghwhuplqdwh +dowkrxjk lw grhv kdyh dq
h{shfwhg ydoxh,1

Qrz vxssrvh wkdw wkhuh duh �{hg frvwv1 Lq sduwlfxodu/ dvvxph wkdw sulru wr wdfnolqj dq| sure0
ohpv/ wkh �up kdv wr kluh wkh hpsor|hhv wkdw zloo vroyh wkhp1 Dvvxph hdfk zrunhu dqg vxshuylvru
kdv d uhvhuydwlrq zdjh ri �z1 Vlqfh hdfk hpsor|hh lv jxdudqwhhg dw ohdvw �z/ d �up zlwk d �qlwh
sureohpv zloo kdyh rqo| d �qlwh qxpehu ri hpsor|hhv/ lq frqwudvw wr wkh vlwxdwlrq lq Sursrvlwlrq 9

Wxuqlqj wr wkh vkdsh ri wkh klhudufk|/ dvvxph wkdw wkh klhudufk| frqvlvwv ri od|huv lqgh{hg e|
p1 Wkh erwwrp od|hu +zrunhuv, lv od|hu rqh1 Dvvxph wkdw dq xqvroyhg sureohp lv sdvvhg xs od|hu
wr od|hu dqg fdqqrw vnls d od|hu +h1j1/ lw fdq*w jr iurp p � 4 wr p. 4,1 Dvvxph/ wrr/ wkdw wkh|
fdqqrw eh gursshg�d frqwlqxdoo| xqvroyhg sureohp zrunv lwv zd| doo wkh zd| wr wkh wrs1

Lqwxlwlyho|/ li wkh klhudufk| zhuh uhfwdqjxodu/ hpsor|hhv dw kljkhu od|huv zrxog kdyh ohvv wr gr/
lq h{shfwdwlrq/ wkdq hpsor|hhv dw orzhu od|huv ehfdxvh vrph sureohpv zrxog eh vroyhg ehiruh wkh|
uhdfk wkh kljkhu od|huv1 Frqvhtxhqwo|/ wkh pdujlqdo frvw ri lqfuhdvlqj wkh zrunordg ri hpsor|hhv
dw kljkhu od|huv lv uhodwlyho| orz1 Pruhryhu/ ehfdxvh lw zrxog hfrqrpl}h rq �{hg frvwv/ lw zrxog
sd| wr lqfuhdvh wkhlu zrunordg e| �wklqqlqj wkh udqnv�> wkdw lv/ kdylqj pruh wkdq rqh vxeruglqdwh
uhihu xqvroyhg sureohpv wr dq hpsor|hh lq d kljkhu od|hu1 Khqfh/ wkh vwuxfwxuh ri wkh klhudufk|
ehfrphv s|udplgdo1

Wr irupdol}h wklv lqwxlwlrq lq d wudfwdeoh prgho dvvxph wkdw

�
|

+�, @

�
3/ li � ? 4
a�/ li � � 4

iru doo w/ zkhuh 3 ? a� ? 41 Wkdw lv/ dq hpsor|hh vxssolhv rqh xqlw ri dwwhqwlrq wr hdfk sureohp
dvvljqhg wr klp1 Frqvhtxhqwo|/ li kh zrunv rq W sureohpv dvvljqhg wr klp/ wkhq klv frvw ri h�ruw lv
f +W ,1 Dqrwkhu lpsolfdwlrq lv wkdw wkh h{shfwhg ehqh�w vxssolhg e| d jlyhq od|hu lv lqghshqghqw ri
lwv vwuxfwxuh +uhphpehu wkdw sureohpv fdqqrw eh gursshg,1 Frqvhtxhqwo|/ dwwhqwlrq fdq eh irfxvhg
rq wkh frvw vlgh ri wkh ohgjhu1

Gh�qh at
6

@ +4� a�,63�> wkdw lv/ at
6

lv wkh suredelolw| wkdw d jlyhq sureohp uhpdlqv xqvroyhg
xqwlo uhdfklqj wkh pwk od|hu1 Ohw wkh pd{lpxp qxpehu ri sureohpv wkdw frxog uhdfk dq hpsor|hh

46Wklv fruuhvsrqgv wr Vdk dqg Vwljolw} +4<;9,*v �vhuldo surfhvvlqj1� Wkhlu prgho dqg wklv prgho gl�hu/ krzhyhu/
rq d qxpehu ri jurxqgv1 Prvw lpsruwdqwo|/ wkhuh lv qr h�ruw lq wkhlu prgho dqg/ khqfh/ qr lvvxh ri frpshqvdwlrq
dqg �{hg frvwv1
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eh W / wkhq wkh h{shfwhg frvw lqfxuuhg e| hpsor|lqj klp lv47

F
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+4� at

6

,A3| at|
6

f +w, =

Ohppd 6 Wkh frvw ri doorzlqj d pd{lpxp ri W sureohpv wr uhdfk dq hpsor|hh dw od|hu p lv
ghfuhdvlqj zlwk p1 Wkdw lv/ F

6

+W , ? F
63� +W ,1

Lw fdq qrz eh hvwdeolvkhg wkdw wkh klhudufk| zloo eh s|udplgdo=

Sursrvlwlrq : Wkh frvw dgydqwdjh ri kdylqj ihzhu hpsor|hhv lq d od|hu lqfuhdvhv zlwk wkh khljkw
ri wkh od|hu +l1h1/ zlwk p,1

Wklv vhfwlrq kdv vkrzq krz rujdql}dwlrqdo �{hg frvwv fdq h{sodlq rujdql}dwlrqdo ihdwxuhv vxfk
dv s|udplgdo klhudufklhv1 Dgplwwhgo|/ wkh prgho ghyhorshg khuh lv yhu| vlpsoh/ zklfk olplwv wkh
frqwulexwlrq lw gluhfwo| pdnhv wr d ehwwhu xqghuvwdqglqj ri klhudufklhv1 Rq wkh rwkhu kdqg/ wkh
jhqhudo hohphqwv�vxshulruv �frpsohwh� wkh zrun ri vxeruglqdwhv dqg �{hg frvwv�surylgh d vwurqj
lqwxlwlyh h{sodqdwlrq iru d s|udplg vwuxfwxuh1

