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In this paper, the author presents an original approach to the determination of the equilibrium trajectory of some dynamic processes in socio-economic systems and the level of inequality for such structures. The mutually related algorithms allow new possibilities for a different point of view in the comparative analysis of internal dynamics for a large class of different structures. 15 EU countries before 2004 and 25 EU countries today provide a good example for such analysis.

The famous Weber-Fechner law allows analyzing all processes in the logarithmic space, and the author suggests an idea about a new principle – the equality of the relative change in the system space. Because of the new principle, he proposes a new paradigm for a holistic point of view at the harmonic curve. The next step is introducing discrete Pareto structures with related probability distributions. These tools give a theoretical solution to empirical distributions in many practical situations. The author explains the possibility of correct interpretation of two very popular tools – Lorenz curve and Gini coefficient – together with deeper analysis of the level of inequality. A graphical presentation of the examples and comparative analysis with the data on all the USA states have been provided. In the conclusions, some ideas about new problems and possible applications have been developed.
Key words:
inequality, harmonic structure, ambisector, Lorenz curve, Gini coefficient (index), distribution of GDP
1. Consequences of Weber-Fechner Law

About 150 years ago, German psychophysiologists Weber and Fechner articulated the well-known principle of logarithmic perception in humans (and, as it turned out later, not only in humans). Fechner wrote:”...may be foreseen that this law, after it has been restated as a relation between sensation and the psychophysical processes, will be as important, general, and fundamental for the relations of mind to body, as is the law of gravity for the field of planetary motion. And it also has that simplicity which we are accustomed to find in fundamental laws of nature.” [1]

The whole progress of science within the last one-and-a-half centuries has convincingly demonstrated the universal nature of this rule. Humans possess logarithmic perception of the world in the widest possible sense. The proportional scale is the measure not only for the impulses sent by sensory organs, but also for time, quantity and everything else. It turns out that the principles of self-similarity based on the rules of proportionality are embedded into very foundations of energy and matter dynamics (chaos and fractal theories are examples). The man is only a creation of nature after all.

The conditions of equilibrium and stability in dynamic systems have long been of interest to researchers, from Newton, Bolzmann, Poincaré and Pareto to Prigogin and cohort of nuclear physicists. A variety of specific rules and theorems has been articulated. Nevertheless, we cannot explain even the universal nature of the magical power law finds in everyday life around us. Nobel Prize winner Murray Gell-mann in his book “Quark and Jaguar” has worded this: “Zipfs law remains essentially unexplained, and the same is true for a great many other power laws.” [2]

We suggest a solution to the mystery of the so-called empiric laws based on the consequences of Weber-Fechner law. Our way of thinking goes like this – if a dynamic system functions, evolves, exists in the logarithmic system of coordinates, then it appears plausible to demand that, at state of path of equilibrium, the relative changes within the system should be balanced. Let us call this the 'law of equal relative increments'.

The change function of one dimension is denoted F1(x), in the other dimension – F2(y). Correspondingly, dF1 and dF2 are differentials of these functions. The aforementioned condition can then be expanded as

dF1/F1=dF2/F2

Bearing in mind that F1(x) =lnx and F2(y) =lny, correspondingly dF1=1/x un dF2=1/y, the following equation is obtained:

1/x/lnx=1/y/lny,

or simply


xlnx=ylny
(1)

The author ventures to say that this is a universal law in the systems of logarithmic nature. The fundamental condition of equilibrium in such systems is the uniformity of the relative change in the elements of which these systems have been composed.
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Fig.1. Ambisector xlnx=ylny is graphically reflected as a curve symmetric to the bisector, which intersects with the bisector at 1/e=0.368...

