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Abstract

Let M and N be the sets of minimizers of a function f over respective subsets K and L of a lattice with
K being lower than L. Veinott (1965) and Topkis and Veinott (1968) showed that if f is subadditive, then
M is lower than N. Veinott (1969) showed that if f is sub* with * being strictly (resp., properly) increas-
ing, which is so, for example, when f is subadditive (resp., submeet or subjoin), then M is lower than (resp.,
weakly lower than) N. The present paper characterizes the class of functions f for which M is lower (resp.,
weakly lower, meet lower, join lower, chain lower) than N for all K lower than L. The resulting five classes
of functions, called subextremal variants, have alternate characterizations by variants of the downcrossing-
differences property, i.e., their first differences change sign at most once from plus to minus along comple-
mentary chains. In each case, the classes are closed under increasing transformations, and so may represent
ordinal preferences. It is also shown that each subextremal variant class is closed under partial minimiza-
tion. This paper subsumes earlier work of Li Calzi (1990) and Veinott (1991). Shannon (1990) and Milgrom
and Shannon (1991) have done related overlapping work. Indeed, the last paper first showed M is lower
than N for all K lower than L only if f has interval-downcrossing differences. The subx functions are lat-
tice subextremal when = is strictly increasing and subextremal when * is properly increasing. Conditions
are given on *= that assure subs functions have representations as strictly increasing functions of subaddi-

tive functions. Subaddilive twice-differentiable strictly increasing transformations of twice-differentiable

[unctions are characterized.

1. Introduction

Lattice programming is a qualitative theory of optimization that is concerned witl
the study of optimization problems for which one (global) minimizer of a function is in
creasing in the parameters of the problem. The first general sufficient condition for thi:
to be so was developed by Veinott (1965) and improved by Topkis and Veinott (1968)

viz., the [unction is subadditive?

on a lattice. Subsequently, Veinott (1969) generalizec
the result to sub* functions on a lattice where x is a binary operation on a subset of the

extended real numbers. A function is sub* if the * product of the function values at twec
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points 1n the domain of the Iunction majorizes tnhe * product ol the Tunction values aft
the meet and join of the two points. The subx functions are called subadditive, submulii-
plicative, subjoin or submeet according as * 1s +, -,V or A. These 1deas—especially subad-
ditivity—have proved useful in myriad applications by a wide variety of authors in the
ensuing quarter of a century.

In the spring of 1990, Li Calzi (1990) and, independently, Shannon (1990a,b) (the
latter inspired by a suggestion of Milgrom), discovered useful weaker sufficient condi-
tions assuring that the optimal solution is increasing in the parameters of the problem.
Shannon mtroduced the class of quasisubmodular functions. L1 Calzi independently intro-
duced the same class and four other variants thereof. In the language of the present pa-
per, these live classes are defined by five variants of the downcrossing differences® prop-
erty, 1.e., the first differences of the function change sign from plus to minus at most
once on “complementary” chains. In particular, the quasisubmodular functions are, in
this terminology, the functions with interval-downcrossing differences. Subadditive func-
tions have this property since their first differences are decreasing.

A function on a lattice is called subeztremal® (resp., strictly subextremal) herein if
1t 1s either subjoin or submeet (resp., strictly subjoin or strictly submeet) on the sublat-
tice hull of any pair of incomparable elements. In this tefminr:-lc:gy, Li Calzi (1990, pp.
13-14) showed implicitly that strictly subextremal functions have strictly downcrossing

differences and established the converse explicitly. He also showed that functions with

downcrossing differences are subextremal. Shannon (1990a, p. 18; 1990b, p. 23) independ
ently established the weaker results that strictly subextremal functions have interval-
downcrossing differences, and the latter are subextremal. Veinott (1991) introduced
three additional subextremal variants called respectively meet-, join- and lattice-subex-
tremal. Moreover, he showed that the [ive subextremal variants described above in fact
characterize the five downcrossing-differences variants.

