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Abstract
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currencearelinkedto thenumberof availablecategoriesandto theamount
of informationto beprocessed.

GuidoFioretti

via SanMassimo8

10123Torino

Italy

Fax: ++390744425713

E-mail: fellow1@icer.it

guido.fioretti@lycos.com

1



1 Introduction

The learningcurve denotesa ratherrobustempiricalregularity, namelythatpro-

ductiontimedecreaseswith comulativeproductionatauniformrate[11]. In other

words,themoreunitsof a goodhave beenproduced,the lessit takesto produce

anadditionalunit.

Empiricallearningcurvesareroughlydescribedby thefollowing equation:

tn � t1N
� α (1)

wheretn is the time requiredto producethe n-th unit, t1 is the time requiredto

producethe first unit, N � 1
�

2
���������

n is cumulative productionand α is a

parameterthatis specificto themanufacturingprocessbeingobserved.

The most importantfinding of empirical researchon learningcurves is that

productiontimereductiontakesplaceto amuchlargerextentin assemblingoper-

ationsthanin machiningoperations[2, 3]. This evidencesuggeststhatthelearn-

ing curve is notconcernedwith individual learning,but ratherwith organisational

learning.

Evidently, the learningcurve doesnot arisefrom workers learningto usea

new machineor employeeslearningto dealwith a new boss. Rather, it arises

from individualslearningto coordinatetheir actions.Possibly, it is not a chance

that the learningcurve wasdiscoveredin the aircraft industry, wherespecialists

from differentbranchesmustlearnhow to fit togethermany differentcomponents.

Many otherempirical factspoint to the organizationalorigin of the learning
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curve. Onesuchfactis thatif themanagementsetsaceiling to possibleimprove-

mentsof productiontime, learningdoesnot occurbeyondthatceiling [4]. Other

interestingfactsarethat learningratesmaydiffer acrossplantsof thesamefirm

thatproducethesamegoodwith similar equipmentwithin thesamecountry, and

thatproductioninterruptionssuchasstrikescauseproductiontimeto increase[1].

Theabove factaboutmanagerssettinga ceiling to learningsuggeststhat the

learningcurve hasa lot to do with workersmotivationandwith operatingin an

environmentthat provides stimuli to learn. However, the story about learning

ratesdifferingacrossplantssuggeststhatthelearningcurve doesnot derive from

individualslearningagivencorporateculture.Moreover, theempiricalfactabout

strikessuggeststhatthelearningcurveoriginatesfrom tacitcoordinationschemes

thatmaybedifficult to reconstruct,ratherthancodifiedbehavior rulesthatcanbe

easilyre-learned.

Muth [8] provided a model of the learningcurve basedon randomsearch

amonga fixedpopulationof possibletechnologies.However, a technology-based

modelis notableto explainwhy learningoccursto amuchlargerextentin assem-

bling operationsthanin machiningoperations,aswell asthemany otherempirical

factsmentionedabove.

Alternatively, Hubermanderived the learningcurve from the propertiesof a

randomgraphthatrepresentsthestructureof communicationswithin afirm [9, 7].

In this model,nodesrepresentorganizationalunitsandedgesrepresentcommu-

nicationbetweenunits. Organizationalunitsmaybehumanbeings,machines,or

compoundsof both. Communicationbetweenunitsmaytakeplacein connection
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with physicaltransportationof goods,or it maybeapureinformationflow.

In a randomgraph,nodesestablishlinks to oneanotherwith a certainproba-

bility. Accordingto theabovemetaphor, this is theprobabilitythatorganizational

unitsestablishcommunicationswith oneanother.

Huberman’s model assumesthat communicationwithin the firm must flow

from a sourcenode to a sink node, correspondingto the flow of production.

Clearly, this model neglectspower hierarchieswithin firms. However, assem-

bling andcoordinationoperationsarelikely to take placebetweenorganizational

units placedat similar hierarchicallevels, so for our purposeshierarchycanbe

ignored.

Sinceproductioncorrespondsto a communicationflow from sourcenodeto

sinknode,productiontimecanberepresentedby thenumberof stepsthatit takes

to crossthegraph.Learningtakesplacewhenunitsunderstandhow to communi-

catewith oneanother, that is whenthenodesof thegraphestablishlinks to one

another. Thus,knowledgestemmingfrom cumulative productionis represented

by p, theprobabilityto establisha link betweentwo nodes.

Huberman’s modelyields a relationshipbetweencumulative productionand

productiontime that resembles1. Moreover, it introducesa parameterr thatex-

plainswhy thelearningcurveoccasionalyfails.