Somewhat surprisingly, the obvious trivial solution x=y is not the only possible. Figure 1 shows a curve that describes the change in one dimension, coupled with a simultaneous balanced change in the other, with an important notice – the change takes place into opposite directions. Figuratively speaking, the array is emptied in one dimension, while filled in the other. This curve has been named 'ambisector' (within available sources of classical mathematical analysis, no name for such a curve could be found). It is easy to see that the ambisector intersects with the bisector at 1/e=0.368...and that it is symmetric with the respect to the bisector. Also, 0.25ln0.25=0.50ln0.50. Of course, the graph of this function is quite untraditional, the function being defined only within the first quadrant and (barring the trivial solution x=y) for values 0<x, y<1. By examining this graph, it is easy to perceive a bi-dimensional system, where both dimensions antisymmetrically change from 0 to 1 (or 0% to 100%). (The antisymmetry of the double helix of the genetic code inadvertently springs to mind, which makes one contemplate the possibility of the ambisector eventually reflecting the fundamental processes of existence.)

Although this kind of relationship was first (?) considered at the dawn of the 21st century, serious grounds for this issue are to be found in the fact that in the real life whole (100% apprehensible) systems are rarely available. Usually, one or another end of the system is not defined, there are missing data, or linear perception stands in the way. Besides, let us not forget that the necessary computing capacity has become widely available only in the last few decades.

Before proceeding with examples, one more comment on logarithmic perception of time is needed. In everyday life, we do not even consider the non-linearity of the time flow with the respect to the chosen unit of time. The commencing measurement with a voluntarily chosen unit of time, two units later the time measured will be doubled, after the third unit – increased by one and a half times compared to the first two units; passing n-th unit, the total amount of time will be increased by n(n-1)=1+1/(n-1) or 1/(n-1)% compared to n-1 units. Thus, the dynamic perception of the increase in the amount of time builds to sum of harmonic series, which is known to be asymptotically different from the logarithmic function only by Euler's constant (γ=0.577216...). The same conclusion is valid with the respect to any, not only time units.
Bearing in mind that 0<x; y<1, the whole situation can be interpreted also within the settings of the probability theory. It is obvious that the path of the ambisector corresponds to equal changes in entropy, which in turn provides for a direct connection between distributions characterizing inequality and changes in the system entropy. However, for the purposes of practical studies and specific conclusions, a discrete analogue of the ambisector had to be found first; this was by no means an easy task.

2. Harmonic Structures

Let us remember the relationship of the harmonic series and logarithmic function found by Euler:

Hn = 1+1/2+1/3+.... +1/n-1+1/n = ln(n+1) +.577216...

if n tends to infinity, but Euler's constant γ=0.577216.... We can choose to approach from the other end – by substituting harmonic series for logarithm and assessing the deformation caused by ignoring γ. It must be kept in mind that for finite n γ has a changing value. As a result,

F (i/n) =ln (i/n) =Hi-Hn, dF=Hi-Hi-1) =i/n

is obtained, which entails that

dF/F=i/n*(Hi-Hn)

Denoting

Hi-1- Hn= iHn (i-th series residual)

dF/F=i/n*iHn
in the second dimension we accordingly obtain

dG/G=y*lny*
where y* – correspondingly modified y values.

The following example might give some notion of the way coordinates are modified. In accordance with our 'law of equal relative increments'

dF (i/n)/ (F (i/n) +δ1) =dG ((n-i/n+δ2)/G ((n-i/n+δ3)
where δi can be calculated using quite simple algorithms; for example for i/n=8

