A NEW PROOF OF THE EXISTENCE OF EQUILIBRIUM IN INCOMPLETE MARKETS ECONOMIES

PAULO KLINGER MONTEIRO*

UNIVERSIDADE FEDERAL DO RIO DE JANEIRO

HARVARD UNIVERSITY

First version: august 1991 This revision: april 1992

*I acknowledge A. Mas-Colell for some helpful comments. 1

I. Introduction

The theory of incomplete markets economies has obvious importance. It is simply more general than the fully equipped Arrow-Debreu general equilibrium model. However it lacks a well developed equilibrium existence theory. The first important work was made by Radner in 1972 for the finite dimensional case. He proved the existence of equilibrium in incomplete markets economies with a finite number of assets and a lower bound on uncovered sales. This unpleasant hypothesis is needed as Hart showed in 1975 by means of a counter-example. The realm of validity of Hart’s example is satisfactorily determined. In Duffie and Shafer (1985) it was shown that the set of initial endowments and asset returns for which, without a lower bound on short sales equilibrium does not exist is a null set. Also Werner (1985) and Geanakoplos-Polemarchakis (1986) proved that, respectively, for the nominal returns and for the “gold” returns case equilibrium exists in general without a lower bound on asset trades. Thus in conclusion the finite dimensional theory is well understood.

The case with a continuum of states was studied by Mas-Colell and Monteiro (1990) and then by Hellwig (1991) and Mas-Colell and Zame (1991). To fix the ideas let me suppose the consumption set to be the positive octant of the commodity space (the last two works include this case and the first can be modified to cover it and then the comment that follows is true). Hence in this situation, in the three works, the assumption of non-negativity of ex-post endowments is needed. This assumption imply a limit on short sales and is much stronger than this. However its necessity was settled by a counter-example in Mas-Colell and Zame (1991). This counter-example shows that a lower bound on short sales is not a hypothesis strong enough to prove incomplete markets equilibrium existence. The countable number of states case was studied by Green and Spear (1987) and by Zame (1988).

In this paper I prove an incomplete markets equilibrium existence theorem with hypotheses similar to Hellwig (1991) and Mas-Colell and Zame (1991) papers. The main novelty of my work is its proof. I use finite-dimensional truncations of utilities, endowments and asset returns. This finite-dimensional economy has an equilibrium and each consumer maximization problem satisfy Slater’s condition. Therefore, to each budget constraint there is a Lagrange multiplier. The consumer’s set of Lagrangean multipliers can be thought as truncations of infinite dimensional multipliers of the limit economy (i.e. the original economy).

In the second section I present the model and enunciate the main theorem. In the third section I present some preliminary mathematical work. The fourth section contains some lemmas and the main theorem’s proof. In the fifth section I discuss the works of Hellwig, Mas-Collel and Zame.

II. The model and the main theorem

The economy has I agents and two periods. The state space is a complete atomless probability space (T, A, P ).

There are G commodities and J assets. In the first period each agent choose a consumption vector x ∈ R^G_+ and a portfolio of assets θ ∈ R^J and second period consumption y: T → R^G_+. There are no initial endowments of securities. The assets returns are given by a measurable function A: T → (R^G)^J . There is a lower bound on short sales v_i, v_i << 0.

For a fixed p, 1 ≤ p ≤ ∞ the consumption set of consumer i, 1 ≤ i ≤ I is X^i = R^G_+ × L^p_+(T ; R^G) and his endowment is (w^i, W^i) ∈ X. The utility function U^i: X^i → R is separable:

U^i(x, y) = ∫ T u_{it}(x, y_t)dP (t) (x, y) ∈ X^i

where the function u_{it}: R^G_+ × R^G_+ → R is continuous, concave and increasing.

It may be useful to explicity conditions that ensure U^i to be well defined and finite. This will be done in the next section.

If B ⊂ R^ℓ I define S(B) as the set { x ∈ B;^ℓ ∑ t=1 |x_t| = 1 } . An equilibrium for the economy E = (X^i, U^i, w^i, W^i, A)_{i≤I} is a vector (p̄, π̄, q̄, θ, x̄, ȳ) such that a) (p̄, π̄) ∈ S(R^G_+ × R^J ) b) q̄: T → S(R^G_+) is measurable c) θ = (θ_1, . . . , θ_I ) ∈ (R^J )^I , ∑ i≤I θ_i = 0

d) x̄ = (x̄^1, . . . , x̄^I ), ȳ = (ȳ^1, . . . , ȳ^I ), (x̄^i, ȳ^i) ∈ X^i for every i e) ∑ i≤I (x̄^i, ȳ^i) = ∑ i≤I (w^i, W^i)

f) (x̄^i, ȳ^i, θ_i) solves

max U^i(x, y) (x, y) ∈ X^i, θ ∈ R^J subject to θ ≥ v_i p̄x + π̄θ ≤ p̄ · w^i q̄_t · y_t ≤ q̄_t(W^i_t + θA_t) for almost every t in T .

Theorem 1. Suppose that (T, A, P ) is a complete atomless probability space. Suppose also that

i) for every θ ≥ v_i

W^i_t + θA_t ≥ 0 for almost every t in T ii) there is a c > 0 such that

W^i_t ≥ c(1, . . . , 1) for almost every t in T iii) w^i is a strictly positive vector

Then for any p, 1 ≤ p ≤ ∞, there is an incomplete markets equilibrium for E.

Remarks

1. Note that the measure space does not need to be separable 2. To add, in theorem 1, an atomic part in P is possible. The main steps to do that are the same as in Hellwig (1991) and Mas-Colell and Monteiro (1990). I refer the interested reader to these papers.

