J. S. Mill’s Liberal Principle and Unanimity

Edward J. Green™

June, 1994

Abstract
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1. Introduction

The broad concept of an individual’s welfare is actually a cluster of related specific concepts that
bear a “family resemblance” to one another. Economists have tended to focus attention almost
exclusively on just one of these specific concepts, though. Essentially, the defining characteristic of
this concept is that questions regarding people’s welfare have to be reduced to questions regarding

their preferences in order to be intelligible.

While agreeing wholeheartedly that this Paretian concept of welfare is worthy of the intensive
study that it receives, one can still hope to overcome the exclusive focus of welfare economics on just
one among the many possible concepts of welfare. Once it is recognized that welfare is a family of
related normative concepts, then there is no inconsistency in desiring to be able to evaluate policies
with respect to several of them. One might care about how a policy will affect people both in terms
of their subjective preferences and also in terms of some notion of their objective interests. Here
I am adopting the term ‘objective interest’ to denote any specific notion of a person’s well-being
that might be quantified by an index of measurements of various aspects of the person’s situation,

in order to reserve the term ‘welfare’ for use in its broad sense.

Obviously there can be many distinct notions of a person’s objective interest. For instance,
some notions may be based exclusively on measurements of the bare physical necessities of life while
other notions may encompass social and psychological aspects of a person’s situation as well. It
should be possible to design a satisfactory framework for evaluation of policies in terms of welfare
criteria based on notions of people’s objective interests, and also in terms of criteria that combine
considerations of objective interests and preferences, just as neoclassical economists have succeeded

in doing for preference-based notions.

Moreover, once it is granted that there may several alternative concepts of welfare that are all
worthy of consideration in policy making, then some interesting general questions arise concerning
the relationship between alternative welfare analyses. Are there salient features common to var-
ions specific notions of a person’s objective interest—analogous to the ordinal features by which
economists characterize preferences—that might serve as a basis for economic analysis? If so, can
any general comparison be made between the conclusions of welfare analyses based on various no-
tions of objective interest possessing these features, or between the conclusions of such an analysis
and a neoclassical analysis based exclusively on preferences? In particular, are there any interesting
conditions under which all of these various analyses would reach identical conclusions? This paper

is an attempt to study these questions.

The main goal of the paper is to compare the neoclassical welfare criterion of unanimous
preference (formulated by Pareto (1909) and emphasized in welfare analysis by Wicksell (1935))
to an alternative criterion that is somewhat in the same spirit, but that relies in an essential way
on a notion of each person’s objective interest as well as on a notion of persons’ preferences. The

formulation of this alternative criterion is suggested by John Stuart Mill’s discussion of liberalism.!

L Mill’s thinking has also been influential in stimulating the formal investigation (beginning with Sen 1970) of

the problem of constraining Paretian welfare analysis to respect persons’ rights. Schick (1980) and Riley (1988) have
employed formal social-choice theory to interpret Mill’s political philosophy as a whole.



Mill emphasizes two connected ideas: that there is a notion of each person’s interest that is distinct
from that person’s preferences, and that a person ought to be permitted to do as he pleases so
long as he does not damage the interests (in this non-preferential sense) of others (Mill 1859, Book
I and Book IV). He extends this idea of liberal permissibility to coalitions. That is, he proposes
that a group of people ought to be permitted to act unanimously as long as they do not damage
the interest of anyone outside the group. This proposal would license actions of which the entire
community approves, because the group that includes everyone would act unanimously and there
would be no outsider whose interest could be damaged. Thus Mill’s criterion of liberally permissible
action is at least as broad as the Pareto-improvement criterion. Furthermore Mill states explicitly
that he interprets the notion of people’s interests narrowly enough so that some actions would also
be permissible although they were not unanimously approved. That is, Mill takes the position
that a person’s mere preference that an action should not be taken does not make the action
damaging to the person’s objective interest. He proposes that someone should be permitted to
take an action of which no one else approves, as long as those others’ disapproval reflects such
mere preferences unconnected to their interests. On this interpretation, Mill’s proposed criterion

of liberal permissibility is strictly broader than the Pareto-improvement criterion.

The preceding discussion makes it clear that Mill’s views on liberally permissible action are
based on two separate considerations: a specific notion of what objective interests people possess,
and a general characterization of the relationship between people’s objective interests and the per-
missibility of actions that other people might wish to take. Thus someone might endorse Mill’s
general characterization, but differ with him about concrete cases on the basis of holding a different
view of what are people’s objective interests. (Indeed, someone might suppose contrary to Mill that
a mere preference does create a corresponding objective interest. When Mill’s general characteri-
zation is interpreted according to that view, the resulting criterion is simply a reformulation of the
Pareto-improvement criterion.) The formal theory to be presented here will emphasize the separa-
tion between Mill’s two considerations. The main result to be proved is that, even in the context of
an assumption about the relationship between preferences and interests that is significantly weaker
than to posit an identification between them, Mill’s general characterization of liberal permissibility
continues to coincide exactly with the Pareto-improvement criterion. This result probably would
have surprised both Mill and his philosophical critics. It shows that the conflicts between some
alternative welfare criteria are much less pervasive than might have been believed. However it does
identify some particular situations (namely, those in which the relationship between preferences
and welfare assumed in the theorem are implausible) in which the liberal and Paretian criteria are

likely to lead to different conclusions.



2. The setting of the problem

In order to examine carefully the logic behind Mill’s suggestion that his liberal principle permits a
wider class of actions than just those that accomplish unanimously preferred changes, I am going to
restate the suggestion in language that is parallel to that of neoclassical welfare economics. There
a person’s preferences are represented formally by a binary relation that may hold between social
states, which in turn represent possible situations of the community. A person’s objective interest
can also be also be represented formally by a binary relation between social states. As in the case

of preferences, a distinct relation is identified with each person or agent in the community.

In welfare economics, the relation of unanimous preference (often called the “Pareto-improve-
ment relation”) is defined from the preference relations of individuals. Specifically, one social state
is the unanimous successor of another, status-quo social state if every agent prefers the change to it
from the status quo, with at least one agent’s preference being strict. Analogously, define a social
state to be the liberal successor of a status-quo social state if all members of some group of agents
prefer the change to it from the status quo, with at least one member of the group having a strict
preference, and if also the change does not reduce the welfare of any agent outside the group. (In
both of these definitions, I refer to one social state as the status quo only to distinguish it from the
other social state in the pair. I do not mean to imply that it is historically determined or special

in any other way.)

Using these definitions, Mill’s suggestion can be restated as the thesis that one social state may
be a liberal successor of another without necessarily being its unanimous successor. Now I specify
a formal theory in which this thesis can be expressed. The aim of this theory is to characterize the
general logic of the thesis in a way that is completely explicit, and that is also general in the sense

of being independent of specific proposals regarding what might constitute a person’s interest.

Consider a finite set I of agents, and a set X of social states. (¢, j, and k will range over [, and
w, z, y, and z will range over X.) To each agent j are associated two binary relations on X, W;
and R;. When zWjy, this means that state x provides for the objective interest of agent j as well
as state y does. I will refer to W; as the interest relation, or simply the interest, of agent j. When

xRy, this means that j weakly prefers z to y.

Define connectedness of a relation to mean that each pair of states is related in at least one

direction, and for each agent j, assume that

W; is transitive and reflexive, and R; is transitive and connected. (1)

V; and P; will denote the asymmetric (or strict) parts of W; and R; respectively. £; and [; will

denote the symmetric parts of W; and R; respectively.

Within this simple formal language, it is possible to state three substantive conditions that
may be placed on agents’ preferences. The first condition actually guarantees three things: that
each agent cares only about his own interest and possibly the interests of others, that each agent

prefers a social state that better provides for his own interest if the interests of others are held
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constant, and that each interest relation is connected on any set of states on which all other agents’

interests are constant. Formally, for any agent j and for any states z and ¥,

If Vi # j By, then 2W,y <= 2R;y]. (2)

This will be referred to as the condition that preferences are based on interests.

Second, agent j will be called nonpaternalistic if his preferences are determined by his own

interest and the preferences of others. Formally, j is nonpaternalistic if, for all 2 and y,?