In the spring of 1991, Milgrom and Shannon (1991) showed that the functions with
interval-downcrossing differences on a lattice characterize the functions f for which the
set, of minimizers of f over one subset of the lattice is lower than the set of minimizers
ol f over a second subset of the lattice whenever the first subset is lower than the sec-
ond subset. In the summer of 1991, Veinott (1991) extended these results by developing
comparaflve-minimizer characterizations for the other four downcrossing-differences var-
1ants in which the first instance of the lower-than relation given above is replaced by a

variant thereof.

A more precise phrase thal we have eschewed for aesthetic reasons would be single-down-zero-crossing differences. The
term single erossing property is used in [MS91] for a more restricted concept.

®The term subextremal is used in [Li90] to mean instead thal a function is either subjoin or submeet (everywhere).



oection 2 introduces the notions of subextremal functions, functions with downecros
sing differences, the lower-than relation, and the variants of each. In each case, the ap
propriate comparafive-minimizer characterization results are obtained. Section 3 show
that sub* functions are lattice subextremal if * is strictly increasing, which is so, fo
example, when * is 4, and are subextremal when * is properly increasing, which is s
when * 1s A or V. For three classes of binary relations #, results of Aczél (1949, 1966
and Ling (1965) are used to represent subx functions as strictly increasing functions c
subadditive functons. Twice-differentiable subadditive strictly increasing functions c

twice differentiable functions are characterized.

2. Subextremal Functions and Comparative-Minimizer Characterization

In this section we consider when the set of minimizers of a function over one subse
of a lattice “minorizes” the set of minimizers of the function over another subset in .
sense thatf, 1s “compatible” with the partial order on the lattice. To make this compara
five-minimizer problem precise, let f be an extended real-valued function on a lattice |
partially ordered by <. For each S C L, denote by f(S) the image of § under I b
argmin f(5) the set of minimizers of f over S, by inff(S) the infimum of f(S) and b;
min f(S) the least element of f(S) (if any). A comparative-minimizer characterizatios
problem is to determine for S, % C L the class of functions f for which argmin f(.S) “min
orizes” argminf(X) when S “minorizes” ¥ in another sense.

To give meaning to the term “minorize,” it is necessary to introduce some binar)
et relations < on the set 2% of nonempty subsets of L. It is natural to require these re
ations = to be compatible with < in the sense that if {s} and {0} are singleton subset:
of L, then {s} ={o} if and only if s < 0. The contained-in relation is a prominent exam
ole of a set relation that is incompatible with <. Table 1 below defines seven set rela

lons that are compatible with < and are useful in the sequel. The relation <, (resp., <

s the weakest (resp., strongest) relation on 2% that is compatible with < on L. The re

Table 1. Seven Set Relations Compatible with <

Relation =< Definition of S <X

<o s €S and o € ¥ hold for some s < &

<wo S€S5ando€X implyeither sAceSorsVeel

<y sedSand o € X imply sVoeX

< s€Sand c € X imply sAoc €S

< s€.S and o € ¥ imply both sAce€ S and sVo X

L s€.S5 and o € ¥ imply s and ¢ are comparable, sAc e S
and sVo €X

&= e =2 S and 2 ¥ ymnly e < A




itions <, and <, are mcomparable, but each 18 SIronger than =, alltt Wediel LRAL =]
inally, the relation <, is weaker than <. The relations <, and < are well known. Th
slation <, was introduced in [Ve65] and shown to partially order the nonempty sublat
ces of a lattice by Topkis and Veinott (1968). The relations <, < and <, were in
roduced in [Ve69]. The relation <, is new. A more detailed examination of all of thes
clations but <, appears in [VeT4] and [Ve87], and of all of them 1n [Vefo).

