Abstract

The Simple Microeconomics of Induced Innovation

A general model analyzestheinnovator’ sdecisionto perform research and devel opment
directed towards process innovation. The innovator chooses expenditures in several
research activities. The vector of research expenditures determines the input-output
coefficients that describe the innovative technology. The innovator maximizes rents,
which with non-drastic innovation equal s total savings of variable costs, less research
expenditures. If expenditures in different activities exhibit diminishing returnsin the
savingsof al factors, then the optimization problem has auniquesol ution. Comparative
static results are found for changes in factor prices and demand conditions.
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1 Introduction

This paper presents a simple and general microeconomic model of factor-saving pro-
cess innovation. The model describes the decision to commit costly research and
development resources to different lines of research, with the intention of altering the
technology by which goods are produced. It describes this decision when there is
knowledge about the outcomes of research, which permits the inventor to make re-
search choicesin the context of existing or prospective conditionsin product and factor
markets. It is, then, a microeconomic mode of induced innovation, explicitly linking
factor prices and the rate and direction of technological change.

Models of induced innovation describe the relationship between the production
environment, which can be summarized by factor-market conditionsand the demand for
the finished product, and the evolution of the production processes actually used. Such
a relationship implies that the nature of access to different production environments,
such as regimes for the internationa commerciaization and transfer of production
technologies, influences the evolution of technology. In turn, the rate and direction of
technological change strongly influence the evol ution of important socia and economic
variables. Incorporation of a concise model of endogenous process innovation within
amacroeconomic framework permits strong propositionsconcerning the impact of, for
example, technology transfer regimes upon nationa income (Christian 1990); these
propositionsgain force with the el aboration and verification of the underlyinginduced-
innovation model.

Analyses of endogenous product innovation within the monopolistic-competition
model have supported important applications in the analysis of the international dis-
tribution of income, multinational enterprise, and the existence of intra-industry trade
(Krugman 1979, Helpman 1984, Helpman & Krugman 1985, Grossman & Helpman
1989). But the product-innovation approach offers no information about the evolution
and distribution of production technology, or about the (related) evolution of factor
prices. The only possible discussion of income distribution follows from the interna
tional distribution of research resources; the attribution of product to factorsisignored.
Attentionto factor earnings, the principal focus of growth and devel opment economics,
is impossible without discussion of factor prices and factor demands, which in turn
demands understanding of the effort to modify factor demands, which we call process
innovation.

The analysis of the relationship between factor prices and process innovation dates
at least to Hicks (1964), who suggested that innovationwould more likely demonstratea
labor-savingbiasif the price of labor were higher. Hicks' hypothesiswasformalized by
Salter (1960) and Kennedy (1964, 1973), who posited a given Innovations Possibilities
Frontier [IPF] attainable with a fixed (possibly zero) research budget, and considered
the choice of points along that frontier. Ahmad (1966) showed that this approach
is analogous to the traditional neo-classical cost-minimization problem, and that the
| PF corresponds to the isoquant attainable with given research resources. Samuelson
(1965) and Nordhaus (1973) critized the | PF theory, both because the replacement of
an exogenous production possibilities set by an exogenous innovations possibilities



set offers little real advance towards a theory of endogenous technological change,
and because the existence of such afrontier cannot be reconciled with theoretical and
empirical descriptions of economic growth.

The model proposed by Binswanger (1974, 1978) responded to these criticisms
by making endogenous the rate as well as the direction of technological change.
Binswanger made research expenditures the choice variable, and analyzed the case
where there are diminishing returns to research in different research programs. The
induced-innovation program was thus brought firmly within the neoclassical frame-
work, with research explicitly recognized as a costly activity, which if undertaken by
profit-maximizing firms should respond to price signals. However, to derive his re-
sults Binswanger imposed restrictive assumptions. First, he only analyzed the research
choi cewhen when thereisindependence among research programs. expendituresin one
activity haveno effect upon theresultsfromany other activity. Second, Binswanger was
only ableto demonstrate useful comparative-static results within a two-factor model.