3. Hypothesis (i) is strong. It implies A ≥ 0 and A ≤ nW^i for some n. I commented in the introduction about its necessity.

4. Despite the appearance of generality, the set defined by (ii) is a first category subset of L^p_+(T ; R^G). I refer the reader to Araujo-Monteiro (1991) and Monteiro (1993) for more information on non-genericity in equilibrium models.

III. Mathematical preliminaries

Before going into the preparatory work for the main theorem’s proof I will explain its idea. First I truncate the endowments, asset returns and utilities with respect to the net N_n (defined in lemma 2 below). The pointwise convergence of the truncations is proved in lemma 2. With these truncations in hand a finite dimensional economy is naturally defined. This economy has by Radner’s (1972) an equilibrium. The existence of Lagrange multipliers, corresponding to each consumer’s budget constraints, is easily verified. Next considering the multipliers so obtained as functions on the whole probability space I prove that they converge to Lagrangean multipliers of the original economy. To prove the multipliers convergence and the existence of a limit the multi-dimensional Fatou’s lemma is used.

I begin the preparatoy work by giving necessary and sufficient conditions for U^i to be well defined and finite. The continuity of each u_{it} is supposed.

Proposition 1. U^i is well defined if and only if for every (x, y) ∈ R^G_+ × R^G_+ the function t → u_{it}(x, y) is measurable. Proof: The proof is easy and will not be done.

Proposition 2. Suppose P atomless and 1 ≤ p < ∞. Suppose also that U^i is finite everywhere. Then for every x ∈ R^G_+ there are an α ∈ L^1(P ) and a c > 0 such that

u_{it}(x, y) ≤ α(t) + c|y|^p_S for every y ∈ R^G_+ and almost every t.

The numbers |y|_S is the sum norm of y.

Proof: This proposition is an easy consequence of theorem 2.3 in Krasnoselskii (1964) pp. 27-28,32. Q.E.D.

I need some results on differentiation in abstract spaces. This topic was introduced by R. de Possel in 1936. In the following I use Zaanen (1967).

Definition 1:

i) A net N is a countable and measurable partition of T ii) A sequence of nets (N_n)_n is monotone if each element of N_{n+1} is contained in some element of N_n.

Lemma 1. Suppose (N_n)_n is a monotone sequence of nets. Then for any M ⊂ N_o, N_o = ⋃ n N_n, there is a sequence {I_n; n ∈ L}, L ⊂ N, of pairwise disjoint sets such

that ⋃ n∈L I_n = ∪{M; M ∈ M}.

Proof: This is lemma 1 in page 268 in Zaanen (1967).

Definition 2. Suppose (N_n)_n is a sequence of nets in T and N_o = ⋃ n N_n. This sequence

is regular with respect to the measure P if whenever is given an ε > 0 and a measurable set E, there exists a sequence (I_n)_n of sets from N_o such that P (E − ⋃ n I_n) = 0 and P ( ⋃ n I_n − E) < ε.

Proposition 3 (Differentiation of an indefinite integral).

Suppose (N_n)_n is a monotone sequence of nets in T , regular with respect to P and f ∈ L^1(P ). Then for almost every t in T

f(t) = lim_{n→∞} 1 P (I_n0) ∫ I_n0 f dP

where n^′ = n^′(t, n) is (uniquely) defined by t ∈ I_n0, I_n0 ∈ N_n.

Proof: This is theorem 3, page 272 in Zaanen (1967).

Definition 3. A function f = (f_1, . . . , f_ℓ): T → R^ℓ is integrable if each f_k: T → R is integrable, 1 ≤ k ≤ ℓ. The integral of f in this case is the vector (∫ T f_1 dP, . . . , ∫ T f_ℓ dP ) and is denoted by ∫ T f dP . Corollary 1. For every integrable f: T → R^ℓ define E(f|N_n): T → R^ℓ by E(f|N_n)(t) = 1 P (I) ∫ I f dP if t ∈ I, I ∈ N_n. Then:

a) lim_{n→∞} E(f|N_n)(t) = f(t) for almost every t in T

b) (E(f|N_n))_n is uniformly integrable.

Proof: Define f_n = E(f|N_n).

a) This is just a rephrasing of proposition 3 for vector valued functions. b) Suppose r > 0 ∫ |f_n|_S >r |f_n|_S dP = ∑ I∈N_n P ([|f_n|_S > r] ∩ I) P (I) | | | | ∫ I f dP | | | |_S .

Define N^′ = {I ∈ N_n; |∫ I f dP | S > r · P (I)}. So we have that ∫ |f_n|_S >r |f_n|_S dP = ∑ I∈N 0 | | | ∫ I f dP | | |_S ≤ ∑ I∈N 0 ∫ I |f|_S dP = ∫ UN 0 |f|_S dP.

But ∫ I |f|_S dP ≥ | |∫_I f dP | |_S > rP (I) for every I ∈ N^′, so ∫_{UN} 0 |f|_S dP >

rP (UN^′). Therefore P (UN^′) < ∫ T |f|_S dP/r and this ends the proof. Q.E.D.

Example: Suppose F = {f_j ; j ≤ J} is a family of functions f_j ∈ L^p(T ; R^L). And define B to be the smallest σ-algebra such that each f_j is measurable. Then using that f_j is the pointwise limit of simple functions it is easy to see that there is a countable family {A_n; n ≥ 1} = A^′ such that B = σ(A^′). Without loss of generality we can suppose A^′ to be a ring of sets [since the ring generated by a countable set is countable: Halmos (1950) p. 23].