Parameterr is theprobabilityof eliminatingunproductive connectionswhen

looking for a path from the sourceto the sink of the graph. It representsthe

effectivenessof thesearchfor bettercoordination.Basically, it is anindex of the

qualityof decision-making.

4



Interestingly, athighvaluesof r productiontimedecreasesexponentiallywith

p, asit is empiricallyobservedwhenlearningcurveswork. However, thelower r,

theweaker this relationship.At r � 0 � 5 therelationshipis reverted,with produc-

tion time increasingwith cumulativeoutput.

Interpretationis straightforward. Thelearningcurve arisesfrom communica-

tion betweenorganizationalunits, representedby p. That’s why it is morepro-

nouncedin assemblingoperationsthanin machiningoperations.However, setting

a ceiling to productiontime slackensthe searchfor bettercoordination,reduces

r, andcausesthe learningcurve to fail. Obviously, firm-specificvaluesof r can

easilyexplainwhy therateof learningeventuallydiffersacrossplantsof thesame

firm thatproducethesamegoodwith similar equipmentwithin thesamecountry.

Finally, afterstrikesor otherproductioninterruptionstacit knowledgeconcerning

coordinationis difficult to reconstruct,whereasexplicit knowledgeconcerning

how to operatespecificmachinescanbeeasilyacquired.

TheabovediscussionhighlightedthatHuberman’smodelis ableto shedlight

on the (mis)functioningof the learningcurve. However, this modelsrestson

parametersthatarenot linkedto theprocessof learning.Huberman’smodelgives

no hint asto which job couldexhibit a high p or a low r, andwhy. A cognitive

foundationof Huberman’s modelis needed,andtherestof this papersetsout to

provide it.
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2 The Market for Ideas

Learningmeansrecognizingthat certainsituationshave commonfeatures,and

developingan appropriatebehavior for eachclassof situationsthat a decision-

maker expectsto face. Learning involves the cognitive processof classifying

informationinto amanageablenumberof mentalcategories,andtheevolutionary

processof developingdecisionrulesthatyield favourableresults.

Onesuchmodelis JohnHolland’s ClassifierSystems[5, 6]. Let usadaptit to

a randomgraphrepresentingthestructureof communicationswithin a firm.

Let usassumethat theorganizationalunitsof our firm areendowedwith cat-

egorieswhich they useto classifyinformation,plusa rule thatspecifieson which

occasiona particularpieceof informationshouldbe produced.Sinceorganiza-

tional unitsgenerallyrepresentcompoundsof menandmachines,categoriesrep-

resentthe situationsthat decision-makersendowedwith particularmachinesare

ableto distinguish,while the informationthat they producerepresentsthe deci-

sionsthey make.

Let us representboth categoriesand information by meansof stringsof L

charactersthat canbe zeros,ones,or ”don’t care” characters#. Thus,K � 3L

differentstringscanbeproduced.

Categoriesmustentailat leastone#-characterin orderto beeffective. In fact,

categoriesarestringsthatmatchall informationstringsthathave zerosandones

in thesamepositionswherethey havezerosandones;on thecontrary, it doesnot

matterwhichcharactersinformationstringshave, in thepositionswherecategory
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Figure 1: A category string, and the four information stringsthat it is able to
match. This category string doesnot distinguishtheseinformationstringsfrom
oneanother. Thus,four informationstringsareclassifiedasonesinglepieceof
information.

stringshave a #. In this way, a category string is a containerthat classifiesall

informationstringsthathave zerosandonesin its samepositions.For instance,

thecategory stringdepictedin the left half of figure1 is ableto classifythe four

informationstringsdepictedin theright half of thepicture.

Informationstringsmayhave #-charactersaswell. However, thesecharacters

haveadifferentmeaningasin category strings.

Let usconsidera genericorganizationalunit j. If an informationstringpro-

ducedby unit j has#-charactersin the samepositionswherea category string

ownedby j has#-characters,thenunit j simplycarrieson to otherunitsthesym-

bol thatwasmatchedby its category. That is, if thecategory stringhada # in a

positionthatwasmatchedby a 0 (1), thenthe informationstring producedby j
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hasalsoa0 (1) in thatposition.In this way, informationclusterscanpropagate.

A classifiersystemworkslikeamarket. Categorystringsbid ”prices” in order

to classify information strings,and they pay if they suceedto matchinforma-

tion strings. Category stringspay with a conventionalcurrency calledstrength.

Strengthrepresentsthevalueof informationfor a firm. If a firm’s organizational

unitswantsto ignorecertaininformation,it simply doesn’t bid any ”strength”for

it.