If eW;y and Vi # j 2 R;y, then 2R ;y. (3)

The third condition that can be stated regarding an agent’s preferences is that his preferences
about trade-offs between the interests of agents within any one group in the population are inde-
pendent of the situation regarding interests of other agents outside the group. Formally, agent ¢
has preferences that are separable in interests if for any partition of I into groups J and K and for

any states w, x, y, and z,

IfVj e J[wk;y and ;2] and Vk € K [wl2 and yFEyz], then wRiz <~
yR;z. (4)

Separability of preferences in interests will play an important technical role in the arguments
below. It is a necessary condition for an agent’s preferences to be representable by a utility function
that is a sum of functions that in turn are closely related to his and other agents’ interest relations.
Given the other assumptions that have been made here, and a few others that will be introduced
shortly, it is also sufficient for the existence of such a representation. It should be noticed, though,
that separability is an assumption with a lot of economic content. For example, if each agent’s
interest is taken to be his wealth, then it rules out the possibility that an agent prefers small
increases in wealth for others whenever they are poorer than he is, but that (perhaps because of
envy) he prefers that they should suffer small decreases in wealth when they are richer than he is.
The example at the end of this paper is of interest principally because it shows that the liberal and

unanimity relations may coincide even when agents’ preferences are not separable in interests.

Three technical assumptions about the topological structure of the set of social states, and of
agents’ interest and preference relations, will also be needed. In contrast to the separability as-

sumption, these assumptions do not seem to raise significant issues of interpretation. The meanings

2 The use of ‘nonpaternalism’ for this condition is well entrenched in the literature on the interdependent

preferences. It is easy to think of examples in which the condition applies in ways that intuitively have nothing to do
with nonpaternalism, though. One defense of the terminology would be to point out that the obvious non-intuitive
examples involve agents whose preferences are not based on interests. Thus, while the condition fails to capture
the meaning of nonpaternalism (which involves concepts that cannot be stated in the parsimonious formal language
adopted here), extensionally it defines the subset of interests-based preferences that a nonpaternalistic agent might
hold.



of the first two assumptions are immediately obvious. The third assumption states that if £; is

viewed as a correspondence, then it is lower hemicontinuous:

X is a connected, separable topological space. (5)

For every agent j, W; and R; have closed graph in XZ. (6)

For every agent j, pair of states y and z, and neighborhood Z of z, if yF;z,
then there exists a neighborhood Y of y such that Vy' € Y 32" € Z ¢/ E; 2. (7)

The liberal and unanimity relations now have to be defined. State x is a unanimous successor

to y (and is also described as being Pareto superior to y or a Pareto improvement of y) if

Vi 2 R;y and 35 2 P;y. (8)

Define = to be a liberal successor of y if, for some coalition J C I,

VieJaRyyand 35 € J 2Py and Vk ¢ J 2 Wyy. (9)

3 This relation of liberal succession is one of two possible ways (within the present theory) to formalize Mill’s

criterion for when a change of social state should be countenanced. The other possibility would be to stipulate that
a coalition may make any change of state that does not give non-members strictly lower levels of welfare than they
previously enjoyed. That is, # could be defined to be a liberal successor of y if, for some coalition J C [,

(9') Vi € JzR;y and 35 € J 2 Pjy and not 3k € J yVy=.

In general, (9') defines a more permissive (i.e., set-theoretically larger) relation than does (9). However, (9) and
(9") define the same relation if all welfare relations W; are connected. While connectedness is not assumed directly,

it is implied by other assumptions that will be used here (cf. Lemma 6 below).
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3. Mill and Pareto contrasted

At the close of section 1, I provided an informal summary of Mill’s liberal principle. I pointed out
the principle always countenances Pareto improvements. The formal theory just set forth affords
an explicit proof of this. In particular, taking J = I in (9) yields (8), showing that the unanimous-
succession relation is a subrelation of the liberal-succession relation. This is exactly the formal

statement of the assertion.

I also mentioned Mill’s thesis that his principle countenances some changes of social state that
are not Pareto improvements. I emphasized that the thesis follows from his view that there is at
most a very loose relationship between a person’s preferences and his objective interest or even
people’s objective interests in general. However, in section 2 I have assumed that all agents have
nonpaternalistic preferences that are based on interests and separable in interests. These conditions
all relate preferences to interests. One might wonder whether these relationships restrict the scope
of the liberal principle so tightly that it must coincide exactly with the Pareto principle. Because
the conditions in section 2 have been specified in an explicit and formal way, it is possible to
construct an example that shows definitely that the conditions do not imply that Mill’s principle
and the Pareto principle coincide. I will provide one such example next. This example should
not be interpreted to show that Mill’s thesis is necessarily correct, though. Rather it shows that
the conditions introduced in section 2 are weaker in some circumstances than they might seem to
be. After presenting the example. I will introduce some further assumptions which rule out such
degenerate circumstances. Once these assumptions have been set forth, the stage will be set for a
serious examination of of the relationship between Mill’s liberal principle and the Pareto principle.
Now, here is the example of a community in which the liberal-succession relation is much more

inclusive than the unanimous-succession relation.

Let I = {1, 2, 3,4}, and let X be an interval of the real line. Suppose that xRy and aWsy
if x > y, and that 2Wyy and zRyy if < y. Let agent 3 be identical to agent 1, and agent 4 to
agent 2. It is easily verified that all of the assumptions (1)—(7) are satisfied. However, no pair of
social states is related by the unanimous-succession relation, but every pair of distinct social states

is related by the liberal-succession relation.

In this example, the assumptions (2) and (3) of interest-based preference and nonpaternalism
have been trivialized. That is, each assumption is an implication with a hypothesis that is never
satisfied. Now I will define four conditions which are intended to identify environments that are
rich enough for the two assumptions to have nontrivial content. Note that the example above does

not satisfy any of these conditions.

First, agents’ interests will be said to have product structure if *

4 Tt would be desirable to make only an assumption to the effect that there is some latitude for agents’ interests to
vary independently. The present, inordinately strong, assumption is made in order to invoke a theorem of conjoint
measurement theory below. Krantz, et. al. ((1971), pp. 275-6) discuss the general need to have a theory of
measurement based on a weaker assumption. Thus the objectionable feature of the present assumption seems to be
a convenient technical fiction that need not be viewed as limiting the validity of the results to be derived here. Of
course, social states must be viewed as conceptually possible profiles of interests that are not necessarily technically
feasible to satisfy all at once.



Second, agent ¢ will be said to have idiosyncratic interest if

Ja Jy [¢Viy and Vj # ¢ 2 Ey]. (11)

Third, analogously, agent ¢ will be said to have idiosyncratic preferences if

Ja Jy [« Py and Vj # 7 21;y]. (12)

Fourth, it will be said that an unambiguous improvement is possible if

Ja Iy Vi [zV;y and z Py]. (13)

4. Agents’ judgments and interpersonal agreement regarding interests

Taken together, assumptions (2) that agents’ preferences are based on interests and (4) that agents’
preferences are separable in interests have an interpetation that each agent’s preferences are based
on considerations of trade-offs between his own interest and other agents’ interests. (There might
well be other possible interpretations of agents’ preferences as well.) The idea of making trade-
offs among interests implies that the difference between the degree to which an agent’s interest is
satisfied in two distinct states is conceived as being a cardinal magnitude. Moreover, agents may
either agree or disagree with one another about comparisons between these magnitudes. This is a
subtle point, and it is also an important one for the welfare analysis which is to follow. Therefore

let us consider it carefully now.

Consider two agents ¢ and j, each of whose interest is completely determined by what kind
of house he lives in. Suppose that there are four types of house—hovels, cottages, mansions, and
palaces—in increasing order of satisfaction of an agent’s interest. Suppose that a social state is

simply a specification of a type of house for each agent.