Now define the nets N_1 = {A_1, A^c_1}, N_2 = {A_1A_2, A_1A^c_2, A^c_1A_2, A^c_1A^c_2} and so on. Then since σ( ⋃ n N_n) = B the monotone sequence of nets (N_n) is regular.

Now I apply the above example to the initial endowments and the assets returns of the economy.

Lemma 2. There is a monotone sequence of nets (N_n) in (T, A, P ) such that W_{in} = E(W^i|N_n) and A_n = E(A|N_n) satisfy:

i) lim_{n→∞} W_{in}(t) = W^i(t) for almost every t in T ii) lim_{n→∞} A_n(t) = A(t) for almost every t in T .

Proof: Choose the nets (N_n) as in the above example for F = {A, W^1, . . . , W^I }. Then the sequence of nets (N_n) is regular for σ(F). Now (i) and (ii) follows directly from Corollary 1 (a).

IV. The main theorem’s proof

From now on a sequence of nets as in lemma 2 is fixed. For each N define M = M(N) as the number of elements of the net N_N = {I_{1N} , . . . , I_{MN} }. Define W_{imN} = 1 P (I_{mN} ) ∫ I_{mN} W i dP , A_{mN} =^1_{P (ImN )} ∫ I_{mN} A dP and define XmN as the characteristic

function of I_{mN} , 1 ≤ m ≤ M. Define the utility function U^{iN} (x, y_1, . . . , y_M ) = U^i x, ∑ m≤M y_mX_{mN} .

Thus a finite dimensional economy E^N = ( U^{iN} , W_{imN} , A_{mN} ) i≤I m≤M is defined.

Theorem 2. For each N the economy E^N has an equilibrium (p^N , π^N , x_{iN} , y_{imN} , q_{mN} , θ_{iN} ) and there are Euler-Lagrange multipliers (μ_{iN} , λ_{imN} ) such that for every x ≥ 0, y_m ≥ 0, θ ≥ v_i, 1 ≤ m ≤ M, 1 ≤ i ≤ I U^{iN} (x, y_1, . . . , y_M ) − μ_{iN} (p^N (x − w^i) + π^N θ)− − ∑ m≤M λ_{imN} q_{mN} (y_m − W_{imN} − θA_{mN} ) ≤ U^{iN} (x_{iN} , y_{iN} ) where y_{iN} = ∑ m≤M y_{imN} X_{mN} . Moreover the inequalities below are true:

p^N x_{iN} + π^N θ_{iN} ≤ p^N w^i μ_{iN} (p^N x_{iN} + π^N θ_{iN} ) = μ_{iN} p^N w^i θ_{iN} ≥ v_i, ∑ i θ_{iN} = 0 x_{iN} ≥ 0, ∑ i x_{iN} = ∑ i w^i, y_{imN} ≥ 0, ∑ i y_{imN} = ∑ i W_{imN} q_{mN} · y_{imN} ≤ q_{mN} (W_{imN} + θ_{iN} A_{mN} ) λ_{imN} q_{mN} (y_{imN} − W_{imN} − θ_{iN} A_{mN} ) = 0 (p^N , π^N ) ≥ 0, |(p^N , π^N )|_S = 1

Proof: The finite dimensional economy E^N has by Radner (1972) an incomplete markets equilibrium (p^N , π^N , q_{mN} , θ_{iN} , x_{iN} , y_{imN} ). The Slater’s condition for the consumer’s maximization problem of this economy is satisfied. Therefore there are multipliers as above. Q.E.D.

Lemma 3. The sequence h_N = U^i ( ∑ j w^j, ∑ k W_{kN} ) is bounded.

Proof: First I consider the case p = ∞.

In this case W_{kN} (t) ≤ |W^k|_∞(1, . . . , 1) for almost every t. So it is true for every N that h_N ≤ U^i ∑ j w^j, ∑ k≤I |W^k|_∞(1, . . . , 1) < ∞.

Now I consider the case p < ∞. By proposition 2 for x = ∑ j w^j there is an

α ∈ L^1(p) and a c > 0 such that

u_{it} ∑ j w^j, z ≤ α(t) + c|z|^p_S for every z ∈ R^G_+ for a.e. t in T .

Therefore h_N − ∫ T α(t)dP (t) ≤ c · ∫ T | | | | ∑ k W_{kN} | | | | p

S dP = c ∑ m≤M P (I_{mN} )^{1−p} | | | | ∫ I_{mN} ∑ k W^k_t dP (t) | | | | p

S ≤

≤ c · ∑ m≤M P (I_{mN} )^{1−p} (∫ I_{mN} | | | | ∑ k W^k_t | | | |_S dP (t) )_p ≤

≤ c ∑ m≤M P (I_{mN} )^{1−p} [ P (I_{mN} )^p�^1p (∫ I_{mN} | | | | | ∑ k W^k_t | | | | | p

S dP )_{1/p} ]_p =

= c ∫ T | | | | | ∑ k W^k_t | | | | | p

S dP < ∞.

Lemma 4. (μ_{iN} )_N is bounded.

Proof: Since v_i << 0 there is a number a < 0 such that v_i ≤ a(1, . . . , 1). De-

fine θ_i = a(1, . . . , 1). Now make x = 0 and choose ȳ_m ≥ 0 such that q_{mN} ȳ_m =

q_{mN} (W_{imN} + θ_iA_{mN} ). Substituting those values in theorem 2: μ_{iN} (p^N w^i + a|π^N |_S ) ≤ U^{iN} (x_{iN} , ȳ_1, . . . , ȳ_M ) ≤ U^i ( ∑ j w^j, ∑ k W_{kN} ) = h_N . From lemma 3 (h_N ) is bounded.