A simple comparative-minimizer characterization problem is to describe for a se
elation < compatible with <, the class of functions f such that argmin f({s,s A c}):
remin f({s,sV o}) for each s,o € L. Below we characterize these classes for the seven r
ations in Table 1. It turns out that the first (resp., last) two of these seven classes coir
ide. The middle five classes are distinct; consider one of these five classes and 1ts assoc

ted set relation <. say. The real interest of the class stems from the following additior
1 characterizations and properties thereof.
e f is in the class if and only if argminf(S) is increasing in S in the sense that S<, X im-
plies argmin f(S) < argmin f(X).

e [ is in the class if and only if that is so of the function minfou ' on u(L) for each lattice
morphism g on L for which min fou~ ! exists on p(L).’

e The class is invariant under strictly increasing transformations, so each function therein
expresses ordinal as opposed to cardinal preferences among the elements of b

e The class includes families of functions that arise in practical optimization problems.

In the sequel we give two characterizations of each of the above five classes
unctions. The first is in terms of “subextremal variants” and the second 1 terms

“downcrossing-differences variants.” We now introduce these classes of functions.

Subextremal Variants. Let f be an extended real-valued function on a lattice .

Call f subeztremal if for each (incomparable) s,0 € L, either

(1) fsVao)V f(sAa) < f(s)V f(o)

(2) flsVa)A f(sho) < f(s) A f(o)

holds. Observe that (1) (resp., (2)) is the statement that f is subjoin (resp., submee
on the sublattice hull {s,c}"V of {s,¢}. Thus, to say that f is subextremal is to say th
the function f is either subjoin or submeet on the sublattice hull of each pair of poir

in L. Keep in mind that whether f is subjoin or submeet depends on the pair of poin

TDE“IIE minj'up_'l for each teu(L) by [minfup_]‘}{t} :rnmin,p'lt,u_‘1 (1)) =mi“p(s]:t f(s). Define inl'fcr;.:_l analogousl)

Trvariasnee of each claszs follows from the invariance of the set of minimizers under such transformations.



lhus, a subjomn (resp., submeet) lunction is subextremal, but not every subextrema.
function 1s subjoin or submeet.

It turns out that there are four useful subextremal variants. These may be de
scribed as follows. Call f join- (resp., meet-, lattice-, strictly) subeztremal if for each
incomparable s, € L, on adding +¢ (resp., +¢, —¢, —¢) to f(s A o) (resp., f(sV o), f(o)
f(s) and f(o)) in both (1) and (2), then either (1) or (2) holds for all small enough € >
0. In the sequel, we represent such inequalities by simply omitting the e following the +
or —. Observe that f is strictly subeztremal if and only if for each incomparable s,0 € L
then either (1) or (2) holds with strict inequality.

Strictly subextremal functions are lattice-subextremal. In the sequel we show that
the lattice-subextremal functions are precisely the functions that are both join- and
meet-subextremal. Observe that f is subextremal on L if and only if f is subextremal
on the dual of L. Similarly, f is join-subextremal on L if and only if f is meet-subex-
tremal on the dual of L, and both are subextremal.

The five subextremal variants have characterizations in terms of the sign pattern ol
their differences on “complementary” chains. To develop this idea, it is necessary to for-
mulate several variants of the notion of an extended real-valued function on a chain be-
ing downcrossing, i.e., changing sign at most once from + to — as one traverses the

chain in 1ts natural order.

Downcrossing Variants. A number z has sign +,§, 0,3, — respectively according as
z>0,220,2=0, 2<0or  <0. Observe that positive (resp., negative) numbers have
the first (resp., last) two signs and zero has the middle three signs. Let p (resp., n) be
one of the first (resp., last) two of the above signs. Let ¢ be an extended real-valued
function on a chain C. Then ¢ has the sign pattern pn on C if either ¢ has sign p on C,
or g has sign n on C, or there is an r € C' such that ¢(s) has sign p for s < r and sign n
for s > with s € C. For example, if in the last event p is + and n is 5, then ¢ 1S posi-
tive below r and nonpositive above r on C. Similarly, ¢ has the sign pattern +0— on C
if either g has the +— sign pattern on C or if there exists a subinterval I of C such that
g 1s positive below I, zero on I and negative above I on C. Evidently, ¢ has the sign pat-
tern +0— on C 1f and only if ¢ has both the sign patterns +5 and $— on C.

