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Can the SupLR test dis
riminate between di�erentswit
hing regressions models: Appli
ations to theU.S GNP and the US/UK ex
hange rate?Lanouar CHARFEDDINE ∗ Dominique GUEGAN †4th November 2005Abstra
tIn this paper we study, using the SupLR test, the possibility ofdis
rimination between two 
lasses of models: the Markov swit
hingmodels, Hamilton (1989) and the Threshold Auto-Regressive Models(TAR), Lim and Tong (1980). This work is motivated by the fa
t thatgenerally pra
ti
ians, in appli
ations, use swit
hing models withoutany statisti
al justi�
ation. We show using simulation experimentsthat it is very di�
ult to dis
riminate between MSAR and SETARmodels spe
ially using large samples. this means that, when the nullhypothesis is reje
ted it appears that di�erent swit
hing models aresigni�
ant. The power of the SupLR test seems to be sensitive to themean, the noise varian
e and the delay parameter whi
h appear in theprevious models. Finally, we apply this methodology to the US GNPgrowth rate and the US/UK ex
hange rate. We shall retain Markovswit
hing pro
ess for US GNP and US/UK ex
hange rate (monthlydata) and a random walk for US/UK ex
hange rate (quarterly data).JEL 
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al power
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1 Introdu
tion:A huge literature on non linear e
onometri
 models have been developed inthe last two de
ades. Resear
hers have largely used non linear time seriesmodels to explain spe
i�
 phenomena observed in many ma
roe
onomi
 and�nan
ial series.A spe
i�
 attention is attributed to Markov Swit
hing Auto-Regressivemodels (MSAR afterhere). Appli
ations of these models have extensively in-
reased sin
e the seminal paper of Hamilton (1989). Indeed, Markov swit
h-ing models are good 
andidates to explain 
hanges in e
onomi
 and �nan
ialtimes series. For example, if we 
onsider the evolution of the dollar in thelast three de
ades, it rises in the early 1980s, falls afterward, rises again inthe lastly 1980 and so on. These swings 
an be explained by the e�e
ts ofmonetary and �s
al poli
y (Je�ery and Frankel, 1988). Moreover, the inter-vention of monetary authority on the ex
hange market is another sour
e ofthis movement. Thus, all these e�e
ts provoke dollar's shifts between sev-eral regimes. Similarly, the behavior of real interest rate is non 
onstant and�u
tuates a

ording to monetary (monetary expansions and restri
tions) and�s
al poli
ies. Thus, many authors employed swit
hing models in order tostudy the aggregate outputs (Hamilton, 1990), the annual growth rate of
onsumption in an asset-pri
ing (Ce

hetti et al., 1990), the behavior of for-eign ex
hanges rates (Engle and Hamilton, 1989), the e�e
t of federal reservea
tions on interest rates (Hamilton 1988, Gar
ia and Perron 1989), �nan
ialpani
s (S
hwert, 1989,1990) and the behavior of option pri
es (Bollen et al1989), for instan
e.Another 
lass of nonlinear time series models whi
h is also quite popularin the literature is the Threshold Auto-Regressive Models (TAR). It has beenintrodu
ed by Tong and Lim (1980) and it is now used in several appli
a-tions to model 
hanges observed in e
onomi
 and �nan
ial data, see Potter(1995), Hansen (1997), Proietti (1998) and Ferrara and Guégan (2005) forinstan
e. Contrary to the MSAR models, for whi
h 
hanges in regimes isunobserved, the 
hanges between states in the threshold autoregressive mod-els o

ur when an observed variable z passes a 
ertain threshold parameter r.These two models have the advantage of being able to modelize and 
ap-ture asymmetry, sudden 
hanges and irreversibility time observed in manye
onomi
 and �nan
ial time series. Despite these similarities and 
ommonpoints, these models have been involved, in the literature, largely indepen-dently. While the estimation methods is well established for these two 
lassesof models, Coslett and Lee (1984), Hamilton (1988, 1989), Tong (1990) andHansen (1997, 2000), testing between di�erent types of swit
hing regressionmodels are seldom explored by resear
hers and only a few papers in the e
o-3



nomi
 literature, deal with this problem, Carras
o (2002), and Kopp andPotter (1999, 2001).Thus, it appears important to de�ne robust tests whi
h permit to dis
rim-inante between these two 
lasses of models : SETAR and Markov swit
hingpro
esses. Generally, before applying a regime swit
hing model, one shouldtest the null hypothesis of no shift against several states. Building su
h testsis problemati
 be
ause of the presen
e of nuissan
e parameters in the mod-els. For instan
e, the probabilities of transition p00 and p11 for the MSARmodels and the threshold r and the delay d parameters for the SETAR mod-els are not identi�ed under the null hypothesis. Moreover, in 
ase of Markovswit
hing models another problem o

urs through the s
ore fun
tion whi
his identi
ally zero under the null. As a result, the Likelihood Ratio (LR),the Lagrange Multipli
ateur (LM) and the Wald tests (W) have no standardasymptoti
 distribution, Davies (1977, 1987), Hansen (1992,1996), Gong andMariano (1997), and Gar
ia (1998) for more details.In this paper we study the empiri
al power of the SupLR test, whi
his the most widely used test, see Davies (1977, 1987), Hansen (1992), Gongand Mariano (1997) and Gar
ia (1998). Pre
isely, we assess the ability of
SupLR test proposed by Gar
ia (1998) to reje
t the alternative when theData Generated Pro
ess (DGP) is a SETAR model. This is motivated by thefa
t that the majority of pra
titioners used swit
hing models without anystatisti
al justi�
ation and the model is sele
ted in an ad ho
 way. Indeed,when the null hypothesis is reje
ted it appears that di�erent swit
hing mod-els are signi�
ant 1. Moreover, we investigate the sensitivity of the power ofthe SupLR test with respe
t to the number of lags, the mean parametersand the noise volatility whi
h appear in the expression of the SETAR pro-
ess. The 
riti
al values of the SupLR test are determined by the algorithmproposed in Gar
ia (1998). Finally, we show that the SupLR test 
annotdistinguish between swit
hing models and SETAR pro
esses. This distin
-tion appears impossible as soon as the data set's sample size is large.The remain of the paper is organized as follows: in the next se
tion wepresent the two models and the SupLR test. We spe
ify its property underthe null AR pro
ess and the alternative MSAR pro
ess. In se
tion 3, wereport the simulations results and spe
ify the novelty of this work and itsinterest for appli
ations. In se
tion 4, we apply the SupLR test to threeex
hange rates series. Se
tion 5 
on
ludes.1Hamiton (1989) applied a Markov swit
hing model, with autoregressive order equalto four, to the growth rates of U.S GNP but Hansen (1992) and Gar
ia (1998) show,based on SupLR test, that the null hypothesis of AR(4) 
annot be reje
ted. Potter (1995)applied SETAR model to the U.S GNP but Hansen (1996) doubts about the eviden
e forthe SETAR model. 4