Since inf_N (p^N w^i + a|π^N |_S ) > 0 the proof is done.

Q.E.D.

The next propostion is an easy consequence of theorem 2.

Proposition 4. The inequalities below are true for x ≥ 0, y ≥ 0, θ ≥ v_i. i) ∑ m≤M ∫ I_{mN} [uit(x, ym) − uit(xiN , yimN )]dP ≤ μiN p N (x − x_{iN} ) + ∑ m≤M λ_{imN} q_{mN} (y_m − y_{imN} ).

ii) ( ∑ m≤M λ_{imN} q_{mN} A_{mN} − μ_{iN} π^N ) (θ − θ_{iN} ) ≤ 0.

Proof: (i) make θ = θ_{iN} in theorem 2.

(ii) make x = x_{iN} and y_n = y_{imN} , 1 ≤ n ≤ M in theorem 2. Q.E.D.

In order to obtain Euler-Lagrange multipliers for the limit economy it will first be necessary to obtain subgradients of the instantaneous utility u_{it} at the “equilibrium”. The next lemma is an important step in this direction.

Lemma 5. There is a sequence ( μ^{iN}_m ) m≤M in R^G_+ such that i) ∑ m≤M μ^{iN}_m = μ_{iN} p^N ii) for every (x, y) ≥ 0, 1 ≤ m ≤ M ∫ I_{mN} u_{it}(x, y)dP (t) − ∫ I_{mN} u_{it}(x_{iN} , y_{imN} )dP (t) ≤ μ^{iN}_m (x − x_{iN} )+ + λ_{imN} q_{mN} (y − y_{imN} ).

Proof: Define for each 1 ≤ m ≤ M

f_m(x, y_1, . . . , y_M ) = ∫ I_{mN} u_{it}(x, y_m)dP (t)

and f = f_1 + · · · + f_M .

So it is true by proposition 4(i) that the vector (μ_{iN} , p^N , (λ_{imN} q_{mN} )_{m≤M} ) is a subgradient of f at (x_{iN} , (y_{imN} )_{m≤M} ) = z_{iN} .

Hence from the continuity of f_i, i ≤ M we conclude by a result of Moreau (1964) that there are, for each m, a vector ( μ^{iN}_m , (λ^n_{im})_{n≤M} ) such that a) f_m(x, y_1, . . . , y_M ) − f_m(z_{iN} ) ≤ μ^{iN}_m (x − x_{iN} ) + ∑ n≤M λ^n_{im}(y_n − y_{imN} ) b) ∑ m≤M μ^{iN}_m = μ_{iN} p^N , ∑ n≤M λ^m_{in} = λ_{imN} q_{mN} . The first part of (b) proves (i). Now fix m^′ ≤ M and define y_n = y_{inN} if n ≠ m^′, y_m0 = y ≥ 0. So from (a) it follows that f_m0(x, y_1, . . . , y_M ) − f_m0(z_{iN} ) ≤ μ^{iN}_m (x − x_{iN} ) + λ^m 0_{im} 0(y − yimN ).

Also (a) implies for m ≠ m^′ that 0 ≤ λ^m 0_{im} (y − y_{im}0_N ). Therefore λ^{m′}_{im}0(y − y_{im}0_N ) ≤ ∑ m≤M λ^m 0_{imN} (y − y_{im}0_N ) = λ_{im}0_N q_{mN} (y − y_{im}0_N )

and this proves (ii). Q.E.D.

In the following I use Hellwig’s adaptation of Hildenbrand-Mertens (1971) proof of the multi-dimensional Fatou’s lemma. The next lemma is the fundamental building block of this adaptation.

Lemma 6 (Hildenbrand and Mertens (1971))

Suppose (T, A, P ) is a complete atomless probability space and (f_n)_n is a sequence of integrable functions T → R^ℓ_+.

Suppose also that lim_{n→∞} ∫ f_n dP exists. Then:

i) there is a vector valued measure μ: A → R^ℓ such that μ is a limit (in the product topology σ^ℓ(ba, L^∞)) of (P_n)_n, P_n is defined by:

P_n(E) = ∫ E f_n dP E ∈ A.

ii) μ = g dP +μ^p, where g: T → R^ℓ_+ is integrable and μ^p is purely finitely additive.

Moreover lim_{n→∞} ∫ T f_n dP − ∫ T g dP = μ^p(T ) and there is a sequence of E_n ⊇ E_{n+1} decreasing to the empty set such that μ^p(T ) = μ^p(E_n) for every n iii) for almost every t in T there are sequences (δ^{in})_n and (z^{in})_n 0 ≤ i ≤ ℓ and numbers δ^i such that

δ^{in} ≥ 0, ℓ∑ i=0 δ^{in} = 1, δ^i = lim_{n→∞} δ^{in}, z^{in} ∈ {f^{n+m}(t), m ≥ 0} for every n and (δ^{in}z^{in})_n is convergent (z^{in} may be not).

iv) g(t) =^ℓ ∑ i=0 lim_n (δ^{in}z^{in}).

Proof: For a proof I refer the reader to pages 151-153 of Hildenbrand and Mertens (1971).

In the next lemma the integrability conditions needed to apply Fatou’s lemma are proved.

