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Appendix 

Motivation of Cost Function.  Suppose that customer acquisition consists of 
draws with replacement from the general population of L  potential consumers.   
Let mυ  be the yield of unique customers, and mA  be the cumulative number at 
draw m.  By these definitions,  

mmm AA υ+= −1 .          (A1) 
In draw m, the probability that the additional draw duplicates the consumers 
already drawn is  

L
Am 1− .    

Hence, the expected yield of unique customers from draw m  

L
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m
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Substituting (A2) in (A1), the cumulative number at draw m  
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Substituting in (A3), 
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Likewise, by recursively substituting for 232 ,...,, AAA mm −− , and noting that the first 
draw yields a unique customer with certainty, i.e., 11 =A , we derive 
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Summing all the m terms in (A4), the number of unique customers from 
m draws  

 L
L

A
m

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎥⎦
⎤

⎢⎣
⎡ −−=

111 .         

which implies that 
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Let c be the unit cost of each draw.  Then, the expected cost of acquiring A 
customers  
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With an exogenously convex cost function (e.g., Chen et al. 2001a; Chen 
and Iyer 2002), consumers must be properly ordered in some way such as 
location or taste.  Otherwise, the cost of acquiring a particular number of 
customers can be reduced by dividing the acquisition into separate batches.  The 
cost function (1) does not suffer from this weakness – if a seller acquires 
customers in separate batches, its total cost and net expected yield (after 
removing duplicates) would be the same as with acquisition in a single batch. 

 
 
Proof of Lemma 1.   
(a) There is no pure strategy equilibrium.   
Proof:  Suppose otherwise, that each seller i sets price ip  with probability one.  If 
some 0>= ji pp , then seller i should cut price to ε−ip : it would incur a second-
order loss in price, but gain a first-order quantity of switchers from the segment,  
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acquired by both sellers i and j, but not acquired by other sellers.  If there are no 
0>= ji pp , suppose that the highest price below jp  is ji pp < .  Then seller i 

should raise price to ε−jp , in which case, seller j should just under-cut seller i, 
as in the previous case.  If all 0=ip , then every seller would earn zero revenue, 
hence every seller i should raise price to v , and earn positive revenue.  [ ]  
 
(b) The supports of the pricing strategies of at least two sellers have supremum 
at v , i.e., vpi =ˆ , at least two i. 
Proof: We prove this result in two steps, first that the pricing strategies of at least 
two sellers have the same supremum, say p̂ , which is the highest among the 
suprema of all the pricing strategies.  In the second step, we prove that vp =ˆ . 

Suppose that seller 1’s pricing strategy has the highest supremum, p̂ , and 
seller 2’s pricing strategy has the next highest supremum, pp ˆ~ < .  Then seller 1 
should shift its pricing support in the interval )ˆ,~( pp  to p̂ .  It would gain a 
higher margin on all consumers that it alone acquires, while it would not lose 
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any consumers since, for pp ~> , its price is higher than that of any other seller.   
Accordingly, seller 1’s pricing support would have a gap on )ˆ,~( pp . 

Then, seller 2 should shift its pricing support from the neighborhood 
)~,~( pp ε−  to )ˆ,ˆ( pp ε− .  It would 

• Gain from a higher price on all consumers that it alone acquires; 
• Incur no loss of revenue on consumers who are also acquired by seller 

1;1 and   
• Incur no loss of revenue on consumers also acquired by some other 

seller 2>j , since p~  is higher than the maximum price in the support 
of those other sellers. 

Thus, we have proved that the pricing strategies of at least two sellers 
must have the same supremum, say p̂ , which is the highest among the suprema 
of all the pricing strategies.  The same proof also shows that vp =ˆ .  [ ] 
 
(c) The supports of the pricing strategies of at least two sellers have infimum at 
p , i.e., pp

i
= , at least two i.   

Proof:  Suppose that seller i’s pricing strategy has the lowest infimum, p , and 
seller j’s pricing strategy has the next lowest infimum, pp >′ .  Then seller i 
should shift its pricing support in the interval ),[ pp ′  to p′ .  It would gain from a 
higher price on all consumers that it alone acquires, while it would not lose any 
consumers since, for pp ′≤ , its price is lower than that of any other seller.   
Accordingly, the pricing strategies of sellers i and j have the same infimum p .  [ ] 
 
(d) Equilibrium pricing strategies do not include any mass points in the interval, 

),[ vp . At most one seller may have a mass point, which must be at v . 
Proof:  Suppose that seller i has a mass point at some ),[ vppi ∈ .  If no seller’s 
pricing strategy has support on an interval above ip , ),[ ε+ii pp , then seller i 
should shift its support from ),[ ε+ii pp  to a mass point at ε+ip : it would gain 
on price, and lose no customers (since no other seller sets price in ),[ ε+ii pp ).   