2 Models and Testing pro
edure:In this se
tion, we introdu
e the Markov swit
hing and the SETAR modelson whi
h we work and the SupLR test.2.1 The ModelsWe 
onsider the stationnary Markov swit
hing model (yt) de�ned by:
yt = φ0,1 + (φ0,2 − φ0,1)st + zt (1)with zt = θst

zt−1 + ut,where (ut) is a Gaussian strong white noise N(0,σu). We assume that thestate st is independent of yt. The parameters φ0,1, φ0,2 and θst
take values in

ℜ. The state (st) is an unobserved Markov 
hain whose transition probabilityis de�ned by:
p(st = j|st−1 = i) = pij , i, j = 0, 1, (2)with 0 ≤ pij ≤ 1 and ∑1

j=0 pij = 1, i = 0, 1, and the transition matrix is
P =

(

p00 1 − p00

1 − p11 p11

)

.We denote πi the un
onditional probabilities for the pro
ess (st) to be inea
h regime : πi = P (st = i), i = 0, 1. These un
onditional probabilities areequal to :
π0 = P (st = 0) = 1−p11

2−p00−p11
and π1 = P (st = 1) = 1−p00

2−p00−p11
.In the Markov swit
hing model (1) the 'state' or 'regime' plays an impor-tant role. Indeed, Hamilton (1989) suggests that the existen
e of dis
rete'regimes' explain the nonlinearity in GNP growth rates. The �rst 'state' will
orrespond to a fast growth and the se
ond one to a slow growth. Here weassume that the MSAR model is stri
tly stationnary and β-mixing. Guéganand Rioublan
 (2005) show that a su�
ient 
ondition for stri
t stationarityfor Markov swit
hing model is (1 − p11)log |θ0| + (1 − p00)log |θ1| ≤ 0, seealso Yao and Attali (2000) for geometri
 ergodi
ity of MSAR Models.We 
onsider also the stationary �rst-order threshold autoregressive pro-
ess (yt) Tong (1990), given by:

yt =

{

φ0,1 + θ0yt−1 + ǫt if yt−d ≤ r
φ0,2 + θ1yt−1 + ǫt if yt−d > r,

(3)where r is the threshold parameter and d the delay parameter. Chen andTsay (1991) showed that the ne
essary and su�
ient 
ondition for the ge-ometri
al ergodi
ity of (yt) in model (3) is θ0 ≤ 1, θ1 ≤ 1, θ0θ1 ≤ 1,5
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1 ≤ 1, where s(d) and t(d) are nonnegative integersdepending on d. They are odd and even numbers, respe
tively. In the follow-ing, we assume that only the means shift between states, thus θ0 = θ1 = θ,

d = 1, 2 and r = 0. In this simple 
ase, the ne
essary and su�
ient 
onditionfor stationarity for the model (1) is θ ≤ 1.The SETAR model is intimately related to the MSAR model be
ause, inboth models, the 
hange is permanent. The SETAR model is also a spe
ial
ase of Markov swit
hing model when θ = 0 although in the latter 
ase theMarkov 
hain I{yt−1 ≤ r} is not exogenous. see Hamilton (1989) and Car-ras
o (2002).We provide some representations of MSAR and SETAR models, in Fig-ures 1-3. We 
an observe the similarity of the traje
tories. Figure 4 givesthe s
atterplots of yt versus yt−1 for the previous two models: we do not ob-serve any di�eren
e between these s
atterplots. Thus, a graphi
al analysis
an lead to misspe
i�
ation. As a result of this misspe
i�
ation, problems
on
erning predi
tions and fore
astings 
an be o

ur. To handle this prob-lem, it is important to develop a testing pro
edure allowing resear
hers todis
riminate between di�erent types of swit
hing models.2.2 The SupLR test for Markov Swit
hing ModelThe literature on testing, when nuissan
e parameters are present under thealternative hypothesis, has growing rapidely and a variety of statisti
al testshave been developed. Most of the tests adopt the approa
h developed byDavies (1977,1987), whi
h proposes a SupLR test. The weakness of his testlies on the fa
t that we do not know the asymptoti
 distribution of this testunder the alternative.Other tests have also been developed. Hansen (1992) proposes the like-lihood ratio statisti
. He 
onsiders the likelihood fun
tion as a fun
tion ofunknown parameters, and he gets a bound for the asymptoti
 distribution ofthe test. The Hansen's approa
h (1992) is time 
onsuming and makes it in-appropriate in appli
ations. In another hand, this test provides only boundsin terms of de
ision theory, it does not provide 
riti
al values. Andrews(1993) and Andrews and Ploberger (1994) proposed the SupLM test and a
lass of average exponential LM, Wald and LR tests. They showed that theyare optimal in terms of weighted average power. Andrews and Ploberger(1995) show that the SupLR test is asymptoti
ally admissible. It is the besttest against alternatives that are su�
iently distant from the null hypothesis.
6