Lemma 7. The following sequences of functions are integrable and the sequence of integrals is bounded.

i) q_N : T → R^G, q_N (t) = q_{mN} if t ∈ I_{mN} 1 ≤ m ≤ M ii) y_{iN} : T → R^G y_{iN} (t) = y_{imN} if t ∈ I_{mN} 1 ≤ m ≤ M iii) Λ_{iN} q_N A_N

where Λ_{iN} (t) =^1_{P (ImN )} λ_{imN} if t ∈ I_{mN} , 1 ≤ m ≤ M iv) Λ_{iN} q_N and Λ_{iN} v) O^{iN} : T → R

O^{iN} (t) =^1_{P (ImN )} ∫ I_{mN} uit(xiN , yimN )dP (t) t ∈ ImN , 1 ≤ m ≤ M vi) μ̃^{iN} : T → R

μ̃^{iN} (t) =^1_{P (ImN )} μ^{iN}_m t ∈ I_{mN} , 1 ≤ m ≤ M vii ) the sequence in (v) is pointwise bounded and uniformly integrable.

Proof: (i) is obvious

(ii) From the feasability of (y_{iN} ) we have 0 ≤ y_{iN} ≤ ∑ j W_{jN} . Now ∫ T ∑ j W_{jN} = ∫ T ∑ j W^j dP proves (ii).

To prove (iii) use that (μ_{iN} )_N is bounded (lemma 4) in the inequality: ∫ T Λ_{iN} q_N A_N dP = ∑ m≤M λ_{imN} q_{mN} A_{mN} ≤ μ_{iN} π^N .

The inequality above is a consequence of proposition 4(ii). To prove (iv) I will first prove that ∑ m≤M λ_{imN} q_{mN} is bounded. From hypothesis (iii) in theorem 1 it is true that

c | | | | ∑ m λ_{imN} q_{mN} | | | |_S ≤ ∑ m λ_{imN} q_{mN} W_{imN} = ∑ m≤M λ_{imN} q_{mN} y_{imN} −

− ∑ m≤M λ_{imN} q_{mN} A_{mN} θ_{iN} ≤ ∫ T u_{it}(x_{iN} , y_{iN} )dP +

+ ∑ m≤M λ_{imN} q_{mN} A_{mN} |v_i|.

The last term of the last inequality is by (iii) above, bounded. The integral is bounded by lemma 3. This proves the first part of (iv). The equalities that follows proves the second part: ∫ T Λ_{iN} dP = ∫ T Λ_{iN} q_N (1, . . . , 1)dP = (∫ T Λ_{iN} q_N ) (1, . . . , 1).

Now (v) is a consequence of lemma 3 ∫ T O^{iN} dP = ∫ T u_{ik}(x_{iN} , y_{iN} )dP ≤ h_N .

Item (vi) follows from lemma 5(i) ∫ T μ̃^{iN} dP = ∑ m≤M μ^{iN}_m = μ_{iN} p^N .

Finally I will prove that (O^{iN} ) is pointwise bounded and uniformly integrable. The case p = ∞ is easy and will not be done. Suppose now p < ∞. From proposition 2 for x = ∑ i w^i it’s true that

u_{it} ( ∑ i w^i, z ) ≤ α(t) + c|z|^p_S for every z ∈ R^G_+ and a.e. t ∈ T .

Hence for t ∈ I_{mN} 1 ≤ m ≤ M

O^{iN} (t) = 1 P (I_{mN} ) ∫ I_{mN} u_{it}(x_{iN} , y_{imN} )dP ≤

≤ 1 P (I_{mN} ) ∫ I_{mN} α dP + c 1 P (I_{mN} ) ∫ I_{mN} | | | | | ∑ j W_{jmN} | | | | | p

S dP =

= 1 P (I_{mN} ) [ ∫ I_{mN} α dP + c P (I_{nM} )^{1−p} | | | | | | ∫ I_{mN} ∑ j W^j dP | | | | | | p

S ] ≤

≤ 1 P (I_{mN} ) [ ∫ I_{mN} α dP + c P (I_{mN} )^{1−p} ∫ I_{mN} | | | | | ∑ j W^j | | | | |_S dP p ] ≤

≤ 1 P (I_{mN} ) [ ∫ I_{mN} α dP + c P (I_{mN} )^{1−p} P (ImN )^p �1_p ∫ I_{nM} | | | | | ∑ j W_j | | | | | p

S dP 1/p p ] =

= 1 P (I_{mN} ) ∫ I_{mN} α + c | | | | | ∑ j W_j | | | | | p

S dP.

Now using corollary 1 we finish the proof.

Q.E.D.

From now on I suppose, without loss of generality, that (x_{iN} , p^N , π^N , θ_{iN} , μ_{iN} ) →

(x̄_i, p̄, π̄, θ_i, μ̄_i). It is clear that ∑ i (x̄_i, θ_i) = ∑ i (w^i, 0) and |(p̄, π̄)|_S = 1. The items (3)

and (4) below are based on Hellwig’s adaptation of Hildenbrand and Mertens (1971)

proof of Fatou’s lemma.

Theorem 3. Define the sequence f^N = (f^{oN} , f^{ijN} )_{j≤5} i≤I by the equality

(f^{oN} , f^{ijN} )_{j≤5} i≤I = (q_N , Λ_{iN} , Λ_{iN} q_N A_N , μ̃^{iN} , y_{iN} , O^{iN} )_{i≤I} .

The lemma 7 permits to suppose, without loss of generality, that lim ∫ T f_n dP exists.