7 Djhqf| dv d Vrxufh ri Il{hg Frvwv

Vr idu wkh vrxufh ri �{hg frvwv kdv ehhq h{rjhqrxv wr wkh prgho1 Lq wklv vhfwlrq/ L vkrz krz djhqf|
sureohpv fdq vhuyh wr lqwurgxfh qrq0frqyh{lwlhv lqwr wkh frvw ixqfwlrqv wkdw duh vlplodu lq lpsdfw
wr wkh h{rjhqrxv �{hg frvwv frqvlghuhg vr idu1 Wkdw lv/ rujdql}dwlrqdo sureohpv/ vxfk dv djhqf|/
fdq eh wkhlu rzq vrxufh ri ��{hg frvwv1�

Dvvxph/ qrz/ wkdw dq djhqw*v xwlolw| ixqfwlrq lv x +z, � d/ li kh lv sdlg z dqg wdnhv dfwlrq
d148 Wkh xwlolw| ixqfwlrq x +�, lv wzlfh gl�huhqwldeoh/ xqerxqghg/ lqfuhdvlqj/ dqg frqfdyh +l1h1/ pruh
prqh| lv suhihuuhg wr ohvv dqg djhqwv duh ulvn dyhuvh,1 Dv ehiruh/ wkh �up kluhv djhqwv e| pdnlqj
wdnh0lw0ru0ohdyh0lw r�huv1 Ohw �x eh dq djhqw*v uhvhuydwlrq xwlolw|1 Wr holplqdwh h{rjhqrxv �{hg frvwv/
dvvxph wkdw

x3� +�x, @ 31 +9,

Xqolnh wkh suhylrxv vhfwlrqv/ dvvxph qrz wkdw dq djhqw*v dfwlrq lv xqrevhuydeoh e| wkh �up/
vr frqwudfwv fdqqrw eh zulwwhq frqwlqjhqw xsrq lw1 Li wkh| frxog eh/ wkhq wkh �up*v frvw ri h�ruw
zrxog eh x3� +d,/ zklfk/ jlyhq +9,/ zrxog phdq wkh �up zrxog kluh dq duelwudulo| odujh qxpehu ri
djhqwv hdfk ri zkrp zrxog vxsso| dq duelwudulo| vpdoo dprxqw ri h�ruw1

Dvvxph/ lqvwhdg/ wkdw wkhuh duh wzr yhul�deoh vwdwhv= wkh �up grhv zhoo dqg wkh �up grhv srruo|1
Ohw wkh suredelolw| wkdw wkh �up grhv zhoo eh S

�S
�

?'�
d
?

�
/ zkhuh S +�, lv d wzlfh0gl�huhqwldeoh/

lqfuhdvlqj/ dqg frqfdyh ixqfwlrq1 Dvvxph/ pruhryhu wkdw S +3, @ 3 dqg S +D, ? 4 iru doo D1

47Qrwh wklv lv wkh h{shfwhg frvw zkhwkhu kh lv sdlg slhfh udwh +l1h1/ klv dfwxdo frpshqvdwlrq lv S E|� n 7�/ zkhuh
| lv wkh uhdol}hg qxpehu ri sureohpv kh idfhv, ru zkhwkhu kh lv sdlg survshfwlyho| +l1h1/ klv dfwxdo frpshqvdwlrq lv
�6 EA �,1

48Iru d vlqjoh0djhqw prgho/ wkhuh lv qr orvv lq jhqhudolw| iurp sdudphwhul}lqj wkh glvxwlolw| ri dfwlrq ixqfwlrq dv
wkh lghqwlw| ixqfwlrq/ dv grqh khuh +vhh Urjhuvrq/ 4<;8,1 Iru d pxowl0djhqw prgho/ vxfk dv wkh rqh h{soruhg khuh/ wklv
grhv uhsuhvhqw d orvv ri jhqhudolw| ehfdxvh ri zkdw lw lpsolhv derxw wkh dgglwlylw| ri dfwlrq dfurvv djhqwv1 Wklv lv qrw/
krzhyhu/ d vhulrxv sureohp�wkh pdlq srlqwv ri wkh prgho zrxog vwloo dulvh zlwk d pruh jhqhudo sdudphwhul}dwlrq1
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D frqwudfw iru djhqw q lv d sdlu ri frqwlqjhqw sd|phqwv/ +z?
�
> z?

2
,/ zkhuh z?

�
lv wkh sd|phqw li

wkh �up grhv srruo| dqg z?
2
lv wkh sd|phqw li wkh �up grhv zhoo1

Vxssrvh wkdw wkh �up zrxog olnh wr lqgxfh dq djhqw wr fkrrvh d
?

1 Ohw wkh htxloleulxp dfwlrqv
ri wkh rwkhu djhqwv eh iad

�

j
� �'?

1 Wkh frqwudfw +z?
�
> z?

2
, zloo lqgxfh wkh djhqw wr fkrrvh d

?

li d
?

lv
klv ehvw uhvsrqvh wr wkh frqwudfw> wkdw lv/ li
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Vlqfh S +�, lv frqfdyh/ +:, fdq eh uhsodfhg e| wkh �uvw0rughu frqglwlrq=

S �
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,,� 4 @ 31 +;,

Wkh djhqw zloo dffhsw wkh frqwudfw +z?
�
> z?

2
, surylghg klv h{shfwhg xwlolw| xqghu wkh frqwudfw lv dw

ohdvw dv juhdw dv klv uhvhuydwlrq xwlolw|=
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Wkh �up zdqwv wr r�hu d frqwudfw wkdw lqgxfhv wkh ghvluhg dfwlrq/ lv dffhswdeoh wr wkh djhqw/
dqg plqlpl}hv lwv h{shfwhg zdjh eloo1 Vroylqj wklv sureohp |lhogv

Ohppd 7 Frqglwlrqdo rq wkh htxloleulxp dfwlrqv ri wkh rwkhu djhqwv/ iad
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j
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/ wkh rswlpdo frqwudfw
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A 3/ iurp djhqw q lv
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Olnh wkh ixoo0lqirupdwlrq fdvh/ wkh �up plqlpl}hv lwv h{shfwhg frvw ri lqgxflqj wrwdo h�ruw D
e| lqgxflqj hdfk ri lwv Q djhqwv wr h{shqg h�ruw D@Q =

Ohppd 8 Vxssrvh wkh �up zlvkhv wr lqgxfh wrwdo h�ruw D1 Wkhq lw lv frvw0plqlpl}lqj iru lw wr
lqgxfh hdfk ri lwv Q djhqwv wr h{shqg h�ruw D@Q 1 Wkdw lv/ lw plqlpl}hv frvw e| r�hulqj wkh frqwudfw

z� @ x3�
�
�x.