                                            
1  In the scenario of Varian (1980), Baye et al. (1992), and Chioveanu (2003), all sellers acquire 
same segment of switchers, hence these consumers would buy from any seller whose 
supremum is less than p~ , and this loss would be zero. 
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 Accordingly, suppose that the pricing strategy of some seller j has support 
on ),[ ε+ii pp .  Then seller j should shift its support from ),[ ε+ii pp  to 

),( ii pp ε− .  It would incur a second-order loss in price, but gain a first-order 
quantity of switchers from the segment,  

j
l

jil

i A
L
A

L
A

⎭
⎬
⎫

⎩
⎨
⎧

⎥⎦
⎤

⎢⎣
⎡ −Π

≠

1
,

        (A6) 

acquired by both sellers i and j, but not acquired by other sellers.   

The preceding proof also shows that at most one seller may have a mass 
point, and that it must be at v .  [ ]  

 
(e) The supports of the pricing strategies of all sellers have the same infimum, p , 
i.e., pp

i
= , all i, where 
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Proof.  The proof follows that of McAfee’s (1994) Lemma 1.  Suppose that seller 
m has a mass point at v .  Then, in randomized pricing equilibrium, seller m’s 
revenue at v  must not be less than its revenue at any other price, or by (4), 
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Consider any seller mi ≠ .  In equilibrium, its revenue at any price iSp∈ , 
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Substituting into the right-hand side of (A7),  
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which simplifies to 
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Since 0)( ≥
im pF , 
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By (A8) and (A9), im AA ≥ , for all mi ≠ .  Thus, only the seller with the largest 
number of customers may have a mass point at v .   

Now, suppose that seller k has the lowest of the infima of the supports, 
i.e., 
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Similarly, for seller i, since ii
Sp ∈ ,  
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Substituting (A11) into the right-hand side of (A10), and using 0)( =
ii pF , 
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which implies 0)( =
ik pF .  Since 0)( =

kk pF , we conclude that ppp
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== , say. 

Finally, in equilibrium, since mSp∈  and mSv∈ , seller m  must derive equal 
revenue at the two prices, 
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which yields (5).  [ ]  
      
(f) The supports of equilibrium pricing strategies are intervals (and so, do not 
have any gaps).   
Proof.  Suppose that there are just three sellers.  By (b), the support of the pricing 
strategies of sellers 1 and 2 include v .  By (e), the sellers have the same infimum 
in the pricing support.  Hence seller 3’s support must overlap with the supports 
of sellers 1 and 2.    
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Now suppose that seller 3’s pricing strategy includes a gap, ),~( pp ′ , but 
seller 1’s does not.  By (4), seller 3’s revenue 
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Since p̂  is in the support of seller 3’s pricing strategy, 
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 Likewise, for seller 1,  
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and, since p̂  is in the support of seller 1’ pricing strategy, 
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Solving (A12) and (A13) for pp /ˆ , and likewise with (A14) and (A15), and 
equating, 
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Since seller 3’s pricing strategy has a gap, ),~( pp ′ , the distribution, )()~( 33 pFpF ′= .  
Applying (A16) to p~  and p′ , and using )()~( 33 pFpF ′= , we infer that  
 )()~( 11 pFpF ′= , 
which is a contradiction.   

Essentially, the proof shows that, if there is an overlap in the support of 
any two sellers’ pricing strategies, then if there is any gap in the strategy of the 
seller whose support has a lower maximum, then the support of the other seller 
must have the same gap.  [ ] 

 
(g) For sellers 1 and 2, vpp == 21 ˆˆ , while among all other sellers, a seller which 
acquires more consumers will have a support with a higher supremum, i.e., if 

ji AA > , then ji pp ˆˆ > . 
Proof:  Suppose that ki AA > , but seller i’s support has a lower supremum, ki pp ˆˆ ≤ .  
By (e), all the supports of all the pricing strategies have the same infimum, p , 
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and by (f), all the supports are intervals.  Since both p  and ip̂  belong to seller i’s 
support, seller i’s revenue from the two prices must be equal, or, by (4),   
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Similarly for seller k, 
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Solving each of (A17) and (A18) for ipp ˆ  and equating, 
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Using 0)()( == pFpF ki  and 1)ˆ( =ii pF , (A19) reduces to 
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which implies that )ˆ( ikki pFAA = , which contradicts the assumption that ki AA > . 
[ ] 
 
(h) For every seller i, revenue  
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Proof:  By (e), since p  belongs to the support of every seller i and is the 
minimum of all supports, iii AppRR == )( .   The result then follows from (5). [ ] 
 
 
Proof of Proposition 1. 

