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"Capacity-Constrained Price Competition when Unit Costs Differ"

by

Raymond Deneckere and Dan Kovenock

Abstract

This paper characterizes the set of Nash equilibria in a price setting duopoly in which firms have
limited capacity, and in which unit costs of production up to capacity may differ. Assuming concave
revenue and efficient rationing, we show that the case of different unit costs involves a tractable
generalization of the methods used to analyze the case of identical costs. However, the supports of the two
firms' equilibrium price distributions need no longer be connected and need not coincide. In addition, the
supports of the equilibrium price distributions need no longer be continuous in the underlying parameters of
the model.

Two applications of our characterization are pursued. In the Kreps-Scheinkman model of capacity
choice followed by Bertrand-Edgeworth price competition we show that, unlike in the case of identical
costs, Cournot equilibrium capacity levels need not arise as subgame-perfect equilibria. The low-cost firm
has greater incentive to price its rival out of the market than exists under Cournot behavior. Our second
application is to the analysis of the effects of tariffs and quotas in a model in which a domestic market is
supplied by a price setting duopoly consisting of a domestic and a foreign firm. We obtain a strong

nonequivalence result.



l. Introduction

In recent years there has been a resurgence of interest in the Bertrand-Edgeworth model of capacity
constrained price competition (see Kreps and Scheinkman (1983), Osborne and Pitchik (1986), and Allen
and Hellwig (1986)). The impetus for this resurgence can be traced back to three separate sources. First,
economists have realized that the Bertrand-Edgeworth model provides an attractive model of short-run
competition. It models price formation directly, without making use of the (already overworked)
auctioneer. And unlike in the Cournot model, capacity bottlenecks here do not directly constrain the
strategic variables (Krishna, 1989b). Second, the Bertrand-Edgeworth model displays some features that
make it attractive for industrial organization purposes. lIts (typically) mixed strategy equilibria capture the
observation that many markets display price fluctuations (Sweeney and Comanor (1989)) and/or persistent
price dispersion (Varian (1980)). In addition, as emphasized by Ghemawat (1988), unlike models of
guantity-based competition, the Bertrand-Edgeworth model does not force equality of competitors' prices,
and hence admits interesting short-run share-profitability and concentration-profits relationships. Finally,
the Bertrand-Edgeworth model provides an ideal framework for investigating international trade questions:
capacity constraints are then interpreted as quotas or VER's (Krishna (1989a,b)), whereas differences in
production costs may result from the imposition of tariffs.

As the last example illustrates, many applications of the Bertrand-Edgeworth model are
impossible, or do not become interesting, unless differences in productive efficiency are allowed.
Unfortunately, almost without exception, existing treatments have focused on the case where short run

production costs are identical for all participani&his paper demonstrates that the analysis of Bertrand-

'The one exception which we are aware of is the paper by Gelman and Salop (1983), which deals with
the incentive of a cost-disadvantaged entrant to keep capacity small. Gelman and Salop assume that the

low cost firm has enough capacity to serve the whole market, and that the high cost firm acts as a price
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Edgeworth competition with different unit costs is indeed tractable, allowing interesting applications to be
pursued. We characterize equilibrium profits and strategies for a class of aggregate demand functions
yielding concave revenue, assuming demand is rationed efficiently. Our assumptions on demand are
weaker than in Kreps and Scheinkman (1983), but avoid the complications that may arise when using the
general demand of Osborne and Pitchik (1986).

Incorporating differences in productive efficiency involves a tractable generalization of the methods
used to analyze the model with identical costs of production up to capacity. However, unlike in the case of
identical production costs, under our demand assumptions the supports of the two firms' equilibrium price
distributions need not be connected and need not coincide; they may differ by a single point. Somewhat
surprisingly, we show that these phenomena appear over some portion of capacity space whenever unit
costs are not identical and the low cost firm does not have a drastic cost advantage. We also show that the
supports of the equilibrium price distributions need not be continuous in the underlying unit costs and
capacities.

Two applications of our characterization are pursued, indicating how it provides a richer set of
models with which to analyze economic phenomena. In the Kreps-Scheinkman model of simultaneous
capacity choice followed by simultaneous price setting, we show that, unlike for the case of identical costs,
Cournot equilibrium capacity levels (for a marginal cost equal to the sum of the marginal capacity cost and
the unit cost of production up to capacity) need not arise as subgame perfect equilibria. Under Cournot,
the low cost firm must assume that price will always adjust to clear all quantities supplied to the market.

In contrast, in the two-stage game, when deciding on its optimal response to a given capacity of its rival,

the low cost firm need not assume that price will adjust to clear all capacity available for supply to the

leader. Deneckere and Kovenock (1992) endogenize the sequencing of moves in the price setting subgame,

and argue that over this region of capacity space the low cost firm should act as a price leader.
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market. In fact, the low cost firm often finds it profitable to choose a high capacity level and price its less
efficient opponent out of the market. As a result, subgame perfection may require nondegenerate mixed
strategies at the capacity setting stage. However, for the case where the cost of capacity is negligible, we
provide a necessary and sufficient condition for the Cournot outcome to arise.

Our second application is to the analysis of the effect of tariffs and quotas in an international trade
model in which a domestic market is supplied by a price-setting duopoly consisting of a domestic and a
foreign firm. A tariff acts to raise the foreign firm's unit costs up to capacity, and a quota acts to reduce
the foreign firm's capacity. We derive a strong nonequivalence result. If a positive tariff (binding quota) is
levied and the resulting equilibrium is one in which neither firm is driven entirely from the market, then
there exists no binding quota (positive tariff) that generates the same equilibrium price distribution.

In Section Il we present the basic model. Section Il derives the rule for determining equilibrium
profits. Section IV characterizes the regions of capacity space in which pure strategy equilibria exist.
Under somewhat more stringent conditions on demand, it also characterizes equilibrium profits over the
remainder of the capacity space. Section V derives the corresponding nondegenerate mixed strategy

distributions. Section VI concludes with the applications.

II. The Model
Consider a market in which two firms produce a homogeneous good. Aggregate demand for the
firms' output as a function of price is d(p): R R.. We assume that d(p) satisfies the following

assumptions:
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A.1l: 10 < p <o such that d(p) > 0 if p <pand d(p) = 0 if 2 po. The function d(p) is continuous and
strictly decreasing on [Qyfp and twice continuously differentiable on (,pFurthermore, pd(p) is strictly

concave on [0gh, with maximizer f.

Each firm i (i = 1,2) produces the good at a constant unit st p, up to a capacity level of
ki > 0. Note that, unlike previous treatments, we do not assume that production costs are the same for both
firms. Since players compete in prices and may not be able to serve the entire market, we need to specify a
rule that allocates demand in terms of the prices. Following the example of Levitan and Shubik (1972),
Kreps and Scheinkman (1983), and Osborne and Pitchik (1986), we assume that demand is allocated
efficiently’ Thus, if p< p and d(p > k, the demand facing firm j is max(0, g(pk). We also assume
that in the case of a tie in prices, the low cost firm sells its capacity fif$tus, if p=p = p and ¢< g,
the demand faced by firm j is max(0, d(p))- k

Under these assumptions the profit to firm i when it sets praoeddfirm j sets price, B

O
0 Li(p) = (p-c) min(k,d(p)), ifpi<p
O

(2.1) m(pip) = OTi(p) = (p-c) min(k, max(0,d(®-k)),  ifpi=p
O
0 Hi(p) = (p-¢)) min(k, max(0, d(p-kj)), ifpi>p

’Davidson and Deneckere (1986) discuss the merits of alternative rationing schemes.

*We make this assumption to simplify some of our proofs. In Section V we show that equilibrium
profits are unaffected by the tie breaking rule, and that equilibrium distributions are altered only in the

classical Bertrand region when the low cost firm does not have a drastic cost advantage.

‘To break ties when, & c,, we arbitrarily let firm 1 sell its capacity first.



where | is anndicator that takes on the value 1;# G, or ¢ = ¢, and i = 2, and takes on the value O if
C<g,orc=candi=1. Herep) refers to the profit from being the low priced seller, atifp:)
the profit from being the high priced seller atgmd T(p;) the profit from tying atp Note that
depending on the value of |, the functiqfp) will coincide with either Lor H. The functions Land H
are illustrated in Figure 1.

Let S = [c, po] denote the pure strategy set of firm i, &nthe corresponding set of mixed
strategies (cumulative distribution functions @n 8lote that we have ruled out strategies for firm i
which involve pricing below its unit costThe domain of firm i's profit function can be extended in a

natural way t&; x ;. For F 0 Z; define

(2.2)  T(p,F) = H(P)(F(p)-0j(p)) + Ti(p)ay(p) + Li(P)(L -F(p))

wherea;(p) is the size of the masspoint iraEp (if one is present). Let )E {p : a;(p) > O} be the set
of jumppoints in | for j=1,2. Finally lef1i(F;, F) = Instal Equdion Hitoral
click here o view equait.

For any quadruple (K,,c1,¢) with k; > 0 and k> 0 we will now analyze the normal form game

G(ky,ko,c1,¢) with strategy sets; and payoff function8li(F;, F).

lll. Uniqueness of the Equilibrium Profits in G(k,, ¢, &)

*Although any such price is weakly dominated by settitlgicassumption is not completely innocuous.

See footnote 7 for details.
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Theorem 5 of Dasgupta and Maskin (1986) guarantees the existence of a mixed strategy Nash
equilibrium to the game G{k,,c;,¢;). The only potentially problematic condition of this theorem, the
upper semi-continuity afy(p1,p2) + Te(P1,P2) In (P P2), holds because the sum is continuous at all off-
diagonal points and because along the diagonal our tie breaking rule minimizes the total cost of
providing the good. Since revenue is continuous, this means that in approaching a point on the diagonal
total profit cannot jump dowh.In the remainder of this section we characterize the Nash equilibrium
profits of the game G(K,,c;,¢;) for all vectors (kk»,c;,¢,) and show that they are uniquely determined.