The present paper proposestwo advances to the theoretical program of endogenous
cost-reducing innovation. First, a more genera research production function is used,
which permits interdependence between different research activities. Second, the
research production function is applied to a genera J-factor production process. Itis
established that such a genera model istractable, and the principa comparative-static
results of the model are derived.

In Section 2, the assumptions used in this paper are listed. In Section 3, the
research choice is laid out as a research-inclusive cost-minimization problem, and a
sufficient condition for solution of the problem is identified. Section 4 contains the
comparative-static exercises, with seven propositions describing the responses of total
research expenditures, unit costs, profits, and factor demands to changes in factor and
product prices. Section 5 brings these results together, and suggests several extensions
and policy applications. An Appendix contains formal proofs of several intermediate
resultsthat are used in the comparative static analysis.

2 Assumptions

1. Production of a commaodity takes place under a Leontief-type fixed-proportions
production function, where avector A, whose elements are J input-output coef-
ficients, is endogenous. Prices of the J factors are exogenous, and are describe
by w € RT.

2. Thereare M research activities, with thedistributionof research resourcesamong
activities described by the vector m € R},. Total research expenditures are

B =wpg nyzl mg, Where wg, isthe price of research resources.

3. Research expenditures determine the production technology according to the
vector function A : R}, — R, written A(m), which determines the J input-
output coefficients as a function of research expendituresm.



4. The component functions A7 (m) are concave, foral j =1,...,J.

5. Production may take place under either the innovation A(m) or under afreely-
available public technology Ayg.

6. Accessto the innovationis controlled by the innovator, who purchases research
resourcesat pricewg and sellslicensesto oneor severa producers. Theinnovator
isrent-extracting, in the sense of Katz & Shapiro (1986) and Kamien & Tauman
(1986).

7. The innovation is non-drastic (Arrow 1971): a profit- maximizing monopolist
with access to the innovation charges a price equal to the public-technol ogy unit
cost Ag - w.

3 TheModd

With non-drasticinnovation, the rents extracted by theinnovator are independent of the
licensing structure selected (Arrow 1971, Katz & Shapiro 1986). Furthermore, price
and output are predetermined: price P by the public-technology unit cost, output by
market demand at price P. If the innovator extracts royalties and fees equa to the
difference between receipts and production costs, and pays for the necessary research
expenditures, then rent maximization is identical to cost minimization, inclusive of
research expenditures. The innovator’sproblemisthen

M
minC’(m;X,w,wR):{X[A(m)~w]—|—w32mk}, Q)
with first-order conditions

Cr(m) = X[Ag(m) -w]+wr=0 k=1,....M 2

where Ay, : §}E+ — R isthe partid derivative ‘M(m)

Second-order cond|t|onsf0r minimization are g|ven by the positive- definiteness of
the Jacobian matrix of C', written J(C'), which has typical lement C; = X[Ag; - w].
Given X > 0, thisis equivalent to the positive-definiteness of the matrix with typical
element Az; - w. ThisM x M determinant isgenerally difficult to evaluate for A/ > 2
and J > 2, aseach element isthe sum of J sub-elements of theform 4/, ,w;, where 47,
can beinterpreted as the cross-partial derivative (k, ) of thefunction 47 : Rf, — R}
which mapsresearch activities:m onto the unit factor requirement for factor j. However,
by Lemma 1, proved in the appendix, if the component functions A7 (m) are concave
(Assumption 5), then the second-order conditionsare satisfied.

Lemma1 If the Jacobian of each of the A’ component functionsis positive definite,
then the Jacobian matrix of A - w is positive definite.



Concavity of the A7(m) component functions implies diminishing returns to re-
search. The condition is unnecessarily strong: increasing returns in the saving of a
cheap factor could well be overwhelmed by sharply diminishing returnsin the savings
of a dear factor.