The sign patterns of an extended real-valued function ¢ on a chain C that are use-
ful for characterizing subextremal variants turn out to be the ones that can be character-
1zed by collections of implications of the form: g(r)v0 < ¢(s)60 for all r < s in € where
718 >or > and ¢ is > or 2, i.e., g(r) stands in the relation 4 to 0 if g(s) stands in the re-
lation 6 to 0. The implied-by column of Table 2 below characterizes five sign patterns

by suitable collections of implications of the above type. For example, the fact that ¢(r)



Table 2. Three Characterizations of Sign Patterns

Stgn Implied-by Implies Either-or
Pattern| Foreachr<sinC Foreachr<sin C Foreachr<sin C
o g(r) >0 <= g(s) >0 g(r)< 0= g(s) <0 g(r)>0or g(s) <0
+5 g(r)>0<«< g(s)>0 g(r)<0= g(s) <0 g(r)>0or g(s) <0
§— | 9(r)=20<«g(s)=0 g(r) <0 = g(s) <0 g(r) >0 or g(s) <0
10— {gr >0 <= g(s }D} {gr <0 = g(s EU} {gr > 0 or g(s EU}
gr) =20 <= g(s) =0 glr)< 0= g(s) <0 g{r) >0 or g(s) <0
= g(r)>0<«<g(s)>0 g(r)<0 = g(s)<0 g(r)>0or g(s) <0

>0 if g(s) > 0 for all r < s in C characterizes the sign pattern +—. Notice that the 1m-
plications in the implies column of Table 2 are contrapositives of the corresponding ones
in the implied-by column. Also, each statement in the either-or column is equivalent to
the corresponding implications in the implied-by and implies columns. Thus, Table 2
gives three equivalent characterizations of each sign pattern.

In the sequel, call an extended real-valued function on a chain downcrossing, join-
downcrossing, meet-downcrossing, wnterval-downcrossing or strictly downcrossing respect-
ively according as the function has the sign pattern 7, .—I—T;}, t—, +0— or +— on the
chain. Call functions of these five types downecrossing variants. The downcrossing var-
iants are illustrated in Figure 1. Notice that a function on a chain is a downcrossing var-

iant if and only if the function is that downcrossing variant on each doubleton subset of

the chain.
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Figure 1. Downcrossing Variants

Are there any other sign patterns that can be characterized by collections of 1mplh-
cations of the type described above? The answer is no. To see why, observe that since
there are exactly four different individual statements of the form g(r)~v0 < g¢(s)60 for
all r < s in C where v and é can each be either > or >. With one exception, for each
pair of such statements, one implies the other. The exceptional pair of statements is
g(r) >0 < g(s) >0 and g(r) > 0 < g(s) > 0; neither implies the other. This pair of state-

ments implies one and is implied by the other of the two remaining individual state-



ments. lhus, the above exceptional pair 18 the desired 1itth collection of statements. All
other collections of statements of the above type are equivalent to one of these five. To
see this, observe that it suffices to consider collections of statements of the above form
that do not contain duplicates. Each such collection consists of at most four distinct
statements. If the collection 1s not one of the five described above, then the collection
contains a pair of statements other than the exceptional pair. But then, one of the state-
ments in the pair is implied by the other and so can be eliminated. Repeating this proce:

lure at most twice more produces the desired result.

Downcrossing-Differences Variants. Suppose f is an extended real-valued function
on a lattice L. For each o in L, call A, f(s)= f(sVo)— f(s) the o-difference of f at
s € L. Interpret both oo — oo and —oo — —o0 as zero to remove ambiguity in this defini-
tion. Call C a complementary o-chain if C is a subchain of L with least element r < o

and s A o =r for each s € C. Figure 2 illustrates one such subchain in R2.