D

Q
� S +D,

S � +D,

�
dqg z2 @ x3�

�
�x.

D

Q
.

4� S +D,

S � +D,

�
wr hdfk djhqw1
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Ydoxh ri D Rswlpdo Ilup Vl}h
+3> 4=5<, 4
+4=5<> 5=6<, 5
+5=6<> 6=76, 6
+6=76> 7=78, 7
+7=78> 8=7:, 8
+8=7:> 9=7:, 9
+9=7:> :=7;, :
+:=7;> ;=7;, ;
+;=7;> <=7;, <

Wdeoh 4= Rswlpdo Ilup Vl}h dv d Ixqfwlrq ri D

Lq oljkw ri Ohppdv 7 dqg 8/ wkh h{shfwhg frvw ri lqgxflqj wrwdo h�ruw D iurp Q djhqwv lv

F
�

+D, @ QS +D,x3�
�
�x.

D

Q
.

4� S +D,

S � +D,

�
.Q +4� S +D,,x3�

�
�x.

D

Q
� S +D,

S � +D,

�
1

Qrwh wkdw vlqfh S +3, @ 3/ wklv gh�qlwlrq ri F
�

+D, lv ydolg iru doo D � 31 Lw lv uhdglo| yhul�deoh
wkdw F

�

+�, lv wzlfh gl�huhqwldeoh rq +3>4, dqg wkdw F
�

+3, @ 3 iru doo Q 1
Wkh jrdo khuh lv wr vkrz wkdw wkh fxuyhv F

�

+�, furvv lq d pdqqhu vlplodu wr wkdw lq Iljxuh 41
Wr wklv hqg/ frqvlghu

Sursrvlwlrq ; Ohw P A Q / wkhq wkhuh h{lvwv dq �D A 3 vxfk wkdw F
�

+D, ? F
�

+D, iru doo

D 5
�
3> �D

�
1

Sursrvlwlrq ; hvwdeolvkhv wkdw li d �up zlvkhg wr lqgxfh d vpdoo dfwlrq lq djjuhjdwh/ wkhq lw grhv
ehwwhu wr hpsor| ihz djhqwv udwkhu wkdq pdq| djhqwv1 Zkdw Sursrvlwlrq ; xqiruwxqdwho| grhv qrw
gr lv hvwdeolvk wkdw �D lv �qlwh> wkdw lv/ wkdw wkh frvw fxuyhv hyhqwxdoo| furvv1 Zlwkrxw qduurzlqj
wkh surshuwlhv ri S +�, ru x +�, ixuwkhu/ vxfk d uhvxow fdqqrw eh hvwdeolvkhg1 Rq wkh rwkhu kdqg/ lw
lv vwudljkwiruzdug wr �qg h{dpsohv lq zklfk wkh fxuyhv gr hyhqwxdoo| furvv1

H{dpsoh 5 Ohw

S +D, @ 4� 4

D. 4
/ x +z, @ oq +z . 4, / dqg �x @ 31

Wkhq lw fdq eh vkrzq wkdw iru hdfk Q wkhuh lv dq lqwhuydo ri D*v vxfk wkdw dujplq
g

F
g

+D, @ Q
iru D*v lq wklv lqwhuydo149 Wdeoh 4 surylghv gdwd iru Q @ 4> = = = > <1

Wr xqghuvwdqg wkh furvvlqj sdwwhuq ri wkh frvw fxuyhv/ qrwh wkdw hdfk zdjh whup kdv wkh irup

x3�
�
D

Q
. � +D,

�
>

wkdw lv/ frqvlvwv ri d whup wkdw ghfuhdvhv zlwk Q dqg d whup wkdw lv lqghshqghqw ri Q 1 Wkh whup
wkdw lv ghfuhdvlqj zlwk Q frpelqhg zlwk wkh frqyh{lw| ri x3� +�, fuhdwhv wkh uhwxuqv0wr0vfdoh h�hfw
wkdw pdnhv hpsor|lqj pxowlsoh djhqwv suhihudeoh wr hpsor|lqj rqo| d ihz djhqwv1 Wkh whup wkdw lv

49Wkh surjudp iru yhuli|lqj wklv lv dydlodeoh iurp wkh dxwkru xsrq uhtxhvw1
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lqghshqghqw ri Q lv hvvhqwldoo| d �{hg frvw ri djhqf|/ zklfk pdnhv hpsor|lqj ihz djhqwv suhihudeoh
wr hpsor|lqj pdq|1 Zkhq wkh uhwxuqv0wr0vfdoh h�hfw lv vpdoo�l1h1/ zkhq D lv vpdoo�wkh �{hg0frvw
h�hfw grplqdwhv/ vr ihz djhqwv duh ehwwhu wkdq pdq|1 Zkhq wkh uhwxuqv0wr0vfdoh h�hfw lv odujh�l1h1/
zkhq D lv odujh�wkh uhwxuqv0wr0vfdoh h�hfw fdq grplqdwh/ vr pdq| djhqwv duh ehwwhu1

D �{hg frvw ri djhqf| h{lvwv ehfdxvh hdfk djhqw pxvw eh rq wkh vdph pdujlq zlwk uhvshfw wr
klv fkrlfh ri h�ruw1 D pdujlq/ pruhryhu/ wkdw lv �{hg e| wkh wrwdo h�ruw wr eh vxssolhg udwkhu wkdq
e| wkh lqglylgxdo h�ruw wr eh vxssolhg1 Lq wklv vhqvh/ wkh sureohp zlwk pxowlsoh djhqwv lv vlplodu
wr wkh whdpv sureohp frqvlghuhg e| Kropvwurp +4<;5,1 Lq wkdw sdshu/ lqglylgxdo uhzdugv iru
h�ruw duh edvhg rq wrwdo surgxfwlrq1 Frqvhtxhqwo|/ wr jlyh hdfk lqglylgxdo wkh fruuhfw lqfhqwlyhv/
hdfk lqglylgxdo pxvw uhfhlyh 433( ri wkh wrwdo pdujlqdo lqfuhdvh lq surgxfwlrq1 Khuh/ hdfk djhqw
pxvw eh jlyhq 433( ri wkh erqxv�+4� S +D,, @S � +D,�iru grlqj zhoo dqg 433( ri wkh shqdow|�
S +D, @S � +D,�iru grlqj srruo|1 Dv xvxdo lq dq djhqf| sureohp/ surylglqj lqfhqwlyhv lv frvwo|>
khqfh/ wkhuh lv d �{hg frvw ri lqfhqwlyhv iru hdfk djhqw hpsor|hg1