4 Comparative Statics

With prices given, the parameters in the problem are the factor prices w, research
remuneration wg, and output X . To anayze the effects of changesin the parameters
on the endogenous variables m, differentiatetotally thefirst-order conditions (2):

dmy (A1 w)dX + X 377y Aldw; + dwg
dm (A2 w)dX + X 377y Abdw; + dwg
J)y| dms | = —| (As-w)dX + X Y] Aldw; +dwr || (3)
dmy (Apr - w)dX + X Y7y A)pdw; + dwg
where
XA11~w XA12~w XA1M~w
XA21~w XA22~w XA2M~w
J(C) = : : _ .
XAM1~w XAM2~w XAMM - w
is the Jacobian matrix of C'(im).

Proof of Proposition 1, which showstheimpact of anincreasein demand onresearch
expenditures, is aided by the following Lemma, proved in the appendix.

Lemmaz2 If J(A - w), the Jacobian matrix of A - w, is positive definite, then £ is
negative, where

0 1 1 1

1 A11~w A12~w A1M~w
g/: 1 AZl.w AZZ'w AZM'w

1 AM1~w AM2~w AMM~w

Proposition 1 An increase in demand, holding price constant, is accompanied by an
increase in research expenditures.

Proof: Proposition 1 Consider the response of research activitiesto anincreasein X.
Applying Cramer’s Ruleto (3),



XA11~w XA12~w XA1M~w
XA21~w XA22~w XA2M~w
_ 1 XAk_.]_y]_'w XAk_.172~w XAk_;LyM%\U
dmk - E —A1~w —A2~w —AM - w X (4)
XApy11-w XApgi2-w -+ XApjim-w
XAM1~w XAM2~w XAMM~w
where C = det[J(C)].
Applying first-order conditions(2), — A - w = 1/ X, hence
A w Ap-w o Ayew
Az - w Ap-w o Ay -w
Omp  XM72) Ay q1-w Ap_1p-w o Ap_iyow ()
X —  C 1 1 1
Argr1-w Apgr2-w o0 Apyim-w
Apr-w  Apy2-w - Ayyow
Moving row k to thetop of the determinant,
1 1 1
A11~w A12~w A1M~w
Az -w Ap-w - Ay w
Omy  XM=2(—1)F-1 : : : : ©)
ax C Ap_11-w Ap_1p-w -0 Ap_iyow |
Argr1-w Apgr2-w -0 Apyim-w
Apyr-w  Apy2-w - Ayyw

Summing over the M research activities yields the change in tota research
expenditures as



6 M_2 1 A]_]_ w A12~w A]_M w
9B _ —X 1 Ax-w  Ax-w Aopr - w ©)
0X C

1 AM1~w AM2~w AMM~w

Applying Lemma 2, the determinant in (7) is negative, establishing the proposi-
tion.

Corollary Thereisat least oneresearch activity k& such that 66”}; > 0.

Proposition 2 A decrease in unit cost accompanies an increase in demand.

Proof: Proposition 2 Suppose / minimizes C'(m; X, w). Then

C(m; X,w) = X[A(m) -w]+ B < X[A(Mo) - w] + Bo
= C(mo;)%, wo), (8)

where B = > My, mo minimizes C'(m; Xo, w) for Xo < X, and By =
> (mo)z. Butusing Proposition1, By < B, hence A(m) - w < A(mg) - w.

Proposition 3 Anincrease in profit accompanies an increase in demand.

Proof: Proposition 3 Consider X > xo, where i minimizes C(m;f(,w) and mg
minimizes C'(m; Xo, w). Then expressing the maximized profit as 7(X),
m(X) (P—A(/®) - w)X — B
(P — A(mg) -w)X — Bo
> (P — A(mo) : w)Xo — By = T(Xo)

v

O

Consider next the effects of afactor-pricechange. A comparative- static expression
isfound for the difference in expendituresin any research activity following a change
in any factor price. In genera, the sign of this expression cannot be determined.
However, Proposition 4 establishes that in the standard case, which is a research
activity whose expendituresincrease with output, there is at least one factor for which



anincrease in priceis accompanied by an increase in research expenditures. To derive
the comparative-static expression, substitute

dX =dwg =dw; =0, i=1,2.. ., j—1j+1,...,7J

into (3), and apply Cramer’s Rule, to find

6mk

_XM
6w]' -

A11~w
A21~w

Ak_lml - w Ak_lmz - w

A3

Arg11-w Apg12-w

AM1~w

A12~w
A22~w

4

AM2~w

A1M~w
A2M~w

Ak—lyM - w
J
AM

Argrar - w

(9)