Figure 2. Complementary o-Chain in ®3

In the sequel when we speak of properties of the differences of f we mean proper-
1es of the o-differences of f on complementary o-chains for each o € L. Thus we can
wnd do speak of f as having downcrossing (resp., join-downcrossing, meet-downcrossing,
nterval-downcrossing, strictly downcrossing) differences. 1t follows from the character-
zations in Table 2 that f has this property on L if and only if f has the property on
[s,0}™Y for each pair {s,o} of incomparable elements of L. In this event, the unique
-omplementary o-chain with cardinality two or more is {s A o,s}. Using this observation
nd setting g =A,f on {sAo,s}, Table 3 below summarizes the characterizations of
he five downcrossing-differences variants obtained from the “implied-by” column of
Fable 2. Similar tables can be constructed for corresponding characterizations obtained
rom the “implies” and “either-or” columns of Table 2. We leave these to the reader,

hough we use them frequently in the sequel.



Table 3. Characterizations of Downcrossing-Differences Variants

Implied-by Characterizations

Differences of f

For each incomparable s,0 € L

Downcrossing flsho) < flo) <= f(s) < f(sVo)
Join-Downecrossing flsheo) < flo) <= f(s) < f(sVo)
Meet-Downcrossing flsho) < flo) < f(s) < f(sVo)

; sho)< flo) <= f(s)< f(sVe
Interval-Downcrossing {JfCES f‘u:r; < fEc:r% - '}CES% < fESV Jg}
Strictly Downcrossing flsha)< flo) < f(s) < f(sVa)

Denote by £ the set of subsets S of L for which argmin f(S) # 0.

Theorem 1. Characterization of Subextremal Functions. The following properties o
an extended real-valued function f on a lattice L are equivalent.

1" f 1s subeztremal.

2" f has downcrossing differences.

3" argmin f({s,s A o}) <gargminf({o,s V a}) for all s,0 € L.

3" argmin f({s,s A o}) <, argminf({o,sV o}) for all s,0 € L.

4" argmin f(S) < argmin f(2) for all S <, ¥ in L.

4" argminf(5) <, argmin f(X) for all S <, ¥ in L;.

5 inf fou™ is subeztremal on (L) for each lattice morphism u on L.

Proof. 1" 2. Consider incomparable s,0 € L. Then by the either-or version of Ta-
ble 3, 2" holds on {s,0}*Y if and only if v: f(s Vo) < f(s) or 0:f(sAo) < f(o) holds and
I':f(sVo) < f(o) or A:f(sAo) < f(s) holds. This is so if and only if either (a) v and T
hold or 6 and A hold, or (b) v and A hold or § and T hold. Now (a) and (b) are respect-
ively equivalent to (1) and (2). Thus (a) or (b) holds if and only if 1° holds on {s,o}"V.

2°<>3. From Table 3, 2 is false if and only if f(sAo)> f(s) and f(sVo)> flo;
tor some incomparable s,0 € L, or equivalently 3 is false.

33 &4 4. Observe 4 implies 3' and 4° implies 3° as one sees by setting S =
{s,sAc} and ¥ = {0,sV o}. Also, 3' implies 3" since <,, is stronger that <,. Thus, sup-
pose 3" holds and that S <;¥ are in £;. Choose s € argminf(S) and o € argmin f(2).
Then sAo €S and sVo eX since §<; 5. Therefore s € argminf({s,s Ac}) and o€
argmin f({o,s V a}). Thus by 3, either s A o € argminf({s,s Ao}) C argminf(S) or sV o
€ argmin f({o,s Vo}) C argmin f(3), establishing 4.