Strengthflows from units that receive informationto units that issueit. Or-

ganizationalunits, in their turn, distribute their endowmentof ”strength”among

their categories.

In our case,it is a ”market” for ideasaboutcoordinatingactivities acrossor-

ganizationalunits. It is supposedto takeplaceamongorganizationalunitsplaced

atsimilarhierarchicallevels,thatmustcoordinatein orderto carryout thekind of

assemblingoperationswherelearningcurvesarise.Eachorganizationalunit tries

to understandwhat otherunitsneed,andpresentsproposalsconcerningthe way

of carryingout its own particularjob. Category stringsrepresenttheability of or-

ganizationalunits to understandtheproposalsof otherunits. Informationstrings

representtheproposalsthey make.

By passingacrossorganizationalunits,strengthcreatespreferentialpathsfor

informationflows. Moreover, if strenghtis passedon alonga circular path,the

samesequenceof actionsis repeatedover andover. This is whathappenswhen

organizationalunitslearnto coordinate.

Strengthcannotbe the only magnitudeto decidewhich category string will
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classifya certaininformationstring. In fact,categoriesentailinga largenumber

of #-charactersareinherentlybetterat classifyinginformation— in the limit, a

category madeonly by #-characterswould be able to classifyany information.

However, a general-purposecategory would representa decision-maker who is

notableto distinguishpiecesof informationfrom oneanother.

Consequently, classifiersystemsemploy two magnitudesin order to decide

which category stringclassifieswhich informationstring. Thesecondmagnitude

is thespecificityof astring,definedasthenumberof its non-#-characters.

Let us summarizethe above considerationsas follows. Let indicesk 	 k
 �
1 	 2 	������ K denotecategory stringsandinformationstrings,respectively. Let pkk�
denotethe probability that a category string of type k classifiesan information

string of type k
 . Let tkk� denotethe strengththat category string k passeson to

informationstringk
 . Let sk be the specificityof category stringk andlet sk� be

the specificityof informationstring k
 , wheresk�
� sk. Then, pkk� mustbe such

that∂pkk��� ∂tkk��� 0 and∂pkk��� ∂ � sk��� sk ��� 0.

Following themultinomiallogit model,let uschoosethefollowingexpression:

pkk� � e
β

tkk�
sk��� sk

∑k� eβ
tkk�

sk� � sk

(2)

Formula2 concernstheprobabilityof establishinga connectionbetweenone

category stringof a certaintypeandoneinformationstringof a certaintype. The

probability of establishinga connectionbetweentwo organizationalunits, in its

turn,dependson thetypeof stringsthetwo unitsareendowedwith, aswell ason
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their strengthendowments.

Taking a small stepaway from Holland’s classifiersystems,let us assume

thatthemanagementendows organizationalunitswith additionalstrengthif they

happento fall shortof it. In this way, we areassumingthatorganizationalunits

canalwaysbid theamountof strengththey desire.

Clearly, strengthsno longerobey a conservationlaw. However, new amounts

of strengtharenot createdarbitrarily. They representoccasionalinterventionsby

themanagementin orderto avoid thatsomeunitslag behind.Rememberthatwe

aredescribingafirm, not amarket.

With this proviso to the credit assignmentalgorithm, the probability of es-

tablishinga connectionbetweena category string of type k andan information

stringof typek
 equalstheprobabilityof establishinga connectionbetweentwo

organizationalunitsendowedwith k andk
 , respectively. That is, for any pair of

organizationalunits i and j we have

pi � k� j � k����� pkk� (3)

wherei � k � meansthat unit i is endowedwith category string k andunit j is en-

dowedwith informationstringk
 .
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3 Equilibrium Knowledge

In theprevioussection,learningwasunderstoodasaprocessof informationclas-

sification.Informationstringsandcategorystringshadbeenassumedto begiven,

solearningconsistedof choosingthebestcategoriesfor any giveninformation.

This pictureis correct,but incomplete.It is thepictureof a firm whoseorga-

nizationalunitsareconcernedwith accomplishinggiventasksusinggivenmeans,

withoutever influencingor modifying thesetasksandthesemeans.It is abureau-

craticpictureof a firm, describingtheexecutionof ordersalongahierarchy.

However, the learningcurve typically arisesfrom assemblingoperationsthat

involve units adaptingtheir expertisein order to coordinatewith one another.

Learningtakestheform of mutualunderstandingof oneother’s problems,rather

thanimplementationof the management’s directives. In this context, tasksand

meansof everyunit areflexible, andtheir choiceis up to theunit itself.