Then there is a function f̄: T → R^ℓ (it is not necessary to specify ℓ) such that,

1) f̄(t) ∈ lim sup f^N (t) for almost every t in T ∫ T f̄ dP ≤ lim ∫ T f^N dP

2) Defining Λ_i = f̄^{i1}, μ̃^i = f̄^{i3}, ȳ_i = f̄^{i4}, O^i = f̄^{i5}, q̄ = f̄^o 1 ≤ i ≤ T it is true that f̄ = (q̄, Λ_i, Λ_iq̄A, μ̃^i, ȳ_i, O^i)_{i≤I} for almost every t in T

3) for every θ ≥ v_i ( lim ∫ T Λ_{iN} q_N A_N dP − ∫ T Λ_iq̄A dP ) (θ − θ_i) ≥ 0

4) for every x ≥ 0 ( lim ∫ T μ̃^{iN} dP − ∫ T μ̃^i dP ) (x − x̄_i) ≥ 0

Proof: We can apply lemma 6 since its hypotheses are true by lemma 7. We have that:

i) there are a purely finitely additive measure μ^p = (μ^{op}, μ^{kip})_{k≤5} i≤I such that g dP +

μ^p is a weak limit of (P^N )_N , where P^N (E) = ∫ E f^N dP ii) for almost every t in T there are sequences (δ^{jn}) and (z^{jn})

z^{jN} = ( z^{jn}, z^{jn}_{ki} ) k≤5 i≤I 0 ≤ j ≤ ℓ

such that δ^{in} ≥ 0, ∑ j δ^{jn} = 1, δ^i = lim_n δ^{jn}, z^{jn} ∈ {f^{n+m}(t); m ≥ 0} for every n

iii) g(t) = ∑ j≤ℓ lim_n (δ^{jn}.z^{jn}).

Define the sets H_1 = {(t, (x_1, x_{ki})) ≤ (t, g(t)); (g_{3i}(t) − x_{3i})(θ − θ_i) ≥ 0 and (g_{4i}(t) − x_{4i})(x − x̄_i) ≥ 0 for every (x, θ) ≥ (0, v_i)} H_2 = {(t, (x_1, x_{ki}) ∈ T × R^2; (x_1, x_{ki}) ∈ con lim sup f^N (t)}

and C = H_1 ∩ H_2.

Both sets above belongs to A × B(R^1) (for this see Hildenbrand and Mertens (1971) p. 153).

Claim: P (proj_T C) = 1.

Proof of the claim: Fix t in T and (x^′, θ) ≥ (0, v_i). For each N and j there is an N^′ = m(N, j) such that z^{jN} = f^N 0 (t). Substituting in lemma 4(iv) and choosing y_{mN} so that q_{mN} y_{mN} = q_{mN} (W_{imN} + θA_{mN} ) and dividing by P (I_{mN} ) −O^{iN} 0 (t) ≤ μ̃^{iN} 0 (t)(x^′ − x_{iN}0) + (Λ_{iN} .q_N0.A_N0(t)(θ − θ_{iN}0) or −O^{iN} 0 (t) ≤ z^{jN} 0_{4i} (x^′ − x_{iN}0) + z^{jN} 0_{3i} (θ − θ_{iN}0) 0 ≤ j ≤ ℓ, 1 ≤ i ≤ I Therefore multiplying by δ^{jN} 0 and summing for those j, δ^j = 0 − ∑ δ^j =0 δ^{jN} 0 O^{iN} 0 (t) ≤ ( ∑ δ^j =0 δ^{jN} 0 z^{jN} 0_{4i} ) (x^′ − x_{iN}0) + ( ∑ δ^j =0 δ^{jN} 0 z^{jN} 0_{3i} ) (θ − θ_{iN}0)

In the limit with N → ∞ we have by lemma 7

0 ≤ ∑ δ^j =0

lim(δ^{jN} z^{jN}_{4i} )(x^′ − x̄_i) + ( ∑ δ^j =0

lim(δ^{jN} z^{jN}_{3i} ) ) (θ − θ_i)

Now since ∑ δ^j >0 lim(z^{jN} δ^{jN} ) = ∑ δ^j >0 δ^j lim z^{jM} ∈ con lim sup f^N (t),

it is true that g(t) = ∑ δ^j ≥0 lim(δ^{jN} z^{jN} ) + ∑ δ^j >0 lim(δ^{jN} z^{jN} ) is such that b_t = (t, ∑ δ^j >0 lim(δ^{jN} z^{jN} )) ∈ H_1. Now those x_{3i} = ∑ δ^j >0 lim(z^{jN} δ^{jN} ). It is clear that

b_t ∈ (t, x_{3i}) ∈ C This proves the claim.

By the measurable choice theorem (see Hildenbrand p. 54) there is a ḡ: T → R^ℓ such that ḡ(t) ∈ con lim sup f^N (t). Now from graf ḡ ⊂ H_1 it follows that

0 ≤ (∫ T g_{3i}dP − ∫ T ḡ_{3i}dP ) (θ − θ_i) for every θ ≥ v_i and (∫ T g_{4i}dP − ∫ T ḡ_{4i}dP ) (x^′ − x̄_i) ≥ 0 for every x^′ ≥ 0.

Also it is clearly true that ∫ T ḡ dP ≤ ∫ T g dP . Finally to end the proof of (1) using theorem 4 p. 64 of Hildenbrand (1971) there is a^=g: T → R^ℓ such that^=g(t) ∈ lim sup f^N (t) for almost every t in T and ∫ T = g dP = ∫ T ḡ dP . Define f̄ =^=g. Obviously f̄ satisfy (1) since ∫ T g dP + μ^p(T ) = lim ∫ T f_ndP . Now (2) is a simple consequence of (1) for the third coordinate and for the others it is by definition. To verify (3) and (4), first note that since graf ḡ ⊂ H_1 it suffices to prove that for any (x^′, θ) ≥ (0, v_i)

lim (∫ T Λ_{iN} q_N A_N dP − ∫ T g_{3i}(t)dP ) (θ − θ_i) ≥ 0 and ( lim ∫ T μ̃^{iN} (t)dP − ∫ T g_{4i}(t)dP ) (x^′ − x̄_i) ≥ 0.

