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Abstract

This note shows that there are monetary equilibria inrthéel of overlapping generatiotizat are in

the core. These equilibria have positive stocks of outside momegiiypgeneration, anthey support
Pareto-optimal equilibrium allocations. These equilibria are thus self-enfomniing,introducing
money into an economy with infinitely many agents need not be tantamount to contriving a new social
institution designed taenforce sequential contracts betweggnerations. Journal of Economic
Literature Classification Numbers: E40, E60, C71.



1. Introduction

This noteshowsthat there arenonetary equilibria in the model of overlapping generations
with positive stocks of outsidmoney in evenperiodthat are in theore. Since the coalition of the
whole cannot improve upaie equilibrium allocationghey are Pareto optimal. Thus introducing
positive stocks of an outside asset reatail thatsomeagent in a future generation will be taxed to
servicethe generational debt. show belowthat there areeconomies in whiclthe tradeéetween
generations is sufficientlynportant so thainfinitely many future generations are willing to be taxed
in order to service a prior debt.

In the simplest versions ofiodels of overlapping generations, positive stocks of an outside
asset may suppowalrasian equilibrium allocatiortbat are not in theorel The(loose)intuition is
that agents in lategenerations have an incentive to renege on any generational debt they have
inherited and therssuetheir own inside money as an asset for futugenerations. Buthis note
presents an example of a monetacpnomy inwhich each generation's temptation to renege on the
stock of past debt is weak#tran the gaingrom tradebetweenthe generations alive in each period.
This example igobust with respect to changes in endowments, preferescésyonetary policies,
and itextends the results of Esteband Millan[7] to economies in whicthe present value of the
stock of debt imot constant. Those authatsowthat Walrasiarequilibria with constanpositive
stocks of outside assatannot support equilibria in the cormdthey concludehat Gale [10] was
correct in emphasizinthat introducingmoneyinto a Walrasiarsystem was analogous ¢oeating a
new social institution.This noteshowsthatsuch a conclusion may leie for large economies, but it

is not uniformly true for economies with only a few agents in each generation.
2. Notation and Definitions
The set of index agents isHZUHt, where H, is the set of agents belonging to

t=0

generationt . Each agenth[JH \ H, lives for two periods,but agenth LJH,, lives for only one

1 Hendricks, Judd, and Kovenock [11] showed that there are Walrasian equilibatiare not in the
core. Using a model wittwo agents per generatioKovenock[13] showedthat there ardareto

optimal Walrasian equilibrium that are not in the (empty) core.

2 This assumption is not at all asstrictive as it may seem. Balasko, Casg] Shel[2] give an

algorithm for converting an arbitrary demographic structure into the one described here.



period. In each periodt =1, there are / commoditiesthat cannot bestored. Hence the

endowment of agenthOH, is w, =(0,...0, w™0,.) with o 00,3 and the
consumption bundle of agenh O H, is x, =(0,...,% ,%™,0,...) whereagain x; 00" 4
The commodity space isX = 07 x [0"X... The preferences of agett[JH, are summarized by
u,: 0% - O whose rule isu, (x,) = u( X, X™).5

Agent hOH, receives lump-sum transfers of a fiat assethus
m, =(0,...,n},, Ny ,0,...) with m{ 0.6 If m} <O, then h is taxed at time.. This agent's
incremental asset demands aye = (0,...,¥, , %™ ,0,...) with y; OO.7 If y; >0, then agent
hOH, holds the asset as a store of value in the first period of his life.

Let pt DDf be thevector of commodity prices &tme t . Thesequence of such prices is
p=(p, p’,...) and the normalization ig"* =1. Now let g' OO, be the price of the fiat asset
attime t ; thenq= (ql, qz,) is the sequence of present prices of the asset.

Agent hOH, solves:

maximize U, (X, ) 1)
subject to
() pLx, +qlly, < pdo, + oIy
(i) X =0, X" >0; and

i)y +yt=0.

Let Y, =(0,..., ¥, + ¥ ,0,...) be the cumulative asset holdings of agdmt]H,.

t
Consider alsoM "' = Z z the sum of alinjections of the fiat asséathave occurred
=1

S
rG,0G, Th

uptotimet . ThenM =( MY M 2,...) is the profile of the stock of the fiat asset.