Figure 1: Traje
tories of (a) MSAR model (1) with p00 = 0.98, p11 = 0.98 and φ0,1 = −φ0,2 = 2 and (b) SETAR model (3)with r = 0, d = 1, φ0,1 = −φ0,2 = 2.
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Figure 2: Traje
tories of (
) MSAR model (1) with p00 = 0.98, p11 = 0.98 and φ0,1 = −φ0,2 = 2 and θ = −0.5 and (d) SETARmodel (3)with r = 0, d = 1, φ0,1 = −φ0,2 = 2 and θ = −0.5.
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Figure 3: Traje
tories of (e) MSAR model (1) with p00 = 0.95, p11 = 0.95 and φ0,1 = −φ0,2 = 2 and θ = −0.5 and (f) SETARmodel (3) with r = 0, d = 2, φ0,1 = −φ0,2 = 2 and θ = −0.5.
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Figure 4: S
atterplots (a) MSAR model (1) with p00 = 0.98, p11 = 0.98 and φ0,1 = −φ0,2 = 2 and θ = −0.5,(b) SETAR model (3)with r = 0, d = 1, φ0,1 = −φ0,2 = 2 and θ = −0.5,(
) MSAR model (1) with p00 = 0.98, p11 = 0.98 and φ0,1 = −φ0,2 = 2 and θ = −0.5,(d) SETAR model (3) with r = 0, d = 2, φ0,1 = −φ0,2 = 2 and θ = −0.5,(e) MSAR model (1) with p00 = 0.95, p11 = 0.95 and φ0,1 = −φ0,2 = 2 and θ = −0.5and (f) SETAR model (3) with r = 0, d = 2, φ0,1 = −φ0,2 = 2 and θ = −0.5.
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Gong and Mariano (1997) developed two statisti
 tests for Markov swit
hingmodels: the Di�eren
e Test DTN (analogous to the LR test) and the LMtest in the frequen
y domain. They derive their exa
t asymptoti
 null dis-tributions under the 
ondition of unidenti�ed nuissan
e parameters. Theyshow that, they only have to fa
e to the problem of unidenti�ed nuissan
eparameters in nonlinear 
ontext be
ause the singularity problem disapears.As shown in the literature the likelihood ratio statisti
s behave relativelysmoothly when a nuissan
e parameter is present under the alternative 
on-trary to Wald tests. The SupLR test is the most widely used and suggestedto be the best test under su
h irregularity. Thus, in this paper we fo
us onthis test. We provide below a brief review of his testing pro
edure.Let be the model (1). We test
H0 : φ0,1 = φ0,2 against the alternative H1 : φ0,1 6= φ0,2. (4)This means that we test a linear AR model under (H0) against a MSARmodel under (H1). Following the works of Davies (1977, 1987), Hansen(1992, 1996) and Gar
ia (1998), we use the following statisti
:

LR = 2[L(β̂) − L(β̃)], (5)where L(.) represents the log-likelihood fun
tion, β = (φ0,1, φ0,2, θ0, θ1, σ
2
u)and the ve
tor of nuissan
e parameter is given by γ = (p00, p11). For thestatisti
 LR, β̂ is the maximum likelihood estimator of β under the alter-native of Markov swit
hing model, and β̃ is the estimated value of β underthe null hypothesis (H0). The 
riti
al values of this test are given by Gar
ia(1998). They are equal to 10.89 for the MSAR with non-autoregressive ordervariable and 8.68 for the MSAR (1) model.To avoid the possibility of lo
als maxima we have used a lot of startingvalues in order to be sure that the maximum obtained is a global one.3 Simulation ExperimentIn this se
tion, in a �rst part, we investigate the size and the empiri
alpower of the test introdu
ed in (5) under the assumptions (H0) and (H1).This permits to 
alibrate the test and to spe
ify its sensitivity in presen
eof di�erent parameters. In a se
ond part, we simulate 1000 series of SETARpro
esses de�ned by

yt =

{

φ0,1 + θyt−1 + ǫt if yt−d ≤ 0
φ0,2 + θyt−1 + ǫt if yt−d > 0

(6)with di�erent samples in order to analyse the 
apability of the test (5) toreje
t this last model. 11



3.1 The size and the empiri
al power of the SupLR testTo explore the size and the empiri
al power of this test, we generate 1000series of sample size 100, 300 and 1000. First, to assess the size of thetest we simulate a linear Gaussian AR(1) model whi
h 
orresponds to thehypothesis (H0). Reje
tion's per
entages of AR(1) pro
esses are reported intable 1. Three 
ombinations of mean parameters and noise's varian
es are
onsidered, with θ = −0.5.Table 1: Size of the SupLR test when the DGP is AR(1) for nominal size5% mean parameters σ2 100 300 10000.36 0.028 0.029 0.025
φ0,2 = −φ0,1 = 0.5 1 0.027 0.020 0.0214 0.019 0.018 0.0180.36 0.024 0.017 0.020
φ0,2 = −φ0,1 = 1 1 0.026 0.020 0.0204 0.023 0.021 0.0220.36 0.021 0.018 0.021
φ0,2 = −φ0,1 = 2 1 0.023 0.019 0.0204 0.021 0.019 0.019Table 1's results suggest that the size of the test (5) is not sensitive nei-ther to the mean nor to the noise's varian
e. The test provides a size around2% whi
h means that the test underreje
t (H1), whatever the sample size.Now, to assess the power of the test we generate a two states Markovswit
hing model (1) with θ = −0.5, p00 = 0.95, p11 = 0.95 and several meansand noise's varian
es. The results are reported in table 2. For small samples,the power depends on the noise's varian
e. The empiri
al power is higherthan 0.8 ex
ept in three 
ases. When we use samples size greater than 300,the test has an empiri
al power 
lose to 1. Table 2 shows that the power ofthis test depends also on the ratio,

|(φ0,2 − φ0,1)| /σ
2. (7)For instan
e, if we take φ0,2 = −φ0,1 = 0.5 with σ = 1 or φ0,2 = −φ0,1 = 1with σ = 2 and φ0,2 = −φ0,1 = 2 with σ = 0.6 we observe that the ratio (7)belongs to the interval [1, 10] and the empiri
al power of the test (5) is 
loseto 1 and smaller in the other 
ases. When φ0,2 = −φ0,1 = 0.5 and σ = 2 forN=100 and N=300 the power is smaller. In this latter 
ase, the volatility ofthe data is high.This empiri
al study shows that the test (5) is able to re
ognize a Markovswit
hing model even using small samples sizes. Nevertheless, we observethrough the arti
les of Gar
ia (1998), Gong and Mariano (1997) and Coe12