To prove this first note that by lemma 5(i) there is a sequence E_n ⊃ E_{n+1} decreasing to the empty set such that μ^p(T ) = μ^p(E_n) for every n. From lemma 4(iv) dividing by P (I_{mN} ) where t ∈ I_{mN} −O^{iN} (t) ≤ μ̃^{iN} (t)(x^′ − x_{iN} ) + Λ_{iN} q_N (y_m − y_{imN} ). Now choose y_m such that q_{mN} y_m = q_{mN} (W_{imN} + θA_{mN} ). Therefore

−O^{iN} (t) ≤ μ̃^{iN} (t)(x^′ − x_{iN} ) + (Λ_{iN} q_N A_N )(t)(θ − θ_{iN} ).

Integrating in E_n − ∫ E_n O^{iN} (t)dP ≤ ∫ E_n μ̃^{iN} (t)dP (x^′ − x_{iN} ) + ∫ E_n Λ_{iN} q_N A_N (t)dP (θ − θ_{iN} ) or − ∫ E_n O^{iN} (t)dP ≤ P^N_{4i} (E_n)(x^′ − x_{iN} ) + P^N_{3i} (E_n)(θ − θ_{iN} ) for every N

Now make N → ∞.

− sup_N0 ∫ E_n O^{iN} 0 (t)dP ≤ ∫ E_n g_{4i}(t)dP (x^′ − x̄_i) + ∫ E_n g_{3i}(t)dP (θ − θ_i)+ + μ^p_{3i}(T )(θ − θ_i) + μ^p_{4i}(T )(x^′ − x̄_i).

Now making n go to infinity ends the proof of (3) and (4). Only one more lemma is needed to prove theorem 1.

Lemma 8. For almost every t in T for every (y, x) ≥ (0, 0)

u_{it}(x, y) ≤ u_{it}(x̄_i, ȳ_i(t)) + μ̃^i(t)(x − x̄_i) + Λ_{it}q̄_t(y − ȳ_i(t)).

Proof: I first prove that O^i(t) ≤ u_{it}(x̄_i, ȳ_i(t)) for almost every t. Note that from propositon 3, 1 = (1, . . . , 1)

lim t∈I_{mN} 1 P (I_{mN} ) ∫ I_{mN} u_{it}[x̄_i + ( 1 s ) 1, ȳ_i(t) + ( 1 s ) 1]dP = u_{it}(x̄_i + ( 1 s ) 1, ȳ_i(t) + ( 1 s ) 1)

for almost every t. Now for almost every t,

(μ̃^i, O^i, ȳ_i)(t) ∈ lim sup(μ̃^{iN} , O^{iN} , y_{iN} )(t).

Hence there is a subsequence (one for each t) k_n → ∞ such that

lim(μ̃^{iN} , O^{iN} , y_{iN} )(t) = (μ̃^i, O^i, ȳ_i)(t) and t ∈ I_{kn n} for every n.

Hence eventually

O^{iN} (t) = 1 P (I_{kn n}) ∫ I_{knn} u_{it}(x_{in}, y_{ikn n})dP ≤

≤ 1 P (I_{kn n}) ∫ I_{knn} u_{it}(x̄_i + ( 1 s )1, ȳ_{it} + ( 1 s )1)dP and therefore O^i(t) ≤ u_{it}(x̄_i + (^1_s )1, ȳ_{it} + (^1_s )1).

Making s go to infinity O^i(t) ≤ u_{it}(x̄_i, ȳ_{it}) almost every t in T . Now using for each (x, y) the proposition 3 it is true for almost every t that 1 P (I_{knn}) ∫ I_{knn} u_{it}(x, y)dP → u_{it}(x, y).

Therefore this is true for a countable dense set D. For each (x, y) ∈ D u_{it}(x, y) ≤ u_{it}(x̄_i, ȳ_i(t)) + μ̃^i(t)(x − x̄_i) + Λ_{it}q̄(y − ȳ_i(t)). Now the continuity of u_{it} and the density of D proves the result. Q.E.D.

Finally I can prove theorem 1.

Proof of theorem 1: I will prove that (x̄_i, θ_i, q̄, p̄, π̄, ȳ_i) is an equilibrium. The only point that is not obvious is that (x̄_i, θ_i, ȳ_i) maximize utility. Therefore suppose p̄x+π̄θ ≤ p̄w^i, θ ≥ v_i q̄_ty_t ≤ q̄_t(W^i_t + θA_t) ∫ T u_{it}(x, y_t)dP ≤ ∫ T u_{it}(x̄_i, ȳ_{it})dP + ∫ T μ̃^i(t)dP (x − x̄_i) + ∫ T Λ_{it}q̄_tA_tdP (θ − θ_i).

Hence from theorem 3 (3) and (4)

U^i(x, y) ≤ U^i(x̄_i, ȳ_t) + (x − x̄_i) lim ∫ T μ̃^{iN} (t)dP + (θ − θ_i) lim ∫ T Λ_{iN} q_N A_ndP.