AMM~w

Proposition 4 If an increase in demand « is accompanied by an increase in research
expenditures in activity &, then there exists at least one factor j such that an increase
infactor price w; induces an increase in expenditures m, in activity &.

Proof: Proposition 4 Multiply the expressionsin (9) by w; and sum over j:

6mk
X’

A11~w
A21~w

Ap—11-w
A]_ - w
Argr1-w

AM1~w

A11~w
A21~w

Ap—11-w
1
Argr1-w

AM1~w

A12~w A]_M - w
Az - w Aoy - w
Ap—12-w Ap—im-w
A2~w AM - w
Arg12-w Argrar - w
AM2~w AMM - w
A12~w A]_M - w
A22~w AZM - w
Ap_12-w Ap—im-w
1 1
Arg12-w Aryim - w
AM2~w AMM - w

(10)



9 d 9
ﬂ>oz>zwj<ﬂ)>O:>E|j6(1,...,J) > 0.
j=1

6X aw]' ' 6w]'

O

Corollary Thereexistssomek € (1,...,M)andj € (1,...,J) suchthat %’ZZ’? > 0.
Proof Apply the corollary to Proposition 1 to Proposition 4.

The three remaining propositions describe the results of a factor price increase,
takinginto account all induced changesinindividual research activities. First, research-
inclusive average cost increases with factor prices. Second, increasing a single factor
price reduces profits, after taking into account increased research expenditures. Third,
increasing a single factor priceleads to reduced use of that factor.

Before stating and proving the propositions, is is convenient to reframe the mini-
mization problem in per-unit terms, which involvesdefinition and analysis of research-
inclusive minimum unit cost ¢(w). Minimization (1), for constant X, is equivalent
to

min{A(m) - w+ b(m)} (1a)

whereb(m) = B(m)/X, withfirst-order conditions
Ak(m)~w—|—;le:O, k=1,...,M, (2a)

whichimplicitly providessolutionsy(w). Then minimum unit cost, includingresearch
expenditures, is defined as

c(w) = A(m(w)) - w + b(m(w)). (1)

Proposition 5 Let the priceof afactor j increase by oneunit. Then research- inclusive
unit cost ¢(w) increases.

Proof: Proposition 5 Let mg = m(wo) and m = m(w), where
b = (w, w3, . ..,wé_l,wé—l— 1,wé+l, o).

That is, m isthe optima research budget following a unit increase in the price
of factor j. Unit cost following thisincrease is then approximated by

A(R) - = A(M) - wo + A7 () (12)
Since mg solvesmin{ A(m) - w + b(m)},

e(wo) = A(mo) - wo + b(mo) < A(R) - wo + b((m)



Proposition 6 If the price of a single factor increases, then profitsfall.
Proof: Proposition 6 Profits prior to the factor price increase are given by
7o = X[P — A(mo) - wo — bo), (19
where bo = b(mp). Since mo minimizes c¢(m; wq),
X[P — A(mo) -wo—bo > X[P— A() - wo — b]
=X[P—A(n) & —bl+ XA ()
=7+ 24 (M) > 7,
provided that A7 (/) > 0, where
F=X[P— A(m) - — b]
is profit following the factor-priceincrease and b = b(m). .
O

Proof of Proposition 7, which follows, requires the following lemmas, which are
proved in the Appendix.

Lemma3 Let X () = X (wp). Then A/ (mg) = A7 (sn) if and only if mo = /.