The ordinal ranking of types of house determines the answers to some questions regarding
cardinal comparisons, such as “Would it make more difference for the satisfaction of agent j’s
interest if he were to move from a cottage to a palace than if he were to move from a cottage
to a mansion?” Clearly the former difference is larger, since the two changes begin at the same
point but the latter change accomplishes only part (in terms of the ranking) of what the former
accomplishes. However, the ranking does not determine the answers to other questions such as
“Would it make a bigger difference for the satisfaction of agent j’s interest if he were to move from
a mansion to a palace, than if he were to move from a hovel to a cottage?” That is because neither

of the ordinal intervals described by these two changes includes the other. If one were to represent
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the magnitudes of differences in satisfaction of an agent’s interest as distances between points on a

line, then pictures like either of the following would be possible.

[hovel] [cottage] [mansion] [palace]

[hovel] [cottage] [mansion] [palace]

Information about agents’ preferences can be interpreted to represent the agents as implicitly
answering such questions, though. For example, consider the following two pairs of states: = and

y, and =’ and y'.

State z : Agent ¢ lives in a mansion; Agent j lives in a mansion.
State v : Agent 7 lives in a cottage; Agent j lives in a palace.
State o' Agent ¢ lives in a mansion;  Agent j lives in a hovel.
State y': Agent ¢ lives in a cottage; Agent j lives in a cottage.

Suppose that agent ¢ prefers state y to state z and also prefers state 2’ to state y'. Then I will
interpret agent ¢ as judging that agent j’s interest is affected more significantly by a move from
a mansion to a palace than by a move from a hovel to a cottage, in the following sense. Agent ¢
would be willing to bear the sacrifice of having to move from a mansion to a cottage in order to
enable j to move from a mansion to a palace, but he would be unwilling to bear the same sacrifice
in order to enable j to move from a hovel to a cottage. This pair of preferences can be interpreted
as reflecting a judgment on the part of ¢ that a move from a mansion to a palace would make a

larger difference for the satisfaction of j’s interest than would a move from a hovel to a cottage.

In an environment with many social states, this judgments-about-interests interpretation of
agents’ preferences will have restrictive implications. For example, consider another two pairs of
social states.

State w: Agent ¢ lives in a cottage; Agent 7 lives in a mansion.
State z : Agent 7 lives in a hovel; Agent j lives in a palace.
State w': Agent ¢ lives in a cottage; Agent 7 lives in a hovel.
State z': Agent ¢ lives in a hovel; Agent j lives in a cottage.

Suppose that 7 were to prefer state w to state z and state 2z’ to state w’. The interpretation

of preferences as reflecting judgments about cardinal differences in satisfaction of interests would
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suggest that 7 considers a move from a hovel to a cottage to matter more for the satisfaction of
j’s interest than would a move from a mansion to a palace. The argument for this implication
is the same as before, except now ¢’s contemplated sacrifice is a move from a cottage to a hovel
instead of from a palace to a mansion. If ¢ were to hold all of the preferences that have been
discussed in this paragraph and in previous one, then the judgments-about-interests interpretation
of preferences would impute two inconsistent judgments to him. I will demonstrate later in this
paper (in Lemma 10) that the assumptions made in the preceding two sections are sufficient to rule
out such imputations of inconsistency. Technically, in addition to the assumptions that have been
introduced so far, Lemma 10 also requires an additional double-cancellation condition in the case
of two-agent communities and of some larger communitites. This condition will be set forth when

the lemma is stated formally.

Agent 7 (or any other agent in the community) might either agree or disagree with agent ¢’s
assessments of how much difference various changes of social state would make to the satisfaction
of 7’s interest. The main result to be proved in this paper will be that, in the presence of the
assumptions that have already been made (along with the double-cancellation condition), this
additional assumption that agents always agree with one another about such assessments is sufficient

for the liberal-succession relation and the unanimous-succession relation to coincide.

5. Equivalence of the welfare criteria: a preliminary result

The model of a community set forth in sections 2 and 3 should seem familiar in many respects,
especially in relation to work of Debreu. As in Debreu (1960), preferences of an individual agent
are described in terms of ordinal and topological assumptions along with an assumption regarding
separability. Asin Debreu (1959), a welfare proposition regarding a community of agents described
in such terms is to be investigated.> This investigation divides logically into two parts. First a
representation theorem should be proved, asserting the existence of well behaved utility functions
which represent agents’ preferences and also of analogous functions which represent agents’ interests.
Then, taking advantage of these numerical representations, the proposition about welfare should

be proved.

Since welfare analysis provides the motivation for the representation theorem, and also since
the particular set of assumptions studied here in this paper not be the only ones which yield the sort
of representation that is derived, I will begin by formulating the representation that is needed and

by proving that it implies that the liberal-succession and unanimous-succession relations coincide.

Throughout this section and the remainder of the paper (except where explicitly stated to the
contrary), I will assume that conditions (1)~(6) and (10)—(13) hold. The representation theorem
that I will prove later from these assumptions (and the two further ones discussed at the end of
the preceding section) contains the following three assertions (14)—(16) regarding the possibility of

representing agents’ preferences and interests by numerical functions.

5 Debreu (1959) did not impose separability, however.
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v; : X — IR is continuous and Va Vy [2W;y <= v;(z) > v;(y)]. (14)

pj : X — IR is continuous and Va Vy [2R;y <= p;(z) > p;(y)]. (15)

There exist scalars a;; and x; such that®

Vi Vo p2($) = E]'Snai]'?]j($) + K;.

(16)

The first two of these assertions are just the sort of ordinal representations that one would
expect. (Note, however, that (14) implies the transitivity of interest relations which has not been
assumed directly in (1).) The real force of the representation is provided by assertion (16). What
this assertion obviously accomplishes is to reflect numerically the assumptions (3) and (4) that
agents’ preferences are based on interests and separable in interests. The assertion states signifi-
cantly more than that, though. Each agent’s preferences might individually be based on interests
and separable in interests, and yet the numerical representation of someone’s interest (agent ¢,
say) that entered one agent’s (agent j) utility function might be an arbitrary continuous, strictly
increasing transformation of the numerical representation of ¢’s interests that entered another agent
k’s utility function. Assertion (16) states that the representation of ¢’s interest that enters j’s utility
function must be a strictly increasing affine transformation of the representation of ¢’s interest that
enters k’s utility function. This means that when the preferences of agents j and k reflect cardinal
comparisons of differences in satisfaction of ¢’s interest (such as that it would make a greater differ-
ence for ¢ to move from a hovel to a cottage than it would make for him to move from the cottage
to a mansion), then j and k& must agree with one another. As has already been explained in the
preceding section, the existence of such agreement throughout the community regarding cardinal
intrapersonal comparisons across social states of each agent’s interest is a key assumption of the
proof that liberal succession and unanimous succession coincide. This assumption does not follow
from the assumptions about the community that have been made so far. An ordinal assumption
that does imply assumption (16) (in the presence of the other assumptions) will be introduced

below in section 8.

Now all of the assumptions have been introduced that are needed to prove the coincidence of
the liberal-succession and unanimous-succession relations. In the proof, it will be convenient to
write (16) in matrix form. To do so, define v : X — IR™ and p: X — IR™, where n is the number

of agents in ¢, by

Vo vy [v(2)]; = vj(2) (17)

and

Va ¥y [p(2)]; = pj(e). (18)
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Let A be the matrix with coefficients a;;. Then (16) can be written in matrix notation as:

Va p(z) = Av(z) + k. (19)

Now the proof of the welfare theorem will be presented in a series of lemmas.
Lemma 1: v(X) contains a non-empty open subset of IR™.

Proof: Let z;V;y; for each j, as is guaranteed by (11). By continuity of v; and connectedness of
X, the interval [v;(y;), vj(z;)] is a subset of v;(X). This interval has nonempty interior, since v;

represents W;. Since agents’ interests have product structure, then,

(v1(91), v1(21)) X o X (0n(Yn ), vnl@n)) € 0(X). B

Lemma 2: A is nonsingular.

Proof: By idiosyncracy of preferences, for each ¢ there exist @ and y; such that 2Py and Vj #
¢ xl;y. Thus p(z) — p(y) = Alv(z) —v(y)] is a scalar multiple of the usual basis vector in dimension
i.