We claim that any equilibria that involve randomized acquisitions must have at 
least two sellers having the highest supremum, hence, nAAA ˆ...ˆˆ

21 ≥≥= .  Suppose 

otherwise, that 21
ˆˆ AA > .  Then, for ]ˆ,ˆ[ 121 AAA ∈ , 
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Consider the right-hand side of (A20): the first term (expected revenue) is linear 
in 1A , while the second term (cost) is strictly convex in 1A , hence the sum is 
strictly concave on ]ˆ,ˆ[ 12 AA , and so seller 1 will not randomize on ]ˆ,ˆ[ 12 AA .  A 
similar argument shows that if seller 1 acquires customers deterministically at 
some 21

ˆˆ AA > , then the other 1−n  sellers would not randomize acquisitions.  
Therefore, in equilibrium, if sellers were to randomize acquisitions, at least two 
sellers must have the highest supremum. 

Define )(max)( jijim AA ≠=  to be the highest realized acquisition among the 
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over the joint distribution of the jA s, )(, imij ≠ , conditional on the value of 

)(imA , and similarly for  
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We separate the remainder of the proof into two cases. 
Case (i): The strategy, )(⋅iG , of at least one seller is continuous at Â .   

Without loss of generality, suppose seller 2’s strategy is continuous at Â .  
Differentiating (A21) with respect to iA  and substituting from (3), 
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Further differentiating, 
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L
A

L
vXAdA

L
A

E
L
v

A
dA

dAA
L
A

E
L

vA
A

dA
d

i

AA
imimim

imij

j

iim
im

iim
imij

ji
ii

i

iim

 (A23) 

Now, for seller 1, at AA ˆ
1 = , it is necessary that 0/)ˆ( 11 =Π dAAd  and 

0/)ˆ( 2
11

2 ≤Π dAAd .  Otherwise, there would exist 1A  that yields higher profit than 
AA ˆ

1 = , which would contradict the randomized-strategy equilibrium.  By (A22), 
the first-order condition resolves to 

.
ˆ

1)(1

)(1
ˆ21

1

)1()1(
ˆ

)1(
1

ˆ
)1()1()1(

)1(,1

)1(

)1(

−

< ≠

≥ ≠

⎥
⎦

⎤
⎢
⎣

⎡
−=Φ

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
−+

Φ
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
−⎥

⎦

⎤
⎢
⎣

⎡
−

∫ ∏

∫ ∏

L
AXAdA

L
A

E

AdA
L
A

E
L
A

mm
AA

m
j

j

AA
mmm

mj

j

m

m   (A24) 

Note that Â  is the highest of the suprema of the various supports.  Hence we 
have 

 
).(1

)(1
ˆ21

ˆ21

)1()1(
ˆ

)1(
1

ˆ
)1()1()1(

)1(,

1

)1(

)1(

mm
AA

m
j

j

AA
mmm

mij

j
n

AdA
L
A

E

AdA
L
A

E
L
A

L
A

m

m

Φ
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
−+

Φ
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
−⎥

⎦

⎤
⎢
⎣

⎡
−<⎥

⎦

⎤
⎢
⎣

⎡
−

∫ ∏

∫ ∏

< ≠

≥ ≠

−

 

Substituting in (A24) and rearranging the terms,  
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X
L
A

L
A

n

<⎥
⎦

⎤
⎢
⎣

⎡
−⎥

⎦

⎤
⎢
⎣

⎡
−

− ˆ
1

ˆ21
1

, 

which implies 

 X
L
A

n

<⎥
⎦

⎤
⎢
⎣

⎡
−

ˆ21  

and hence 

 
2

1ˆ n X
L
A −
≥ .         (A25) 