Table 2: Empiri
al power of the SupLR test when the DGP is a MSAR(1)pro
ess
(φ0,1, φ0,2) σ2 100 300 10000.36 97 100 100(-0.5, 0.5) 1 79.3 100 1004 15.5 60.1 99.30.36 98.4 100 100(-1, 1) 1 98.3 100 1004 78 100 1000.36 87.6 98.2 100(-2, 2) 1 95.2 99.8 1004 99 100 100(2002), that using real data, the results are no so evident.In a simulation study, not reported here, our results 
on
erning the sizeand the empiri
al power of the SupLR test are 
lose to those of Carras
o(2002) when under (H0) we use a strong white noise.3.2 Capability of the SupLR test to reje
t SETAR modelNow, we simulate the SETAR pro
ess (6) in order to study the ability ofthe test (5) to dete
t if the shifts 
ome from a MSAR model (1) or not.We use 1000 Monte Carlo realizations from samples whose sizes are equalto N=100, 200, 300, 400, 500 and 1000. We set the threshold parameterand the initial value y0 equal to zero. Six 
ombinations for the parame-ters (φ0,1, φ0,2) are 
onsidered. The value of the noise's varian
e is equalrespe
tively to σ = 0.6, 1 and 2. All 
ombinations are 
hosen in order to besure that we have enough points in ea
h regime. To minimise the in�uen
e ofstarting values we have dis
arded the �rst 200 observations. In this study, wedo not investigate the in�uen
e of the autoregressive parameter θ, whi
h issetted equal to -0.5 2. In all the empiri
al study we use a signi�
ant level 5%.In the following paragraph, we analyse the results, reported in tables 3-6,for the empiri
al powers, the per
entage of reje
tions of the null assumption,with respe
t of di�erent values of the delay parameter d.3.2.1 d=1 in (6)1- Results for SETAR(0)When the data generating pro
ess follows the SETAR pro
ess (6) with

r = 0, d = 1 and θ = 0, the results are reported in table 3.2Gar
ia (1998) shows that the distribution of the test is not sensitive to the value ofthe autoregressive parameters. 13



Table 3: Power of SupLR test when the DGP is SETAR (0) with d=1
(φ0,1, φ0,2) σ2 100 200 300 400 500 1000 p00 and p110.36 99.3 100 100 100 100 100 p00 = 0.86, p11 = 0.86(-0.5, 0.5) 1 74.3 97.5 100 100 100 100 p00 = 0.80, p11 = 0.804 13.8 38.5 59.1 74.6 99.6 100 p00 = 0.74, p11 = 0.720.36 100 100 100 100 100 100 p00 = 0.95, p11 = 0.95(-1, 1) 1 98.3 100 100 100 100 100 p00 = 0.88,p11 = 0.884 66.8 97.7 100 100 100 100 p00 = 0.80, p11 = 0.800.36 45.5 69.2 82 90.5 94.5 100 p00 = 0.99, p11 = 0.99(-1.5, 1.5) 1 99.4 100 100 100 100 100 p00 = 0.94, p11 = 0.944 97.8 100 100 100 100 100 p00 = 0.84, p11 = 0.840.36 3.4 9 10.2 15.7 18.4 26.4 p00 = 0.999, p11 = 0.77(-2, 2) 1 88.7 98.5 100 100 100 100 p00 = 0.98, p11 = 0.974 34.7 64.3 84.7 93.8 96.3 100 p00 = 0.88, p11 = 0.880.36 99.5 100 100 100 100 100 p00 = 0.93, p11 = 0.85(-0.8, 0.5) 1 89.4 100 100 100 100 100 p00 = 0.89, p11 = 0.844 29.4 65.5 88.6 96.5 99.3 100 p00 = 0.88, p11 = 0.840.36 13.8 32.4 43.3 54 63.2 82.5 p00 = 0.68, p11 = 0.95(-1.5, 0) 1 52.6 83.5 96.8 99.3 99.7 100 p00 = 0.69, p11 = 0.944 28.4 68 89.6 96.5 99.6 100 p00 = 0.70, p11 = 0.82For a sample size larger than 200, the SupLR test 
orre
tly reje
ts thenull hypothesis. Under the alternative the SupLR test is unable to re
ognizethis SETAR pro
ess. It a

epts nearly always the SETAR pro
ess althoughwe use a statisti
 built to re
ognize the MSAR pro
ess (1). Gar
ia (1998,appendix.3, p.785) shows that the LR test has the same asymptoti
 distribu-tion under (H0) whatever the pro
ess that we 
onsider under the alternative:MSAR(0) or SETAR(0). This empiri
al work is in phase with these results.Now, we estimate the probabilities to be in one regime. We observe thatthe estimate values p̂00 and p̂11 have identi
al values when the means (φ0,1and φ0,2) are symmetri
al with respe
t to the threshold r. These value p̂00and p̂11 in
rease with (φ0,1, φ0,2) and de
rease with σ. These behaviours de-pend on the expressions p00 = Φ(r−φ0,1/σ) and p11 = Φ(r−φ0,2/σ), where