Let B = (3;;) = A7L. Then, for every ¢ there exists a scalar A; such that

Va pi(x) = ajivi(v) + Zj;éiaij [Zkgn Birpr(@)] + i (20)

Equation (20) provides an implicit characterization of the preferences of agent 7 in terms
of ¢’s interest and other agents’ preferences. However, p; occurs on both sides of the equation.
In order to have an explicit characterization, p; should not occur on the right. That is, the
term . ; @;;B;ipi(x) should be subtracted from both sides of (20), and then both sides of the
resulting equation should be divided by 1 — Zj;ﬁi a;;f3;;. The result of these operations, defining

Vik = D255 QigBky 61 = aui [ (1= i), i = Ni [ (1= 7ii), and 85 = vix / (1 — i) for k # i, is

Va pi(@) = 650i(@) + 304 45 6inPr(@) + pi- (21)

There is one thing that has to be verified for this derivation of (21) to be sound. That is
that v;; # 1. Otherwise, the final step of the derivation would have been division by zero. This

verification is now provided.

Recall once again, that by idiosyncracy of ¢’s preference, there exist states  and y such that
Py and Vk # i #l,y. By nonpaternalism, i’s strict preference requires that zV;y. Equation (15)
implies that pi(2) = pr(y) for all k # 4, so subtraction of (20) from the corresponding equation for
state y yields [pi(y) — pi(2)] =
a;i[vi(y) — vi(@)] + viu[pi(y) — pi(2)]. By (14), [vi(y) — vi(2)] is strictly positive. Therefore v;; # 1
if a;; # 0. However, if a;; = 0, then it would follow from (11), (14), (15) and (16) that y;R;z;

(where z; and y; are the pair of states that (11) guarantees to exist for j), contrary to (2).
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Since 7;; # 1, then, preferences representable by (16) are also representable by (21). This

latter representation is now studied further.
Lemma 3: In (21), for every 7, §;; > 0.

Proof: By idiosyncracy of preferences, there exist # and y such that Py and Vj # ¢ 2;y. Thus,
by nonpaternalism of ¢, 2V;y. Therefore é;; > 0 follows from (14), (15) and (21). &

Lemma 4: In (21), for every 7 and k, ;5 > 0.

Proof: By Lemma 3, it is sufficient to prove this inequality for ¢ # k. By Lemma 1, there exist
a subset Y C X and a nonempty open set U C IR™ such that » maps Y onto U. By Lemma 2,
p(Y) = A(U) is open in IR™. For in define ¢' : Y — IR" by [¢’(2)]; = 6;vi(x) + p; if ¢ = 4, and
[¢'(2)]; = pj(2)if i # j. Note that, by (21), ¢' = Q*p, where @ is a matrix that will also be denoted
by (xjx)- This matrix is the same as the identity matrix except for its i'! row, and y;; = 1 and
Xik = —6;x for k # 1. It is obvious (using row 7 to expand the determinant) that Q° is nonsingular,
so ¢'(Y) = Q'A(U), which is open in IR™. Thus there exist states z and y such that ¢*(z) — ¢*(y)
is a positive scalar multiple of the usual basis vector in the & dimension. That is, z F;y, Py, and
x1;y for all other agents j. By nonpaternalism of ¢, 2 R;y, so é;; > 0 follows from (14), (15), and
(21). N

These results have a useful geometric interpretation. Consider the vector space that is obtained
from the space of all continuous, real-valued functions on X when functions that differ by a constant
are identified with one another. Let V' be the finite-dimensional subspace generated by {v;}; ¢ .
Lemma 1 asserts that V' is isomorphic to IR™. For a set I of vectors in V, let K[F] be the convex
cone generated by F. The possibility of an unambiguous improvement (i.e., assumption (13)) implies
that K[{v:}ier U {pi}ic 1] does not contain any linear subspace (except for {0}) of V. Lemma 2
assets that {p;}; e r is a basis of V. Lemma 4 asserts that, for each 7, p; € K[{v;} U {p;}; ). These

facts are now used to establish the coincidence of the two social-choice relations.

Theorem 1: The additively-separable representation of preferences discussed here is sufficient
for the Mill’s principle to be equivalent to the Pareto principle. Specifically, suppose that the
environment is as described in (1)-(6) and (10)—(13). If agents’ interests and preferences can be

represented as in (14)—(16), then Pareto superiority and liberal succession coincide.

Proof: Since the Pareto relation is contained in the relation of liberal succession, it is sufficient to
prove that z is Pareto superior to y if x is a liberal succession of y. A contradiction will be obtained
from the contrary assumption. In particular, assume that J C I satisfies (9) but that yPrz. Then
pr € K[{vitigs U {p;}jes] Thus K[{vitigs U {p;};e]is not asubset of K[{vi}igs U {p;};es]
By (13),

K[{vi}igs U{p,},e ] contains no linear subspace (except {0} ) of V. Therefore, by (12) and Corol-
lary 18.5.2 of Rockafellar (1970), there is an agent k such that py ¢ K[{v;}igs U {p;};2%]. (Note
that (12) rules out that p; could be a scalar multiple of p; for any j # k.) This contradicts Lemma
4,since k¢ J. B

12



6. Nonmalevolence

Theorem 1 has antecedents in the work of Bergstrom ((1971), (1989), (1988)), Green ((1979),
(1982)), and Pearce (1983), all of which assume some version of (16). In the remaining part of this
paper, it will be shown that the assumptions on ordinal preference and interest relations that have
been introduced above (along with the double-cancellation condition and an ordinal assumption
that will imply agents’ agreement about intrapersonal interest comparisons) can replace (16) in the
theorem. Before showing this, though, I will now briefly discuss one difference between Theorem 1

and it antecedents. The remainder of the paper is independent of this discussion.

In the antecedent theorems just mentioned, the possibility of an unambiguous improvement
(13) has not been assumed but an additional assumption of nonmalevolence has been made. For-

mally, agent j is nonmalevolent if
(13") Va Yy [if Vi 2W,y, then zR;y].

Neither of assumptions (13) and (13') implies the other. In particular, note that the example
in section 3 satisfies (13’) but not (13). To see that (13) does not imply (13’), consider two agents
and let X be the Euclidean plane, with v;(z) = 21 and vy(2) = z2. Define p; = 201 — v and
P2 = 2v3 —v1. Obviously neither preference relation defined by these utility functions satisfies (13'),

but (1, 1) is an unambiguous improvement over (0, 0).

Conditional on the other assumptions that have been made here, though, the assumptions (13)
and (13') are equivalent. It is easy to see that the assumptions of this paper (specifically (1), (4),
(10), (11) and (13")) imply (13). The converse implication is proved analogously to Theorem 1.
Clearly (13') implies that all of the coefficients «;; in (16) are nonnegative. Thus, if some agent
J does not satisfy (13'), then p; & K[{v;}iecr]. Thus K[{vi}ier U {p;};e1] is not a subset of
K[{vi}ier) By (13), K[{vi}ier U {p;}; 1] contains only the trivial linear subspace {0} of V, so
there is an agent k such that p, € K[{v;}ier U {p;};2%). This contradicts Lemma 4, though, so
the failure of (13') for j implies the failure of (13). That is, if (13) holds, then all agents must
satisfy (13').

7. Additive conjoint measurement of preference

The proof of Theorem 1 has relied heavily on two assumptions that are not obvious consequences
of what had previously been assumed. The first of these is assumption (14), that for each agent
J there is a continuous function v; : X — IR such that Vo Vy [2W;y <= wv;(z) > v;(y)]. This
assumption implies in particular that agents’ interest relations are connected on X, which is a
stronger connectedness claim than the limited one that follows from assumptions (1) and (2). The
other assumption is (16), that the functions v; can be specified in such a way that there exist

scalars a;; and k; such that Vi Vz pi(2) = Z].<n a;vi(T) + K"

7 (14) resembles (13) and (18) in its form, but it follows routinely from previous assumptions, using a result of
Debreu (1959). The crucial difference is that R; is assumed to be connected, while the connectedness of W; must
be proved.
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These assumptions will be derived from ordinal and topological assumptions. The first step
to accomplish this is to formulate three conditions (i.e., (21) - (23) below) that jointly imply (14)
and (16). The first of these conditions will be established in this section, and the second and third
in the next.