Wkhvh ��{hg frvwv/� olnh wkh �{hg frvwv frqvlghuhg lq hduolhu vhfwlrqv/ fdq vhuyh dv wkh h{sodqd0
wlrq iru pdq| dvshfwv ri rujdql}dwlrqdo vwuxfwxuh1 Pruhryhu/ djhqf| sureohpv fdq jhqhudwh rwkhu
qrq0frqyh{lwlhv wkdw dfw olnh wkh jdsv frqvlghuhg lq Vhfwlrq 5= Hyhq li S +�, lv frqfdyh/ F

�

+�, qhhg
qrw eh frqyh{/ zklfk dovr fuhdwhv jdsv�vhh Khupdolq +4<<7, iru h{dpsohv dqg ixuwkhu glvfxvvlrq1

8 Frqfoxvlrq

Wklv sdshu kdv vrxjkw wr vkrz krz �{hg frvwv khos wr ghwhuplqh rujdql}dwlrqdo vwuxfwxuh> vlplodu
wr krz wkh| khos wr ghwhuplqh lqgxvwu| vwuxfwxuh1

Lq Vhfwlrq 5/ lw zdv vkrzq wkdw �{hg frvwv fdq jhqhudwh uhjlrqv ri qrq0frqyh{lw| ru �jdsv� lq
frvw ixqfwlrqv1 Wkhvh jdsv phdq/ �uvw/ wkdw �up ehkdylru fdq h{klelw glvfuhwh mxpsv lq uhvsrqvh
wr vpdoo fkdqjhv lq wkh �up*v hqylurqphqw1 Wklv lq wxuq r�huv h{sodqdwlrqv iru skhqrphqd vxfk
dv od|r�v dqg grzqvl}lqj1

Wkhvh jdsv dovr lqwurgxfh qrq0frqyh{lwlhv lqwr jdphv sod|hg dprqj �upv1 Wkhvh qrq0frqyh{lwlhv
fdq uhvxow lq dv|pphwulf htxloleuld dprqj wkh �upv> lqghhg/ wkh| fdq eh qhfhvvdu| iru dv|pphwulf
htxloleuld wr h{lvw1 Il{hg frvwv fdq/ wkxv/ khos zlwk wkh lpsruwdqw uhvhdufk txhvwlrq ri zk| duh �upv
gl�huhqw +vhh Uxphow hw do1/ 4<<7/ sdjhv 558�55;/ iru d glvfxvvlrq ri wklv txhvwlrq*v lpsruwdqfh,1

Lq Vhfwlrq 6/ �{hg frvwv zhuh xvhg wr h{sodlq wkh s|udplg vkdsh frpprq wr prvw klhudufklhv1
Wkh lghd zdv wkdw ehfdxvh vxshulruv vroyh wkh sureohpv ohiw xqvroyhg e| wkhlu vxeruglqdwhv/ kljkhu
od|huv ri wkh klhudufk| kdyh/ lq h{shfwdwlrq/ ohvv zrun wr gr1 Wr hfrqrpl}h rq �{hg frvwv/ wklv ohvv
zrun lv vsuhdg ryhu ihzhu hpsor|hhv1 Frqvhtxhqwo|/ wkhuh duh ihzhu hpsor|hhv dw kljkhu od|huv wkdq
dw orzhu od|huv�wkh klhudufk| lv s|udplg vkdshg1

Ilqdoo|/ Vhfwlrq 7 vkrzhg wkdw wkhvh �{hg frvwv qhhg qrw eh dvvxphg h{rjhqrxvo|/ exw frxog
lqvwhdg dulvh hqgrjhqrxvo| ehfdxvh ri djhqf| sureohpv zlwklq wkh rujdql}dwlrq1

Wzr �qdo srlqwv duh zruwk pdnlqj1 Iluvw/ lw lv qrw wkh jrdo ri wklv sdshu wr dujxh wkdw �{hg0
frvw h{sodqdwlrqv ri rujdql}dwlrqdo vwuxfwxuh duh vxshulru wr rwkhu h{sodqdwlrqv ru wkdw wkh| vkrxog
vxssodqw wkhp14: Udwkhu/ wkh jrdo lv wr r�hu d frpsohphqwdu| shuvshfwlyh rq rujdql}dwlrqdo vwuxf0
wxuh/ zklfk kdv wkh ehqh�w ri surylglqj d xqli|lqj ylhz ri pdq| vhhplqjo| glvsdudwh rujdql}dwlrqdo
skhqrphqd +h1j1/ grzqvl}lqj dqg s|udplgdo klhudufklhv,1

4:Iru lqvwdqfh/ frppxqlfdwlrq0frvw0edvhg h{sodqdwlrqv +h1j1/ Erowrq dqg Ghzdwulsrqw/ 4<<7/ Vhjdo/ 4<<9, dovr r�hu
lpsruwdqw lqvljkwv1
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Vhfrqg/ wkhuh lv fohduo| pxfk zrun wr eh grqh1 Wkh prghov suhvhqwhg khuh duh/ ri qhfhvvlw|/
h{wuhpho| vlpsoh1 Fhuwdlqo|/ wkh| fdq eh h{whqghg1 Pruhryhu/ wkhuh duh pdq| rwkhu rujdql}dwlrqdo
skhqrphqd wkdw fdq eh dqdo|}hg wkurxjk wkh ohqv ri �{hg frvwv1

Dsshqgl{

Surri ri Ohppd 4= Fohduo|/ F +�>Q, lv frqwlqxrxv1 Li P A Q / wkhq F +3>P, @ P �z A Q �z @
F +3>Q,1 Gh�qh dW wr eh wkh vroxwlrq wr

�z. f +d,� df� +d, @ 3

+wkh surri ri Sursrvlwlrq 5 hvwdeolvkhv wkdw dW h{lvwv,1 Frqvlghu wkh plqlpl}dwlrq surjudp

plq
g

F +PdW>N, 1

Wkh �uvw0rughu frqglwlrq lv

�z. f

�
PdW

N

�
� PdW

N
f�
�
PdW

N

�
@ 31

E| gh�qlwlrq ri dW/ wkh vroxwlrq lv N @ P 1 Khqfh/ F +PdW>Q, A F +PdW>P,1 Wkh ixqfwlrqv
F +�>Q, dqg F +�>P, furvv/ dw ohdvw rqh wlph iurp deryh1 Ilqdoo|/