Φ(.) is the 
.d.f (
umulative distributive fun
tion) of the standard Gaussiandistribution, see Appendix for more details.When φ0,2 = −φ0,1 = 2 and σ = 0.6, we get a very small empiri
al powerfor the SupLR test. Amongt the 1000 series generated only one hundredseries present 
hanges from one regime to another one. This is due to theimportant great value of the mean and the small value of the noise's varian
e.For these series, p̂00 = 0.999 whi
h indi
ates that the probability to 
hangefrom one regime to another one is very small.
14



2- Results for SETAR(1)Table 4 gives the results of the empiri
al power of the SupLR test fordi�erent sample sizes when the data are generated under model (6) using
d = 1, r = 0 and di�erent values of the autoregressive parameters. For largesample sizes, the test has no ability to di�erentiate between SETAR(1) andMSAR(1) models. We analyse below in more details the behavior of this testunder the alternative.Table 4: Power of SupLR test when the DGP is a SETAR (1) pro
ess withd=1

(φ0,1, φ0,2) σ2 100 200 300 400 500 1000 p00 and p110.36 22.4 36.6 50 55.6 60.4 64.2 p00 = 0.79, p11 = 0.70(-0.5, 0.5) 1 5.5 10.1 11.9 12.2 15.5 21.4 p00 = 0.80, p11 = 0.654 2.3 3.7 4 4.9 5.7 6.7 p00 = 0.82, p11 = 0.540.36 96.1 100 100 100 100 100 p00 = 0.85, p11 = 0.85(-1, 1) 1 33.4 66.6 84.7 90.6 94.5 100 p00 = 0.73, p11 = 0.734 6.2 9.3 14.7 16.3 21 25.8 p00 = 0.79, p11 = 0.500.36 99.9 100 100 100 100 100 p00 = 0.92, p11 = 0.93(-1.5, 1.5) 1 87 98.5 100 100 100 100 p00 = 0.82, p11 = 0.824 16.6 33.3 45.3 57.6 70.7 93.2 p00 = 0.67, p11 = 0.660.36 100 100 100 100 100 100 p00 = 0.97, p11 = 0.97(-2, 2) 1 93.8 99.5 100 100 100 100 p00 = 0.88, p11 = 0.884 34.7 64.3 84.7 93.8 96.3 100 p00 = 0.73, p11 = 0.730.36 35 52 57.2 58.7 59.6 65.9 p00 = 0.78, p11 = 0.78(-0.8, 0.5) 1 11.9 15.8 18.3 22.4 26.9 30.5 p00 = 0.80, p11 = 0.704 3.6 4 4.2 5.6 8.6 9.6 p00 = 0.84, p11 = 0.550.36 54 79.7 88.8 94.6 96.1 100 p00 = 0.52, p11 = 0.93(-1.5, 0) 1 17.2 30.8 43.1 57 66.9 87.9 p00 = 0.52, p11 = 0.854 6.6 7.6 8.9 11.6 15.6 20.5 p00 = 0.60, p11 = 0.64

• Assume that σ is �xed:When the value of φ0,2 and φ0,1 are large, φ0,2 = −φ0,1 = 1.5 or φ0,2 =
−φ0,1 = 2, the SupLR test reje
ts the null with high empiri
al power. Thismeans that if the data are generated from SETAR(1) this test builded tore
ognize a MSAR(1) models a

epts, with a very high probability, the SE-TAR(1) as a MSAR(1) model. Again, we observe that the test 
annot dis-
riminate between the two models, in parti
ular when the data are less noisy(σ = 0.6 or σ = 1). In another hand, when the di�eren
e between the twomeans de
reases, for instan
e when φ0,1 and φ0,2 are small, the test 
an dis-tinguish between the two models (1) and (6). The empiri
al power to reje
tthe SETAR(1), for φ0,2 = −φ0,1 = 1.5 and φ0,2 = −φ0,1 = 2 with σ = 2 isequal to 83.4% and 65.3% respe
tively, using N=100 observations.
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• Assume that φ0,1 and φ0,2 are �xed:Now we make varying the noise's varian
e σ, the results are reported intable 4. When the data are very noisy the ability of the test to dis
riminatebetween the two models (1) and (3) in
reases. For example, when φ0,1 =
−0.8, φ0,2 = 0.5 and N=100, the reje
tion of the alternative of SETAR(1)model in
reases from 65% (σ = 0.6) to 88.1% (σ = 1) and 96.4% (σ = 2).This means that when the noise varian
e σ in
reases the data set be
omesvery noisy and p00 + p11 de
reases. Thus, the swit
hes between the twostates in
rease3. In that latter 
ase, the pro
ess appears similar to an AR(1)pro
ess. In su
h a 
ase, the test reje
ts the alternative in most of the 
ases,despite the presen
e of 
hanges in regimes. For example, for N=100 with
φ0,1 = −0.8, φ0,2 = 0.5 we observe that p00 + p11 de
reases from 1.56 when(σ = 0.6) to 1.5 when (σ = 1) and then to 1.39 when (σ = 2).3.2.2 d=2 in (6)The table 5 gives the empiri
al powers of the SupLR test when the DataGenerated Pro
ess is a SETAR(0) model with d = 2 in (6).The results show that when the sample size is large (N=1000) the testhas a reasonable empiri
al power, ex
ept for a few 
ombinations. When thevalue of the mean in
reases, the power of the test 
hanges: when the noise'svarian
e is �xed (σ = 1 or σ = 2) and the mean in
reases, the power of thetest in
reases too. These latter simulations show that the ability of the testto dis
riminate between a MSAR(0) and SETAR(0) models is larger in smallsamples, spe
ially when the data set is very noisy.Two series seem to have a spe
i�
 behavior, when φ0,2 = −φ0,1 = 0.5with σ = 2 and φ0,2 = −φ0,1 = 2 with σ = 0.6. For these two pro
esses theempiri
al power is very low and the ratio (7) attains respe
tively its mini-mum and maximum values. Thus, when the ratio (7) is inside the interval[1, 10℄, the power is high, but as soon as the ratio attains the boundary ofthe interval [1, 10℄, the frequen
y of reje
tions of the null hypothesis be
omesvery small.The table 6 provides the empiri
al power of the SupLR test for the MonteCarlo simulations when the data are generated with a SETAR(1) model us-ing d= 2. Here, the test has a good empiri
al power even if the sample sizeis small. This means that we are not able to dis
riminate between the twoswit
hing models.3p00 and p11 are the probabilities of staying in the same regime16