Call a function f : X — IR compatible with an equivalence relation £ on X if, for all z and
y, xEyimplies that f(z) = f(y). Say that f is strictly increasing with respect to a binary relation
V oon X if, for all z and y, 2Vy implies that f(z) > f(y). Note that (14) is equivalent to the
statement that, for each j, there is a continuous function v; that is both compatible with £; and
strictly increasing with respect to V;. The first of the three conditions incorporates this information
from (14) directly in a way that closely resembles (16). For all agents ¢ and j, let N (i) be a set
of agents, let v; be a scalar, and let p; and u;; be functions from X to IR. Condition (16) will be
paraphrased by taking N (i) to be the set of j such that a;; # 0 and u;; to be a;;v;. Now the first

two conditions can be stated:

ViVa pi(z) = Z]_ € N(i) wij(2) 4 v;, where each p; satisfies (15) and each u;;

for j € N(¢) is continuous, non-constant, and compatible with F;, (22)

and

Fach u;; for j € N(7) is strictly increasing with respect to V;. (23)

Conditions (22) and (23) do not quite imply (16), because (16) entails (according to the
paraphrase that has just been described) the third condition that®

If j € N(h) N N(i), then there exist scalars oj;; and 7,;; such that uj; =
ThijUij + Thij- (24)

Lemma 5: Conditions (22) and (24) imply condition (16).

Proof: Consider a well ordering of I. For every j, define «(j) to be the first 7 such that j € N(4).
Note that «(j) < j (because j € N(j) by (2), (11), and (22)). For each h, define M(h) to be the
union of the sets N (i) for ¢ preceding h. For each j, let v; = u,(;);. Define ay; = 04,,;; if € N(h)
and «(j) < h, ap; = 1if ¢(j) = h, and ap,; = 0 otherwise. Define £, = v+ 32 c pr(n) 0 N(R) Thi(9)s-
It is routinely verified that these definitions satisfy (16). W

The remainder of this section is devoted to deriving (22) as a consequence of ordinal and
topological assumptions. Besides the assumptions that have already been stated, only one further
assumption is needed. This assumption, called the double-cancellation condition, strengthens the
separability condition (4) in the case of an agent whose preferences depend only on the interests of

himself and one other agent:

Ohij = Qpj /a,‘j and Thij = 0.
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If 3¢ # j Va Yy [2W;y and 2 W,y jointly imply that 2 R;y], then the following
condition holds for all states r, s, ¢, z, y, and 2: if rR;z and sR;y and if

rWit, aWs, yW,z, Wy, sW;t, and 2W;z, then tR;z. (25)

Like separability, this condition is necessary (even without any other assumptions) for the existence
of an additive conjoint representation. Note that the condition is satisfied trivially if N(j) is not a

two-element set.

Now it will be shown that the ordinal and topological assumptions that have been made so far
are sufficient to establish (22). The proof that (22) holds for agent 7 depends on the cardinality of
N(7). If N(7) has more than one element, then (22) will follow from a representation theorem for
additive conjoint measurement due to Debreu (1959). If N(¢) is a singleton (i.e., if ¢’s preferences
depend only on his own interest), then it is sufficient to take p; = u;; = v; and v; = 0, where v;

satisfies (14). The existence of such a function v; is now established.

Lemma 6: Assumptions (1), (2), (5), (6), and (10) imply assumption (14), i.e., that for each agent
J there is a continuous function v; : X — IR such that Va Vy [aW,y <= v;(z) > v;(y)].

Proof: By a result of Debreu (1959), it is sufficient under these assumptions to show that each
W; is connected on X. Consider any agent j and any pair of states 2 and y. By (10), there exists
a state z such that @ F;z and Vi # j yE;z. Either yR;z or zR;y by (1), so either yW,;z or 2W,y
respectively by (2). Then by (1), either yW;z or 2W;y respectively because z£/;z. R

In the case general that R; and W; may not coincide, the derivation of (22) depends on
Debreu’s representation theorem, which is now stated as Lemma 7. For a proof, see Debreu (1959),
or Krantz, et al. (1971, §6.2, 6.11, 6.12). The continuity of w;; asserted in the lemma is not
explicitly mentioned in those sources, but it is clear from a careful inspection of Debreu’s proof,
in which he has noted on pp. 22-24 that u;; is obtained from a continuous function and that the

several steps of the construction of u;; preserve continuity.?

Lemma 7 (Representation theorem for additive conjoint measurement): Suppose that
R; # W; and that assumptions (1) - (6), (11) and (25) are satisfied. Suppose that X = 1II; ¢ Xj,
where each X; is a topological space and X has the product topology, and that, for each j,
Va Yy [z; = y; implies 2 E;y]. Then Va pi(z) = ZjeN(i) wij(z) + v;, where 1 € N(i) C I, p;
satisfies (15) and each w;; for j € N(¢)is continuous and non-constant and factors through X; (i.e.,

Ui;j(z) depends only on z;).

Lemma 7 falls short of the objective of this section in two respects. First, even given the
hypotheses of the theorem, the conclusion that each function wu;; factors through X is weaker than
the desired conclusion that each wu;; is compatible with W;. Second, the hypothesis that X is a

cartesian product of spaces that individually determine agents’ interest levels is stronger than the

9 Unlike Debreu’s proof, the proof given by Krantz, et al. does not assume the separability of X, and it does

not assert the continuity of the functions u;;. I do not know whether the functions constructed in that proof actually
are continuous. Since continuity of the functions representing agents’ interest relations was used in Lemma 1 and
will be used again in the next section, I have asserted the separability of X in (6).
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product-structure assumption (10). The cartesian-product representation restricts the economic
applicability of the lemma to private-goods environments, since the level of provision of a public
good would be a coordinate of the social state that would affect the interests of all agents. The
conclusion of Lemma 7 can actually be strengthened to include compatibility of each u;; with F;,
and the hypothesis of a cartesian-product representation can be weakened to assumption (10) if (7)

is also assumed. These amendments are now made in Lemma 8 and Lemma 10.

Lemma 8: Suppose that assumptions (1) - (6), (11) and (25) are satisfied. Suppose that X =
II; ¢ 1X;, where each X is a topological space and X has the product topology, and that, for each
J, V& Yy [2; = y; implies zF;y]. Then Yz p;(z) = ZjeN(i) wij(z) + v;, where ¢ € N(¢) C I, p;

satisfies (15) and each w;; for j € N(¢)is continuous, non-constant, and compatible with £;.

Proof: Lemma 7 establishes everything except for the compatibility of u;; with E;, and it es-
tablishes that each w;; factors through X;. A contradiction will be derived from the assumption
that, for some j € N(¢), u;; is not compatible with ;. Specifically, suppose that « E;y but that
wij(2) < w;ij(y). Let z; = x; but let 2, = yp, for all A # j. Then Vh 2Ly, so zR;y by (2). However,
pi(2) < pi(y), contradicting (15). W

A technical result is needed in order to relax the cartesian-product hypothesis to (10). Define
a set Y of states to be saturated with respect to an equivalence relation F if © € Y whenever, for
some y, y € Y and zFy. Note that a function is compatible with F if and only if its level sets are
saturated with respect to F. It will be required that the property of saturation with respect to the
relations £/; should be preserved when topological closures are taken. Lemma 9 asserts that this

requirement can be met.

Lemma 9: If (1), (6), and (7) hold and Y is a set of states that is saturated with respect to £,
then ¢((Y) is saturated with respect to F;.

Proof: (1) entails that £; is an equivalence relation. By (6), the graph of E; is closed. Suppose
that ¢((Y) is not saturated with respect to ;. Then there exist states y € ¢{(Y') and 2 ¢ c{(Y')
such that E;y. Since @ ¢ ¢l(Y'), there is an open set U containing z and disjoint from Y. By
(7), there is an open set V containing y and satisfying Vo € V Ju € U wE;v. Thus Y cannot be
saturated with respect to E;, because Y NV £ 0. R

Recall that if F is an equivalence relation on X, then the quotient space X / E is the set of
F-equivalence classes of elements of X, with the finest topology that makes the mapping from

elements to their equivalence classes continuous.