 By (A23), the second-order condition, 0/)ˆ( 2
11

2 ≤Π dAAd , resolves to 

.0
ˆ

1)(12

)ˆ(ˆ1
ˆ

)ˆ(

2

)1()1(
ˆ

)1(
)1(,1

)1(
)1(

)1(
)1(,1

12
1

2

)1(

≤⎥
⎦

⎤
⎢
⎣

⎡
−−Φ

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
−−

Φ
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

=⎥
⎦

⎤
⎢
⎣

⎡
−=Π

−

> ≠

≠

∫ ∏

∏

L
A

L
vXAdA

L
A

E
L
v

A
dA

dAA
L
A

E
L
AvA

dA
d

mm
AA

m
mj

j

m
m

m
mj

j

m

 (A26) 

Consider the right-hand side of (A26).  Since seller 2’s acquisition strategy is left 
continuous up to AA ˆ

2 = , the probability density, 0/)ˆ( )1()1( >Φ mm dAAd .  Together 
with (A25), this implies that the first term is positive and finite for all values of 
L .  The second term vanishes as ∞→L .  As for the third term on the right-
hand side of (A26), by (A24),  

X
L
A

>⎥
⎦

⎤
⎢
⎣

⎡
−

ˆ
1 ,  

and hence 

X
v

X
vX

L
AvX =<⎥
⎦

⎤
⎢
⎣

⎡
−

−

2

2
1ˆ

1 , 

which is finite, hence the third term vanishes as ∞→L .  Thus, if L  is 
sufficiently large, 0/)ˆ( 2

11
2 >Π dAAd , which is a contradiction. 

 
Case (ii): The strategies, )(⋅iG , of all sellers with support in the neighborhood  

]ˆ,ˆ( AA ε−  comprise discrete mass points in that neighborhood. 

Without loss of generality, suppose that the strategies of sellers 1 and 2 have 
mass points at Â .  Consider seller 1’s profit. By (A22), a variation 1dA  would 
change seller 1’s profit by 
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.11

121

1

1
1

1)1()1(
1

1)1()1(
)1(,1

1
1

1)1(

1)1(

dA
L
AvXdAdA

L
A

Ev

dAdA
L
A

E
L
Avd

m
AA

m
j

j

AA
mm

mj

j

m

m

−

< ≠

≥ ≠

⎥⎦
⎤

⎢⎣
⎡ −−Φ

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
−+

Φ
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
−⎥⎦

⎤
⎢⎣
⎡ −=Π

∫ ∏

∫ ∏
  (A27) 

Applying (A27) to εε +−= AAA ˆ,ˆ
1 , 

1)1(
ˆ

)1(
1

)1(
ˆ

)1(
1

1
ˆ

)1()1(
)1(,1

ˆ
)1()1(

)1(,1

11

)1(

)1(

)1(

)1(

1

1

1

1
ˆ21

)ˆ()ˆ(

dAdA
L
A

E

dA
L
A

Ev

dAdA
L
A

E

dA
L
A

E
L
Av

AdAd

m
AA

m
j

j

m
AA

m
j

j

AA
mm

mj

j

AA
mm

mj

j

m

m

m

m

⎪⎭

⎪
⎬
⎫

Φ
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
−−

⎪⎩

⎪
⎨
⎧

Φ
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
−+

⎪⎭

⎪
⎬
⎫

Φ
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
−−

⎪⎩

⎪
⎨
⎧

Φ
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
−⎥

⎦

⎤
⎢
⎣

⎡
−→

−Π−+Π

∫ ∏

∫ ∏

∫ ∏

∫ ∏

−< ≠

+< ≠

−≥ ≠

+≥ ≠

ε

ε

ε

ε

εε

   (A28) 

as 0→ε .   

Note that the probability of ε+≥ AAm
ˆ

)1(  is zero, and ε+< AAm
ˆ

)1(  occurs 

with certainty.  Further, because no strategies have support in )ˆ,ˆ( AA ε− , the 
condition ε−≥ AAm

ˆ
)1(  is equivalent to AAm

ˆ
)1( = , and the condition ε−< AAm

ˆ
)1(  is 

equivalent to AAm
ˆ

)1( < . 