We first need to establish some notation. Let P be the set of prices that maxXpjiaed.P be
the set of prices that maximize(l). Given our assumptions on demand P consists of the singleton p
, and L(p) is continuous and strictly increasing jrigr p < p. Let H= HP). If H is nonzero P
consists of the singleton p, andgd) is continuous and strictly increasing jrigr p < p. If H=0 we
define p=c.

Note that p and H depend on the capacity pak.fk However, for ksufficiently large, firmiis

no longer capacity constrained when it is highest priced at p. More specifically, let P(q) be the inverse

°It is interesting to note that without the rule which allows the low-cost firm to sell its capacity first in
the event that,p= p,, neither the Dasgupta and Maskin (1986) existence theorems nor the existence results
of Simon (1987) apply. In particular, with other tie breaking rules the sum of the two firms' profits will
generally not satisfy the D-M requirement of upper semi-continuity,ipdp The expected profit
functions of the two firms will also generally not satisfy Simon's (1987) "complementary discontinuity"
property orx; X Z, (for a counterexample see footnote 4 of Deneckere and Kovenock (1989)). D-M's
Theorem 5b proves existence using a related complementary discontinuity assumptioison S
However, the theorem requires the strategy spaces to coincide making it inapplicable in our context.
Enlarging the high cost firm's strategy set to equate it with the low cost's causes the complementary
discontinuity property to be violated. Despite the fact that these conditions are violated, we show in

Section V that an equilibrium of G(k»,c;,C,) exists regardless of the details of the tie breaking rule.
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demand function corresponding to d(p), and(eta) = argmay (P(x + k) - ¢)x be firm i's Cournot

best response function. Foeki(k;|c) the functions p and Become independent aof RVe will denote
the unconstrained maximizer and maximum c$igk;) = p(eo,k;) and Ek;) = H(e k).
Let (R(p),FR(p)) be a pair of equilibrium price distributions. Letsinf{p: Fi(p) = 1} ands =
sup{p: K(p) = 0} be the bounds of the support gfiE 1,2. From our restriction on the strategy
spaces, S <S; < po, 1 = 1,2.
We first demonstrate the important result that in Bertrand-Edgeworth equilibrium at least one firm

must be held down to its minmax profit level.

Lemma 1:There exists a firm i such thai(F,,F) = H.

Proof: Since & Hi(p) < Mi(p.,F) < MNi(Fy,F,) for all pO § we knowfi(F,F,) = H, i = 1,2. Supposes
>s;, ors; =s, =s and firm j has no mass point ats . Since the probability of aitie a&s0,1i(s, F)
= Hi(s) < H. Sincdli(s, ) =Mi(F.,F,), the two inequalities impliii(F.,F,) = H. Next, supposes=s
> =s, both firms have mass points at s,h{f,,F,) > H for each i. Since Bl 0,s > max {¢c;}. For
neither firm to want to place its masspoint slightly belows we must h@yeL(s) for each i, ors

P(kitks). This implies thalli(F.,F) =(s - ¢)k; < H, contradicting1i(F.,F) > H. #

In order to determine the equilibrium payoffs, define

p i = min{p;: Li(p) = H}, i=1,2.



8
Note thatp < p < p, i = 1,2. Since 8 Hi(p) < Mi(p,F) < Mi(F.,F,) for all pO S we knowli(F.,F,) 2 H

,1=1,2. In equilibrium firm i will therefore never set a price belowp

Theorem 1: Letp=p;. Thenlj(F,F;) =H. If H> 0 therd1;(F,F,) = Li(g). If H=0 thei(F,F,) =

maXpD[ci,c,-] Li(p).

Proof: 1fMj(F.,F,) > H thens >p;, implyingMi(F.,F,) > Li(g) = H, a contradiction to Lemma 1. If H
> 0 andri(F.,F,) > Li(p) then_s$>pj, implying IM;(F1,F) > Lj(p;) = H, contradictinglj(F.,F;) =H. If H

= 0 thenm;(Fy,F,) = 0 so that k) = 1 and ¢< ¢. But then firm i must place all mass on argmax

pD[C“CJ] Ll(p)7 #

Theorem 1 establishes that in order to determine equilibrium profits we only need to calculatep
andp,, and rank them. While this is also true in the special case of identical costs, to our knowledge the

first explicit definition and comparison of these constructs appear in Deneckere and Kovenock (1992).

This is perhaps because, in the case of identical costs, for each,iw({th k, > ki,p > =p ; with

‘Whenp; >p; and H = 0, our restriction that include only prices at or abovgsessential in pinning
downTT;(F.,F,). If firm j could set prices below, @nd the conditions R{k g and P(K < p hold, there

would exist a continuum of equilibria in which firm i receives an equilibrium profit less tha&k{jlax

Li(p). Any price pof firm i between max(P(kp ;) and min(p,9 could be supported as a pure strategy
equilibrium price for firm i if | put enough mass at, or in every neighborhood ahoWepule out these
equilibria because in discrete approximations to the game they would require that firm j play a weakly

dominated strategy.
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equality if and only if there is a pure strategy equilbrium in the simultaneous move game. This property

does not carry over to the case of different unit costs (as is demonstrated in Section V).

IV. The Ranking of thep

The critical pricespdefined in Section Il are functions of f,c;,c;). Without loss of generality
we assume that &€ ¢, and analyze the dependence of these pricesantie. Figure 2 illustrates the
ranking of thep for the case wherg(9|c) < d(g), i.e. firm 1's unconstrained monopoly price is greater
than ¢. Figure 3 illustrates the case where firm 1 has a drastic cost advantag@|d)ez d(c,).
Let A = {(k,k2) O R" : ky < ry(ko|cy) and k < ry(kq|co)} be the region bounded by the lower
envelope of the Cournot reaction functions. Let C K¢k R" : k; > d(c) and k = @,(cy,c,)} be the
region where firm 1 has enough capacity to drive firm 2 out of the market and prefers doing so to selling

to residual demand after firm 2 has sold its capagityfhus@,(c1,¢;) = min {k; 2 0 : E(ky) < maxp< o

(p-c)d(p)}. Note that (A.1) implies that regions A and C are nonempty and do not intersect.

Theorem 2 shows that a pure strategy equilibrium exists only in regions A and C. In region A,
capacities are so low that firms prefer to sell everything they can produce, so that price adjusts to clear
the market. In this regionp=p,=p = p = P(k+k;). Region C is the classical Bertrand region, in
whichp; < ¢, =p, = p and firm 2 is priced out of the market. The equilibrium over this region is unique

only if ¢, = &

Theorem 2: Suppose (A.1) holds and c,. Then a pure strategy equilibrium exists if and only if
capacities lie in regions A or C. In region A equilibrium occurs necessarily in pure strategies, with both
firms charging P(kkz). In region C, if < ¢, then in any equilibrium firm 1 sets p with probability one

and firm 2 uses any strategy placing all mass at or aboVe> ¢ then in any equilibrium firm 1 sets
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¢, with probability one and firm 2 uses any strategy which deters firm 1 from raising price; one such

strategy is charging evith probability one.

Proof: Region A is characterized by p =/Kg) for i =1,2 and so both firms have H #R(k+kz)-C).
Consequently,p=p, = P(k+k;) and by Theorem IJ;(F;,F) = H = k(P(kitky)-¢). Supposes = max
{s1.s} > P(kit+ky). As argued in the proof of Lemma 1 the probability of a tie ats equals zero so there
exists a firm i such th&li(F.,F,) = Hi(s). Now s > P(kk;) implies H(s) < H, a contradiction. Sinces
>p;, we conclude that in region A both firms haves; = P(k+ky).

In region C, we claim thatp= ¢, =2p ;. Theorem 1 then yield3,(F,,F,) = H = 0 and1y(F,F,) =

maXpD[c o) Li(p), immediately implying the desired result. The equajityj; holds because in
1,42,

region Ck>d(c). If p<cthenp<p<c. If p> g, then eitherp<P(k) < ¢, orp; > P(k). Inthe
latter case, (1) = (o - &) d(p) = H(ky, ko) = Ei(kz) < (c-c1)d(c). This impliesp < ¢; since L(p) is
increasing below p.

Suppose a pure strategy equilibrium witk p exists for (kk;) C. Since i(p) must be
maximal at pand p= P(k), IMj(F1,F;) = 0. For firm j to be maximizing it must be that p. Together
these inequalities imply that i = 1 andg ¢, =p,, contradicting (kk,) C.

Finally, suppose there exists a pure strategy equilibrium withpp= p for (lg,k;) ACC.

Outside of region AIC there necessarily exists i such that p >P(k + k;). Outside region C eithef k
< d(c) implyingp, > ¢ or k = d(c) andp; > 6. We conclude thatp max {P(k + k),c;}. But then

some firm can gain by slightly undercutting p. #
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In region B = R\ AIC equilibria necessarily occur in nondegenerate mixed strategies. Note that
(A.1) implies that B is nonempty. In this region, the ranking of teepgreatly simplified when
reaction functions in the quantity setting game with constant marginal costs of prodw@ston c
downward sloping and the game has a unique Cournot equilibriarfkk). Since A.1 is insufficient

to guarantee this, we will henceforth slightly strengthen the concavity of revenue pd(p):

A.2: The function d'(p) + pd"(p) is strictly negative on {0,p
Under A.2, Theorem 3 below shows that there exists a cut@é(k passing throughkand the

southwest boundary of region C. Capacity pairs in region B for whicl(k,) have p >p,, so that in

equilibrium the low cost firm is held to its minmax profit level. Capacity pairs in region B for which k

> 0(k,) havep, >p .