Lemma4 The research budget » changes when factor price w; changes if and only
if the use of factor j isinfluenced by at least one research activity. That is,

ke (l,... M) Fm=#£0

=3 he(l...,M): Al(m)#0.

Proposition 7 If theprice of factor j increases, then use of factor j falls, for all factors
j such that for some k

J
o
Proof: Proposition 7 Since mg solvesmin{ A(m) - wo + b(m)},
A(R) - wo+ b > A(mo) - wo + bo = ¢(wo) (15)
Since i solvesmin{ A(m) - @ + b(m)},
(@) = A(R) -wo+ A (M) + bo
< A(mg) -+ bo
= A(mo) - wo+ A’ (mo) + bo (16)

Subtracting (15) from (16) gives
Al () < AT (mg).
From Lemma 4, /. # mo. Applying Lemma 3 then establishes the result.



5 Discussion

The principal objectiveof thispaper isto devel op an optimizing theory of technol ogical
change, which links decisions concerning the amount and alocation of resources for
processinnovationto variabl es describing the economic environment. Inthediscussion
which follows, requirements for acceptance of such a theory are laid out, and the
contributions of this paper to such a program are identified. Three criteriafor atheory
are applied: utility for policy, verifiability, and plausibility.

First, a theory must generate propositions which are useful for policy analysis or
other applications. Proposition 1, describing Schmooklerian demand-induced research
expenditures, and Proposition 7, describing factor-price-induced changes in the distri-
bution of research resources, are products of the optimization hypothesis with direct
relevanceto avariety of policy questions, such asthe choice of regimesfor international
transfer of technology (Christian 1990).

Theories are rarely accepted simply because they touch upon important subjects.
Instead, they gain currency through a more or less formal interaction with empirical
work. A theory isstrongest that has survived extensive hypothesi s-testing over aperiod
of years. One useful avenue for theoretical work is therefore to facilitate empirical
verification, by casting the model in terms of observable variables, and by deriving
the changes in these variables which should follow shiftsin (observable) exogenous
variables.

In the context of research choices, the only technology variable that we can really
observe is the vector of research expenditures m. Proposition 4 is the key result for
empirical work: achange in relative factor pricesis predicted to be accompanied by a
changein the distribution among activities of research resources.

With only limited opportunities for comparative-static econometric verification of
the underlying theory, policy work based on the induced- innovation hypothesis must
seek other support. There are two means by which well-framed theory can be seen
to be plausible. First, it may produce propositions which are broadly consistent with
observed redlity and received theory in other areas. Second, it can be built with a
minimum of intrusive assumptions: it can be general. The principa contribution of the
work reported here can be understood in thislight: believable propositionsresult from
agenera specification of the research problem.

First, if verified prior conditionsare not availabl e, thetheorist substituteshypotheses
and postulates. If the resulting conclusions are to be believed, these prior conditions
must be reasonable. Animportant task for theoretical work isthusto lighten the burden
of hypotheses. The present paper strengthens the approach taken by Binswanger, by
making more general the specification of research activities. Interdependence between
activities is not excluded by hypothesis. The load of arbitrary prior assumptions on
the form of the mapping between research expenditures and production technologies
is otherwise substantially lightened. Indeed, the only remaining prior restriction is the
assumed concavity of thecomponent functions A7(m), acondition which isfurthermore
shown to be sufficient but not necessary for the conclusions of this paper.

A second approach to increasing the plausibility of atheoretical model isto demon-

10



strate the absence of anomalous results. The bulk of the propositionscontained in this
paper serve this purpose. There is the Schmookler result of Proposition 1, and the
reduction of unit cost which follows, in Proposition 2. If demand for a good increases,
post-research profitsought not to fall, aresult established in Proposition 3. Anincrease
in afactor price causes reduced use of that factor; Proposition 5 demonstrates that this
reduced use isinsufficient to actualy reduce unit cost, while Proposition 6 shows that
post-research profits fall with increasing factor prices.