Therefore, (A28) simplifies to 

,1

1
ˆ21

11

1
ˆ21

)ˆ()ˆ(

1)1(
ˆ

)1(
1

1
ˆ

)1()1(
)1(,1

1)1(
ˆ

)1(
1

)1()1(
1

1
ˆ

)1()1(
)1(,1

11

)1(

)1(

)1()1(

)1(

dAdA
L
A

Ev

dAdA
L
A

E
L
Av

dAdA
L
A

EdA
L
A

Ev

dAdA
L
A

E
L
Av

AdAd

m
AA

m
j

j

AA
mm

mj

j

m
AA

m
j

j
m

A
m

j

j

AA
mm

mj

j

m

m

mm

m

Φ
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
−+

Φ
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
−⎥

⎦

⎤
⎢
⎣

⎡
−−=

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

Φ
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
−−Φ

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
−+

Φ
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
−⎥

⎦

⎤
⎢
⎣

⎡
−−→

−Π−+Π

∫ ∏

∫ ∏

∫ ∏∫ ∏

∫ ∏

= ≠

= ≠

< ≠≠

= ≠

εε

              (A29) 
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since the complement of AAm
ˆ

)1( <  is AAm
ˆ

)1( = . 

 Now,  

,1

1
ˆ

1

1
ˆ21

1)1(
ˆ

)1(
1

1
ˆ

)1()1(
)1(,1

1
ˆ

)1()1(
)1(,1

)1(

)1(

)1(

dAdA
L
A

Ev

dAdA
L
A

E
L
Av

dAdA
L
A

E
L
Av

m
AA

m
j

j

AA
mm

mj

j

AA
mm

mj

j

m

m

m

Φ
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
−≤

Φ
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
−⎥

⎦

⎤
⎢
⎣

⎡
−<

Φ
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
−⎥

⎦

⎤
⎢
⎣

⎡
−

∫ ∏

∫ ∏

∫ ∏

= ≠

= ≠

= ≠

  (A30) 

where the first inequality is strict because seller 2 has a mass point at Â , which 
implies that 0)ˆ()1( >Φ Ad m . 

Therefore, by (A29) and (A30),  
 )ˆ()ˆ( 11 εε −Π>+Π AdAd , 
which implies that seller 1 should deviate by shifting its mass point above Â , 
which is a contradiction.  [ ] 
 
 
Proof of Proposition 2.   
The first part of this proof essentially follows the proof of McAfee’s (1994) 
Theorem 3.  Substituting (5) in Lemma 1(h), the revenue of seller ni ,...,2= , 

⎥
⎦

⎤
⎢
⎣

⎡
−⎥⎦

⎤
⎢⎣
⎡ −=⎥

⎦

⎤
⎢
⎣

⎡
−= ΠΠ

≠= L
A

L
AvA

L
A

vAR j

ij

i
i

j
n

j
ii 111

,12
. 

Looking forward from the first stage, the seller’s profit 
( )
( ) .

11ln
1ln11)(

,1 L
LAc

L
A

L
AvAA ij

ij

i
iii −

−
−⎥

⎦

⎤
⎢
⎣

⎡
−⎥⎦

⎤
⎢⎣
⎡ −=Π Π

≠

    (A31) 

Seller i maximizes profit (A31) subject to the constraint that its maximum be on 
the concave part of its revenue function, 
 )(max*

jiji AA ≠< .        (A32) 

By contrast with the other sellers, seller 1 maximizes profit 
( )
( )L

LAc
L
A

vAA j

j 11ln
1ln1)( 1

1
111 −

−
−⎥

⎦

⎤
⎢
⎣

⎡
−=Π Π

≠

     (A33) 

subject to the constraint that its maximum be on the linear part of its revenue 
function, 



 13

 )(max 1
*
1 jj AA ≠≥ .        (A34) 

 Below, we show that, in equilibrium, the constraints (A32) and (A34) do 
not bind.  Accordingly, seller i’s choice of customer acquisitions is characterized 
by the first order condition, 

X
L
A

L
A

L
A j

ij

ii =⎥
⎦

⎤
⎢
⎣

⎡
−⎥

⎦

⎤
⎢
⎣

⎡
−⎥

⎦

⎤
⎢
⎣

⎡
− Π

≠

1
2

11
,1

**

 ,      (A35) 

after substituting from (3) and simplifying, for all ni ,...,2= .  In particular, for 
seller l , 

 X
L
A

L
A

L
A j

lj

ll =⎥
⎦

⎤
⎢
⎣

⎡
−⎥

⎦

⎤
⎢
⎣

⎡
−⎥

⎦

⎤
⎢
⎣

⎡
− Π

≠

1
2

11
,1

**

.     (A36) 

Equating (A35) with (A36) and simplifying, we have *** AAA li == , say, for all 
1, >li , which proves (7).  