F (.8) =.8, dF (.8)=1/10(H8-H10)=.1(2.718-2.93)=.212, δ1=.8*.00125

or

F (.8)*dF (.8) =-.1696+.1=.1796,

corresponding to an ordinate on the ambisector. The mechanism of transition from the ambisector to discrete structure and vice versa is more obviously illustrated in Figure 2.
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Fig.2. Relationship of the Ambisector and its Discrete Variant, the Illustration of Transition Algorithms at N=10
Some clarification might be needed at this point. Of course, when performing calculations, there is no need to compute corrections regularly or test their conformity to the law; what is needed is simply the notion of deviation between the discrete function and ambisector. For an illustration, consider the analogy of the relationship between two consecutive Fibonacci numbers, which quite slowly converges to the so-called “golden proportion”. Our case is different because due to Euler's constant (or due to the corrections in case of finite n) the discrete variant does not asymptotically converge to the ambisector. The limiting curve shown (let us call it discrete ambisector or simply d-ambisector) possesses peculiar geometric properties – the area below it equals one-fourth of the unit square area. The dynamics of the d-ambisector for various n is shown. At minimum n=2 the point (0.5; 0.25) falls exactly on the ambisector – it is the only point common to both lines. When n is increased, the curve delineating the structure converges to the d-ambisector. This limiting curve can be considered a reflection of the harmonic structure of a large group of discrete items; such structures are found in dynamic systems characterized by logarithmic behaviour of variables, including various socio-economic processes.

A quite simple characteristic for the structure of the harmonic curve follows from discretization: the difference between two harmonic series is normalized to a canonical form by the number of items in the structure. Denoting i-th item as

iPn
the general formula is


iPn= (Hn-Hi-1)/n= 1/n*iHn
(2)
A convenient denotation is H0=0, which, although not being a commonly accepted denotation, does not contradict logic. It is obvious that the sum of all items equals 1, providing for an extensive interpretation of the structure from the viewpoint of the probability theory, using adequate probability distribution laws.

Let us examine three examples leading to harmonic structures.

1. Fair sports competition. Assume N competitors contesting a prize worth N monetary units, contest consisting of N-1 rounds. After the first round, the first unit of the prize is distributed: all competitors receive an equal reward – 1/N of the first unit (1/N*1/N of the total prize); however, the weakest competitor leaves the race. After the second round, another unit is distributed; everybody receives an equal reward – 1/ (N-1) of the second unit (1/ (N-1)*1/N of the total prize); again, the weakest competitor falls out of the race. Likewise, after each round, one unit of the prize is distributed and one of the competitors leaves. In the last, (N-1)-th round, there are two competitors left. The loser of the final round receives a half of the penultimate unit, but the winner – the other half as well as the last unit completely. Thus, the weakest of all competitors receives 1/N2, but the winner – 1/N*Hn of the total prize. Obviously, the distribution of the rewards received by all competitors forms a harmonic structure. This model is an ideal representation of the fair play rule – an equal chance at the start and a reward according to the place taken.

2. Harmonic depreciation. Assume an asset being completely depreciated over the course of N years. The following depreciation strategy is chosen: in the first year, write off 1/N of the gross value, ½ of the portion of value to be written off in the second year (which is natural because what is to be depreciated over two years is already half-depreciated after the first year), 1/3 of the value to be written off in the third year and so on, up to 1/N of the value to be written off in the last year. Thus, in the first year 1/N*Hn is written off, likewise in the second year – 1/N*2Hn and in the i-th year 1/N*iHn; a harmonic structure, or a harmonic model of depreciation, is obtained. By the way, such a model is easily apprehended by the accountant profession; they do, however, object to the complex (!?) algorithm. This kind of depreciation model would give some advantage to businesses by favouring accelerated depreciation and providing for some tax carryover. Yet treasury does not stand to lose much since the grand sum of tax remains unchanged.

3. Stochastic model. Examine an abstract mathematical model. The unity (unit?) length is cut into N portions by N-1 cuts, this being performed according to uniform distribution law and event flow; then all N portions are sorted in descending order. The experiment is carried out several times, each time sorting the portions. Finally grouping portions of equal rank, it turns out that their distribution forms a harmonic structure. While in another context, this result is already known in the probability theory.
These diverse examples, all of which can be reduced to a harmonic structure, acknowledge the universal nature of the structure.