Using proposition 3(ii) and lemma 4(iv) we have

U^i(x, y) − U^i(x̄_i, ȳ_i) ≤ μ̄_ip̄(x − x̄_i) + ( lim ∫ T Λ_{iN} q_N A_N dP − μ̄_iπ̄ ) (θ − θ_i)+

+ μ̄_iπ̄(θ − θ_i) ≤ μ̄_1(p̄(x − x̄_i) + π̄(θ − θ_i)) ≤ 0

and this ends the proof. Q.E.D.

V. Related works

In this section I discuss the relationship between this paper and Mas-Colell and Monteiro (1990), Hellwig (1991) and Mas-Colell and Zame (1991).

In my joint work with Mas-Colell (1990) we prove the incomplete markets existence theorem for a general state space. We suppose the utility function to be separable. This is basic to our proof (and the other’s as well). The special tractability of separable utilities for equilibrium existence was explored by Araujo and Monteiro (1989) where a complete markets equilibrium existence theorem is proved with assumption of properness at only one point. Besides separability, it is supposed that for any asset trade, almost every non-atomic state has a regular spot equilibrium. This condition allows we to construct self-fulfilled conditional on any asset trades price expectations with a strong continuity property. After this the argument runs along usual routes.

The next work I discuss is Mas-Colell and Zame (1991). They don’t need the above regularity hypothesis, however they need strong restrictions on the utilities which precludes for example Inada’s type of conditions. Their methodology is based on recursivity: they solve the equilibrium at each state at the terminal date as a function of earlier choices. This enables them to construct a finite-dimensional range correspondence which is convex by Lyapunov’s theorem. Then an induction process allows them to prove the theorem for the multiple period case.

The last work I discuss is Hellwig’s. In his work he does not make any special assumptions on the utilities or endowments (besides separability or strictly positivity respectively). The initial steps are as in Mas-Colell and Monteiro (1990). The maximum instantaneous utility is parametrized (for fixed prices) by the asset trades. Since he doesn’t make the regularity assumption as in Mas-Colell and Monteiro he cannot parametrize the prices in the same fashion. Here Fatou’s lemma is essential to guarantee some convexity. However several problems appear and in their solution the need for a modification of Hildenbrand-Mertens Fatou’s lemma proof appears. In the final steps he approximates the economy by means of atomic measures, then a key closedness property ensures the limit to be an equilibrium. The only discomfortable hypothesis Hellwig does is the continuity in the euclidean topology of the asset returns.

In this work in terms of hypotheses I, essentially, eliminate the above continuity assumption. Also the approximation that I use is in terms of partitions. I also need to combine Hellwig’s adaptation of Hildenbrand and Mertens Fatou’s lemma proof and their proof since the sequence I have is a combination of both.

References

Araujo, AP. and Monteiro, P.K. (1992), General equilibrium with infintely many goods:

the case of separable utilities, in “Essays in honor of D. Gale”, ed. Majumdar, publ. Macmillan, 17–28.

Araujo, A.P. and Monteiro, P.K. (1991), Generic non-existence of equilibria in finance models, Journal of Mathematical Economics, V.20, 489–499.

Duffie, D. and W. Shafer (1985), Equilibrium in incomplete markets I: a basic model of generic existence, Journal of Mathematical Economics 14, 285–300.

Geanakoplos, J. and H. Plemarchakis (1986), Existence, regularity and constrained suboptimality of competitive allocations when the asset markets is incomplete, in: W. Heller, R. Starr and D. Starrett eds. Uncedrtainty, Information and Communication, Cambridge U.P.

Green, R. andS. Spear (1987), Equilibria in large commodity spaces with incomplete markets, Carnegie-Mellon University working paper.

Halmos, P.R. (1950), Measure theory, fifth printing, D. VAn Nostrand Inc. Hart, D. (1975), On the optimality of the equilibrium when the markets are incomplete, Journal of Economic Theory 11, 418–443.

Hellwig, M. (1991), Rational expectations equilibria in sequence economies with symmetric information: two period case, to appear in Journal of Mathematical Economics.

Hildenbrand, W. (1974), Core and equilibria of a large economy, Princeton University. Hildenbrand, W. and J.F. Mertens (1971), On Fatou’s lemma in several dimensions, Zeitschrift für Wahrscheinlichkeitstheorie und verwandte Gebiete 17, 151–155.

23 Krasnoselvshu (1964), Topological methods in the theory of nonlinear integral equations, MacMillan.

Mas-Colell, A. and P.K. Monteiro (1990), Self-fulfilling equilibria: an existence theorem for a general state space, to appear in Journal of Mathematical Economics.

Mas-Colell, A. and W. Zame (1991), The existence of security markets equilibria with a non-atomic state space, to appear in Journal of Mathematical Economics.

Monteiro, P.K. (1993), Inada’s condition imply equilibrium existence is rare, Economics Letters (1994), 99–102.

Moreau, J.J. (1964), Sur la fonction polaire d’une fonction semi-continue supérieurement, C.R. Academy of Sciences, Paris, 258, 1128–1130.

de Possel, R. (1936), Sur la dérivation abstraite des fonctions d’ensemble, Journal de Mathématiques pures et appliquées 15, 391–409.

Radner, R. (1972), Existence of equilibrium plans, prices and prices expectations in a sequence of markets, Econometrica 40, 289–303.

Werner, J. (1985), Equilibrium in economies with incomplete financial markets, Journal of Economic Theory 36, 110–119.

Zaanen, A. (1967), Integration, North-Holland, Amsterdam.

Zame, W. (forthcoming) (1988), Asymptotic behaviour of assets markets: Asymptotic efficiency, in M. Bouldrin, J. Boyd, W. Thomson, eds., General equilibrium and growth: the legacy of Lionel McKenzie, Academic Press.