Theorem 3: Suppose (A.1) and (A.2) hold, and suppose,c Then:

(i) 1fry(0]g) < d(w), there exists a continuous functi@ir0,0) - [0,d(g)] such thatp p ; whenever
k. B(ky) and (k,k;) A. Furthermore, the functidhsatisfie9(k;) = rx(kq|c) for k; [T [0,K],
ra(kilc) <0(ky) < kq for ky O (k,d(c)], andB(ki) = @(C1,Cp) for ki [ [d(Cy),0).

(i) 1If ry(0|g) = d(cy), thenp, >p ; whenever (kk,) A.

Proof: See Appendix A.

Figure 2 illustrates the functidk,) for the case of linear demand. The functigrfk;,c),
i = 1,2, indicated in the figure are definediibgk;,c) = max, {[P(q) - clq = E(k;)}. Alternatively,

Wi(k;,c) is defined implicitly by d(® = ki, so that for k< Wi(k;,c) firm i is capacity constrained atpin
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the case of identical unit costs up to capacity, analyzed by Kreps and Scheinkman (1983), Osborne and
Pitchik (1986), and Deneckere and Kovenock (1992), the apr¢lesc) andy,(ks,C) intersect along the
diagonal, as do the curvagkg|c) and s(ki|c). The curvé(k,) then coincides with the diagonal fqorlk
[k,d(c)], andgy(c,c) coincides with the vertical ling & d(c).

When firm 1 has a drastic cost advantage,;(@c) = d(c), and A.2 holds, the Cournot best
reply functions do not intersect in the positive quadrant, as is illustrated in Figure 3. This greatly

facilitates the analysis since therpp ; for all (k,ko) A.

V. Equilibrium Distributions

In order to characterize the nondegenerate mixed strategy equilibria in region B, we first bound the
supports of the equilibrium price distributions. To understand Lemma 2 below, note that in region B it

is necessarily the case thayp ; implies p >p.°

Lemma 2: Suppose (A.1) holds angdK® [1 B. Thenp =p; impliess, = s, = p. Furthermorep> p

iorp; = P and p< p implys; < p =s;.

Proof: In region B, H > 0 so thatpP(k) > p >p;. Hence Lp) is increasing on [p] and L(p) is
increasing on fg]. By Theorem I1;(F;,F,)= Li(p); since L.is increasing on {®],s i =p;. Nows; >p

j would imply the contradictiofl;(F.,F,) = Lj(p) > H for some fJ (p,s;), so thats =p;. Finally,s; <p;

*The inequality p =p=p; implies (k,k;) B. Indeed, if p =pthen L(p) = H(p); by (2.1) either p =p=
P(kitks) 2pi or p =p; = G 2p;. The first inequality implies p_5p= P(kt+k»), so that (kkz) O A, while the
second inequality is equivalent tq,k) [ C.
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yields the contradictioRl;(F.,F,) = Li(s;)) < H, ands >p; yields the contradictioni{p;) = IMi(F,F,) =
Mi(g + €,F) = Li(p+e), for sufficiently smalk > 0.

Ifp ; > p ands <s; thenli(F.,F,) = Hi(s) < H, contradicting Theorem 1. SindgF,F,) > H
ands; =s;, it must be thalfl;(F.,F,) = H(s) sos; = p (Ifs; =s; this follows from our tie breaking rule).

Finally, supposep= p, and p< p. First observe thats p yields the contradictidij(Fy,F,) =
M;(p,F) > H. Nows < p impliess < p, fors; > p implies the contradictidn;(F.,F,) = H(s) < H.
Supposes< p. Since Land H are increasing on;[p), F places no weight on;[s) (with our tie
breaking rule there cannot be common mass poinfs dthis yields the contradictidiy((s + p)/2,F) >

I'I,-(g,Fi) = I'I,-(Fl,Fz). #

Let j be such thatp> p orp;: =p, and p< p. We have just shown that the supports of the
equilibrium price distributions are contained_ipdb To construct fFlet = IM;(F;,F,) = Li(p;), and for

p U [p;,p] define

Qi(p; M) = (Li(p) - M)/(Li(p) - H(p)).

The inequalities;cp; <p; < p < P(K < p imply that on the above interva(iy) > H(p) and L(p) = Li(p
i) = = Hi(p), so that & Q(p; M) < 1. Now for all p in the support of &cept possibly a set of
measure zero,iNwe havdli(p,F) =I. Thus, if p is not a mass point gf then pll (supp H\N; and

(2.2) imply that Kp) = Q(p; ). Moreover, for p (supp)iN;, we must have;p) = Q(p; ). Setting



14

O

0o P <p;
O

Kp) = 0Q(p;Mpisp<p

O

01 p=p

0
would yield an equilibrium strategy for firm j if, given firm i's equilibrium strategy, it received an
expected profit of1 at all points in the interval j[p], and if p; 1) were nondecreasing in p.
Similarly, F(p) defined in an analogous fashion would yield an equilibrium strategy for firm i if it
received an expected profitidfat all points in [p p) given firm j's equilibrium strategy, and i ')
were nondecreasing in p. Unfortunately, while it is easily shown itpat @ must be increasing on;[p
p], with Q(p;; M) = 0 and p; M) = 1, when ¢< G it is not always the case tha(j611) is

nondecreasing :

Lemma 3: Suppose (A.1) holds angK® [ B. Let j be such thatp> p orp 1 = g, and p< p. Then
Qi(p) satisfies the following properties:

(@) Qp) =0, Qp)=1.

(b) Q is differentiable at every point in;{jp), except at P(x when P(R O (g,p).

(c) Qis strictly increasing on jpp).

(d) Q is concave on the interval [p] and is twice continuously differentiable except at

P(k), when P(R U (p,p). In that case, Ii|g1T P(K) dQ/dp > IimIOl P(k) dQ/dp.

The function p) satisfies the following properties:

(e) Q) =0, and @p) < 1, with equality if and only ifp, = p, and p = p.
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(f) Q is differentiable at every point in;(p), except at P(kwhen P(R O (p,p). In that case, lim

p: P(K) dQ/dp >0 and IirBT P(K) dQ/dp < IimIOl P(K) dQ/dp.

(9) Qs strictly increasing on the interval,[ij except possibly on a single subinterval of the form [p
,b] wherep= max{p,p} with equality only if p = p >p =p,, and b =min[P(k),p]. On (p,b) @
is decreasing. If P{k<p;, Q is increasing everywhere on,fg.

(h) Qs locally concave where it is nondecreasing and differentiable.

(i) A necessary but not sufficient condition fort@decrease in the interval is that @.

Proof: See Appendix B. #

Intuitively, Lemma 3 can be understood as followsis e probability with which j must be
undercut in order to give him equilibrium profit oveg fd. Since Kand L are increasing over this
range, and since;jd L;, Q must increase in order to make profit constant. Now oydr)(jthe range
where Qcould turn down, (= [(ki’kj)(p-G)/(p-c)]Qi. When ¢ = ¢, this implies that Qmust increase
whenever Qis increasing. When & ¢ and j = 1, however, the same equation shows thaiudt be
decreasing whenever @ flat, a condition that holds at p = p.

Lemma 3 facilitates the construction of a pair of equilibrium strategies. Following Osborne and

Pitchik (1986), let

IQi(p: M) = maxp, . Qx; M)
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be the nondecreasing cover ¢faQ [g,p]. Lemma 3(g) implies that |@quals Qexcept possibly on an
interval of the form (p,p) or (p,p], wherepsep {p<p<p: Q(p)< Q(p)}. Then the strategy
O
0o P <p

O
(5.1) Rp) = DIQi(p; M) p iSp<p

is an equilibrium strategy for firm j. To understand wifg)Hs an equilibrium strategy note first that
F;(p) is nondecreasing, nonnegative, right-continuous, and is less than or equal to one for all p. Itis
therefore a strategy. When firm i sets a pri€e[p;, p] for which Q(p; M) = 1Q(p; M) it earns its
equilibrium profit. If firm i sets a price g [p;, p] for which Q(p; M) < 1Q,(p; M) it earns strictly less

than its equilibrium profit. Thus, no such price will be set by firm i. From Lemma 3 we already know
that Q(p; M) is increasing over [p]. Given F; if firm i were indifferent between all prices in the

interval, Q would be an equilibrium strategy, since it makes j indifferent between all prices in the
interval, and earns a strictly lower profit elsewhere. However, sifmenfay be strictly greater than

Q(p; M) for some @l [p;, p] firm i may not be indifferent; it will attach zero measure to the set of prices
for which a strict inequality holds. Since firm j also attaches zero probability to intervals where the
strict inequality holds (except at p, which may be a mass point) we know(phat G (p; 1) over these
intervals. Since firm i must se{jp) = Q(p; M) at points in the support of(B), in order to remain an
admissible strategyi(p) must place a mass point atp , the size of which equals the incregge i) Q

over the interval [p,p]. Formally;(B) is an equilibrium strategy for firm i if :
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0
0o P <p
0
0 Q(p; M) p O [0, PNP.P)
(5.2) HKp)=10
0 Q(p; M) p U [p.p)
0
01 p>p
0
When g = ¢,, Lemma 3(e) and (i) imply that the supports of the equilibrium distributions coincide,
and are equal to the interval,fi3. In addition, only firm j can have a masspoint, at p. As the above
discussion suggests, with< ¢, the equilibrium supports need no longer be connected and need not
coincide. Indeed, Lemma 3(g) and (i) show that two types of gaps may arise over the range of capacities
wherep ; >p,. Ifp < p the supports of the equilibrium distributions coincide, but have a common gap
(p,p) inside the interval (). Whenp <p =p, firm 2 has a connected support, but firm 1's support has

a gap caused by an isolated masspoint at p. In this case the two supports differ by theTpant p.

construction of the equilibrium distributions also shows that in either of these cases firm 2 has a

°In Osborne and Pitchik's (1986) analysis (which has more general assumptions on demand but identical
unit costs) the supports of the equilibrium distributions also need not be connected and need not coincide.
However, Osborne and Pitchik themselves describe these possibilities as "degeneracies.” Indeed, without
concave revenue the degeneracies can be very extreme, such as equilibrium supports consisting of a
countably infinite union of disjoint intervals! With concave revenue and identical unit costs, all
degeneracies disappear (see Osborne and Pitchik (1986, p. 247)); the supports of the equilibrium
distributions are connected. Thus, our analysis shows that the introduction of different unit costs in and of
itself can make the structure of the equilibria more complicated (yet still tractable); quite unlike in the case
of identical unit costs there is no reasonable assumption on demand which would make the complications

described in our model disappear.
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masspoint atp and firm 1 may have a masspoint at p. When unit costs differ both firms thus may have
a masspoint in their distributions (though each firm has at most one).