To sum it up – search for a discrete analogue of the ambisector has lead us to the d-ambisector adequately characterizing harmonic structures that underlie various processes, distributions and dynamic patterns. Within harmonic sets, theoretical weights for each consistent subset and deviations from the ideal structure thus can be precisely identified. These deviations may have different and even contradictory interpretations, but this is a matter of practical applications not to be discussed in detail here. Most importantly, we have a new tool for creative activity that can give good impulses for further research.
3. Pareto Structures

Naturally, a question arises whether a generalization of a harmonic structure exists; real examples from various fields demonstrate considerable deviations from this structure. Obviously, the crucial problem is making the structure “mobile” and measuring its “movement” in a way analogous to Gini coefficient. It turned out that one of the possibilities is using the well-known Euler-Riemann ζ function. Calculations have demonstrated the viability of this idea, which we reported at the Moscow International conference in May 2004.

For convenience, denote ζ function of n items

Zn(s) =1+1/2s+1/3s+1/4s+  ... +1/ns
Of course, at s=1 we arrive at harmonic series
Zn(1) =Hn
A fundamental condition allowing application of Z function for generalization is its property that

∑iZn(s) =Zn(s-1)

Denoting analogically in the case of a harmonic structure

iZn(s) =Zn(s)-Zi-1(s) (i-th series residual)

we can write a generalized model formula; the generalized structure corresponding to the model has been named Pareto structure (in honour of the outstanding Italian economist Vilfredo Pareto (1848-1923))


iPn(s) =iZn(s)/Zn(s-1)
(3)

It turns out that this elegant formula yields the key to the study of the structures of virtually unlimited scope. As it has been already shown, at s=1 we arrive at harmonic structures. Furthermore, it is easy to demonstrate that at s=0 we arrive at simple structures forming arithmetic progressions (probably they have limited application to real-life processes, like simple interest in financial engineering). We were intrigued whether there was a value of s corresponding to the well-known empiric “80/20 law” which stated that the most efficient 20% of resources yield 80% of the total output. At n=10 we found that s≈2.38 (at n=5, s≈2.93; at n=20, s≈2.11). To a certain extent, this relates to the research of Pareto himself [3, 4], who sought an exponent to the corresponding power law.

In this short, essentially conceptual article, we deliberately do not delve into details, which in general are rather important; however, the strong dependence of s on total number of elements in the structure should be noted. A mistaken assessment of the number of elements may lead to a distorted or even misleading notion of the actual structure. An important, even vital condition for the application of Pareto structure is correct data aggregation (e.g., percentiles widely used in statistics). The dependence of the results on data aggregation might well be the reason why many empiric socio-economic laws have not yet been boiled down to exact formulas.

From a purely mathematical viewpoint, it is easily proved that at s>1 and infinitely increasing n the curve is pressed towards axes, since Z(s) has a specific numerical value. This is demonstrated in Figures 3a and 3b. 3a delineates structures of different s at constant n=10, 3b – structures of different n at constant s=2.
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Fig.3.Generalization of a harmonic structure

Fig.3a.structure of different s at constant n=10
Fig.3b.structure of different n at constant s=2
4. Lorenz Curve vs.  Pareto Structure: Analogy with the Transition from a Geocentric to Heliocentric Model of the Solar System.

In 1905, American scientist Lorenz suggested a convenient graphic model for the delineation of the income inequality (Lorenz curve) [5]. Italian statistician Corrado Gini developed a quantitative measurement (Gini coefficient) [6] to characterize this inequality (G=area A/ (area A+area B) – see Figure 4). Both instruments are still extensively used, their use ranging from the United Nations research in economic inequality among different countries to applications in the fields of knowledge quite distant from economics.

Based on the Pareto structure suggested in the previous section, it is natural to proceed with the examination of the unequal distribution of wealth as a specific illustration of the mentioned structures. Thus, one system is a dynamic group of subjects N (either persons or legal entities, possibly also other depending on the aims of study), which is complemented by another dynamic system W – group of objects, where each specific object is a fragment Wi of the total wealth W. It must be noted that there are no empty groups – for each subject there is a corresponding Wi>0; likewise, there are no Wi=0. If new subjects appear (or old ones disappear), the number of items in the group N changes. In the same way, changes in the total wealth W change the relative weights of fragments (Wi). In the graphic delineation (see Figure 4) we can use Lorenz's approach, however, starting at 100% and the biggest Wi. Thus, we construct a mirror image of the Lorenz curve.
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Fig.4.  Lorenz Curve (right) vs. Pareto Structure (left)
When Copernicus suggested the heliocentric model of the solar system, nothing seemed to have changed. The old methods of predicting solar and lunar eclipses were still valid. On the other hand, science had acquired a correct model, which gave a powerful impetus to the development of theory, leading to modern achievements.