3 Note thath JH, is endowed with commodities only in the (first and) last period of her life.
4 Again, h O H0 consumes commodities only in the last period of her life.

5 agent h[OH, has a utility functionu,: (0% — 0 whose rule isu, (X.) = u.( X)

6 Agent hOH, receives tax-transfers only in the last period of her life

71tis implicit that yg =0 for hOH,,.



A perfect-foresight equilibriumis a sequence of goods pricesd asset pricesand a

corresponding list of equilibrium allocations and asset demands:

{(p, al e and {(Xy Y} ron
such that
() (X, Yn) solves (1);
(ii) j{hm{xhs L Wn, and

mozmnsM

In a perfect foresight equilibriumthe present price of the fiat asset is a constant; hence,

q= (qo, qo,) for some q0 U0,. Thus the reatffects ofeach agent's lump-sum tax-transfers
depend only onthe sum W, =N + ™ because qlim, = f(nj+ M) = Gu,. Let
U:(Uh)huH be the governmentgenerational policy. A monetaryequilibrium is a perfect
foresight equilibrium in which q° >0 and H#0. A monetary economys a four-tuple

£ =<H, W= (W) K= M) gn U= (Uh)mH> that has anonetary equilibrium. LetS(K)

be the k-fold replicationof €, consisting ofK identical agents for eacth CJH. This definition

includes replicating the endowment and tax-transfers of each agent in the original economy.

A coalitionis a non-empty subset ¢f. For any coalitionS and assignmenX = (X,)

Fs(x)={r OX: hz Z, = r for some assignment z such thgt(Z )= u,( %) forall hOS with
]

strict inequality for someh [1 S}

is the set ofesourceghat allow these agents to improve upkn A coalition V is relevant to

another coalitionS if for any feasible assignmert = (X, ), there exists somea>0 suchthat

az W, +hz X, OFR(X). A coaliton S is irreducible if, for any two coalitions U and V
hiv [ES]

forming a partition of S, U is relevant toV. Finally, a feasiblassignmentX = (X,),- belongs
to thecoreif hz w, OF(x) for any coalitionS
s

8 This apt terminology is that of Auerbach, Gokhale, and Kotlikoff [1].



3. The Core of a Monetary Economy

| can now state my main result.

t
Proposition:. There are monetary economies with generational policies satisﬁn§ M, >0
s=0 hlHg

forall t=0 that support equilibrium allocations in the core.

Proof: | will give an example of such amconomyand construct a generationablicy satisfying
t

M, >0 forall t=0 that supports equilibrium allocations in the core.
s=0 hlHg

Let #H, =1 forall t=0, andset /=2. Let W, =((2,2),(0,0),...) if hOJH,
and w, =((0,0),...,(0,1),(2,2),(0,0),...) if hOH, with t=1. Let preferences be
summarized by U (X )=(1/2)log(x:")+ (1/ 2)log(x:?) if hOH, and
U, (%) = (L1 4)log(X1)+ (11 4)1og(%2)+ (U 4logOh™ )+ (¥ 4log(x™2) if hUH,
with t=1. Since there isnly oneagent per generation, | can writg, =, for h[OH, without
confusion. Let u=(1/2-1/3-1 9...) andfix 0<qg°<2. Then the uniqieperfect
foresight equilibrium is supported byp = (p*, p*2,..., B, Pp'?,...) with p* = p*?*=1 and
pt=p? =@+ °(2t-4/ J(V 3 for t=210 Note the equilibrium allocations

X=(X,)oy are such thatx, >>0.

9 Because of the assumption of log-linear preferences, uniqueness follows from arguments in Balasko
and Shell [5] or Kehoe and Levine [12].
10 Here is how to derivthe supporting prices explicitly. The strosymmetry inthe utility functions

implies pt’1 = pt‘z, and the materialbalances condition at time t>2 implies
t-2 t-2
z Z -/ 3)2(1/ 3lzt—i
1=0

p =g+ 1/ 3 += , where Z =-q°(4,,+1,)/3 and

0
q
initial conditions. The normalizationpll =1 and materiabalances in periodt =1 impliesthat
¢ =-q"(H,+H,/2) and c,=3(1-c). Notethat any generationalolicy |l satisfying

2/3
is the constant present price of the fiat asset The consGnésid C, are determined by two

t
lim, z U, =0 andwhose asymptotic behaviordeminated by theequence{(1/ 3%, is a
s=0

candidate for &ona fide(see Balaskand Shel[4]) generationapolicy for this economy. | will use
this fact in the discussion below.