In our model, the occurrence of disconnected and nonidentical supports is not a degeneracy. As
Theorem 4 below shows, whenever firm 1 does not have a drastic cost advantagecgritiere exist
open sets in capacity space where each phenomenon appears, even when using strong restrictions on
demand (such as linearity). To state the theorem, we first partition region B into four subregions,

depending upon the nature of the equilibrium supportsn(ket={k; : P(k) = e(k,)}, and define

B1 ={(ky,ko) OB : k <d(@), k» = 6(k.)}
Bz = {(kl,kz) 0B : r](kz) > k]_ > rl(k2|C1), k2 < 9(k1)}
Bs = {(kukz) 0 B : Wa(kz) > ki > n(ka), ka < 6(k)}

B4 = {(kl,kz) OB: k]_ > llJ]_(kz), (pz(C]_,Cz) > k2 > O}

Figure 4 illustrates the different regions for the case of linear demand. We can now state the main result

of this section®

Theorem 4 : Suppose (A.1) and (A.2) hold and 6. Then for (lkz) O B the equilibrium
distributions are unique and given by (5.1) and (5.2)(0fcr) < d(¢) the supports of the equilibrium

distributions are as follows :

“Lemmas 2 and 3, the construction of the equilibrium distributions in (5.1) and (5.2), and the
unigueness of the equilibrium distributions in region B (proven in Appendix C) all rely on assumption (A.1)
only. In Theorem 4, we make assumption (A.2) only to simplify the mapping from capacity pairs to

properties of the equilibrium supports.
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(i) In By, supp k= supp k= [p..p].
(il) In By, supp = supp E= [p.p].
(iii) In B2, supp &z = [p1,p] and supp £= [p1,p] U {p}.
(iv) Region B can be further partitioned into three subsets with nonempty interiors.
() In By, supp k= [p1,p] and supp £= [p1,p] U {p}.
(b) In Bsz, supp k= supp &= [p,p] O [p.p], withp <p.
(C) In Bss, supp k£ =supp = [p1,p].

If r1(0]c) = d(c) then supp F= supp E = [p,p] for all (k,kz) O B.

Proof: We have already shown that (5.1) and (5.2) constitute an equilibrium; uniqueness is argued in
Appendix C.

Define® = {(ky,k») : k» = 8(k;) and d(g) > ki > k}. Suppose there existed,l¢) U O, such that p
< p. Note that (kk;) C and Theorem 3(i) imply p < Rfk P(k). By Lemma 3(a), &p) = 1, and by
Theorem 1 and equation (B.1) of Appendix B, Q'(p) = 0. Equation (B.6) of Appendix B then implies Q'
(p) = [(ke/k1)(c1-C2)/(p-G,)°] < 0, a contradiction to Lemma 3(g). We conclude thapgor all (k,ko) O
©. Now for (k,k;) 00 B; \ ©, Theorem 3(i) impliesp>p ;. Part(i) now follows from Lemma 3(c) and
3(i).

Part (ii) follows from the fact that in region Be inequality P(§ <p ; holds, Theorem 3(i), and
Lemma 3(c) and (g).

To prove part (iii) observe that in regiontBe inequalityp >p, holds, and sl = Hy(p). In

conjunction with H'(p) = 0 formula (B.1) of Appendix B then yieIdspITiB]sz(p)/dp =0. Now in

region B P(k) = p, so that equation (B.6) of Appendix B yields rB dQu(p)/dp = [(k/ki)(ci-C)/(p -

§
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¢2)’]Qa(p) < 0. Part (g) of Lemma 3 then implies that there exigtgp,,p) such that @is increasing
on [p;,p) and decreasing on (p,p]. By construction of the set l,p =inf 1.
For part (iv), let k = min@(k,), ki U [k,d(c)]}. Observe that k > 0 and that foy K (0,k), (k,k>)

O Bsif and only if k O (n(kz),Pa(kz)). For fixed k O (0,k) define h(k) = i ). Note that

Mo P() 2P
by Lemma 3(g), a necessary and sufficient condition féo @rn down in the intervap{,p] is that
h(k;) < 0, since in region Bwe have ; < P(k) < p. We will now examine the behavior of j({&n
(N(k2),Wa(k2)).

First, observe that;k- (k;) implies P(k) - p 1. By equation (B.4) of Appendix B, hik- (k.
M)/L(p1)* > 0. We conclude that there exisitk,) > 0 so that for kO (1(Ko)-€1(K2),P1(K2)) Q1 is
increasing ondy,p). Lemma 3(c), (5.1) and (5.2) then imply iv(c).

Next, note that ki n(kz) implies P(k) - p. Hence hR - "mkm](kz) Q'(p) <0, as shown in

part (ii). For k sufficiently close ta)(k;) there therefore existspl (p;,p) such that Q'(p) = 0. Sincep ,
p and Q are continuous in;kand since (as shown in part (iii)) the inequalitgpdd> Qi(p) holds at k=
n(kz), there exists,(k,) > 0 such that ¢p) > Qi(p) for k. O (n(k2),n(k2)+e2(kz)). Lemma 3(c), (5.1)
and (5.2) then imply iv(a).

Finally, since h(R is continuous om((kz),J1(kz)) there exists kI (n(kz),P1(kz)) such that h(k) =

0 and h(k) < 0 on (k -€,k), for somee > 0. Definep(k;) = argmaxp Qu(p). By Lemma
1< psP(k)

3(9), p(ky) is single-valued and hence continuous. Furthermore, we have just argued that(kor k

£,K) p(ky) < P(k). Let V(k) = max_plS p< P(k) Qu(p). Fork O (k - €,k) V(ky) > Q(P(ky)). Consider

m(ky) = Qu(p) - V(k). We will show that "%T K m(ky) > 0, implying that ) = V(k,) for somép[]

(P(k).p). Observe thatlig | m(ky) = Qu(p) - QUP(k)). Now Q(p) - Q(P(K)) = (1/LA(P(K)) - (1
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/L5(p)) > 0 since P(k) < p. Hence there exasfis;) > 0 such that on (k&s(kz),k) Qu(p) > Qu(p).

Lemma 3(c), (5.1) and (5.2) then imply iv(b). #

Theorem 4 shows that the equilibrium distributions can be one of four different types. In region
B,, F1 is atomless and,fhas a masspoint at p. In region(BBs3, F; is atomless and,;fhas an atom at
p . Inregion B[ Bs;, F; and K are atomless on the interior of their respective supports; baska
masspoint atp and, Ras a masspoint at p. Sincep < p, firm 1 has a larger support than firm 2.
Finally, in region B,, the supports are identical and disconnected, firm 2 places a masspoint atp and
firm 1 places a masspoint at p.

These equilibrium distributions have an interesting economic interpretation. Wheredék
i.e. capacities lie in regiomBthe high cost firm is sufficiently large that it finds it optimal to price as a
residual demand monopolist with positive probability. Consequently, Firm 2 has a "high" normal price,
and both firms hold random sales that undercut this price. Whkeb(k;), i.e. capacities belong ta B
[0 B; O By, the high cost firm is sufficiently small that the low cost firm now finds it optimal to price as
a residual demand monopolist with positive probability. In regidn Bss, both firms randomly
undercut this high normal price. In regionBBs,, the high cost firm sets a "low" normal price that
discretely undercuts p, and both firms hold random sales that undercut the "low" normal price. Finally,
in region By, both normal prices are randomly undercut, but there is an intermediate range of prices

which are never observed. These predictions are potentially empirically téstable.

“See Ghemawat (1988) for an interpretation of the empirical implications of equilibrium for the case of

identical unit costs.
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Theorem 4 shows that the supports of the equilibrium distributions differ for capacity pairs
belonging to B, [ By, are disconnected for capacity pairs belongingstoad that these regions are
nonempty as long as; & ¢, and firm 1 does not have a drastic cost advantage. It also follows from
Lemma 3(i) that when,& ¢; and capacities belong t@ B B; the supports of the equilibrium
distributions coincide with the intervah[p]. This raises the interesting question of how the gaps in the

equilibrium supports come to disappearagpproaches,;c We address this issue in our next result.

Theorem 5 : Suppose (A.1) and (A.2) hold. Letcg and denote the region of nondegenerate mixed
strategies by B Also let B’ be the corrresponding region wher ;.

() If (ky,ko) O B, then for n sufficiently large {k,) O B. Furthermore, IirH oop " =p.

(i) If (k,k;) O B, then for n sufficiently large {}k,) [ Bs.

Proof : The boundariesandy; are invariant undercand equation (A.1) of Appendix A shows that
8(.) converges to a segment of the diagonal. Henge)(K B implies (k,k;) [ B for sufficiently large
n, and similarly (kk;) O B implies (,k;) 0 B for sufficiently large n.