There are, of course, some remaining assumptions, whose contributions to the
results should be considered. Firgt, it was assumed that production takes place under
alLeontief fixed-proportions production function. Thisisless restrictivethan it seems:
a neoclassical production function is “amost” a specia case of the present model.
Consider the research budget B. = ¢, for arbitrarily smal ¢. There is an Ahmad
isoquant (Ahmad 1966) defining the set of of input-output coefficients acheivable with
this(small) level of research expenditures. No restrictionsare imposed on the shape of
thisisoquant. Second, Assumptions 57 simplify the problem by making the quantity
sold predetermined: the monopolist-innovator is constrained by alimit price. The case
of drastic innovation, where the post-innovation profit-maximizing price fals below
the public-technol ogy unit cost, isanalyzed in Christian (1990); analogous propositions
are derived there. Assumptions 2 and 3 are unobtrusive definitions, while Assumption
4 isthe critical second-order condition, which cannot be avoided.

There remains considerable work to extend this model to better account for the
observed reality of commercia (process) research and development. What is the
impact of uncertainty concerning the outcomes of different research activities? Are
there conditions where the rational innovator should hold constant the structure of
research expenditures in the face of changing conditions? How can the model be
specified when research is time-consuming? Can the model be respecified as a model
of product innovation, where the demand for a (producer) good is a function of its
requirements for complementary inputs,to update M cCain (1974)? Resol ution of these
questions will greatly contribute to the acceptability and utility of the microeconomic
model of endogenous process innovation.

Appendix:  Proofsto Lemmas

In the proofs which follow, unless otherwise specified it is assumed that the Jacobian
matrix of A(m) - w, written J(A - w), ispositive definite.

Lemma1 If the Jacobian of each of the A’ component functionsis positive definite,
then the Jacobian matrix of A - w is positive definite.

Proof: Lemmal By definition, if J(A7) is positive definite,

S 0 A hhy > 0, Y(hy, hi) # (0,0).

11



By hypothesis, thisholdsforal j = 1, ..., /. Then given non-negative weights
wj;, alinear combination of these sums must & so be positive, sothat for al &y, Ay,

ij (ZZAgclhkhl) = ZZ Zw]'Agcl hkhl
J kool ko1 J

> Ak - w) hihg > 0.
k l

O

BeforeprovingLemma?, | stateand provetwo intermediatel emmas, which concern
the properties of symmetric matrices.

LemmaA.l Let Enx(y) beasymmetric N x N matrixwithelements 4;; - w — y, and
let Ex(y) = det[En(y)]. Then &' = £ (y) isacongtant.

Proof: LemmaA.l

An-w—y Ap-w—-y ... Awv-w-—y
An-w—y Axn-w—-y ... Aov-w-—y
Ayi-w—y Ay2-w—y ... Any-w-—y
1 Y Y Y
0 A11~w—y A12~w—y A1N~w—y
— 0 A21~w—y A22~w—y A2N~w—y
0 AN1~w—y AN2~w—y ANN~w—y
1 Y Y Y
1 A11~w A12~w A1N~w
— 1 A21~w A22~w A2N~w
1 AN1~w AN2~w ANN~w
and
0 1 1 1
1 A11~w A12~w A1N~w
gy =| 1 Anw Azw o Aavew (A)
1 AN1~w AN2~w ANN~w
aconstant.

12



O

LemmaA.2 There exists somey > 0 such that E(y) = Ea(y) ispositive definite if
andonly if J(A - w) is positive definite.

Proof: LemmaA.2 1. SupposeJ(A - w) ispositivedefinite. Then
A; >0, i=1,..., M,
where A; isany minor of order ¢ of
Ay = A =0det[J(A - w)].

Let F;(y) beany matrix formed by deleting A — i rowsand the correspond-
ing M — ¢ columnsfrom E(y). By the construction of the £’ matrices, for
each &;(y) thereisacorresponding A; = &;(0). Furthermore, by Lemma
A1, for each &;(y) thereisacorresponding constant &/(y) such that

Ei(y) = Ai + El(y) - v.