Since lim,__ inf_,

ps|| =0, the equilibrium allocations are Pareto optimatl cannot be

improved upon by the coalition of tiehole. Consider somh [JH,, with t=>1, in the leading

generation ofsome coaliton S[J H. Since the (t,1)—th element of zooh is 0,
hs

zwh OFs(X). Hence the equilibrium allocations are in the capeE.D.

his

The importance of the example in thmof isthat it isrobust. Theeconomyhas a non-

monetary equilibrium supporting allocatiotisat arePareto optimal!l hence, any generationaébt
t

that isintroduced mussatisfy Iimta z M, = 0. But this conditiondoesnot implythat the

$=0 hlHg

<)

outstanding stock ofienerational debt must be zero emery period (or even after finitely many
periods). Theasicintuition behind the proposition that positive stocks ofjenerational delgntail
that future generations will be taxed in order to finance the cumeht!? This is arobust and
extremely important property of anyconomy whosenon-monetary equilibrium supports Pareto
optimal allocations. Hence, in an economy with only one g@ogeriod, any generation being taxed
on net carblock the equilibrium allocations by forming a coalition consisting of its mendrdys
But in an economy witlwo goodsper period, such a coalitianay not improve upon the equilibrium
allocations if tradéetweenthe generations within each periodsigficiently important tooutweigh
(slight) generational taxes needed to serthieedebt. Since the example consists océ@momywith
irreducible coalitions, the proof points towards an extension of Chae and Esteban [6, Theorem 1].
The exampleused inthe proof is robustwith respect to changes in endowments and
preferences. A monetary equilibrium is in ttere ifthe gains from tradbetweengenerations are
sufficiently importani3 Also, the example shows that the present price of the asset mattevs|lthe
being of thanitial generation is increasing in the preseatue of thestock of debt of which it is the
beneficiary. Further, the example i®bust with respect to the generatiopalicy underlying the

monetary equilibrium. Thus there m®thing special abouthe monetargconomy described in the

11 The non-monetary equilibrium is a generalization of Gale's [9] classical equilibrium. It is in what
Esteban and Millan [7] call thelassical set

12 Notethat |q°W,, / pl@,|=€>0 for every h[JH in the example in thproof. Hence, these
taxe-transfers can be an important portion of each generation's aggregate resources.

13 Fisher [8] has arguethat gainsfrom trade betweenagents in the same generation atso
important in describing monetary equilibria supporting allocations in the core.



proof. Indeed, economies in whittade betweengeneration is important anshoselong-run real

interest rates exceed the rate of growth of resources may be the norm, not the exception, in our world.
The arguments in Esteband Millan [7,Proposition 7] can baised to showhat the

monetary equilibrium described the proof ofthe proposition will not be in theore of a sufficiently

large economy. Butthere are monetargconomies with equilibria inthe core that do survive

replication. Consider an economy with agents, endowmantsgenerationglolicies identical to the

one given in theroof ofthe Proposition, but let), (x.) = log(min{x:*, x:) if hOH, and

u,(x,) =(1/ 2)log(min{xX*, ¥) +(¥ Jlog(min{ ¥} x**H if hOH, with t>1.

An equilibrium for this economy is supported by the same sequence of prices giveprivofrebove,

and it ispossible to shovthat theequilibrium allocations are in theore of any replication afhis
economy. Such aneconomy doesiot contradict Estebaand Millan [7,Proposition 7] because the
Gaussian curvature on each consumer's indifference curve evalutttedeguilibrium allocations is

not bounded? But these preferences and endowments create such a strong inter-dependence on trade
betweengenerationghat nocoalition consisting of a subset of agents friovo different generations

can improve upon the equilibrium allocations. Of courd@s particular example is nabbust

because it depends so cruciallytbe fact that goodswithin each period arperfect complements in

each agent's preferences.
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