To prove the remainder of (i), suppose thakgk(d B for n=n . For such n, £s independent of
C;. Sincep, is defined as the solution to QXp O, it follows from equation (B.6) of Appendix B,

Lemma 3(g), and the implicit function theorem thatpincreasing in n. Suppose now thathlimOOIO n
=p , < p. Then (B.6) yields the contradiction 0 :Aimoo Q'(p) = (ko/k1) Q'(p.) > O.

To prove the remainder of (ii), observe thatkgk [ B implies P(k) < p, so that Q'(p) &, > O for

all p < P(k). Butthen (B.6) yields IillglT P(k,) Q'(p) > 0 for n sufficiently large, implying the desired

result. #
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The proof of Theorem 5 actually shows that the lower boundary of regioorerges tg as ¢
decreases tq,cso that regions Band B, vanish in the limit. Furthermore, any point,K¥ belonging
to Bs, for some ¢> ¢, must go through regionsBoefore ending up in regionsf8* Thus, as £
decreases, the equilibrium supports continue to grow, and coincide with the inigoyatltjpn ¢ is
sufficiently close to £ Region B, on the other hand, does not vanish in the limit whapgroaches,c
Capacity pairs in this region see their equilibrium supports grow, g, [put there remains a gap in
the support of Fno matter how close & to G.

A final consequence of the above analysis is that the supports of the equilibrium price
distributions need not be continuous in the underlying parametgesc(lc;). Indeed, suppose k
O(k,) so thatp, =p, ands; =s, = p< p. When p < p, a small change in any parameters makimp
(for example, a slight increase i) would lead firm 1 to not only place mass in some neighborhood
above p but, also, to place a mass point (albeit a small one) at p. Thus, there is a discrete jump in the
upper bound of the support of firm 1's distribution.

In concluding our characterization of the Nash equilibria of the gamgGxke,) it is important
to note that equilibrium payoffs are invariant with respect to the sharing rule in the event of a tie in
prices? Equilibrium strategies are also invariant except for capacity valykg (k C when ¢(0|c) <
d(cy).

To see this, note that in region C, wher ©,, it is necessarily the case thafd,) > T,(c;) under

any alternative tie breaking rule. if0{c) < d(c) this destroys the pure strategy equilibrium in which

“This follows from the reasoning in the proof of iv(b) of Theorem 4.

“A prominent alternative to our tie breaking rule{®Y= (p - ¢) min(k, kd(p)/(k + ko)).



24

both firms charge the price.cThe mixed strategy equilibria in which firm 2 distributes all of its mass
in the half-open interval abovein such a way as to yield p ¢ a best response obviously remain
equilibria under alternative specifications of the tie breaking rule.

Next, let us consider capacity pairs in regiod B. Let (R,F;) be the equilibrium under our tie
breaking rule (TB1), and let TB2 be any other tie breaking rule. Observ@tt@mf) = N®'(p,F) for
p J(F). Now suppose that®(p,F) > N®'(F,F,) for pd J(F). Since outside region C it is necessarily

the case that p >,onve can then define a sequenge p, such that IirB p M®Y(pn,F) = N%%(p,F) >N
n

B{(F,Fy). This contradicts the fact thati& a best response tpuhder TB1, proving that (fF,)
remains an equilibrium under TB2. A parallel argument establishes that over régiBraAy

equilibrium under TB2 must remain an equilibrium under TB1.

VI. Applications

a. Capacity Choice

Kreps and Scheinkman (1983) study the game in which firms first simultaneously choose
capacities and then simultaneously select prices. Assuming that firms have identical unit cost of
production (up to capacity), that inverse demand is coritawe, that the cost of capacity is increasing
and convex, they show that the unique subgame perfect equilibrium outcome of theganides

with the Cournot outcome (where both production and capacity costs are taken into account). In this

“Osborne and Pitchik (1986) analyze this game under more general assumptions on demand, but still

with identical production and capacity costs (implying existence, but not uniqueness of Cournot).

“Kreps and Scheinkman actually show that the game has a unique Nash equilibrium. We will not

consider imperfect equilibria in this paper.
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section, we analyze the two-stage game, but relax the assumption of identical unit production costs. We
also consider a somewhat larger class of demand functions than Kreps and Scheinkman. For simplicity,
we assume that the capacity cost is constant per unit; we denote this constant by r > 0.

The requirement of subgame perfection allows us to reduce our study of equilibria of the two-
stage game to those of a single-stage game, where the payoffs accruing to firms after simultaneous
capacity choices correspond to the ones in G, minus capacity costs. We will refer to this game and its
associated payoff functions la&c,,c,,r) andlli(ky,ks,c1,Co,1), respectively. The existence of a Nash
equilibrium (in mixed strategies) [ois immediate from the continuity B = L; (min (p, max (pp,)))
and Glicksberg's (1952) theorem. Under (A.1) and (A.2), it is easy to show that any pure strategy
equilibrium ofl must be the Cournot equilibriufn However, as the following example demonstrates,

when g# ¢, there may be no equilibrium in which firms choose determinate capdcities.

*If (k1,ko) O A, then the outcome necessarily coincides with the Cournot outcomgk)fi(kC, then
firm 2's equilibrium profits in the pricing subgame must be zero. Since r > 0, this regeif@sdo that
firm 1 has a drastic cost advantage. The equilibrium where firm 1 has a monopoly then coincides with the
Cournot outcome. Finally, {k,) cannot belong to B, for then there exists a firm that irask;) and
whose payoff in the pricing subgame equals)H@ince r > 0, this firm could profitably deviate by

choosing k= r(k;).

“Osborne and Pitchik (1986) also obtain the result that there are Cournot equilibria that are not
subgame perfect equilibria of Kreps and Scheinkman's two-stage game. They show that the set of pure
strategy equilibria off (c,c,r) is a subset of the set of Cournot equilibria, and argue by example that this
subset may be proper. The essential feature of the Osborne-Pitchik example is that Cournot reaction
functions do not slope downward. Also, in their example there exists a Cournot equilibrium which
corresponds to a subgame perfect equilibrium of the two-stage game (though the authors warn that they do

not know whether there always exists such an equilibrium).
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Suppose that d(p)=max(0,1 - p) and Jeb¢cc =.3, and r =0** Figure 5 illustrates the best
response correspondences for this case. As can be seen in the figure, when the high cost firm's capacity
is not too large, the low cost firm's best response coincides with the Cournot best response function for
unit cost ¢ + r = 0. When the high cost firm's capacity reaches a critical level, k (which depends on
1,2 and r), the low cost firm's best response jumps tolk- ¢.** Firm 1 finds it most profitable to
respond to a capacity greater than k by choosing a capacity level that would allow it to accommodate all
demand when setting p ¢. This enables it to price its rival out of the market in the price setting
subgame. In the example here, k is strictly less than k, the Cournot output level for firm 2. When this
occurs, no equilibrium df(cy,c,,r) will coincide with the Cournot equilibrium. Moreover, since the best

response correspondences do not intersect, no pure strategy equilibrium exists.

Our analysis shows that when unit costs differ the Cournot equilibrium need not be a subgame perfect
equilibrium of the two-stage game, even under assumptions which guarantee downward sloping Cournot
best response functions and a unique Cournot equilibrium. Unlike Osborne and Pitchik, we also provide an

economically important reason for why (as well as when) such a result obtains.
*By 0" we mean an infinitesimally small positive number.

“The discontinuity inXk,) illustrated in Figure 5 can be explained as follows. As is evident from the

kink in Ly(p) at p = P(K in Figure 1, Iimszqu(kl) |dp/dk;| > "mkzupl(kl) |dp/dk;|. Now in region B

firm 2's profits are independent af knaking the optimal capacity response within this region constant in
ki. Let w denote this optimal response. Atkp;(w,c), the above inequality implies that firm two can
increase its profits by increasing its capacity into regigiedising the discontinuity in(k;). However,

as Figure 2 indicates, this discontinuity must occur forl and hence is irrelevant for the question of

whether Cournot is an outcomelof
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A complete characterization of the equilibria of the two-stage game when Cournot does not result is
beyond the scope of this paffeln the remainder of this section we deal with the problem of
determining when the Cournot outcome obtains. The next two theorems analyze the case where the cost
of capacity is negligible, r ="0 Theorem 6 provides a necessary and sufficient condition for Cournot to
arise as an equilibrium in the gam,,c,,0"). With some additional restrictions on demand, Theorem 7
provides a partition of the cost spacgd into regions where Cournot does and does not hold. We
conclude our analysis with a discussion of the case where r is not negligible. To this end, let (k,k) and

(M,I7) denote the Cournot outputs and profits when r = 0.

Theorem 6: Suppose (A.1) and (A.2) hold, aird @. A necessary and sufficient condition for (k,k) to
be an equilibrium of the ganfi€c,,c,,0") is that:
(a) For every k> k,p 1(K1,K) =p 2(ky,k)

(b) For every k> k,p Ak, ko) =p 1(K k7).

Proof: We will prove that firm 1 has no incentive to deviate from (k,k) if and only if (a) holds. The
proof for firm 2 is analogous.
(Sufficiency) Suppose that (a) holds. Then, by Theorem 1, for evely; K;(k;,k) = H. ButH =

MM, since H is invariant with respect tpdbove k.

“In our opinion, whem has no pure strategy equilibrium, a single capacity setting stage does not
adequately model competitive interaction. Indeed, ex-post the capacity choices in a mixed strategy
equilibrium will typically not be best responses to each other. The outcome of a game with multiple
capacity setting stages will depend on the timing of the available moves and the extent to which capacity

costs are sunk.
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(Necessity) Supposefl;,k) <p 2(ki,k) for some k> k. Then by Theorem [y(ki,k) > H =I. #

In the analysis that follows, we restrict our attention to cost pairs for wfigt)r< d(c). If the
reverse inequality holds, firm 1 may price at its monopoly level and undercut firm 2's unit cost.
Therefore, in the ganfg(cy,c,,0"), firm 1 sets its capacity equal to its monopoly output and firm 2
chooses a capacity of zero. This outcome coincides with the Cournot equilibrium when unit costs are
(€1,©).