In our model,flexibility of tasksandmeanscorrespondsto allowing category

stringsandinformationstringsto evolvewith time. This is absolutelynormalfor

classifiersystems,wherenew stringsareeithergeneratedby mutationof existing

stringsor by randomrecombinationof partsof them(cross-over).

Generationof new stringsis of theutmostimportancefor classifiersystems,

sinceit ensuresthat optimal stringscanbe found. Interestingly, both mutation

andcross-over bearsimilaritiesto firm practices.On theonehand,mutationre-

flectsinventionandintroductionof novel practices.On theotherhand,cross-over

resemblescommunicationalongstandardizedformatsandinnovationthroughre-
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combinationof workingsolutions[10].

Let us considerthe equilibrium stateof the evolutionarydynamicsthat cre-

atesnew strings. At equilibrium,optimal stringshave beenfound. In this state,

evolution hasselectedcategory stringsandinformationstringssuchthat tkk� and

� sk� � sk � take the samevaluesfor all k andk
 . Thus,probabilitiespkk� take the

samevaluesfor all k, k
 .
Let H denotethe numberof differentcategory stringsthat areemployed by

the firm, and let H 
 denotethe numberof different informationstringsthat are

producedby the firm. SinceK � 3L is the numberof differentstringsthat can

begeneratedout of L symbols,it is H  K andH 
! K. Furthermore,sincethe

purposeof acategorystringis thatof classifyingmany informationstrings,it must

beH � H 
 .
Sincetkk� and � sk� � sk � takethesamevaluesfor all k andk
 , andsinceindex k


extendsto H 
 , from 2 weobtainp"kk� � 1� H 
 , wheretheasteriskis thereto remind

thatthis is anequilibriumvalue.

This is theequilibriumprobabilitythata category stringof typek matchesan

informationstringof typek
 , for # k 	 k
 . Becauseof 3, this is alsotheprobability

of establishinga link betweenany nodei thatownsacategorystringof typek and

any node j thatissuesaninformationstringof typek
 , for # k 	 k
 .
Thus,theprobability thata unit i establishesa link with whatever unit j, in-

dependentlyof thecategory ownedby i, is thesumof 1� H 
 over theH category

types. This yieldsH � H 
 , which we cantake asequivalentto the p parameterof
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Huberman’smodel:

p � H
H 
 (4)

Ther parameter, in its turn,representstheeffectivenessof thesearchfor apath

from thesourcenodeto thesinknode.Sinceasimplemeasureof effectivenessis

that trials arenot duplicated,we canidentify r with theprobability thatany two

nodesarenot linkedby multiplepaths.

Given4, two nodesarelinkedby two pathswith probability � H � H 
 � 2, by three

pathswith probability � H � H 
 � 3, andsoon. Thus,theprobability that two nodes

are linked by at leasttwo pathsis the sumof the series � H � H 
 � 2∑∞
i $ 0 � H � H 
 � i .

Sinceit is ∑∞
i $ 0xi � 1� � 1 � x� , the sumof that seriesis H2 � H 
%� H 
 � H � . This

canbe dividedby H in orderto yield numbersthat arelessthanone,obtaining

H � H 
&� H 
 � H � .
Consequently, ther parameteris givenby 1 � H � H 
 � H 
 � H � , which is equiv-

alentto:

r � H 
 2 � HH 
 � H
H 
 2 � HH 
 (5)

Equations4 and 5 above link the parametersthat regulatethe shapeof the

learningcurve to cognitive featuresof the firm, namelythe numberof different

categorystringsandthenumberof differentinformationstrings.Thenext section

will explain themeaningof formulas4 and5 by meansof anumericalexample.
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Figure2: Parametersp andr for H � 1 	 2 	������ 10,with H 
 � H
�

1.

4 A Numerical Example

Let usassumeH 
 � H
�

1, which is theminimumdifferencebetweenthenumber

of differentcategorystringsandthenumberof differentinformationstrings.Since

thedifferencebetweenH andH 
 is sosmall, let usconsidersmallvaluesof H as

well. Figure2 depictsparametersp andr for H ')( 1 	 10* andH 
+',( 2 	 11* .
For any endowmentof category stringsandinformationstrings,figure2 pro-

videsequilibriumconnectionprobability p. This is theprobabilityof establishing

a link betweenany two organizationalunits that is attainedwhenthe firm opti-

mizesutilization of cognitive resources.Consequently, p canbeconsideredasa

kind of learningpotential.