Table 5: Power of SupLR test when the DGP is a SETAR (0) model withd=2
(φ0,1, φ0,2) σ2 100 200 300 400 500 1000 p00 and p110.36 36.3 72.1 87.9 96.7 99.2 100 p00 = 0.94, p11 = 0.94(-0.5, 0.5) 1 14.3 34.3 50.8 67.7 80.4 99 p00 = 0.91, p11 = 0.914 4.1 6.7 11.1 17.4 24.8 53.1 p00 = 0.88, p11 = 0.640.36 59.7 90.9 97.7 98.4 99.1 100 p00 = 0.94, p11 = 0.94(-1, 1) 1 45.4 79.7 93.4 98.7 99.7 100 p00 = 0.97, p11 = 0.964 13.3 34.3 55.2 69.6 79.1 99 p00 = 0.90, p11 = 0.900.36 28.7 51 64.6 74.3 92.5 100 p00 = 0.73, p11 = 0.57(-1.5, 1.5) 1 57.7 86 94 98.8 99.5 100 p00 = 0.97, p11 = 0.964 34 64.3 83.2 91.6 97.1 99.6 p00 = 0.93, p11 = 0.930.36 3.7 8.2 12.8 23.3 29 38.2 p00 = 0.69, p11 = 0.85(-2, 2) 1 57.7 87 97.5 100 100 100 p00 = 0.64, p11 = 0.534 45.6 79.9 93 98.1 100 100 p00 = 0.95, p11 = 0.910.36 44.4 79.3 95.5 98.1 99.9 100 p00 = 0.93, p11 = 0.95(-0.8, 0.5) 1 20.8 52.7 73.3 87.1 96.2 100 p00 = 0.90, p11 = 0.934 5.8 14.6 22.2 30.6 44.2 78 p00 = 0.89, p11 = 0.880.36 5.5 12.3 23.4 29.7 30.8 54.6 p00 = 0.73, p11 = 0.98(-1.5, 0) 1 10.6 32.5 47.4 63.8 75.3 99 p00 = 0.84, p11 = 0.964 12.6 14 27.3 36.6 43.9 82.1 p00 = 0.86, p11 = 0.90For small sample size, N=100 observations, the power is not sensitiveto the mean and the noise's varian
e σ. The empiri
al power is around60%, ex
ept for the two series that have the lower and higher values of ratio

|(φ0,2 − φ0,1)| /σ
2. In these two 
ases the power is 16% and 47.7% respe
-tively.When p00 + p11 > 1 the probability to shift from one regime to anotherone is low. Then we stay more time in the same regime and the empiri
alpower should be high. Table 6 shows an opposite result: when the estimatedvalue of p00 + p11 is around 1, the data 
hange often from one regime toanother one.4 Appli
ationsIn e
onomi
 and �nan
ial domains, two parti
ular series have been widelyexamined by resear
hers to justify the existen
e of shifts and 
hange betweenone regime to another one: The growth rate U.S GNP and the US/UK ex-
hange rate.Hamilton (1989) proposes a MSAR(4) model to modelize the growth rateU.S GNP. Hansen (1992) doubts in Hamilton MSAR(4) model and proposesa 
onstrained model in whi
h he allows the inter
ept, slope parameters, anderror varian
e to shift between the 'states'. Gar
ia (1998) shows that thereis no eviden
e for MSAR(4) model for the U.S GNP growth rate. In another17



Table 6: Power of SupLR test when the DGP is SETAR (1) with d=2
(φ0,1, φ0,2) σ2 100 200 300 400 500 1000 p00 and p110.36 73.4 96.7 99.5 100 100 100 p00 = 0.60, p11 = 0.60(-0.5, 0.5) 1 50.1 81 96.1 98.6 99.9 100 p00 = 0.67, p11 = 0.674 16 36.4 51.9 68.5 79.9 98.2 p00 = 0.66, p11 = 0.640.36 66.8 92.5 97.8 98.1 99.4 100 p00 = 0.65, p11 = 0.47(-1, 1) 1 74.4 95.5 99.5 99.9 100 100 p00 = 0.55, p11 = 0.554 50 83.9 94.6 99.8 99.9 100 p00 = 0.66, p11 = 0.60.36 66.3 90.7 95.2 98 99.2 100 p00 = 0.39, p11 = 0.37(-1.5, 1.5) 1 66.6 94 99.1 99.6 99.8 100 p00 = 0.49, p11 = 0.464 66.9 96.1 99.4 99.8 99.9 100 p00 = 0.61, p11 = 0.610.36 47.7 77.6 93.3 97.9 100 100 p00 = 0.39, p11 = 0.37(-2, 2) 1 65.3 92.1 96.5 99.5 100 100 p00 = 0.43, p11 = 0.404 73 96.8 99.7 100 100 100 p00 = 0.57, p11 = 0.570.36 74.7 97 98.2 99.9 100 100 p00 = 0.62, p11 = 0.55(-0.8, 0.5) 1 63.4 93 99.3 99.8 100 100 p00 = 0.68, p11 = 0.664 29.2 53.8 74.3 86.4 95 100 p00 = 0.66, p11 = 0.650.36 76.7 99.9 100 100 100 100 p00 = 0.94, p11 = 0.88(-1.5, 0) 1 71.5 98.1 99.7 100 100 100 p00 = 0.76, p11 = 0.704 33.1 65.6 81.2 93 97.2 100 p00 = 0.68, p11 = 0.66hand, this former series have been modelized by nonlinear models whose theSETAR model. For instan
e, Potter (1995) proposes a SETAR(5) modelwithout the third and fourth lags and Hansen (1996) doubts that this SE-TAR model 
an 
apture 
hanges in this U.S GNP growth rate series.The US/UK ex
hange rate has been studied by Engle and Hamilton(1990). They propose a MSAR model without autoregressive order. Engleand Kim (1994), Bollen, Gray and Whaley (2000) and Cheung and Erlands-son (2005) amongt others explore also the possibility of adopting MSARmodel for these series.In e
onomi
 and �nan
ial theory these non-linearities 
an be explainedby many fa
ts. For U.S GNP growth rate a lot of resear
hs argue the pres-en
e of asymmetry behavior and suggest that during great depression sho
ksto GNP are more persistent. For the US/UK ex
hange rates, the presen
e ofnon-linearities and the adoption of swit
hing model is justi�ed mainly by theheterogeneity of the parti
ipants in the foreign ex
hanges markets, transa
-tion 
osts, and the di�eren
es between domesti
 and foreign monetaries and�s
al poli
ies. Also, the rigidities of 
ertain markets and the presen
e of
hartists and fundamentalists in the foreign ex
hanges markets indu
e dif-feren
es in opinions and in expe
tations.Here, we propose to use the previous test (5) to see if it possible to justifythe use of these two models for these series.18