Suppose now thai(f|c) < d(g). Part (i) of Theorem 3 then implies thafpk:) = pi(k,k) for all
k. > k, so that firm zZveverhas an incentive to deviate from k. It can also be seen from Figure 2 that
when k >@,(c1,¢;), condition (a) of Theorem 6 will necessarily be violated atd(c), and hence
Cournot will not arise as a subgame perfect equilibrium of the two-stage game. Referring back to the
definition of @, this will happen whenever,(ec;)d(c;) > Ei(k): by choosing a capacity of d(@nd
charging a price of,dirm 1 can credibly threaten to drive firm 2 out of the market, and thereby increase
its profits above the Cournot level.

As should be clear from Figure 2, it is possible that Cournot does not arise even,whgd((g)
< Ei(k). Nevertheless, as is shown in Theorem 7, there exists a restricted (but still interesting) class of

demand functions for which Cournot does obtain whendgd(c,) < Ey(k):

Theorem 7: Suppose that (A.1) and (A.2) hold, (1/d") is nondecreasing and concay@|cgnd d(c).
A necessary and sufficient condition for Cournot to be an equilibrium of thedeseg 0°) is then

that B(K) = (c; - ¢)d(c).

Proof: See Appendix D.
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Figure 6 shows the cost pairgdg for which Cournot is not an equilibrium outcome ¢d;,c,,0%)
when d(p) =max(0,1 - p). While Theorem 7 analyzes only the case in which, riti<Deasily shown
that for a range of capacity costs above zero there will still be unit cost pajjsgcwhich the
Cournot result does not hold. For these cost pairs, there will be no subgame perfect equilibrium in
which the two firms use pure strategies in setting capacities. As the cost of capacity becomes larger, the
range of unit costs up to capacity for which Cournot does not hold gets smaller. Computations carried

out for the linear demand example show that whe®v5 all equilibria involve Cournot capacities.

b. Tariffs vs. Quotas

Our model provides a natural framework for examining the effects of tariffs and quotas in a
duopolistic setting. Suppose firm 1 is a domestic firm and firm 2 a foreign firm, each producing for the
domestic market only. We assume that the firms are capacity-constrained price setters with given
capacities and unit costs of production up to capacity. In the absence of intervention in the market
through a tariff or quota, the firms play the game,;&{jc;,c;). In contrast to the analysis of Sections
IV-VI we no longer impose the assumption that c,.

The imposition of a tariff at a fixed level t is assumed to raise the unit cost of the foreign firm in

providing the good to the domestic market #ogs + t. Thus, when a tariff is levied the firms play the

game G(kks,c1,c). The imposition of a quota at a level strictly less than the foreign firm's capacity

“For a treatment of some of these issues in the context of a capacity constrained price game with
differentiated products see Krishna (1989a,b). Hwang and Mai (1988) examined the equivalence of tariffs

and quotas in a conjectural variations model.
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restricts that capacity to the level of the quota. We shall refer to such a quota as a "bindifg quota.”
The quota-constrained capacity level of the foreign firm will be denoted k. Thus, if a binding quota is
levied on the foreign firm, firms play the game G(Jc,, ).

While there are many intriguing questions which arise in the context of this model, one topic which
has received widespread attention in the literature is whether tariffs and quotas are in any sense
equivalent. For instance, in an influential paper, Kala Krishna (1989a) considers a model with imperfect
substitutes in which an unconstrained domestic firm competes with a foreign firm capacity constrained
(by a voluntary export restraint) at or near its Bertrand quantity. For this example, Krishna
demonstrates that a tariff and an "import equivalent" quota (VER) are not equivalent, in the sense of
generating the same equilibrium prices. Since our model is a homogeneous goods analogue to that
described in Krishna, and since her characterization of equilibrium does not hold over the complete
capacity space (for parts of this space, the characterization is an open question, but clearly involves
nondegenerate mixed strategies) and does not hold if the goods are imperfect but very close substitutes
(this is inconsistent with her concavity assumption), the following theorem gives a very strong

nonequivalence result;

Theorem 8: Suppose (A.1) holds. Starting from an initial positigh,¢k,c,), suppose a positive tariff
(binding quota) is levied such that in the resulting equilibrium neither firm is driven entirely from the
market. Then there exists no binding quota (positive tariff) which generates the same equilibrium price

distributions.

“This terminology has been used elsewhere to refer to a quota which strictly reduces the quantity sold in
the market by the foreign firm at given prices. In our model, since firms may not sell all of their capacity in

equilibrium, this need not be the case.



31

Proof: We prove the statement for a tariff levied. The converse will then follow immediately. A tariff
transforms the game to Gflk,c;,c) where ¢ > £ Letpi(t), p(t), i = 1,2, be the critical prices of the two
firms in the transformed game. In equilibrium, one of the following must hold(tipp (), (ip 2(t)
>p (t), or (iii)p 2(t) = pu(t).

We look first at case (i). Since by assumption neither firm is driven from the market, we know H >
0. Withpa(t) >p »(t),p 1(t) < p(t), and by Lemma 2;5=s, =p 4(t) ands, < s, = p(t) = p(k,c1) = a(ky).
By Lemma 3, firm 1 has a masspoint at p(tjp(t)) > O.

Given any binding quota k, the resulting price distribution will be identical to that under the tariff

only if these same conditions hold. Lgtp and p(q), i = 1,2, be the critical prices under the quota.
Then we can obtain an identical distribution only 4fp) = max(p(q).p 2(q)) anda,(p(q)) > O for,
otherwise, from the uniqueness of the equilibrium distribution and the characterization of equilibrium in
sections IV and V, we could not obtain a nondegenerate mixed strategy equilibrium in which, for some
price p,s <S1 = p anday(p) > 0. However, since p(q) > p(t) the resulting equilibrium distributions are
not identicaf’

Case (ii) follows by a similar argument applied{opand p(t). Withp(t) >p4(t) and H > 0,p(t) <
p(t), and by Lemma 2,5= s, = p(t) ands; <s, = p(t) = p(k,c) = e(k;,c). By Lemma 3, firm 2 has a
masspointix(p(t)) > 0. If a quota is to duplicate this distribution it too must yield a nondegenerate

mixed strategy distribution in which p(t) is the upper bound of the union of the firms' supports and firm

“In this case a nonbinding quota will also not duplicate the equilibrium distributions under a tariff since

it can be shown that, with p(t) (1) >p»(t), Q(p;L(Ru(1))) < Q(P;La(R1(1))), U p U (u(t),p(1)), where the
superscripts 0 and t denote the functiqrelculated for the pair k) and (k,c), respectively.
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2 has a masspoint at this price. This can only happe(o)fp max(p(q),»(q)) and p(q) > g€q). But
if this holds then p(q) < p(t), since the former price equalxp(k e(ki,Cy).

Suppose now that case (iii) holdg(p) = p(t) = p(t). Then from Lemma 2; s s, = p(t). We
consider two subcases.

(a) Supposeft) = P(k + k;). Then we are in a pure strategy region and a binding quota must have p
=P(k + k) > P(k + k;). (Note that this is the only part of the theorem where a nonbinding quota will
duplicate a tariff. See footnote 23.)

(b) Supposeft) > P(k + ky). If p(t) < p(t), from Lemma 3(c),(e) and (g), and by (5.1) and (5.2),s
=s; = p(t) and firm i has a masspoint at p(t). If i = 1 then the result follows from an argument similar to
that of case (i) (the case of a nonbinding quota is covered by an argument similar to that in footnote 23).

Ifi = 2, then the result follows from an argument similar to that in case (ii). Finally, suppose p(t) =p
(t) = p'(t). Then neither firm has a masspoint at the upper bound of the equilibrium supposts,s
»=p(t). In order to duplicate the equilibrium distributions the critical prices under a quota must
satisfyp:(q) = p(q) = p(t) and p(q) = p(q) ="tft) (otherwise, there would exist a masspoint). But p(t) <

p(q) implies that this cannot hold. #

It should be noted that in Theorem 8 the one case where the restriction of levying only binding quotas
is of importance in establishing nonequivalence is the case whefie,G(k) is such thatk< ri(kz|cy)
and k < ry(ks|c). When capacities are below the Cournot best response functions given the tariff levied,
the equilibrium price distributions under the tariff are pure strategies, with each firm charging
p = P(k + k). In this case a nonbinding quota will yield the same price, but a binding quota will not.
However, although the price distributions are the same under the tariff and nonbinding quota, the

government obtains revenue under the tariff but does not under the quota.
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It should also be noted that there are cases of nonequivalence in other ranges of the parameter space
(kq,ko,c1,60). Suppose, for instance, that we start from an initial position in whiele,c> 0 and kk»
> d(c). Since the capacity constraints will never be binding in equilibrium, this is very much like the
classical Bertrand model. Now suppose a tariff is levied at a positive level t, sotlatd < p. In
the equilibrium of the game G(k,,c;,C; + t), firm 1 drives firm 2 out of the market and charges the
price p = ¢ + t <p. This result cannot be obtained with a quota. Sipeec,cfor firm 2 to be driven
out under a quota the quota must be set at zero (k = 0). But in this case firm 1 charges p.

The question of the nonequivalence of tariffs and quotas is just one of many applications of our
model in the trade context outlined. One interesting application, which appears immediate from our
treatment of the game of capacity choice, is to compare the effects of tariffs and quotas on investment in
capacity by foreign and domestic firms. Another application would involve embedding the one shot
model in a supergame model of collusion allowing one to examine the effect of levying tariffs and quotas
on the sustainability of collusiéh.Finally the price leadership model of Deneckere and Kovenock
(1992) can be used to analyze the effects of tariffs and quotas on the endogenous determination of a

price leader (see Deneckere, Kovenock and Sohn (1991)).