Further, seller 1’s choice of customer acquisitions is characterized by the 
first order condition, 

X
L
A

L
A j

j
=⎥

⎦

⎤
⎢
⎣

⎡
−⎥

⎦

⎤
⎢
⎣

⎡
− Π

≠

11
1

*
1 ,       (A37) 

after substituting from (3) and simplifying.  Substituting *AAj =  in (A37) and 

comparing with (7), we have **
1 2AA = .  

By Lemma 1, the sellers ni ,..,2=  will have an identical pricing strategy, 
say )( pF , with support, ),[ vpS = , and no mass point.  Consider seller 1.  By 

Lemma 1(h) and (4), with *AAj = and FFj = , for ni ,..,2= , 

1

1*

1

1*

1 1)(1 A
L
AvApF

L
ApR

nn −−

⎥
⎦

⎤
⎢
⎣

⎡
−=⎥

⎦

⎤
⎢
⎣

⎡
−= ,      

which simplifies to (8).  Similarly, for any seller ni ,..,2= , (4) and (6) imply  
1*

*
2*

1
1* 1)(1)(1

−−

⎥
⎦

⎤
⎢
⎣

⎡
−=⎥

⎦

⎤
⎢
⎣

⎡
−⎥⎦

⎤
⎢⎣
⎡ −=

nn

i L
AvApF

L
ApF

L
ApAR . 

Substituting from (8), this simplifies to  

)(
2
111)(

1
1

*

1
1 pF

p
v

L
A

A
LpF

n
=

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
−−=

−
.     (A38) 

Finally, substituting vp =  in (A38), seller 1’s mass point at v  has weight, 
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2
11)(1

1

*

1 =−=−
A
AvF ,       (A39) 

which completes the derivations of (7) to (9). 

 It remains to prove that the constraints (A32) and (A34) do not bind, and 
hence *AAi =  is the global optimum for seller ni ,...,2= , and *

1 2AA =  is the 
global optimum for seller 1.  By Lemma 1(h), the revenue for any seller k is: 

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=⎥
⎦

⎤
⎢
⎣

⎡
−

<⎥
⎦

⎤
⎢
⎣

⎡
−⎥⎦

⎤
⎢⎣
⎡ −

=

∏

∏

≠

≠

kj
jk

j
k

kj
jk

jk
k

kk

AA
L
A

vA

AA
L
A

L
AvA

AR
)max( if1

)max( if11
)( ,1   (A40) 

Consider seller ni ,...,2= .  For *2AAi < , its profit is 

)/11ln(
)/1ln(

11
2*

L
LAc

L
A

L
A

vA i
n

i
i −

−
−⎥

⎦

⎤
⎢
⎣

⎡
−⎥⎦

⎤
⎢⎣
⎡ −

−

,     (A41) 

which, by (A31) with *AAj = , ij ,1≠ , is maximized at *AAi = .  By (A40), if 

seller i deviates to *2AAi ≥ , its profit would be 

 
)/11ln(

)/1ln(
121

2**

L
LAc

L
A

L
AvA i

n

i −
−

−⎥
⎦

⎤
⎢
⎣

⎡
−⎥

⎦

⎤
⎢
⎣

⎡
−

−

,     (A42) 

which, referring to Figure A1, is represented graphically by the vertical distance 
between the broken straight line and the solid cost curve.  

 

2*

11
−

⎥
⎦

⎤
⎢
⎣

⎡
−⎥⎦

⎤
⎢⎣
⎡ −

n

L
A

L
AvA  

2**

121
−

⎥
⎦

⎤
⎢
⎣

⎡
−⎥

⎦

⎤
⎢
⎣

⎡
−

n

L
A

L
AvA  

1*

1
−

⎥
⎦

⎤
⎢
⎣

⎡
−

n

L
AvA  

0  *A  *2 A

)( iAC  

 
Figure A1. 

