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1 Introduction

The incomplete markets equilibrium existence theorem for economies with un-
countably many states has been studied by several authors.However thefollowing
hypothesisis made:

for every 6§ > v; WL + 0A; > Ofor aimost every s€ S

where Sis the set of statesW' : S — RC is theinitial endowments of consumer
i,1 <i<1,0 e R isthe vector of portfolios whose uncovered sales lower
boundisvi € —RJ,.Finally A : S — (R®)’ is the matrix of real assets returns
.Thishypothesisis considered very strong. Mas-Colell and Zame(1991) by means
of a counter-example demonstrated its indispensability .In the construction of
theirs counter-example, they required the existence of utility functions satisfying
several properties. However one may wonder which utilitiesfunctionssatisfy their
requirements.My purpose hereisto specify such functions. The utilitiesfunctions
I’ve got doesn't fit exactly in Mas-Colell and Zame's hypotheses.But there is not
an equilibrium as well.

2 Theutilitiesand endowments

First choose number (%, a, 3, ¢):



1. O<x<axl

2. f>(a+Dla,p> 12

@—xX)(1+%)

3. L+ M@ —x%>0

1+x
%1 — 3% 14X
4. ¢t > g1

5 —2+35(1+%X) >0

For example x = 3/4,a = 7/8,¢ = 121/14,5 = 605/84
The utilities(state independent) are as follows:
ut(x,y) = —e ™+ g(y) and U*(x,y) = w(x) — e*¥ where

) = B [§ e Psksds 0<y<X
W= BRre s+ pe By _x) x<y

X A—¢psa—1+s — X
¢ fo €955 ds 1-x<x<1

é fol—x e_¢sa£_1;rsds+ ¢e—¢(1—>’<)al;é(x —1+x) 0<x<1-x
W(X) =
¢le e_¢sa£_1;rsds+ se?a(x — 1) 1<x

The Pareto optimum set is as below. We have that U’ is concave and strictly

monotone(U' is concave if (ii) is true).
Define U'(Xo, X, Y) = %o + Ji U(Xs, Ys)dS, X0, %s, Ys € R+. U' is concave and strictly
monotone.The endowments are W! = (s,a),W? = (1 —s,1 — a)W! + W2 =
(1,1).Thereisonly one asset A = (1, 0).

The consumer problemis

1
max XO+/ U'(Xs, Ys)ds
0
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subject tow > Xo + 76 , § > vi and to (1, ds)(W. + OA) > Xs + qsys This problem
isequivalent to

max — 0 + /0 V(L g (WE + 0A))ds

subject tow > 76 and § > v; and to (1, gs)(WL + 0A) > O

where V/(R) is the indirect utility at prices (1, 0s) and income R. An equilibrium
isafunctionq : S — R.,7 € R and numbers ()1, such that 4* + 92 = 0
and W2 + W2 = 322, x((1, gs), (1, gs) (WL + 0'A)) where (-, -), is the Marshallian
demand,solves max x° + [ U'(xs)ds subject to X0 + 76 < W, 0 > v, (1, qs) (WL +
oA) > 0.

3 ThePareto optimum pointsof (u, u).

Suppose A € (0,1). | want to find the solutions of
max _ A(—e"™+g(y)) + (1 — MWl —x) — e 1Y)

0<x<1,0<y<1
Define ¢(X) = —Ae™™ + (1L — A)w(1 — x) and 2> (y) = Ag(y) — (1 — Ne ?@Y_ Itis
easy to check that both functions are strictly concave.Suppose « is the solution of
MaXo<x<1 ¢(X). We have:

2 ’(x A8 )%~ a=X
a§x<:>¢(x)§0<:>(l_w§e( X

Thefirst order conditionsarethesamefor ¢ and) if 25y; < e*"*~¢3X Therefore

in this case ¢ and ) have the same maximizer o < x.If (lff 5 > el 08X then
call u the maximizer of ¢ and v the maximizer of . We have that both are not
smaller than x.The first order condition imply:

ABe M = (1 — N)ge?0aX gre X = 41 — ))e?(-Y),

Then dividing one by the other and cancelling termsin common and finally taking
logarithms we have p

g(u—x)ﬂ*(:v

The supporting price of the allocation (x,X) is p(X) = ;—j’)}(l 'Eake the first price
coordinate equal to one).For x > x we have p(x) = e’* 01X For x = —1 |et

Y be the meeting point of the line passing through (u, v) with inclination —p(u):

(u+D@a—x) P 4 g

Y(u) = 1+%) E(U —X) +X



a—

Y = o — (u+1)Be Y + 3/¢
Y'(U) = iﬂﬁ e N2+ fu+1)} >0

Therefore since Y'(X) > 0 we have that Y(u) > Y(X) = aif u > x.So every budget
line supporting a Pareto point after x do not touch theline x = —1 below at

Now suppose (X5, X, ', ', 7,qs) is an equilibrium.We have that 6 + 2 = 0,
X =W — 70',(1,a)(% ¥s) = (La)(WL + 0'A) ae. s. We have also U'(X, Ys) =
V(L g) (WL + 0'A)),and gs = gtjjai Necessarily W + 1 > —1 ae. ssince there
are not supporting prices passing through (x,a),x < —1. Therefore x, > x,y. >
X ae. s. Define

W(0) = —r0+ [ (L a)(WE +0R)ds

i
Dh(0) = —7 + Z Sds

Dhi(d) = —x +/ (4)ds

At the optimum we have:
Dh'(0Y) = —x + / BeMds < —x + / Beds= —x + B

and -
2072y — _ e = _ —pa-na— X 1071
Dh2(5?) 7r+/\l\/(xs)ds T+ b —— > Dh'(®)

The proof now is divided in two cases:

aot>0

Then Dh'(4') = Oor Dh'(#Y) > Oandw! — 7#0* = 0. In any case this implies
Dh?(#?) > 0.So consumer 2 wants to increase #2. This is possibleif 2 < 0. A
contradiction.

b) #* < 0.

The income inequality is not binding,since at (x,X) the income has a strictly
positive lower bound.The inequality w! — 70 > 0 is not binding also.Therefore

l1‘0rx:1,%(1—>’<)+>’<§y§ 1, wehavethat Y > Y(1) > a.



we have Dh(#%) = 0, hence = = pe~*. Also Dh?(6?) > 0.So w? — 762 = 0,50

0 = —w?/(3eX). Now we choose vy < 7% and w? such that

W
pe

This contradictsthe fact that s+ §* > —1 for amost every s.
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