The socio-economic research of wealth, poverty, and inequality is in a somewhat similar situation. After painful experiments humanity seems to have given up both notions - that of the whole wealth concentrating in the hands of few (i.e., slavery) as well as egalitarianism and professing total equality. Still, current theories yield no solutions regarding the best way to choose. We think there can be only one answer – harmonic, balanced development based on a natural law. The discrete ambisector described in Section 2 is to be found only in dynamic societies whose development takes place in a balanced and harmonic manner. Wars, revolutions and other cataclysms unleashed by man have always leaded only to a sharp increase towards inequality.

No doubt, Gini coefficient has made Lorenz curve into a suitable instrument for comparing phenomena not comparable previously. Over the course of years, it has become a routine calculation, making researchers shy away from considerations that are more essential. However, in-depth analysis easily points out the deficiencies of the coefficient. First, changes in the coefficient are assessed at the best as a percent change, distorting the interpretation, because, for example, the change from 0.50 to 0.60 (20%) is more material than one from 0.40 to 0.50 (25%). Second, there are no reasonable criteria to assess the usefulness of the change for the society as a whole, besides the trivial way of thinking of high values of the coefficient as “bad”. Third, there are no benchmarks to define the intervals of “good”, “not so good,” or “bad” values of the coefficient. The United Nations study “Human Development Report 2004” lists six countries whose Gini coefficient exceeds 0.60 (!), the extreme case being Namibia (0.707...). Values below 0.25 have been found in Denmark, Japan, and (somewhat surprisingly) Hungary.

Our new model paves way to the assessment of inequality both in qualitative and quantitative aspect at much more detailed level, with a wide use of mathematical methods. Of course, all applications of Gini coefficient are still valid.
A harmonic structure (d-ambisector!) in its natural state is characterized by Gini coefficient of 0.50. Figure 5 shows the change in Gini coefficient depending on N chosen: at N=5 coefficient G=0.40, at N=10 coefficient G=0.45, but at N=100 it reaches G=0.495, thus rapidly tending to G value of the discrete ambisector.
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Fig.5. Dynamics of Gini Coefficient Depending on Number of Items in the System

Civilized world has created such mechanisms as the progressive taxation system, social security system for the less wealthy, which soften and decrease social discrepancies and strain caused by them. Still, looking from an objective viewpoint, exaggerated levelling often leads to negative results: the most active persons have decreased motivation to pursue their aims actively, on the other hand, a certain part of society is infested by parasitic disposition of mind to live at the expense of others, decrease working hours etc. Therefore, any measures deforming the harmonic structure of income have to be well considered, and possible consequences should be assessed systemically.
More than ever before, in the 21st century, the whole world population is perceived as a unified system; due to globalization, the world economy becomes more sensitive to regional crises and peripheral events. The role of regional blocs and subsystems is increased. In this context as well, one could seek and find relationships characterizing present structuring of the civilization and its role. Perhaps the most dynamic structure in the modern world is the European Union. Let us consider the “old” union of 15 countries and the new one of 25 countries from the structural aspect.
Based on the revised GDP data for 2002, Figure 6 shows the actual ranks of the countries. It is easy to put forward a hypothesis that after the enlargement, heterogeneity, and inequality within the EU has increased. Can this be characterized more specifically? Yes. The Pareto structure most closely corresponding to EU15 GDP distribution has s15=1.10, but GDP distribution of EU25 countries yields s25=1.40. Gini coefficients corresponding to these theoretical structures are G15=0.488 and G25=0.577, respectively. Gini coefficients for the actual GDP distributions are somewhat higher in both cases. (It should be noted that the harmonic structure (s=1) would exhibit Gini coefficient values s15=0.467 and s25=0.480 for 15 and 25 countries, respectively.)
[image: image8.emf]0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