CF

CQCD
@ �f��

�
D

Q

�
D

Q2
? 3/ +44,

zklfk phdqv wkdw wkh pdujlqdo frvw ri D lv ohvv/ wkh juhdwhu lv Q 1 Khqfh wkh ixqfwlrqv F +�>Q, dqg
F +�>P, furvv dw prvw rqfh1

Surri ri Sursrvlwlrq 4= Uhfdoo wkdw F +�>Q, furvvhv F +�>Q . 4, iurp ehorz1 Vxssrvh/ �uvw/
wkdw D

�

glg pd{lpl}h sur�w1 Wkhq qhfhvvdu| frqglwlrqv iru D
�

wr vdwlvi| duh

�� +D
�

,� CF +D
�

>Q,

CD
� 3 dqg

�� +D
�

,� CF +D
�

>Q . 4,

CD
� 31

Uhduudqjlqj dqg vlpsoli|lqj/ wkhvh |lhog

CF +D
�

>Q . 4,

CD
� CF +D

�

>Q,

CD
= +45,

Exw wkh pdujlqdo frvw ri dfwlrq lv idoolqj lq Q +vhh +44,/ zklfk lv lqfrqvlvwhqw zlwk +45,1 E|
frqwudglfwlrq/ D

�

fdqqrw pd{lpl}h sur�wv1 Wkh uhvxow wkhq iroorzv e| frqwlqxlw|1
Surri ri Ohppd 5= Ohw aD eh d vroxwlrq wr wkh --0surjudp1 Wkhuh duh wzr fdvhv wr frq0

vlghu= FW

�
aD
�
@ FWW

�
aD
�
dqg FW

�
aD
�
A FWW

�
aD
�
+e| gh�qlwlrq/ FW

�
aD
�
� FWW

�
aD
�
,1 Vxssrvh

FW

�
aD
�
@ FWW

�
aD
�
/ wkhq

�
�
aD
�
�FW

�
aD
�

@ �
�
aD
�
�FWW

�
aD
�

� � +D,�FWW +D, iru doo D 5 �3> �D� +ghi*q ri pd{lpxp,

� � +D,�FW +D, iru doo D 5 �3> �D� >
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vr aD lv wkh vroxwlrq wr wkh -0surjudp1 Vxssrvh FW

�
aD
�
A FWW

�
aD
�
1 Gh�qh

Dn @ plq
q
DmD A aD dqg FW +D, @ FWW +D,

r
dqg

D3 @ pd{
q
DmD ? aD dqg FW +D, @ FWW +D,

r
+ehfdxvh FW +3, @ FWW +3, dqg FW

�
�D
�
@ FWW

�
�D
�
e| frqvwuxfwlrq dqg FW +�, lv frqwlqxrxv/ Dn dqg

D3 duh zhoo gh�qhg,1 FWW +D, lv d frqyh{ frpelqdwlrq ri FWW +D3, dqg FWW +Dn, iru D 5 +D3> Dn,/

lqfoxglqj aD1 Jlyhq wkdw � +�, lv d!qh/ lw iroorzv wkdw � +Dn, � FWW +Dn, @ �
�
aD
�
� FWW

�
aD
�
1

Khqfh/ � +Dn,�FW +Dn, A �
�
aD
�
�FW

�
aD
�
= aD lv qrw d vroxwlrq wr wkh -0surjudp1

Wxuqlqj wr wkh �pruhryhu� sduw/ ohw aD eh d vroxwlrq wr wkh -0surjudp1 Vxssrvh FW

�
aD
�
A

FWW

�
aD
�
1 Gh�qh D3 dqg Dn dv ehiruh1 Ehfdxvh FWW

�
aD
�
lv d frqyh{ frpelqdwlrq ri FWW +D3, dqg

FWW +Dn, dqg ehfdxvh � +�, lv d!qh/

pd{
�
�
�
Dn
��FWW

�
Dn
�
> �
�
D3
��FWW

�
D3
�� � �

�
aD
�
�FWW

�
aD
�
1

Exw/ wkhq/

pd{
�
�
�
Dn
��FW

�
Dn
�
> �
�
D3
��FW

�
D3
�� � �

�
aD
�
�FWW

�
aD
�

A �
�
aD
�
�FW

�
aD
�
>

zklfk frqwudglfwv aD ehlqj d vroxwlrq wr wkh -0surjudp1
Surri ri Sursrvlwlrq 5= Iluvw/ ohw*v vhh wkdw dW lv gh�qhg= Vlqfh �z . f +d, A 3 doo d dqg f +�,

lv frqyh{/ wkhuh pxvw eh d olqh wdqjhqw wr �z. f +d, wkdw sdvvhv wkurxjk wkh ruljlq1 Exw wklv/ wkhq/
lpsolhv +5, kdv d vroxwlrq> wkdw lv/ dW lv zhoo gh�qhg1

Ohw �D htxdo vrph D � �QdW1 E| frqvwuxfwlrq FWW +D, � FW +D, dqg FWW +�, lv frqyh{/ zklfk
phdqv FWW +�, lv qhyhu deryh wkh olqh vhjphqw frqqhfwlqj wzr srlqwv rq FW +�,1 Vshfl�fdoo|/ ohw o +D,
eh wkh olqh sdvvlqj wkurxjk +D

u

> FW +D
u

,,dqg +D
M

> FW +D
M

,,/ zkhuh D
u

? D
M

1 Wkhq FWW +D, �
o +D, iru D 5 +D

u

> D
M

,1
Fodlp= F +D>Q, � Df� +dW, iru doo D dqg Q dqg htxdo rqo| dw D @ aD

�

1
Surri ri Fodlp= Vroylqj wkh surjudp

plq
�

F +D>Q,�Df� +dW,

|lhogv wkh �uvw0rughu frqglwlrq

f�
�
D

Q

�
� f� +dW, @ 31

Wkh vroxwlrq wr wklv surjudp lv D @ aD
�

1 Wkh gl�huhqfh

F
�
aD
�

>Q
�
� aD

�

� f� +dW, @ Q �z .Qf

#
aD
�

Q

$
� aD

�

� f� +dW,

@ Q � + �z . f +dW,,�QdWf� +dW,

@ 3/

4:



zkhuh wkh odvw htxdolw| iroorzv iurp +5,1 Vlqfh F +�>Q, lv vwulfwo| frqyh{/ wkh uhvxow iroorzv1�
Iurp wkh fodlp/ FW +D, � Df� +dW, iru doo D dqg htxdo rqo| dw wkh srlqwv D @ aD