5 = 1". Since the identity map g is a lattice morphism from L into itself, it follows



that inf fou™ = f 1s subextremal on u(L)= L

2°=% 5°. Suppose g is a lattice morphism on L. Put F =inf fou™". Suppose t,7
are incomparable and F(t) < F(tV 7). Choose € >0 so (F(t)+e€e)V(—e ') < F(tV T
there exist incomparable s€ u~'(¢) and o € p~(7) with f(s) < (F(t)+¢€)V(—e') an
<(F(r)+e)V(—€1). Since pu(sVeo)=tVr, f(s)<(Ft)+e)V(—e )< FiVT)<f
Hence, by u(s Ao)=tA 7, 2 and Table 3, FEAT)< f(sAo) L flo) S (F(T)+¢)V
Now € > 0 is arbitrary, so F(t A7) < F(7).

Theorem 2. Characterization of Join-Subextremal Functions. The following ;
ties of an extended real-valued function f on a lattice L are equivalent.

1° f is join-subeztremal.

2" f has join-downcrossing differences.

3" argminf({s,s Ao}) <,argminf({o,sVo}) for all s,c € L.

4" argmin f(S) <,, argmin f(X) for each § <X in L.

o |

5 min fou™' is join-subextremal on u(L) for each lattice morphism p on

1

which min fou™ ezists on p(L).

6" f is subeztremal and f(s) = f(s A o) implies f(sV o) < f(o) for all s,0 € L.

Proof. 1°< 2°. Same as the proof that 1°< 2" in Theorem 1 on replacing f(s.
Fls A o)+

2°¢>3°. From Table 3, 2° is false if and only if f(sAcg) > f(s) and f(sV o)
for some incomparable s, € L, or equivalently 3 is false.

3’ 4°. To see that 4" implies 3°, set S = {s,sAc} and X = {o,sV o}. Conxs
suppose 3 holds and S <; X are in £;. Choose s € argminf(S) and o € argmin f(X
sAo€S and sVo €X since S<,E. Thus s € argminf({s,s Ac}) and o € argmi
sV o}), whence by 3°, sV o € argminf({o,sV o}) C argminf(X), establishing 4".

5°=-1°. Since the identity map p is a lattice morphism from L into itself, 1t
that min fou™ = f is join-subextremal on u(L)= L.

2=5. Let u be a lattice morphism on L for which F = min fou™" exists o
Suppose t,7 € u(L) are incomparable and F(¢) < F(tV 7). Now there exist incom
s € u~Yt) and o € p'(r) with f(s)=F(¢) and f(o)= F(r). Thus since p(sV o)
f(8)=Ft)< F(tV7)< f(sVo). Hence, by p(sAo)=tA7, 2° and Table 3, F(¢
flsho) < flo) = F(r).

6" < 2°. Immediate from Table 3 and 1°< 2° of Theorem 1. I

The next result follows from Theorem 2 by duality.



Theorem 3. Characterization of Meet-Subextremal Functions. The following prope
of an extended real-valued function f on a lattice L are equivalent.

1° f is meet-subextremal.

2" f has meel-downcrossing differences.

3" argminf({s,s A o}) <, argminf({o,sV o}) for all s,0 € L.

4 argmin f(S) <, argminf(Z) for each S <, T in L.

5 min fou™!

ts meet-subextremal on pu(L) for each lattice morphism u on L f
which min fou™" ezists on u(L).

6" f is subeztremal and f(s) = f(sV o) implies f(s A o) < flo) for all s,0 € L.

Theorem 4. Characterization of Lattice-Subextremal Functions. The following prop
of an eztended real-valued function f on a lattice L are equivalent.

1" f is lattice-subextremal.

1" f 2s join- and meet-subeztremal.

2" f has interval-downcrossing differences.

3" argminf({s,s Ac}) < argminf({o,sV o}) for all 5,0 € L.

4" argmin f(S) <; argmin f(X) for each S<; T in L;.