Define
o = minA;
ieEM
and
— min&’
€= an}‘? Ely).
Thenfory > 0,

(8 Supposee > 0. Thenfor any v > 0and for dl s,
E(7) > a+er>a>0,

hence £(v) ispositive definite.
(b) Supposee < 0. Then

O<’y<—g — &i(y) > a+ ey,
€

hence £(v) ispositive definite.

2. Suppose () ispositivedefinite. If G isthe M x M matrix with identica
dementsy > O, then E(y) = J(A - w) — G, whereforal 2 # 0,

O<KWEh = K[J(A w)—Glh
= W[J(A-w)h—KGh
= W[J(A-w)h—yh'Uh, (A.2)

13



where U isthe M x M matix with identical elements U;; = 1. Since for
h #0,

M 2
hURh = (Zh) > 0,
=1

R'[J(A-w)h > KW [J(Aw)]h—~h'Uh >0,
which establishesthat J(A(m) - w) is positive definite.

O

Lemmaz2 If J(A - w), the Jacobian matrix of A - w,is positive definite, then £’ is
negative, where

0 1 1 1

1 A11~w A12~w A1M~w
g/: 1 AZl.w AZZ'w AZM'w

1 AM1~w AM2~w AMM~w

Proof: Lemma2 Theproof hastwo parts. First, | show that assuming &’ > 0generates
acontradiction. Second, | show that if £’ = 0, then J(A - w) cannot be positive
definite. Hence, under the conditionsof the Lemma, £’ must be strictly negative.

1. Show &’ non-positive. Using Lemma A .2, if J(A - w) is positive definite,
Iy >0: &(y) =det[E(y)] > 0.

Furthermore,
E0)=J(A w)

is positive definite, so that £(0) > 0. From Lemma A.1, £'(y) = &', a
constant, hence

E(y) =E(0)+& - y.
Provided £’ # 0, the solutionw to £(w) = 0 exists, and

Ew) =€) _ £

_ o
w—0 - w &
Supposethat £’ > 0. Thenw < 0and
WEW)]h = K[J(A w)—wU]h

R'[J(A-w)h—wh'Uh
> h'[J(A-w)]h > 0.

That is, E(w) ispositivedefinite, whichin turnimpliesthat £(w) isstrictly
positive, a contradiction.

14



2. Show £’ non-zero.

Suppose £’ = 0. That is, one of the columns of the determinant in (A.1)
can be formed by alinear combination of the others, which in turnimplies

there exist aconstant C', weights¢; and k € {1,2, ..., M} such that

M
Aik'w:ZCinj'w‘i'C, 1=1 ...

Then

det[J (A - w)] =
A]_]_ - w
Az]_ - w

AM1~w

A11~w
A21~w

AM1~w

A11~w

A21~w
+

AM1~w

Thefirst term is zero, since the kth column is alinear combination of the
other columns. Since J(A - w) is symmetric, the kth row can aso be

ji=1

M
Y ¢G=1 ad (=0

ji=1

Arp-1-w

YoGAy - w+C Arpgr-w
Aop_1-w D GAxw - w+C Appyr-w

Asp—1-w Y GAMi-w+C Appyr-w

Arp-1-w

S GAL - w

Asp1-w D GAy-w  Aspyr-w

Asrp—1-w D GAMi-w Anpgr-w

Arp-1-w

Amp-1-w C Apmps1-w

C Arpy1-w
Asp—1-w O Appy1-w

separated into a linear combination of the other rows, plus a row of C.