�

1 Ohw o +D,

eh wkh olqh sdvvlqj wkurxjk +3> 3, dqg
�
aD 7
�

> FW

�
aD 7
�

��
1 E| frqvwuxfwlrq/ o +D, @ Df� +dW,1 Lw kdv/

wkxv/ ehhq vkrzq wkdw

FWW +D, � o +D, � FW +D, iru doo D 5
k
aD�> aD 7

�

l
1

Pruhryhu/ ehfdxvh wkh vhfrqg lqhtxdolw| krogv vwulfwo| iru doo D @5
q
3> aD�> = = = > aD 7

�

r
/ lw iroorzv iurp

Ohppd 5 wkdw doo D 5
�
3> aD 7

�

l
�
q
aD�> = = = > aD 7

�

r
duh lq wkh jds1 Ilqdoo|/ lw lv vwudljkwiruzdug wr

vkrz wkdw
FWW +D, @ FW +D, @ F

�
D> �Q

�
iru D 5

k
aD 7
�

> �D
l
/

zklfk frpsohwhv wkh surri1
Surri ri Sursrvlwlrq 6= Gh�qh

DW
�

@ dujpd{
�

�D. n �F +D>Q, 1

Wkhq

� @ f�
�
DW
�

Q

�
1

Gh�qh dW
w

e| � @ f� +dW
w

,1 Wkhq lw iroorzv iru doo Q wkdw

pd{
�

�D. n �F +D>Q, @ �QdW
w

. n �Q �z �Qf +dW
w

, 1

Frqvlghu wkh surjudp
pd{
�

�QdW
w

. n �Q �z �Qf +dW
w

, 1 +46,

Wklv lv d!qh lq Q 1 Surylghg �dW
w

9@ �z . f +dW
w

,/ wklv phdqv wkdw wkh vroxwlrq lv

3 li �dW
w

? �z . f +dW
w

, / +47,

Doo Q li �dW
w

@ �z . f +dW
w

, / dqg +48,
�Q li �dW

w

A �z . f +dW
w

, 1 +49,

Vlqfh f +�, lv frqyh{/ dW lv xqltxh/ zklfk phdqv +48, krogv rqo| li � @ f� +dW,1 Pruhryhu/ lwv frqyh{lw|
lpsolhv wkdw li � A +dow1 ?, f� +dW,/ wkhq dW

w

A +dow1 ?, dW1 Wkh olqh wdqjhqw wr �z . f +d, dw dW

kdv d qhjdwlyh +dow1 srvlwlyh, lqwhufhsw li dW
w

A +dow1 ?, dW/ iurp zklfk lw iroorzv wkdw +49, krogv li
� A f� +dW, dqg +47, krogv li � ? f� +dW,1

Ohw QW eh wkh +d, vroxwlrq wr +46,1 Gh�qh

o +D, @ �D. nW/

zkhuh
nW @ QW � + �z . f +dW

w

,� �dW
w

, 1

E| frqvwuxfwlrq/ F +DW
�

W >QW, @ o +DW
�

W,1 Doo wkdw lv ohiw wr vkrz lv wkdw FW +D, � o +D,/ vlqfh/ wkhq/

DW
�

W @ dujpd{
�

�D. n �FW +D, dqg +4:,

QW @ dujplq
�

F +DW
�

W >Q, >

4;



wkdw lv/ QW zrxog/ lqghhg/ eh wkh rswlpdo vl}h1 Frqvlghu wkh surjudp

plq
�

F +D>Q,� o +D,

iru doo Q 1 Wkh �uvw0rughu frqglwlrq lv

f�
�
D

Q

�
� � @ 31

Khqfh/ F +D>Q,� o +D, � F +QdW
w

>Q,� o +QdW
w

, iru doo D dqg htxdo rqo| li D @ DW
�

1

F +QdW
w

>Q,� o +QdW
w

, @ Q �z .Qf +dW
w

,�Q�dW
w

� nW

@ Q + �z. f +dW
w

,� �dW,�QW + �z . f +dW
w

,� �dW,

� 3 +e| ghi*q ri QW,

dqg htxdo rqo| li Q @ QW1
Ilqdoo|/ li QW @ 3/ wkh �up zrxog eh vkxwgrzq�ehqh�w zrxog eh }hur +ehqh�w/ uhfdoo/ lv

glvfrqwlqxrxv dw D @ 3,1 Li n A �z�l1h1/ Q +n, @ 4�wklv zrxog eh vxe0rswlpdo1 Khqfh/ zkhq
Q +n, @ 4/ wkh �up zloo kdyh rqh hpsor|hh1

Surri ri Sursrvlwlrq 7= Ilup l*v htxloleulxp fkrlfh ri D
�

pxvw vdwlvi|4;

L � V +D
�

.D
�

,� VD
�

�FW� +D
�

,

�
@ 3 li D

�

A 3
� 3 li D

�

@ 3
/ +4;,

zkhuh D
�

lv wkh ulydo*v htxloleulxp fkrlfh1 Vxssrvh D� A D21 Wkhq

L � V +D� .D2,� VD� ? L � V +D� .D2,� VD21

Exw vlqfh FW +�, lv frqyh{/ wklv h{suhvvlrq frpelqhg zlwk +4;, lpsolhv wkh frqwudglfwlrq D� ? D21
Vlqfh wkh lqglfhv 4 dqg 5 duh duelwudu|/ doo sxuh0vwudwhj| htxloleuld pxvw eh v|pphwulf1 Uhzulwlqj
+4;, lq wklv oljkw/ |lhogv

L � 6VD�FW� +D,

�
@ 3 li D A 3
� 3 li D @ 3

1

Wkh �uvw whup lv ghfuhdvlqj lq D zkloh wkh vhfrqg whup lv lqfuhdvlqj lq D/ vr wkh| fdq lqwhuvhfw dw
prvw rqfh iru D � 31 Wklv hvwdeolvkhv xqltxhqhvv1