By (A37), with *AAj = , 1≠j , for *
1 AA ≥ , seller 1’s profit is 
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)/11ln(
)/1ln(1 1

1*

1 L
LAc

L
AvA

n

−
−

−⎥
⎦

⎤
⎢
⎣

⎡
−

−

,      (A43) 

which, in Figure A1, is represented graphically by the vertical distance between 
the solid straight line and the solid cost curve.  Profit functions (A42) and (A43) 
differ in the average revenue: specifically, since 

⎥
⎦

⎤
⎢
⎣

⎡
−>⎥

⎦

⎤
⎢
⎣

⎡
−

L
A

L
A ** 211 , 

the average revenue in (A43) is higher than that in (A42).  Graphically, the solid 
straight line is steeper than the broken straight line.  Now, seller 1 maximizes its 
profit at *

1 2AA = , which means that the vertical distance between the solid 
straight line and the solid cost curve is maximized at *

1 2AA = .  Since the broken 
straight line is gentler, the vertical distance between the broken straight line and 
the solid cost curve must be maximized at some *2AAi < .   Hence, for *2AAi ≥ , 

.
)/11ln(

)/21ln(121]2[

)/11ln(
)/1ln(

121

*2**
*

2**

L
LAc

L
A

L
AAv

L
LAc

L
A

L
AvA

n

i
n

i

−
−

−⎥
⎦

⎤
⎢
⎣

⎡
−⎥

⎦

⎤
⎢
⎣

⎡
−≤

−
−

−⎥
⎦

⎤
⎢
⎣

⎡
−⎥

⎦

⎤
⎢
⎣

⎡
−

−

−

  (A44) 

In turn, referring to Figure A1, for *2AAi < , 

.
)/11ln(

)/1ln(
11

)/11ln(
)/21ln(121]2[

2*

*2**
*

L
LAc

L
A

L
A

vA

L
LAc

L
A

L
AAv

i
n

i
i

n

−
−

−⎥
⎦

⎤
⎢
⎣

⎡
−⎥⎦
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Accordingly, by (A44) and (A45), if seller i deviates to *2AAi ≥ , its profit would 
be less than that with *2AAi < .   Thus, seller i will not deviate to *2AAi ≥ . 

Next, consider seller 1.  By (A43), for *
1 AA ≥ , seller 1 maximizes its profit 

at *
1 2AA = .  By (A40), if seller 1 deviates to *

1 AA < , its profit would be 

)/11ln(
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which is identical to (A41), and hence is maximized at *
1 AA = .  But, from Figure 

A1, seller 1’s revenue (the solid straight line) is continuous up to *
1 AA = , but its 

optimal profit is attained at *
1 2AA = .  Hence, seller 1’s profit with *

1 AA =  must 
be less than its profit with *

1 2AA = .  Accordingly, seller 1 will not deviate to any 
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*
1 AA < , and the (asymmetric) equilibrium characterized in Proposition 2 is both 

unique and stable.  [ ] 
 

Proof of Proposition 3 

For any price p  within the support of its pricing strategy, seller i’s expected 
profit is 

{ }
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Consider the right-hand side of (A46): given the choices of other sellers, the first 
term (expected revenue) is linear in iA , whereas the second term (cost) is strictly 
convex in iA .  Hence, the sum is strictly concave in iA , which means that seller i 
will not randomize acquisitions.2  [ ] 

 

Proof of Proposition 4 

By (4), the profit of seller ni ,...,1= , at any price p  within the support of its 
pricing strategy, is 
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Since sellers acquire customers and set prices simultaneously, the other sellers’ 
pricing strategies, )(⋅jF , do not depend on seller i’s acquisition, iA .  Hence, the 
profit maximization problem of seller i is globally concave. 

 Now, in a randomized-strategy equilibrium, seller i must earn the same 
profit for all ],[ vpp∈ .  In particular, at pp = , by Lemma 1, 0)( =pFj , all 

nj ,...,1= .  Substituting into (A47), seller i’s profit simplifies to 

 ( )
( )L

LAc
ApFA i

iiii 11ln
1ln

),(
−
−

−=Π .      (A48) 

The solution is characterized by the first-order condition  

                                            
2  Note that this proof does not apply to the case of sequential action, because there the prices 
depend on the customer acquisitions. 
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 vXp
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after substituting from (3).  In particular, for any other seller l,  
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Equating (A49) and (A50) and simplifying, we have sli AAA == , say.  Hence, 
the acquisitions are symmetric.  By Lemma 1, when acquisitions are symmetric, 
the pricing strategies will not include any mass points.  Hence, at vp = , 1)( =vFj , 
all nj ,...,1= .  Since the revenue of seller i at pp =  and vp =  must be the same 
in a randomized-strategy equilibrium, and the cost of acquisition does not 
depend on p , seller i’s revenue  
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after substituting from (A49).  This proves (11). 