4.1 The dataWe use a quarterly data set for the U.S real GNP, over the period january1947 to april 2005. The use of the quarterly data provides a sample of232 points. For the US/UK ex
hange rates we use two frequen
y data sets,monthly and quarterly data. In the �rst 
ase we have 176 points, fromjanuary 1986 to september 2000, and 58 points in the latter 
ase from january1986 to o
tober 2000. The GNP data set is provided from the website ofFederal Reserve Bank at St Louis in USA and the ex
hange rate data set
omes from Datastream Base. In order to make the data stationnary we usethe following transformation 100∗ [log(Xt)− log(Xt−1)], where Xt representsthe observed data.4.2 ResultsFirst, we start estimating a SETAR pro
ess for the GNP growth rate andthe US/UK ex
hange rate data. The results are provided in table 8, whenwe use d=1 in model (6).Here we are interested by the value of the expression (7) given in the lastline of the table 7. In all 
ases, the value of the ratio is outside of the interval[1,10℄. Following the results given in paragraph 3, this means that the testhas to dis
riminate between the two models: SETAR or MSAR. This meansthat the Sup LR test reje
ts the SETAR pro
ess and a

epts a linear modelfor these series.Table 7: Estimates of SETAR model of the U.S GNP growth rate (Quarterly data) andthe US/UK ex
hange rate (Monthly and Quarterly data)Parameter U.S GNP US/UK(M) US/UK(Q)SETAR(1) SETAR(0) SETAR(0)
φ0,1 0.614 -0.551 0.044(0.1046) (0.362) (0.801)
φ0,2 1.172 0.446 -1.384(0.119) (0.300) (2.163)
θ 0.598 - -(0.049)
σ2 0.931 9.447 33.607(0.92) (0.082) (0.973)
r 0.740 0.049 3.953
d 1 1 1

|(φ0,2 − φ0,1)| /σ2 0.599 0.105 0.042Now we simulate, using the previous estimated model, a SETAR pro-
esses for the GNP and US/UK (M,Q). We do 1000 realizations using N=100,200, 300, 400 and 500 samples sizes and we 
ompute the expe
ted empiri
alpower of the SupLR test for ea
h experiment. The results are given in table8. In all 
ases, we reje
t the alternative with a high power. This means that19



a SETAR(1) model with d=1 is innappropriate for these data sets. Thusnow, we try to adjust a Markov swit
hing pro
ess for these data sets.Table 8: Power of the SupLR test when the DGP is the estimates parameterof real data (U.S GNP , US/UK(M) and US/UK(Q))100 200 300 400 500
U.S GNP 3.4 3.6 4.5 5.4 6.4

US/UK(M) 6.3 14.4 22.3 35.3 44.7
US/UK(Q)) 1.8 3.4 4.3 7.4 8.6In table 9, 
olums 2 and 3, we provide an estimate of the real growth rateGNP data using an AR(1) linear model and an MSAR(1) model. We providealso the log-likelihood fun
tion under ea
h model. The value of the likelihoodratio statisti
 is 8.938, this value is greater than Gar
ia's 95% asymptoti

riti
al value of 8.68 for the US GNP. Thus, we a

ept the alternative ofMSAR(1) model against the null of linear AR(1) model. The value of theratio in (7) is between 1 and 10 for this series. This means that, if we usethe estimate value of the U.S real GNP to generate arti�
ial data under anMSAR(1) model, the empiri
al power of the SupLR test will be 
lose to 1.Simulation experiments results 
on�rm this intuition. Their power is equalto 80.2%, 99.8% and 100% for a sample size equal to N=100, N=200 andN=300 respe
tively, when the DGP is the estimated model for the U.S realGNP provided in table 9. These results indu
e to retain an MSAR(1) modelfor the U.S real GNP data for the period under study.Table 9: Estimates of MSAR model for the U.S GNP growth rate (Quarterly data) andthe US/UK ex
hange rate (Monthly and Quarterly data)Parameter U.S GNP US/UK(M) US/UK(Q)AR(1) MSAR(1) AR(0) MSAR(0) AR(0) MSAR(0)