Thus,figure 2 is telling us that the greaterthe numberof differentcategory

stringsandthegreaterthenumberof informationstrings,thehigherthelearning
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potentialof a firm. Themorecognitive resourcesareavailable,themorecanbe

learned.

However, learningpotentialis wastedif thesearchfor abetterorganizationof

jobsis ineffective. Parameterr measurestheeffectivenessof thesearchfor better

coordination. Figure2 shows that the greaterthe numberof differentcategory

stringsandthegreaterthenumberof informationstrings,thelower theeffective-

nessof thesearchfor jobscoordination.

Figure2 illustratesa trade-off betweenwhatcanbelearned,andwhatis actu-

ally learned.Themoreis thereto learn,themoredifficult it is thatafirm actually

learnsit. With H 
 � H
�

1 parameterr is all the time below the 0.5 threshold,

where— accordingto Huberman’s model— thelearningcurve fails to material-

ize.

Clearly, theaboveresultsarespecificto ourchoiceof H 
 � H
�

1. A different

ratiobetweenthenumberof differentcategorystringsandthenumberof different

informationstringsis likely to yield differentresults.

Possibly, a cognitivesystemthatwould beableto dealwith thesamenumber

of differentinformationstringswith a smallernumberof category strings,would

bemoreefficient. If wecansimplify alot of informationby meansasmallnumber

of categories,that’swhenweeasilyrecognizewhatkind of problemwearefacing

andwhatkind of solutionscanbeapplied.

Figures3 and4 show theeffect of switchingfrom H 
 � H
�

1 to H 
 � H
�

2

on p andr, respectively. Evenif we decreasedthenumberof differentcategories

by only oneunit, we canobserve dramaticdifferences.Learningpotentialp de-
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Figure3: Parameterp whenH � H 
 � 1 (thin line) andwhenH � H 
 � 2 (thick
line).

creases,but the higherthe numberof differentstrings,the lessit decreases.On

thecontrary, learningeffectivenessrepresentedby r increases,andthehigherthe

numberof differentstrings,themorepronouncedthis effect.

Figures3 and4 suggestthat by limiting the numberof differentcategories

a large gain of learningeffectivenesscan be obtainedat the expenseof a little

loss of learningpotential. A limited numberof well-designedcategories,able

to discriminaterelevant featuresbut ultimatelycompressinga lot of information

into manageablelimits, is likely to do betterthan any attemptto useall infor-

mationavailableto adecision-maker. Boundedrationalityandthumbrulesdonot

merelyariseoutof limitationsof ourcapabilities,but constituteabasisof efficient

decision-makingaswell.
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Figure4: Parameterr whenH � H 
 � 1 (thin line) andwhenH � H 
 � 2 (thick
line).

5 Conclusions

Throughouttheprevioussections,thisarticleprovidedafoundationof amodelof

thelearningcurve in termsof cognitivefeaturesof theunitsinvolvedin organiza-

tional learningwithin a firm. Thesefeaturesarethenumberof differentcategory

stringsandthenumberof differentinformationstrings.

Two resultshavebeenestablished.Thefirst oneis thatby increasingthenum-

ber of different category stringsand information strings, learningpotential in-

creasesbut learningeffectivenessdecreases.The morecomplex a problem,the

morecanbelearned,but themoredifficult it is to learnit. Thesecondoneis that

by usinga few categoriesto classifya lot of information,it is possibleto increase

learningeffectivenessat the expenseof a little lossof learningpotential. If one

is ableto solve complex problemsby meansof simpleschemesandthumbrules,
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that’s thebest.

Qualitatively, theaboveresultsareobvious.However, theseresultshave been

formalized,andformalizationmay preludeto quantitative application. Informa-

tion stringsrepresentthe actionsthat the organizationalunits of a firm canun-

dertake, category stringsrepresentthe interpretationsthat theseunitsgive of the

informationthey receive. Behavioral routinesandtechnologicalpossibilitiescan

becodifiedinto stringsof zeros,ones,and”don’t care”characters.Eventually, po-

tential gainsfrom organizationallearningcouldbe estimated,andthe reliability

of a forecastbasedon thelearningcurvecouldbeassessed.

Nonetheless,one shouldnever forget that the above analysisis affectedby

seriouslimitations. Semantics,i.e. the connectionbetweena string of symbols

anda realactionthathasa precisemeaningfor thefirm that is performingit, lies

out of the scopeof this model. It is up to the modellerto attacha meaningto

the stringsthat are in the model. In otherwords,this modelcandescribeorga-

nizationallearningout of recombinationof existing building blocks,but cannot

describetheinventionof new conceptualblocks.
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