Therefore,

det[J(A - w)] =

A11~w
A21~w

Ap_11-w
C
Argr1-w

AM1~w
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Arp-1-w
Asp_1-w

Ap_1p-1-w
C
Argrp-1-w

Amr-1-w

A]_M - w
AZM - w
AMM - w
At py1-w A - w
AZM - w
AMM - w
A]_M - w
AZM - w
AMM - w
¢ Arpp1-w A - w
¢ Aypi1-w Aoar - w
C Ap_1p41-w Ap—im-w
0 C C
C Apsip41-w Argrar - w
C Ampt+1-w Anprm - w




0 1 1 1 1

1 A11~w Alyk_]_'w A17k+1~w A1M~w

1 A21~w Azyk_]_'w A27k+1~w A2M~w
_ Cz . . . . .

1 Ak_]_71~w Ak_lyk_yw Ak_17k+1~w Ak_17M~w

1 Ak+1’1~w Ak+17k_1~w Ak+17k+1~w Ak+1,M - w

1 AM1~w AMyk_yw AM7k+1~w AMM~w
= ngllw—k(y)a

where &, _,(y) is the minor of order M — 1 of det[E(y)], formed by
striking out the kth row and column from &(y).

Since E(y) is by assumption positive definite, al of the minors of its
determinant are positive, which includes al the minors of the determinant
of the matrix formed by striking the kth row and column from E(~). The
matrix Eys_ isthen aso positive definite, and satisfies the conditions of
Lemma A1, so that £;,_, isaconstant. It was established earlier in the
proof that £, _;, isnon-positive. We have, then

det[ 7 (A - w)] = C2E}y_4(y) <O,

which contradicts the positive-definiteness of J(A4 - w).

Lemma3 Let X () = X (wp). Then A/ (mg) = A7 (sn) if and only if mo = /.
Proof: Lemma3 Since s, minimizes ¢(m; o),
(i, @) =  A(n)-D+b
= A(Mm) - wo+ b+ A () dw;
< e(mo; W)
= A(mo) -+ bg
= A(mo) - wo + bg + A7 (mo) dw]'

Suppose A7 (mg) = AJ(/R). Subtracting A’ (/) dw; from the LHS of the
preceding inequality, and A7 (mo) dw; from the RHS,

A(h) - wo+ b < A(mo) - wo + bo,

or ¢(m; wg) < e(mo; wo). But since mg minimizes ¢(mo; wo), and since this
minimum is unique, we have

e(m; wo) = ¢(mo; wo)
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= m = my.

The proof of the converseistrivid.
O

Lemma4 The research budget » changes when factor price w; changes if and only
if the use of factor j isinfluenced by at least one research activity. That is,
ke (l,... . M): Fm#£0

=3 he(l...,M): Aj(m)+£0.
Proof: Lemma4 1. SupposeA{L(m) =0, h=1,...,M. Then,using(9),

A11~w A12~w A1M~w
A21~w A22~w A2M~w
Imy, _ _XM Ak_171~w Ak_172~w Ak—l,M'w
6w]' - C 0 0 0
Argr1-w Apyr2-w o0 Apyimw
AM1~w AM2~w AMM~w

= 0 k=1.. .M

2. Suppose the converse is fase. That is, the A{T are not al zero, yet
9mi — 0, k=1,..., M. Inparticular, suppose that

dwy
AA]l AAJZ AA§W
XM 21 W 2w ... oM W
om _ X7 0 (A3
dw; c : : : :
AM1~w AM2~w AMM~w

If the determinant in (A.3) equals zero, then there are weights 6;, i =
2,...,M,suchthat

A=Y 0 (A -w), k=1,..., M. (A.4)
Rearranging (9) and summing over k yields
9B _ i(ﬁmf)
aw]' 1 6w]'
0 A AL A,
M 1 A11~w A12~w A1M~w
= % 1 An-w Ap-w - Apy-w | (AB)
1 AM1~w AM2~w AMM~w
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If expendituresin none of the programs change in response to a change in
wj, we must have (,fTBj = 0. Then there are weights \;, i =1,..., M,
such that '

A=Y N (A w), k=1,... M. (A.6)

Combining (A.4) and (A.6),

M M
Zgi (A - w) = Zx\i (Ai - w),
i=2 i=1

or

A w= Y00 855 (A w), k=1, M. (A7)

[nother words, the Jacobian matrix J (A-w) issingular, acondition excluded
by prior hypothesis.
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