*See Davidson (1984) and Rotemberg and Saloner (1989).
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Appendix A

Proof of Theorem 3: First, observe that k(k;) impliesp; = p = P(k + ko), and that k> ri(k;) implies
P(k + ko) <pi < p (where equality is possible only in region C). Consequentiyifik + k;) <p; for
(ki,k2) A with k < ri(k)). We are left with the ranking of them the region where; k> ri(kz|c) and k >
ra(Kilc).

It is important to first establish the locus of points where firm i is exactly capacity constrained atp
i, 1.e., d(p) = k. Observe that since X ri(k;), H(ki,k;) = E(k;) and hence that knust satisfy
[P(k) - clki = BE(k)). Our assumptions oneQ(mply that the function g- [P(q) - ¢|q is strictly
quasiconcave, so that for eaghkr 0, there are exactly two solutions in [0,d¢o this equation. The
smallest of these solutions necessarily satisfiegitk;) and hence is inadmissible. Hence, for eaeh k
0 there is ajk= Wi(k)) = max{q: [P(q) - dq = E(k;)} such that d(1) = k. Furthermore, since () is
decreasing in;Ky; is increasing injk

Next, we claim thatd= Y,(k;) and k > 0 impliesp, >p ;. Indeed, ii{,(ky) < k, < d(g) andp; =p
2 then d(pk d(p) < d() < k; so that H(kky) = 0, contradicting k< d(c). If k> = d(c), thenp; = ¢ <
C,<p,. A similar argument establishes thatk,) < k; < d(¢) and k > 0 impliesp, > p,.

Let us now investigate the region whereld(c,), so thatp = . First, consider the case where
ri(0ja) < d(c). Thenp, satisfies the equation(p,) = Ei(ky). For k> d(c), pp= ¢ < & =p,, and for
k. = 0,p1 =&(0)=c, =p,. Sincep is strictly decreasing in,lon [0,d(g)] there exists, for each,ka

unigue value of ksuch thatp = ¢ =p,. Since k= d(g), k» = 6(k;) must satisfy:

Li(cy) = (G - a)d(c) = Eu(kr)
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for all k; > d(c). Now consider the case whei@jg) > d(¢). For d(e) < k; < ri(ks|c), we already
showed thatp >p; (except at k= d(¢) and k = 0, where equality holds). A similar argument to the
case {(0|g) < d(c) then establishes thatpp ; for all k; = d(c,).

We are left with the region whergls|c,) < k; < min{d(c;),W1(k2)} and (ki) < ko < Pa(ky). We
will refer to this region a® (observe tha® may be empty when(f|c) > d(c)). Observe that 0@
each firm i is capacity constrained atpo thatp = G + E(k)/ki. Let® = (p, - pi)kik, be viewed as a

function of k. Then:

(Al) b = (C2 - C]_)k]_kz + k]_Ez(k]_) - sz]_(kz)
D' = (G - Co)ks + [eu(ka) - [k - r(kelcy)]

©" = e'(k)[kz - ri(kalc)] + [ea(ko) - c][1 - r'(kalcy)]-

Now, the f.o0.c. for £k;) implies that gk») - ¢ = -ri(kz|c)/d'(ei(kz)). Also, since d(gky)) = k. +

ri(kzjcy), we have d'(gkz))e'(k) = 1 + r'(k|c)). Thus, we obtain:

" = -{2r1(Ka|Ca) - ko - kor'(ko|cy)}/d'(€1(K2)) -

For each kfor which there exists;ksuch that (kk;) O Q let (k) = min{kz: (ky,ko) O Q} and (k) =
max{ks: (ki,k;) [0 Q}. We wish to study the behavior @fon [,]. Observe that fonk ; = ry(5]c), @' is
positive. Observe also that fark,, ®" > 0. We conclude that eith@’'(k,) > 0 at k = (k;) so that®d'
> 0 on [(k),(ky)], or else there exists a uniquely definge ki(k,) (1 ((ky),2) such thatb' <0 on [

(k1),1(kq)) and®' > 0 on (u(ky),(k1)].
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First, suppose k> k. Then®((k,)) < 0, so thatb(k,) < 0 on [(k),i(ky)], and®’' > 0 on fu(ky),
(ky)]- Hence there exists at most one value, @f kKi(ky),(k;)] such thatb(k;) = 0. In fact, sinc&(
(ky)) > 0, the existence of such a solution is guaranteed. Denote this solutjon ik

Finally, let k < k. Observe thab(k,) = 0 at k = (ky) = r'(kicy), with strict inequality for k< k.

We now claim tha®'(k,) = 0 at k = (k;), so that® > 0 on ((k),(k))]. Definew(ks;) = <D‘(k2)|kl: fa(kolCL)

Then:

w(ko) = (& - cri(kalcr) + [ex(ko) - cil[k2 - ri(kalcy)]

= [au(ko) - cilkz - [ei(ky) - cra(kalcy).

Now if r1(0]c) > d(g), then ¢ < (k) < @(0) < ¢, so thatv=0 at k = ri(k1|c1). If r1(0]c) < d(g), then
w(k) = 0. To see this, note thafk) = [ey(K) - c]k -[ei(K) - ]k. From the f.0.c. for£k;) and g(k,) we
see that £k) - ¢, = -1(k|)/d'(ex(k)) and e(K) - ¢; = -ri(k|c)/d'(e(k)). Substituting this into the
expression foo(k), and noting that,(k) = (k) then yieldsuk) = 0. Observe also thai(k,) = €'
(ko)[kz - r(kalcy)] + [ewka) - ci - [ex(ka) - r'(Kzlcr). Now if ke < 5 = n(z|cy), then ks < ri(ko|c) and so
w(ky) > 0 on [kg]. Fork = ,, direct inspection of the expression dak,) reveals thaduk,) > O.
Consequentlyy(k,) > 0 on (k,1(0]a)], establishing the claim. We conclude thakp ; for k; < k and

ka = (k1) = r'(k4cy) (except at (k,k), where equality holds). #
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Appendix B

Proof of Lemma 3: By definition,(®) = (Lj(p) - M)/(L;j(p) - H(p)). (a) ismmediate from the

definitions ofp; and p and from Theorem 1. (b) follows immediately from the fact that, throughout the
interval, H(p) is differentiable, (p) is differentiable at every point except;R(@&nd L(p) > H(p). (c)

follows from the fact that, from (b),

[L'(PIT - Hi(p) + H'(P)(L(p) - )]
(B.1) dQ/dp = O0000000000000000000000000

(o) - H(P))’
With M > H;(p) on [p,p) from Theorem 1,;(p) > from the fact that \p) is strictly increasing on;[p
) andll = Lj(;), and both L' and H' positive on,fp where they exist, we know that (B.1) is positive

where these derivatives exist. AtP{ke function Qis continuous and, for BYKI (p,p), lim

ptP(K)
dQ/dp > li dQ/dp.
Q/p > My, ) AQ/AP
The last inequality follows from the fact that for p >R (p) = (p - ¢/d'(p) + d(p), while for p
< P(k), L'(p) = k and the fact that L'(p) appears in (B.1) with a positive coefficient. To prove the rest
of (d), note that Land H are twice continuously differentiable except fpatthe point Pk

Furthermore,

(LTU-H)+H"(L-M)(L-Hy) - 2(L-H)(L'[-H)+H'(L-M)
(B.2) (]aQi/dp2 ={0000000000000000D0o0bogonogoobooobooooogan 3
 fLH)°
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It is easily verified that for g P(k), L'>0,H >0, L'-H' >0, L0 and H" < 0. WitH1-H, >0 and
L; - H; > 0 in the open interval, the numerator in (B.2) is negative and the denominator is positive. Thus,
except for p = P(k 'Q/dp” is negative and continuous. This, together with the limit result atdig
us that Qis concave.
We now check the properties of @y definition, Q(p) = (L(p) - M)/(Li(p) - H(p)). The claim in
(e) is immediate from Theorem 1. (f) follows from the fact that, throughout the inte(uak I(p -

c)ki is differentiable, Hp) is differentiable at every point except;R(@&nd L(p) > H(p). With

B3)  dQidp= L[ - H)+ HL - ML - HY,

all the terms in this expression are continuous on the interval except H'(p), atti¢k satisfies lim

p1P(K) H'(p) = (P(K - ¢)d'(P(k)) <0, and Iinﬁl P(k) H'(p) = 0 as long as BJKJ (,p). Substituting
this into (B.3) and noting that the coefficient of H'(p) in (B.3) is positive, we ObtaéTﬂJ{E) dQ/dp >

lim dQ/dp. Since H'is the only expression that can be negative in (B.3), we see t Jim
prP(k) Y yexp gave In (8:3), we seq5at)

dQ/dp > 0, proving (f).
To prove (g), note that L' 5k 0 and L" = 0. Also note that for p < (' = d(p) - k+ (p -
c)d'(p) 0and H"=2d'(p) + (p 7)d"(p) < O; for p > PR, H' = H" = 0. When P(k>p;j, for p < P(K,

(B.3) cannot be signed since H' may be negative. However, gf pi@) = from Theorem 1, so