s=1.1

EU15 GDP

distribution

 [image: image9.emf]0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

s=1.4

EU25 GDP

distribution


Fig.6. GDP Distribution in EU15 and EU25
Providing an interesting comparison to this, GDP distribution of 51 U.S. states lies rather close to the harmonic structure (see Figure 7).

[image: image10]
Fig.7. GDP Distribution among 51 U.S. States
The EU enlargement is widely recognized to be a deliberate and well-considered action aimed chiefly at the solution of economic problems. The enlargement may indeed give the EU more weight in the world arena. Yet would it make the EU more stable? After the current round of enlargement, the structure of the EU has made a considerable leap away from a harmonic structure, and now it can even be called ‘bipolar’. There are four heavyweights at one end and more than 15 small countries at the other end. Perhaps Nobel Prize winner Milton Friedman had an intuitive understanding of this circumstance when he predicted that the collapse of the euro zone might be pretty near.
Ancient Romans used to say, “Concordia res parvae crescent, discordia maximae dilabuntur” (Concordance promotes flourishing of small things, discordance destroys great ones) Experience seems to prove that a harmonic structure may indeed be a key to a harmonic cooperation, thus creating conditions for a long-term growth and prosperity.
From this point of view, it might as well turn out that the current model of EU25 is but a temporary one. Perhaps there is only one way out – during the next 10-15 years the EU enlargement must continue, including such “middleweight” countries as Switzerland, Romania, Turkey, and possibly Ukraine. This scenario might bring the composition of the EU back closer to a harmonic structure, thus providing a better base for balanced growth than we can observe now.
Conclusions

Another potential application of Pareto structures should be mentioned. Some time back I was engaged in massive data processing and tried many techniques for data smoothing and prediction. However, I failed to ascertain about ideal fitness or convincing superiority of a particular method or combination thereof. Leaving great honour to Nobel Prize winner in 2003 C. Granger who has made an immense contribution to data prediction techniques (ARIMA, co-integration ideas and a huge number of publications); still, more and more new studies appear in this sphere so important for business. I included my moderate contribution to the field in one chapter of the book published in Moscow 20 years ago. The book was dealing with automated data processing in amelioration industry [7]; it was a review of some unique models of seasonal fluctuations and prediction opportunities based on these models. No wonder that shortly after the discovery of Pareto structures I started thinking about the possibility of using them in data smoothing. Though having been a devoted follower of the exponential data smoothing for a certain time, I still did not like the unavoidable subjectivity in choosing the smoothing constant. Now, an opportunity has surfaced to use smoothing ratios that are individually specifically suited to the structure of the fluctuations of each data series! We tried data smoothing, using Pareto structures, and obtained rather promising results; however, the major work is still ahead.
The idea itself is not novel. As long as two hundred years ago physician Hanemann, the founder of homeopathy, articulated the principle “heal yourself just by what you are ill with”, or in my interpretation, “if you want to predict a specific data series, then get to know this specificity by finding the s-characteristic of its fluctuations and make an adequate choice of Pareto ratios”. Though this sounds simple, many more experiments should be made before specific recommendations could be designed.
Thanks to time spent at Moscow Lomonosov State University, I have obtained the results that can be made public now, though many materials are still at the experimental stage. Still I think that specialists will be interested in the opportunity to verify this new concept as well as the proposed formulae and ideas in order to find their own new ideas as to the directions of further studies. What regards me, I am greatly interested in the eventual use of Pareto structures in the chaos theory where variations in s may provoke “behavioural” changes within the system, that is, when small variations in s might make the whole system being altered qualitatively.
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