Surri ri Sursrvlwlrq 8= Khuh �
�

@ �

�E���
1 Lw lv uhdglo| vkrzq wkdw wkh uhvxow wkhq iroorzv dv

d fruroodu| ri Sursrvlwlrq 61
Surri ri Sursrvlwlrq 9= Vxssrvh wkhuh zhuh d odvw hpsor|hh iru d jlyhq sureohp1 Wkhq li lw

zhuh rswlpdo wr kdyh klp/ exw qr pruh hpsor|hhv/ wkhq

pd{
k

e
|

�
|

+�,� f +�, � pd{
k�ck2

e
|

�
|

+��, . +4� �
|

+��,, ^e|�| +�2,� f +�2,`� f +��, =

Xvlqj vwduv wr ghqrwh wkh vroxwlrqv wr wkh wzr pd{lpl}dwlrq surjudpv/ lw lv fohdu wkdw �W @ �W
2
1 Vr

wklv odvw lqhtxdolw| fdq eh uhzulwwhq dv

3 � pd{
k�

e
|

�
|

+��,� f +��,� �
|

+��, ^e|�| +�
W,� f +�W,` 1

4;Vlqfh �W Eu� lv frqyh{/ lw lv gl�huhqwldeoh doprvw hyhu|zkhuh1 Wr nhhs wkh surri vkruw/ exw zlwkrxw orvv ri
jhqhudolw|/ L zloo vlpso| wuhdw lw dv gl�huhqwldeoh hyhu|zkhuh1

4<



Exw wklv fdq*w eh�vhw �� @ �W/ wkhq/ vlqfh �
|

+�W, ? 4/ wkh uljkw0kdqg vlgh lv vwulfwo| srvlwlyh1
Khqfh/ li lw sd|v wr hpsor| rqh hpsor|hh/ lw sd|v wr hpsor|�srwhqwldoo|�dq lq�qlwh qxpehu ri
wkhp1

Vlqfh dq lq�qlwh qxpehu ri hpsor|hhv zloo/ srwhqwldoo|/ ghdo zlwk d sureohp dqg wkh suredelolw|
ri vroylqj wkh sureohp lv lqghshqghqw ri sdvw idloxuhv/ lw zloo eh rswlpdo iru hdfk hpsor| wr h{shqg
wkh vdph h�ruw1 Fdoo lw/ �WW1 H{shfwhg sur�wv duh/ wkhq/

"[
|'�

� +�WW, +4� � +�WW,,|3� +e� wf +�WW,, 1

Vlpsoli|lqj +h{sorlwlqj wkh idfw wkdw w lv glvwulexwhg jhrphwulfdoo|,/ h{shfwhg sur�w lv

e� f +�WW,

� +�WW,
1

Surri ri Ohppd 6=

gF
6

+W ,

gp
@

gat
6

gp
� 4

at
6

+4� at
6

,

A[
|'f

�
W

w

�
at|
6

+4� at
6

,A3| f +w, +w� at
6

W ,

@ +4� a�,63� oq +4� a�,� 4

at
6

+4� at
6

,
� fry +f +w, > w, 1

Vlqfh wkh fryduldqfh ri f +w, dqg w lv srvlwlyh +f +w, lv lqfuhdvlqj,/ fry +f +w, > w, A 31 Ri frxuvh/
oq +4� a�, ? 3/ vr lw iroorzv wkdw gF

6

+W , @gp ? 31
Surri ri Sursrvlwlrq := Frqvlghulqj phujlqj wzr srvlwlrqv/ rqh zklfk kdv d pd{lpxp ri W

sureohpv dqg dqrwkhu wkdw kdv d pd{lpxp ri V sureohpv/ lqwr rqh srvlwlrq zlwk d pd{lpxp ri
V . W sureohpv1 Gh�qh

s
6cA

+w, @

�
W

w

�
+4� at

6

,A3| at|
6

1

Qrwh wkdw
gs

6cA

+w,

gp
@
gat

6

gp
s
6cA

+w,
w� Hw

at
6

+4� at
6

,
1

Wkhq wkh �up*v h{shfwhg frvw li lw ohdyhv wkh srvlwlrqv xqphujhg lv

X @ 5 �z.
A[
|'f

s
6cA

+w, f +w, .
7[
r'f

s
6c7

+v, f +v,

@ 5 �z.
A[
|'f

s
6cA

+w,
7[
r'f

s
6c7

+v, +f +w, . f +v,, 1

Lwv h{shfwhg frvw li lw phujhv wkh srvlwlrqv lv

P @ �z.
A[
|'f

s
6cA

+w,
7[
r'f

s
6c7

+v, f +v. w, 1
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Khqfh/

X �P @ �z .
A[
|'f

s
6cA

+w,
7[
r'f

s
6c7

+v, ^f +v, . f +w,� f +v. w,` 1

Frqvlghu=

g +X �P,

gp
@

gat
6

gp

4

at
6

+4� at
6

,
�
%

7[
r'f

s
6c7

+v,
A[
|'f

s
6cA

+w, +w� Hw, +f +w,� f +v. w,,

.
A[
|'f

s
6cA

+w,
7[
r'f

s
6c7

+v, +v� Hv, +f +v,� f +v. w,,

&

@
gat
6

gp

4

at
6

+4� at
6

,
� ^H

r

ifry +w> f +w,� f +v. w,,j. H
|

ifry +v> f +v,� f +v. w,,j` 1

Vlqfh f +�, lv frqyh{/ f +w,� f +v. w, lv ghfuhdvlqj lq w1 Khqfh/ fry +w> f +w,� f +v. w,, ? 3 iru doo v1
Vlploduo|/ fry +v> f +v,� f +v. w,, ? 3 iru doo w1 Vlqfh gat

6

@gp ? 3/ lw iroorzv wkdw g +X �P, @gp A
31

Surri ri Ohppd 7= Jurvvpdq dqg Kduw +4<;6, vkrzhg wkdw +<, lv elqglqj xqghu wkh rswlpdo
frqwudfw1 Vr wkh �up kdv d plqlpl}dwlrq sureohp lq wzr yduldeohv/ z?

�
dqg z?