Lemma 10: Suppose that assumptions (1)—(7), (10), (11) and (25) are satisfied. Then Yy p;(z) =
> jengiy vij(x) + vi, where v € N(i) C I, p; satisfies (15) and each u;; for j € N(7) is continuous,
non-constant, and compatible with ;. That is, (22) is satisfied.

Proof: Begin by defining z Fry if and only if Vi x F;y. Obviously F; is an equivalence relation and
each W; induces a relation on X / E1. By (2), each R; also induces a relation on X / Fr. (‘W;” and
‘R;’” will denote the relations on X / E'1, as well as the relations on X'). There are functions v; and p;
satisfying (14) and (15) by Lemma 6 and (Debreu (1959)), respectively, and these induce functions
from X / F1 to IR that are compatible with F; (resp. I;) and strictly increasing with respect to
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Vi (resp. P;). The induced functions are continuous by Bourbaki (1965, 1.3.4, Prop. 6). Thus the
induced functions satisfy (14) and (15) relative to the induced relations on X / Er. Therefore the
relations R; and W; on X / F; have closed graph. Now, for each i, define X; = X / E;. There is a
canonical bijection between X / E; and II; ¢ 1 X;. By Lemma 9 and Bourbaki (1965, 1.5.4, Prop 6
and corollary to Prop. 7), this bijection is a homeomorphism. Thus R; and W; induce relations with
closed graph on II; ¢ 1.X;. These induced relations also satisfy the other hypotheses of Lemma 8.
The conclusion of this lemma is derived by composing the canonical surjection of X onto II; ¢ 1 X

with the functions from II; ¢ ;1 X; to IR that Lemma 8 asserts to exist. B

8. Publicity of cardinal intrapersonal interest comparisons

Conditions (23) and (24) still have to derived. In combination with (22), condition (23) states that,
when one agent cares about the interest of another at all, then he strictly prefers an increase in the
interest of that agent if the interests of others are held constant. Condition (24) states that agents’
preferences reflect agreement about the cardinal magnitudes of intrapersonal interest differences
between states. (Note that no form of interpersonal comparability is being assumed.) Thus, both

of these conditions are economically significant ones.

The assumptions that have been made so far are insufficient to guarantee either of these
conditions. However, both conditions can be derived if the assumption (26) that will be stated
below is added to those already made. The assumption states (in the context of (4)) that agents’
preference relations reflect agreement about the directions and relative magnitudes of pairs of
interest differences, so evidently it is necessary for (22), (23), and (24) to hold. The statement of
(26) will be simplified by the following lemma.

Lemma 11: If assumptions (2), (10), (11), and (22) hold, then Vi ¢ € N(¢) and

J € N(i) <= 3Fz Jy [¢ Py and Vh # j 2 FEpyl. (26)

Proof: If j ¢ N(i)and Vh # j a FEpy, then (22) implies that z/;y. Thus, if P,y and Vh # j 2 Eyy,
then j € N(¢). By (2) and (11), this implication entails that ¢ € N(¢). The converse implication
follows from (15) and the nonconstancy and compatibility assertions of (22). If j € N(¢), then
there exist states w and z such that w;j(w) > w;;(2). By (10), there are states 2 and y such that
cFjw, yE;z, and Yh # 7 v Eyy. These states therefore satisfy x Py, as well. i

Now the ordinal assumption regarding publicity of cardinal intrapersonal interest comparisons

can be stated. For brevity, this assumption will be called interest cardinality.

Let N(¢) be defined by (26). Suppose that j € N(h) N N(¢). Then the
following implication holds for all states wy, w;, @p, T\ Un, Yi, 2n, and z;
satisfying wy lojw;, o E;x, yn iy, znlljzi, and Vg # j [wp E gz, wiE 2,
ynlogzy, and y Bz if wy Ryyp, zpRpxp, and y; Ryw;, then z; R, (27)
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To understand this assumption, think of agents h and 7 as forming their preferences by weighing
interest gains to agent j against interest losses to other agents. Agent h judges that j’s gain moving
from wy, to y, would not outweigh others’ losses but that j’s gain moving from zj to z; would at
least balance others’ losses. Since others’ interest is the same in wy as in x; and also in y; as in
zn, h must judge that j gains at least as much by moving from zj to 2, as by moving from wy, to
yn. If ¢ shares this judgment, then he should also judge that j gains at least as much by moving
from z; to z; as by moving from w; to y;, since j has the same interest in each of the ‘i’ states as
in the corresponding ‘h’ state. If ¢ also judges that j’s gain moving from w; to y; is sufficient to
balance others’ losses, then he should judge as well that 7’s gain in moving from z; to z; is sufficient

to balance others’ losses, as the conclusion of (27) reflects.

Lemma 12: If (2), (10), (11), (22) and (27) hold and j € N(¢), then u;; is strictly increasing in
V;. That is, under these hypotheses (23) holds and v; = u;; satisfies (14) for j.

Proof: First, in (27) substitute w for wj, and w;, @ for z;, and z;, y for y; and y;, and z for z; and
z;. Next substitute j for ¢, ¢ for h, and z for w and y. The resulting statement is the implication
that, if zR;x and Vg # j v E,z, then zR;z. Now, consider any states 2 and w such that 2V,w.
By (10) there exists z such that wE;z and Vg # j 2F,z. Note that z2V;z, so that 2P;z by (2)
and therefore 2 P;z by (27) (using the substitutions that have just been made). Therefore by (22),
wij(2z) > wij(2) = ui;(w). N

Now the affine-relation condition (24) can be studied. The first step is to derive from (24) a

condition that resembles (27) more closely.

Lemma 13: If (2), (10), (11), (22) and (27) hold and j € N(h) N N (%), but (24) does not hold,
then there exist states z, y, and 2 such that zV;y, yV;z, and

[uni(y) = yni (2] ] [uni(@) — uni(2)] # [wii(y) — wig(2)] ] [uij(2) — wij(2)]- (28)
Proof: Consider any states r and s such that rV;s. Define a function f: X — IR by

J() = wij(s) + {{uij(r) = wij(s)] / [ung(r) — wni ()]} [uni(t) — wni(s)].

Note that the denominator of the fraction in the expression is nonzero by Lemma 12, and that
f(t) = uy;(t) for t = r, s. If (24) does not hold, then there must be some other state ¢ such that
f(t) # u;;(t), and it is impossible that t/;r or tF;s. Let z, y, and z be r, s, and t arranged in order

of decreasing interest afforded to j. The conclusion of the lemma is obtained by noting that

[uni(y) = uni(2)] [ [unj(x) = uni(2)] = [f(y) = F(2)] ] [f(2) = f(2)],
that u;; (t) # f(t) for exactly one of the values ¢t = z, y, 2z, and that [a — ¢] / [b — ] is strictly

monotone in each of its variables on {(a, b, ¢)|a>b>c}. R

Lemma 14: Suppose that (2), (6), (10), (11) and (27) hold that j € N(h) N N(¢), where h and ¢
are distinct agents. Suppose that each of N(h) and N(¢) contains an element distinct from j. Then
(24) holds with respect to j.
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Proof: Consider any three states z, y, and z such that zV;y and yV;2. To simplify notation, it
will be assumed without loss of generality that j is neither h nor i.'° Let r,V}),s; and r;V;s;, as

guaranteed by (11). Choose any natural number n sufficiently large so that

uh]'($) - uh]'(Z) < n[uhh(rh) — uhh(sh)] and u”(x) — ui]'(z) <n [u“(m) -

wid(si). (29)

Because the functions uj, and u;; are continuous and X is connected, there exist ¢, and t; such
that uh]'($) — uh]'( ) =n [uhh(th) — uhh(sh)] and u”(x) — ui]'(Z) =

n [uii(t;) — wii(s;)]. Now, because up; is continuous and X is connected, there exists a function
nn 240, 1,..., n} — X such that, for m < n, up;(n,(m)) = upj(2) + m [up;(tn) — upj(sy)]. (In
particular, this implies that 1,(0)E;z and n,(n)E;z.) Assumption (27) will now be used to show
that, for all m < n, u;j(n.(m)) = wi;(2) + m [ui;(t;) — wij(si)]. Since n,(0)E;z and n,(n)E;z,
this is equivalent to

Vm < nuij(np(m+1)) — uij(n,(m)) = wij(t;) — ui;(s;). Suppose, to the contrary, that u;;(n,(m+
1)) — uij(nn(m)) # uij(t;) — ui;j(s;) for some m < n. Without loss of generality, suppose that
wij(n(m+1)) = wij(na(m)) < uij(ti) — uij(si). Then, for some p, wij(nn(p + 1)) = uij(na(p)) >
uijlti) — wii(s:). (Otherwise uis(2) — uij(w) = Xy o, [uss(mall+ 1)) — wis(a (K] < ugi(t; —
ui;(s;)].) Now, using (10), states wy, w;, x5, i, Yn, Yi, 2n, and z; will be specified that satisfy the
hypotheses of (27). Here, when a state is subscripted by ‘g’, the subscript takes both values i and
i. The subscript f’ takes all values except j and the value taken by ¢ in the same expression. (That
is, ‘f7 can always take any value except h, i, and j, and it can take whichever of {h, i} is not taken

by g.) Let ¢ be a fixed, arbitrary state.