5 min fou™" is lattice-subeztremal on u(L) for each lattice morphism p on L f
which min fou™" exists on u(L).

6" f is subextremal, f(s)= f(sA o) implies f(sVeo)< f(o), and f(s)= f(sVo) i
plies f(sAo) < f(o) for all s,0 € L.

Proof. Condition 1° holds if and only if 2° of both Theorems 2 and 3 hold. This fa
exactly as in the proof that 1°«< 2" in Theorem 1 on replacing flo) by f(o)— an
{5,017 by “at s,0.” Also, 1’ (resp., 27, 3, 4°, 5°, 6°) holds if and only if 17 (resp., &
L 5, 67) of Theorems 2 and 3 both hold. B

Theorem 5. Characterization of Strictly Subextremal Functions. The following pro;
s of an eztended real-valued function f on a lattice L are equivalent.

1° f s strictly subextremal.

2" f has strictly downcrossing differences.

3" argminf({s,s A o}) < argminf({c,sV ¢}) for all (resp., all mcomparable) s,o € I
3" argmin f({s,s A o}) <argmin f({o,s V o}) for all incomparable s,o € L.

4" argmin f(5) <, argmin f(Z) for each S <, T in L.

5 min fou™' is strictly subextremal on u(L) for each lattice morphism u on L fc
which min fou™ ezists on pu(L).

6" f s subexztremal, f(s) = f(s A o) implies f(sV o)< f(o), and f(s) = f(sVo) in
plies f(s Ao) < flo) for all incommparable s.o € L.



Proof. 1" & 2. Same as the proof that 1"< 2" in Theorem 1 on replacing f(s) and
f(o) by f(s)— and f(o)— respectively.

3. The statements of 3" reading with and without parentheses are equivalent since
the claimed inequality is trivially true when s,0 € L are comparable.

2°< 3. From Table 3, 2" is false if and only if f(sAco)> f(s) and f(sVeo)> f(o)
for some incomparable s,0 € L, or equivalently 3" 1s false.

3 &3 44, Suppose 4 holds and s,0 € L are incomparable. Set S = {s,s Ao} and
¥ ={o,sVa}. Then from 4° either s ¢ argminf({s,s Ac}) or o & argminf({o,sV o}),
whence 3’ holds. Also, 3' implies 3" because < is stronger than <_. Finally, suppose 3
holds, S <,¥ in £;, s € argminf(S) and ¢ € argminf(¥). Then since 3° implies 3" and
hence 4" of Theorem 4, s Ao € argminf(S) and sV o € argminf(X). Now s and o are
comparable, for if not, it follows from 3°, s € argminf({s,s Ao}) and o € argminf({o,
sV o}) that s < g, which is a contradiction.

5 =>1". Same as the proof that 5°= 1" in Theorem 2 on replacing “join” by “strictly.”

2= 5. Same as the proof that 2=5" in Theorem 2 on replacing the inequality
F(t)< F(iV7) by F(t) < F(t V).

6 < 2. Immediate from Table 3 and 6" < 2" of Theorem 4. B

A subextremal-variant class of functions on a lattice is one of the [ollowing five
classes: the subextremal, join-subextremal, meet-subextremal, lattice-subextremal or
strictly subextremal functions on the lattice. The next result asserts that each member
of a subextremal-variant class of functions on a lattice expresses ordinal rather than

cardinal preferences among the elements of L.

Corollary 6. Fach subextremal-variant class of functions on a lattice is closed under

strictly increasing transformations.

Proof. Immediate from Table 3 and 2" of Theorems 1-5 since an iequality between
the values of a function f at two points in its domain holds if and only if that is so ol
gof whenever f is in one of the subextremal-variant classes on a lattice and ¢ is a strict

ly increasing function from the extended reals to itself. I

Corollary 7. The subeztremal class of functions on a lattice 1s closed under increas-

ing transformations and pointuise limits.