2
/ zlwk wzr elqglqj

frqvwudlqwv/ +<, dqg +;,1 Wkh vroxwlrq wr wklv sureohp fdq/ wkhuhiruh/ eh irxqg e| vroylqj wkh
frqvwudlqwv1 Rqh fdq uhdglo| yhuli| wkdw +43, lv wkh vroxwlrq wr wkhvh wzr frqvwudlqwv1

Surri ri Ohppd 8= Li D @ 3/ wkhq fohduo| hdfk djhqw pxvw eh lqgxfhg wr fkrrvh 31 Vr vxssrvh
D A 31 Iurp Ohppd 7/ wkh �up*v sureohp lv

plq
t@?�

S +D,
�[
?'�

x3�
�
�x. d

?

.
4� S +D,

S � +D,

�
. +4� S +D,,

�[
?'�

x3�
�
�x. d

?

� S +D,

S � +D,

�

vxemhfw wr
�[
?'�

d
?

@ D1

Wkh uhvxow iroorzv iurp wkh frqyh{lw| ri x3� +�,1
Surri ri Sursrvlwlrq ;= Wkh uljkw ghulydwlyh ri F

�

+D, hydoxdwhg D @ 3 lv

QS � +3,x3�
�
�x.

4

S � +3,

�
.Q

�
4

Q
� 4

��
x3�

�
�

+�x, 1

Gl�huhqwldwlqj wklv h{suhvvlrq zlwk uhvshfw wr Q |lhogv

S � +3,x3�
�
�x.

4

S � +3,

�
� �x3��� +�x, 1 +4<,

H{suhvvlrq +4<, lv srvlwlyh/ vlqfh wkh frqyh{lw| ri x3� +�, lpsolhv wkh iroorzlqj derxw wkh �uvw0rughu
Wd|oru vhulhv h{sdqvlrq=

x3�
�
�x.

4

S � +3,

�
� �x3��� +�x, 4

S � +3,
A 31

Vlqfh +l, wkh uljkw ghulydwlyh ri F
�

+�, lv juhdwhu wkdq wkh uljkw ri ghulydwlyh ri F
�

+�, dw }hur> +ll,
F
�

+3, @ F
�

+3,> dqg +lll, F
�

+�, dqg F
�

+�, duh frqwlqxrxv> wkh sursrvlwlrq iroorzv1
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Uhihuhqfhv

Durq/ G1 M1 +4<;;,1 Delolw|/ prudo kd}dug/ �up vl}h/ dqg glyhuvl�fdwlrq1 UDQG Mrxuqdo ri Hfr0
qrplfv / 4</ :5�;:1

Erowrq/ S1 dqg Ghzdwulsrqw/ P1 +4<<7,1 Wkh �up dv d frppxqlfdwlrq qhwzrun1 Txduwhuo| Mrxuqdo
ri Hfrqrplfv/ 43</ ;3<�<851

Fdoyr/ J1 dqg Zhoolv}/ V1 +4<:;,1 Vxshuylvlrq/ orvv ri frqwuro/ dqg wkh rswlpxp vl}h ri wkh �up1
Mrxuqdo ri Srolwlfdo Hfrqrp|/ ;9/ <76�<851

Jhdqdnrsorv/ M1 dqg Plojurp/ S1 +4<<4,1 D wkhru| ri klhudufklhv edvhg rq olplwhg pdqdjhuldo
dwwhqwlrq1 Mrxuqdo ri wkh Mdsdqhvh dqg Lqwhuqdwlrqdo Hfrqrplhv/ 8/ 538�5581

Jurvvpdq/ V1 dqg Kduw/ R1 +4<;6,1 Dq dqdo|vlv ri wkh sulqflsdo0djhqw sureohp1 Hfrqrphwulfd/ 84/
:�781

Khupdolq/ E1 H1 +4<<7,1 Khwhurjhqhlw| lq rujdql}dwlrqdo irup= Zk| rwkhuzlvh lghqwlfdo �upv fkrrvh
gl�huhqw lqfhqwlyhv iru wkhlu pdqdjhuv1 UDQG Mrxuqdo ri Hfrqrplfv/ 58/ 84;�86:1

Kropvwurp/ E1 +4<;5,1 Prudo kd}dug lq whdpv1 Ehoo Mrxuqdo ri Hfrqrplfv/ 46/ 657�6731

Oxfdv/ U1 +4<:;,1 Rq wkh vl}h glvwulexwlrq ri exvlqhvv �upv1 Ehoo Mrxuqdo ri Hfrqrplfv/ </ 83;�8561

PfDihh/ U1 S1 dqg PfPloodq/ M1 +4<<8,1 Rujdql}dwlrqdo glvhfrqrplhv ri vfdoh1 Mrxuqdo ri Hfrqrplfv
) Pdqdjhphqw Vwudwhj|/ 7/ 6<<�7591

Qhz \run Wlphv +4<<9,1 Wkh Grzqvl}lqj ri Dphulfd1 Wlphv Errnv/ Udqgrp Krxvh/ Qhz \run1

Urjhuvrq/ Z1 +4<;8,1 Wkh �uvw0rughu dssurdfk wr sulqflsdo0djhqw sureohpv1 Hfrqrphwulfd/ 86/
468:�469;1

Uxphow/ U1 S1/ Vfkhqgho/ G1 H1/ dqg Whhfh/ G1 M1/ hglwruv +4<<7,1 Ixqgdphqwdo Lvvxhv lq Vwudwhj|=
D Uhvhdufk Djhqgd1 Kduydug Exvlqhvv Vfkrro Suhvv/ Ervwrq1

Vdk/ U1 N1 dqg Vwljolw}/ M1 H1 +4<;9,1 Wkh dufklwhfwxuh ri hfrqrplf v|vwhpv= Klhudufklhv dqg
sro|dufklhv1 Dphulfdq Hfrqrplf Uhylhz / :9/ :49�:5:1

Vhjdo/ L1 U1 +4<<9,1 Prgholqj wkh pdqdjhuldo wdvn1 Zrunlqj Sdshu/ Ghsduwphqw ri Hfrqrplfv/
Xqlyhuvlw| ri Fdoliruqld dw Ehunhoh|1

ydq Wlho/ M1 +4<;7,1 Frqyh{ Dqdo|vlv1 Mrkq Zloh| dqg Vrqv/ Qhz \run1

Zlooldpvrq/ R1 +4<9:,1 Klhudufklfdo frqwuro dqg wkh rswlpxp vl}h ri wkh �up1 Mrxuqdo ri Srolwlfdo
Hfrqrp|/ :8/ 456�46;1
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