Suppose that w 0, (p), 4 Ein.(m), yoEin.(p+1), and z,E;5m,(m+1); that wEyt,, 2, t,,
Yol gsy, and z4Fys,; and that woFrq, x4 q, yo L rq, and z,E ¢q.

With respect to the states so specified, (27), fails to hold if (22) holds. Since this contradicts
the hypothesis of the lemma, Vm < n w;j(n,(m)) = ui;(2) + (m /[ n) [ui(z) — uii(2)].

For any n large enough to satisfy (29), there is a natural number p,, < n satisfying 5, (p,,+1)V;y
and yWin,(pn). Thus both [up;(y) — uni(2)] [ [unj(x) — wpj(2)] and [ui;(y) — wi;(2)] / [wij(z) -
u;j(z)] are in the interval [p, /7n, (u, + 1)/n). Since n can be arbitrarily large, [up;(y) —
wp;(2)] /) [unj(z) — upi(2)] = [wij(y) — wi;(2)]/ [wij(z) — w;j(2)]. Therefore (24) holds, by Lemma
13. 1

Lemma 15: If conditions (2), (6), (10), (11), (22) and (27) hold, then condition (24) holds for all
agents h, ¢, and j.

Proof: In view of Lemma 14, (24) only has to be established now in the case that h = j, N(j) = {j}
and j € N(¢) for some ¢ # j. In that case, simply take uj; = u;; for some ¢ satisfying j € N(7). R

The foregoing lemmas immediately establish the following theorem.

10 This entails that h and i are elements of N(h) and N(i), respectively, that are distinct from j. In general,

agents k' € N(h) and ¢’ € N(7) will have to be specified that are distinct from j.
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Theorem 2: Suppose that assumptions (1)-(6), (10)—(13), (11), (25) and (27) are satisfied, and
that either (7) is satisfied or else X possesses the cartesian-product structure described in Lemma

7. Then Pareto superiority and liberal succession coincide.

9. An alternative cardinality condition on preferences

Within many communities there is wide, if approximate agreement, regarding cardinal intrapersonal
comparisons of interest. It is uncontroversial that someone’s interest would be more significantly
advanced if he were to move from a hovel to a decent house than if he were to move from the
house to a mansion, for example. The prevalence of this kind of shared intuition about welfare

contributes to the plausibility of condition (27).

However, some people may find it less plausible that there is public agreement about intrap-
ersonal cardinal interest comparisons, than that there is public agreement about intrapersonal
cardinal preference comparisons.!! For one thing, it is often more obvious what people prefer than
what is objectively good for them. For another, people who endorse expected-utility theory are
already committed to accept one form of the cardinality of persons’ preferences, even if they do not
accept the cardinality of persons’ interests. People who hold these views may prefer to assume the
publicity of intrapersonal cardinal preference comparisons rather than to assume (27). It will be
shown here that such an assumption can be formulated in a way similar to (27), and that the for-
mal assumption (together with the other axioms) implies the existence of common additive interest

factors.

Consider how to express the agreement of two agents, j and k, about intrapersonal cardinal
preference comparisons concerning agent i. Suppose that Vh ¢ {i, j} [wlpy and x1z], and that
wF;y and v F;z. Make an analogous assumption with k& substituted for j, but with respect to a
different set of social states. Specifically, suppose that Vh ¢ {i, k} [w'[,y" and 2'1},Z'], and that
w'E;y" and 2'E;2'. Let ¢ be indifferent between the corresponding social states mentioned in these

two assumptions. That is, let wlw', xL;z’, yI;y', and 21;2'.

Now suppose that 2 R;w, yR,z, and w'Ryz’. By reasoning analogous to that regarding (27),
the two preferences of j imply that j must regard ¢’s interest gain from being in z rather than w as
being at least as great as ¢’s interest gain from being in z rather than y would be. The preference of
k implies that k& must regard 7’s interest gain from being in z’ rather than w' as being insufficient to
outweigh strictly the net disadvantages of 2’ relative to w’ for everyone else. (Note that these will
be in terms of preference for everyone except k, and in terms of interest for k.) Thus, if & agrees
with j about intrapersonal cardinal preference comparisons regarding ¢, then & should also regard
i’s interest gain from being in z' rather than gy’ as being insufficient to outweigh strictly the net

disadvantages of 2’ relative to 3’ for everyone else. That is, it should be the case that y' Rz’

The implication from these various assumptions to their conclusion jointly constitute the as-

sumption that intrapersonal cardinal preference comparisons are public:

1T am indebted to Arthur Robson for stating the two considerations that I discuss now.
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Define j € S(7) if and only if, for some states = and y, 2 E;y, Vh & {4, j}
lny, and 2 Pry. If j € S(h) N 5(¢), then following implications holds for
all states wy,, wy, Ty, i, Yn, Yi, 2n, and 2; satisfying wy Lyw;, vpd52;, yud;ys,
zpdizi, Vg & {h, j} [wplyzy and yplyz], Vg € {4, 7} [wilge; and y;d,%],
wpFErxy, yp Erzn, wiF iz, and y; Fz if wp Rpyy, zp Rpap, and y; R;w;, then
ziRix;. (30)

It seems very plausible that this condition can play an analogous role to (27) in guaranteeing
the coincidence of Pareto superiority and liberal succession on the basis of ordinal and topological

assumptions.

10. Coincidence without separability or publicity

Theorem 2 and the alternative just suggested each hypothesize (a) product structure of interests
and separability of preferences in interests, and (b) public agreement regarding some form of in-
trapersonal cardinal comparison. The standard construction of nonpaternalistic preferences, by
beginning with cardinal interest-representation functions as in Theorem 1, yields a family of pref-
erences that satisfy all of these qualitative hypotheses. Although the example provided in section
3 has shown that the hypotheses of interest-determination and nonpaternalism alone are too broad
to characterize the class of nonunanimous preference profiles on which the liberal principle and
unanimity coincide, it might well be suspected that the additional qualitative hypotheses would
prove to be necessary as well as sufficient for this coincidence. A counterexample that disproves

this conjecture is now provided.!?

Let there be three agents, I = {1, 2, 3}, and let X = IR} . Define

vi(z) = x4, (31)

and define

pi(z) = min {z,;/2, z;, x)}, where I = {1, j, k}. (32)

Then define W; and R; as in (14) and (15).

It is evident from (31) and (32) that agents’ preferences are determined by interests, and that
the agents are not unanimous. It will now be shown that their preferences are also nonpaternalistic
and that the relation of liberal succession coincides with that of Pareto improvement. Since the

latter claim implies the former, only the coincidence of the two welfare orderings needs to be

12 This example will involve preferences that are represented by utility functions defined by taking the minimum
of several numbers. Such utility functions are pointwise limits of sequences of CES utility functions. Every CES
utility function represents a preference relation satisfying the separability assumption. Thus, despite the example
there may still be a close connection between separability and the coincidence of the two welfare relations.
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shown. Recall that every Pareto improvement is automatically a liberal successor, so it is sufficient

to establish the converse inclusion.