φ0,1 0.563 -1.214 -0.018 -8.296 -0.0743 -13.084(0.095) (1.214) (0.231) (1.865) (0.739) (13.68)
φ0,2 - 2.165 - 8.567 - 13.855(0.1021) (1.679) (12.40)
θ 0.332 0.391 - - - -(0.073) (0.071)

p00 - 0.264 - 0.967 - 0.950(0.222) (0.040) (-)
p11 - 0.9618 - 0.205 - 0.227(0.023) (1.101) (4.97)
σ2 0.938 0.668 9.42 6.687 31.764 20.813(0.092) (0.082) (0.325) (0.214) (1.231) (0.973)Log-Likelihood -101.205 -96.736 -284.002 -274.483 -129.267 -125.823In the table 9, 
olums 4-7, we provide an estimate of the monthly andquarterly US/UK ex
hange rate data. Under the null the series are mod-20



elized by a random walk and by a Markov swit
hing model under the alter-native. The log-likelihood fun
tion is provided in the last line. The statisti
of the likelihood ratio for the monthly data is equal to 19.38. This valueis greater than the asymptoti
 
riti
al value, 10.89. Thus, for this US/UKseries we a

ept a Markov swit
hing model against a random walk pro
ess.Using quarterly data (58 observations) the likelihood ratio statisti
 is equalto 6.9. This value does not ex
ess the Gar
ia's 95% asymptoti
 
riti
al value,10.89. Thus, we a

ept a random walk spe
i�
ation (linear model) against aMarkov swit
hing spe
i�
ation for the quarterly data. We are not surprisedby this result be
ause the sample size and the frequen
y of the data playsan important role for the 
hoi
e of the model.Now, we propose a simulation using the estimated MSAR(0) for US/UKex
hange rate, whose parameters are given in table 7. We make 1000 realisa-tions for di�erent sample sizes, N=100, 200, 300, 400, 500, in order to studythe in�uen
e of the sample size on the empiri
al power of the SupLR test.The simulations results show that the power of the test is equal to 85% whenN=100, and 
lose to 1 when the sample size is N ≥ 200. We remark alsothat there is small di�eren
e between the empiri
al power for the monthlyand the quarterly data set. This 
omes from the values obtained for theratio (7). This ratio belongs to [1,10℄ and the parameter φ0,1 and φ0,2 aresymmetri
 around 0. The distin
tion between the two regimes are evidentdespite of the large value of the noise's.In �ne, we retain a MSAR(1) model for US GNP growth rate, a MSAR(0)model for the US/UK monthly data and when we use the quarterly data setfor the US/UK we retain a random walk.5 Con
lusionIn this paper, we assess the power of SupLR test (5), 
onstru
ted for aMSAR model, when the underlying simulated pro
ess is a SETAR model.We explore the sensitivity of the empiri
al power with respe
t to the mean,the varian
e and the delay parameter d of the model (6). The results showthat it is very di�
ult to dis
riminate between the SETAR model and theMSAR model, in parti
ular using large sample sizes. For small sample sizesthe SupLR test allows to doubt about the nature of the 
hanges in regimes.It seems that the higher and the lower value of the ratio |(φ0,2 − φ0,1)| /σ
2redu
e the power of the SupLR test for small samples, but in large samplesthis test still has good power.Tow spe
i�
 
ases are of interest, when the ratio is lower than 1 and whenit is greater than 10. For these two extreme 
ases the test has a 
orre
t power21



to dis
riminate between di�erent types of swit
hing models. We apply thisapproa
h to the US GNP growth rate and the US/UK ex
hange rate and weshow that a Markov swit
hing spe
i�
ation is more appropriate for the USGNP growth rate and for the US/UK ex
hange rate (Monthly data). Forthe US/UK Quarterly data we a

ept a random walk spe
i�
ation be
ausewe have only a few observations, 58 points.Here, we only 
onsider appli
ations of the SupLR test for models gov-erned by their means. Other extensions 
an be, for instan
e, developed usingother swit
hing models, like the so-
alled sign model and the smooth thresh-old autoregressive model (STAR), Granger and Teräsvirta (1993,1999).Referen
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yt = φ0,1 + (φ0,2 − φ0,1)st + zt (8)with zt = θzt−1 + ut, and

st = I{yt−d ≤ r}={

0 if yt−1 ≤ r
1 if yt−1 > rThis model rewrites as:

yt = φ0,1 + (φ0,2 − φ0,1)I{yt−1 ≤ r} + θ(yt−1 − φ0,1 + (φ0,2 − φ0,1)I{yt−2 ≤ r}) + utLet be
Pr(st = 0|st−1, Y ) = Pr(yt−1 ≤ r|st−1, Y )

= Pr(φ0,1+(φ0,2−φ0,1)I{st−1 = 0}+θ(yt−2−φ0,1+(φ0,2−φ0,1)I{st−2 =
0}) + ǫt−1 ≤ r)

= Pr(ǫt−1 ≤ r−φ0,1 − (φ0,2 −φ0,1)I{st−1 = 0}− θ(yt−2 −φ0,1 − (φ0,2 −
φ0,1)I{st−2 = 0})

= Φ(
r−φ0,1−(φ0,2−φ0,1)I{st−1=0}−θ(yt−2−φ0,1−(φ0,2−φ0,1)I{st−2=0})

σ
)

= Pr(st = 0|st−1, yt−2) 6= Pr(st = 0|st−1)Therefore for the SETAR(1) the probability Pr(st = 0|st−1, Y ) dependson yt−2 then the pro
ess I{yt−d ≤ r} is not a Markov 
hain.24



• When θ = 0 we see that he model (8) be
omes a parti
ular 
aseof Markov Swit
hing model be
ause Pr(st = 0|st−1, Y ) = Pr(st =
0|st−1). For model (8) we get:
P =

[

p00 1 − p00

1 − p11 p11

]

=

[

Φ(
r−φ0,1−θ(yt−2−φ0,1)

σ
) Φ(

φ0,1+θ(yt−2−φ0,1)−r

σ
)

Φ(
r−φ0,2−θ(yt−2−φ0,2)

σ
) Φ(

φ0,2+θ(yt−2−φ0,2)−r

σ
)

]

.

• When θ = 0 and φ0,1 = −φ0,2 in (8), this indu
es to:
P =

[

Φ(
−φ0,1)

σ
) Φ(

φ0,1)
σ

)

Φ(
φ0,1

σ
) Φ(

−φ0,1)
σ

)

].
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Figure 5: Traje
tories of (a) U.S real GNP data, (b) Ex
hange rate of the US/UK monthly data, (
) Ex
hange rate of theUS/UK quarterly data.
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