(B.4) (dQ/dp)(p) = [L'(®)(M - H@)VIL (@) - Hi@)* > 0.
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Since dQdp is continuous except at P(KB.4) implies that there is some neighborhood abpwep
which Q is increasing. Forp< p < p, (B.3) implies d@lp > 0; consequentlyp max {g,p}, with
equality only whenp = pnd the numerator in (B.3) is zero at p = p. This reqlired(p), so thatp
=p.<p=p. Now p > P(kimplies d@Ydp > 0 since H' = 0. Therefore, to prove the claim we need
only to show that if Qturns down in the interval then it does not turn up again unless it hjts Pgk

show this note that

(LTQ-H)+H"(L-m)(Li-Hy)-2(L"-H)(L'(MN-Hy)+H'(L;- 1))
(B.5) fQ/dp? = {0000000000000000000000000000000000000000}
()
The sign of this expression is equal to the sign of the numerator. Supgdpe=d® Then LI - H)
+ H'(L;i - M) = 0, which implies that sgri@/dp’) = sgn(H"(L - M)(L; - H))) < 0. (Here we make use of
the fact that L" = 0). Thus, at a critical point gf(@her than P()), the function is locally concave:
once Qturns down it cannot turn up again until it hits;R(RKhis proves (g). To prove (h) note, more
generally, that since L' - H' 5 % k - d(p) - (p - §d'(p) > 0, from (B.5) we see that sgigiddp’) < 0
whenever sgn(d@ip) > 0. Thus, whenever @ locally nondecreasing (except atjp (i is locally
concave. Finally, to show (i), note that from (g)c&h be decreasing only on a subinterval jof (p
min(P(k),p)). For this range of prices it is easily verified that {(3ki/k)(p - G)/(p - 6)]Qi, which
implies that
dQ  k (g-0) k(p-g dQ

(8.6) 000 =00 000000 Q + 00 000000 000,
dp k (p-0? k (p-g) dp
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Since the second summand is positive,# &, Q is increasing. Thus, a necessary condition fdo Q

decrease isthat€ G. #
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Appendix C

In this Appendix, we will demonstrate the uniqueness of the mixed strategy equilibrium in Region
B. Lemma 2 then implies that there exists j such thai ps; = 5 = g ands <s; = p. The first
lemma, which is due to Osborne and Pitchik (1983, p.18), demonstrates that--except possibly for the

single point p--the supports of the equilibrium strategies coincide.

Lemma C.1:Supp F= supp FO {p}.

Proof: Suppose p (p,p) and p supp;F Then, since jland H are increasing at p, soliy(p,F).
Hence psupp

Next, suppose p (p,p) and p supp;F Let x = max{[g,p) n supp B} and y = min{(p,p]n
supp F}. Observe that fx) < 1 and that for & (x,y): IMi(s,F) = (1 - F(X))Li(s) + F(x)Hi(s). Observe
also that since;lis linear on [pp] and since Hs strictly concave on ji°(k)] and identically zero on
[P(k).pol. Mi(s,F) is increasing and/or strictly concave opH(k)] and increasing on [Pkp]. We
conclude that if il supp F then p maximizeBli(p,F) on (x,y) and ! J(F). Now clearly x J(ff (this
is obvious if xd J(F); if x J(F) thenlTi(x,F) < Mi(p,F) by the maximization property of p). But then
M;(F,F) =M;(x,F) = RX)H;(x) + (1 - R(X))L;(x). We then obtain an immediate contradiction to

equilibrium, since on [x,p) both nd H are increasing and since i puts no mass on [x,p). #

Our next lemma shows that gaps in i's support can occur only on the sgp{pt)& 1Q;(p; N

)}-
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Lemma C.2: Let f! (p,p) with p supp F Then Qp; M) < 1Q(p; IM).

Proof: First, we deal with the case whe(p)= 1. Thens< p < p, and so;{5) = IimSTIO F(s). Alsos

i J(F), since L and H are increasing on;[p] and sincél;(p,F) =M. We conclude that;t$)F(s) +
Li(s)(1 - F(s)) =Mi(s,F) =M = H(S)Q(s) + L(s)(L - Q(s)). and hence thai(§) = Q(s) < 1.
Observe now that Qifs= 0. Indeed, if Q'(s< 0, then there would exist s <guch that @s) > F(s)
and if Q'(9) > 0, then there would exist s >such that (Js) > F(s) = F(s). In both cases, by playing s,
firm i would net F{s)H(s) + (1 - F{s))Li(s) > Q(s)H(s) + (1 - (s))Li(s) =1, a contradiction to
equilibrium. Observe also thaj(Q < F(s) for all sOI (s,p), for otherwise there would existlys,p)
such that ¢§s) > F(s), yielding the same contradiction. From Lemma 3, we conclude;tfp&QQ(s)
for all sJ (s,p).

Next, let us suppose tha{) < 1. Let x = max{[pp) n supp i} and y = min{(p,p]n supp B.

Sinceflj(+,F) is increasing on [X,y), it must be thatéim F(s) = F(x). Nextwe claim thaty J(F

Otherwise y J(ff and since yJ supp Fwe would havél =T1;(y,F) = Hi(y)F(y) + Li(y)(1 - K(y)).
This contradicts the fact that for alllgx,y): M = Mi(s,F) = Hi(s)K(x) + Li(s)(1 - F(x)). Suppose then
thaty J(F). Thenli(y,F) =N and so kx) = K(y) = Q(y; ).

Next, observe thatX J(F). For if not, then since by Lemma C.1Lsupp F, M =Mj(x,F).
This would contradict equilibrium, &%(s,F) is increasing on (x,y). NowX J(F) implies F(x) =
Q(x; M) and so @x; M) = K(x) = K(y) = Q(y; M). As in the case ofi{®) = 1, we conclude that Q'(x)
= 0 and that s) < F(x) for all sO (x,y). Hence, §s) < 1Q(s) for all sUJ (x,y), proving the desired

result. #
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The next two lemmas allow us to completely pin down the supports of the distributions.

Lemma C.3: Supposg(@) < IQ(p; ). Then p suppiF

Proof: Suppose to the contrary thal pupp . By Lemma C.1, p] supp . Furthermore, jip) =
1Qi(p; M) > Q(p). Now p J(B), since otherwise p Jjfand sd1 = Hi(p)F(p) + Li(p)(1 - K(p)),
implying F(p) = Q(p; M). For the same reason i$not right increasing at p. We conclude tha F
left increasing at p, and so there existg {p supp F, p. + p such thafli(p,,F) =M. Hence, Kp.) =
Q(pn; ). However, for large n,;@,; M) < 1Q(p.; M), yielding the contradiction;{®,) = Q(pn; M) <

1Qj(Pn; M) < Fi(pn). #

Lemma C.4: Supposelpsupp . Thenle > 0 such thatl p O (p -&,p), Q(p; M) = 1Q(p; ).

Proof: Suppose not. Then from Lemmag> 0 such that] p O (p -&,p), Q(p) < 1Q(p). From

Lemma C.3, for every p in this intervalgupp k. Furthermore, p cannot be a masspoint of firm i since

then "mpr F(p)H(p) + (1 - p))Li(p) > H(p) = H. Thus, p supp.F #

Combining Lemmas C.1-C.4 we have supp fB,p]\(p,p) and suppiFE closure(supp;p).
Finally, it is easy to argue that masspoints in the distributions can occur for i only atp and for j only at p
(otherwise, there would have to be additional gaps in the support). This completely pins down the

distribution functions, since if @ supp kand p J(F (for | # k), M(p,R) =T and so [p) = Q(p; MN).
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Appendix D

Proof of Theorem 7: We need only show that(kE> (c; - ¢;)d(c,) then firm 1 has no incentive to

deviate from k= k. First, observe that,(k,,k) < E(k) for all k = d(c,). Indeed, if k= d(c) then H
(ky,k) =0 and sop= 6. Ifp 1< ¢, thenMy(ky,K) = (G - )d(c) < Ex(k). Ifp 1> G =pa,, thenlMy(ky,k) =
Ei(k), and so firm 1 has no incentive to deviate,te #(c).

Suppose now that k < k d(g). Then g< P(k) < P(k). The remainder of the proof is broken up
in two cases, depending upon the relationship betweamg P(k). First, if p = P(ky), then H(p;) = 0
and so xp ;. This impliesp <p 1, and sd1(ky,k) = H(k,k) = E(k).

Suppose now thatp< P(k). We now claim thatp< P(k). Indeed, ifp = P(k), thenp = P(k) >

P(k) > ¢ and so Hp) = 0 implyingp, = G, a contradiction. Hence:

p 1=+ E]_(k)/k]_

p 2 =G+ Ez(k]_)/k

Let (k1) = kik(p1 P 2) = kiK(C1 - ) + KEi(K) - kiEa(ks). Then((k) = 0 and((d(c)) = K{E(K) - (¢ -
c))d(c)} = 0. Analogous to Appendix A, we may now calculate :
C'(ke) = -(C - co)k + [ex(ky) - o[k - ra(kilC2)]

"(ka) = -{2ra(kilcy) - ka(1 + r'(kilcy))}/d'(€x(ke))-

Also observe that the sign @fis equal to the sign of -d{&;))("(k,), and that the latter expression has

derivative r'(klc;) - 1 - kr"(k4|c;). Our assumptions on demand can be shown to imply thdl, 5o
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that the above derivative is negative. Analogous to the argument in Appendix A, we may piofke that
)=0.

There are now two cases to consider. First, assum@&'klax 0. Then("(k;) <0 on (k,d(g)],
and hencé'(k;) < 0 on (k,d(g)]. The latter statement contradi¢tk) = 0 and((d(c;)) = 0. Thus it
must be thaf"(k) > 0. Since("(d(cy)) < 0, we know thag' is increasing on (K, where; is the unique
solution to("(k1) = 0 in (k,d(g)), and decreasing thereafter. Sigftlg = 0 and{(d(c;)) = O, this proves
(k1) = 0 on [k,d(g)] so thati1;(ks,K) = H(k,K) = Ey(k). We conclude that firm 1 has no incentive to
deviate to k1 (k,d(g)] either.

Finally, for k 00 [0,k), M(ky,K) = k[P(ks + K) - G], an expression that is maximized asik. #
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