Suppose, then, that y is a liberal successor of z. Specifically, suppose that

Vi€ C pi(y) > pi(), (33)
that

Viglyz=u, (34)
and that

pr(x) > pr(y). (35)

By (35), y is not a Pareto improvement over z. This will be shown to be a contradiction.

By (32) and (35),

min {y;, ¥j, Yr/2} < min {x;, x5, T4/2}- (36)

By (32) and (35),k € C, so yr > zi by (34). Therefore (36) implies that, for one of the other agents
h 6 {27 ]}7

Yn = min {y;, ¥j, Yps2} < min {@;, x5, 10} < @ (37)

Therefore h € C' by (34). But, by (32) and (37),

Pu(y) < ynje < min {9, i, ¥4, o) = pp(2). (38)

Therefore h ¢ C' by (33), so a contradiction has been reached. This establishes that liberal suc-
cession coincides with Pareto improvement, and consequently that all agents have nonpaternalistic

preferences.

However, agents’ preferences are not separable in interests, and cardinal interpersonal com-
parisons of neither preferences nor interests are public. To see that the preferences of agent 1 are
inseparable, let J = {1} and K = {2, 3}, and define w = (1, 2,2), 2 = (2,2, 2), y = (1, 0, 0), and
z=(2,0,0). Then (4) fails to hold because, although its hypothesis holds,  Pyw while yR;z. By
the symmetry of the example, the preferences of the other two agents are not separable in interests

either.

To show that intrapersonal cardinal interest comparisons are not public, let 7 = 1 and j = 2 in
(27). Define w = 2 = (3, 2, 2) and 2 = y = (2, 2, 2). Then the hypothesis of (27) holds, but wR;z
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and not y Rz, so the conclusion of (27) fails to hold. Therefore (27) (which is an implication) fails
to hold.

Intrapersonal cardinal preference comparisons can similarly be shown not to be public. To do
so,let i =1, j =2, and k=3 in (30), and define:

w=z=(3,3,3), x =

These social states have the feature that agents 1 and 2 always have “selfish” preferences among
them (that is, the preference and interest relations of each agent among these states coincide), and
that agent 3 has “selfish” preferences among {w, z, y, z} but has totally “altruistic” preferences

for the interest of agent 1 among {w', ', y', 2'}. From these considerations, it can easily be seen

that (30) fails to hold.

11. Examples and conclusion

Strictly speaking, Mill’s principle concerns only the permissibility of private activities. Contem-
porary libertarians advocate that public authorities should not have the power to take any action
that Mill’s principle would prohibit to the coalition of persons who prefer the action. Such a po-
sition obviously has strong distributive implications. An alternative view would hold that public
authorities can legitimately take some actions that would be prohibited to private persons and
coalitions, but would also recognize that public actions should be structured in a way that will

minimize “transactions costs.”

On this view, the public authorities should not take an action if
some person or coalition can propose an alternative action that the liberal principle would endorse
as a replacement for the initially contemplated action. Such a view implicitly defines a notion of

“liberal efficiency” that is analogous to the familiar concept of Pareto efficiency.

On this latter normative view about government action, there is a broad scope for welfare
analysis but the familiar Paretian analysis is foundationally inadequate. There are several issues
in public finance, with respect to which such a view seems to be widely held. One of these issues
is whether redistributive policy ought to be implemented by cash transfers or by transfers in kind
(e.g., provision of public housing). One of the common arguments in favor of cash transfers is that it
is demeaning to the recipients of transfers not to be granted autonomy over the use of the resources
that society is willing to transfer.!®> This argument makes an implicit appeal to the liberal principle.
It is clear that some of the proponents of the argument regard it as being conceptually distinct from
the argument that transfers in kind are inefficient, although those proponents (especially when they
are economists) typically produce the latter argument as a corollary. It might be thought that there
could be transfer programs with respect to which the argument about recipients’ autonomy could
be raised although cash transfers would not be Pareto superior to transfers in kind. The results of

this paper indicate the special features that such a program would have to possess. In cases where

13 Conversely, one of the arguments sometimes made in favor of transfers in kind is that some classes of recipients
(e.g., addicts) are incapable of exercising such autonomy.

23



such features are absent, an efficient transfer never violates the preferences of recipients about how

the resources dedicated to them should be used.

It would be widely agreed that the assumptions about interests and preferences that have been
discussed here are reasonable ones to make in the context of an evaluation of transfers to competent
adults. The one assumption from which there would possibly be substantial dissent is the additive
separability of preferences in interests. As was shown in the preceding section, this assumption will
not be satisfied if people’s preferences reflect maximin considerations regarding the satisfaction of
interests. However, the example studied in that section makes it plausible that the results proved
here are robust to this specific kind of failure of the separability assumption. This is a matter for
further research. If these results are indeed robust, then it will be fair to conclude that the welfare
evaluation of transfers to competent adults can safely focus on efficiency questions to the exclusion

of questions about liberal choice.!?

Another issue concerns the regulation of markets for services such as education or medical care.
Because these services are differentiated products, it is conceivably efficient to limit the number of
product varieties in order to take advantage of economies of scale. Suppose, for simplicity, that any
feasible allocation involving production of more than one product variety is Pareto dominated by
some feasible allocation in which only a single variety is produced. Thus, according to either the
efficiency criterion or the liberal criterion, only an allocation with a single variety can be optimal.
The question is, which varieties may be produced in optimal allocations? Parallel to the case of
transfers just discussed, the answer to this question is the same for both criteria if the assumptions
studied in this paper hold. Also parallel to that case, the appropriateness of separability and
cardinality assumptions is open to question on account of features of the situation to which the
results of this paper plausibly are robust. However, in the case of differentiated-product allocation,
there are also intrinsic difficulties about the publicity of intrapersonal cardinal interest comparisons.
That is, the failure of the cardinality assumption to hold may not be simply a by-product of a

violation of the separability assumption.

To understand the nature of these possible intrinsic difficulties, consider some of the trou-
blesome and divisive questions about resource allocation in education and medicine. How much
emphasis should schools give to the development of students’ skills in reading and arithmetic, versus
the development of critical thinking and appreciation of the arts? How much of medical research
funding should be spent on finding cures for rare diseases that strike people early in life, versus com-
mon diseases of older people? Debates about these questions have to do partly with distributional
issues, but they also reflect pronounced differences in the participants’ views about the relative im-
portance of disparate elements of the good life. That is, they reflect the fact that participants are
(at least implicitly) expressing cardinal judgments about the components of persons’ interests, and

that they disagree about those judgments although their ordinal judgments may be unanimous. It

14 It might still be argued that there is something ethically preferable about letting recipients make their own

choices, rather than making choices for them that are consistent with their preferences. Nevertheless, this argument
does not seem as compelling as an argument that people’s preferences about matters that are their own business are
actually being thwarted. For example, most people would judge that rather small reductions of administrative cost
constitute sufficient grounds to justify centralized allocation if the result is consistent with recipients’ preferences.
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is not at all clear whether the results of this paper can be extended to cover situations that possess

this complication.

These examples illuminate the philosophical significance of the technical results that have
been derived here. These results constitute a limited defense of the study of the unanimity relation
in welfare analysis to address concerns that may fundamentally be about respect for persons’
objective interests. This defense acknowledges the legitimacy of these concerns, but argues that
they actually are addressed, even though implicitly, by the technically simpler efficiency analysis.
Following Mill, a theoretical concept of a person’s non-preferential interest has been introduced in
order to relate the specification of rights and liberties to the specification of preferences. While there
may be many possible ways to give a substantive definition of this concept, only a few qualitative
assumptions about the concept are needed in order to make the defense. For the most part,
these assumptions seem to be appropriate for the discussion of distributional issues and of other
issues with which applied welfare analysis typically deals. A formal example has shown that the
assumption that is likely to be regarded as the most restrictive one, separability, may be stronger
than is actually needed. The two economic examples that have just been discussed show that, even
if this conjecture is true, the limited defense of the unanimity criterion falls short of showing that
explicit consideration of the liberal criterion would be completely dispensable for applied welfare

analysis.
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