 Now, by Lemma 1, since acquisitions are symmetric, the pricing strategies 
are also symmetric, with sj FF = , say, for all nj ,...,1= .   Substituting si AA =  and 

sj FF =  in the first equality of (A51), we have 
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After simplifying and using (11), this yields (12).  Finally, at pp = , 0)( =pFs .  
Substituting in (12) yields (13).  

 Next, we show that sellers would not deviate from this equilibrium.  In 
equilibrium, by (A47), (A49), and (A51), for every seller ni ,...,1= ,  
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for all iA .  Using (5), this simplifies to 
( )
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We first consider a deterministic deviation to some price p  and acquisition iA′ , 
and show that such a deviation will not raise profit.  Specifically, suppose seller i 
deviates to a strategy ),( pAi′ , where si AA ≠′ . 



 18

(i) pp < .  In this case, seller i ’s price is lower than that of every other seller.  So, 
it would sell to every customer that it acquires; hence its expected profit from 
the deviation would be 
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where the second inequality is implied by (A54).  Hence, the seller would prefer 
not to deviate. 

(ii) vpp ≤≤ .  In this case, seller i  sells to those customers who are not acquired 
by other sellers, and those customers who are acquired by other seller(s) if seller 
i ’s price is lowest.  By (A47) and (A52), seller i ’s expected profit from the 
deviation would be 
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where the inequality is implied by (A53).  Hence, the seller would prefer not to 
deviate. 

Finally, the profit from any deviation, ),( ii FA′ , where the pricing strategy 
is randomized, cannot exceed the expectation over the profits from the various 

),( pAi′  with deterministic prices.  Since each of the various deviations ),( pAi′  
does not increase profit, the deviation with a randomized pricing strategy would 
also not increase profit.    [ ] 

 
Proof of Table 1 
(a) We prove the results with respect to c  and v  through X . 
Proof: Differentiating (7) with respect to X  and evaluating at *AA = , we have 
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The coefficient on the left-hand side is positive, hence we conclude that 
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By (7) and (9),  
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Accordingly, 
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Further, by (8), 
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hence by (A39), 0/ <dXdF  and, by Proposition 2,  
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The results with respect to c  and v  follow from (3), by which X  is increasing in 
c  and decreasing in v .   The proof for the symmetric equilibrium is similar. 
 
(b) Results with respect to increase in L. 
Proof:  Differentiating (7) with respect to L and evaluating at *AA = , we have 

 [ ] ⎥
⎦

⎤
⎢
⎣

⎡
+−⎥

⎦

⎤
⎢
⎣

⎡
−⎥

⎦

⎤
⎢
⎣

⎡
−−−⎥

⎦

⎤
⎢
⎣

⎡
+−⎥

⎦

⎤
⎢
⎣

⎡
−−

−−

dL
dA

LL
A

L
A

L
An

dL
dA

LL
A

L
A

nn *

2

*2***

2

*1* 11211112   

[ ] ( ) .
11ln1

11
⎭
⎬
⎫

⎩
⎨
⎧

−−
+−==

LLL
X

dL
dX      (A58) 

Simplifying, dLdA /*  has the sign of 
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Using (7), we can rewrite (A59) as 
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Substituting into (A60), we have 
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for sufficiently large L.  Hence we conclude that  
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Now differentiate (9),  
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since by (A42),  
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Similarly, differentiate (8),  
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The proofs for the symmetric equilibrium is similar. 
 
(c) Results with respect to increase in n.   
Proof: Totally differentiating (7) and evaluating at *AA = , we have 
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since the numerator is negative and the denominator is positive.   

Regarding the impact on the pricing strategy, by (A56), 
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since, by (A62), 0/* <dndA .  Now, by (8) and (9),  
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By total differentiation of (A65), we have 
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By (A63), at pp = , 0>Φ dnd .  When p  increases, dndΦ  decreases.  When 
vp = , (A66) becomes 
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Since */ AL  is always positive, dndF  (and hence dndFdndF /2/1/1 = ) also 
changes from positive to negative as p  increases from p  to v .  Hence when the 
number of sellers increases, price becomes more extreme – the sellers have a 
higher tendency to set either low or high prices.  The weight on the mass point 
at v  does not change with n .  

Finally, from (8) and (12), it is clear that as ∞→n , both )( pF  and )( pFs  
equal one, and )(1 pF  equals 0.5 at every p .  Hence, the price distributions 
degenerate into a mass point at p .  By (7), (9) and (12), when ∞→n , Xvp = .   [ ] 