Proof. I'or the first part, suppose f is subextremal on a lattice I and g 1s an increas

ing function from the extended reals to itself. Suppose s,0 € L and gof(s) < gof(sV o).



oimce g 1s imncreasing f(s) < f(sV o). Hence by Table 3 and 2" of Theorem 1, f(sAo) <
f(o), so because g is increasing, gof(s A o) < gof(o). This implies gof is subextremal
by Table 3 and 2 of Theorem 1.

For the second part, suppose {f,.} is a sequence of subextremal functions on L and
fn—J pointwise. Suppose s,0 € L and f(s) < f(sV o). Then f,(s) < f.(sVo) for all
large enough n, so by Table 3 and 2° of Theorem 1, f, (s A o) < f,(o) for all large enough
n. Letting n — oo yields f(s A o) < f(o), so f is subextremal by Table 3 and 2° of Theor-

em 1. B

The assertions of Corollary 7 are false for the other four subextremal-variant classes
of functions. This accounts for the fact the infimum in 5° of Theorem 1 must be replaced

by a minimum in 5 of the other four Theorems.

Corollary 8. The restrictions of the five subextremal-variant classes to one-to-one

functions coincide.

Proof. It follows from the 6" of Theorems 2-5 that if f is one-to-one, then f is subex-

tremal if and only if it is strictly (resp., meet-, join-, lattice-) subextremal. i

Call S C L a quasisublattice” of L if s,0 € S imply either sAc €S or sVoES.
Table 4 below summarizes the largest subset of 2& on which each of the seven set rela-
tions = 1n Table 1 is reflexive by characterizing the § € 2% for which S <S. The next re-
sult follows from Table 4 on taking S = ¥ = L in 4° of each of Theorems 1-5.

Table 4. Characterization of Where Seven Set Relations are Reflexive
Relation = Characterization of S5 with S # ()

<5 S 1s a subset of L

i S i1s a quasisublattice of L
<v S 1s a join-sublattice of L
= S 1s a meet-sublattice of L
< S 1s a sublattice of L

. S5 18 a subchain of L

e S 1s a singleton subset of L

Corollary 9. Characterization of Set of Minimizers. The set of minimizers of a sub-
extremal, join-subextremal, mect-subeztremal, lattice-subextremal or strictly subeztremal

function on a lattice is respectively a quasisublattice, join-sublattice, meet-sublattice, sub-

lattice or subchain.

gQuaﬁiﬁublat tices and quasisublattice functions were introduced and studied by the second author in 1976, c.f., [Ve87].



Let ¥ be the set of extended real numbers.

Lemma 10. Subextremal are Quasisublattice Functions. A4 subeztremal function on a

lattice is a quasisublattice function, i.e., has quasisublattice level sets.’”

Proof. Suppose f is subextremal on a lattice L, t € R, epi, f = {s € L: f(s5) < t}, 5,0
cepl, f. If (1) holds, then f(sVo)V f(sAo)< f(s)V floc)<t so sVo,sAo€Eepi;f. If
(2) holds, then f(sV o)A f(sAa) < f(s)A f(o) £, so either sV o or sAoisin epi, f. B

Theorems 1-5 are coordinate-free formulations of problems in which decisions are
not distinguished {rom parameters. In practice, there are often separate decision varia-

bles and parameters. We now explore the implications of Theorems 1-5 in this setting,

Subextremal Variants with Decisions and Parameters. Suppose D is a poset of de-
cistons, £ 18 a poset of exogenous parameters and L C D x P is the set of feasible deci-
sion-parameter pairs. Let mpL={p € P:(d,p) € L for some d € D} be the projection of
L on P, le., the set of feasible parameters, and L, = {d € D:(d, p) € L} be the p-section
of L, i.e., the set of feasible decisions when the parameter is p € 7pL. Let f be an ex-
tended real-valued cost function on L. Finally, let F(p)=infsc;, f(d,p) be the mini-
mum-cost and Ly = {d € L,: F(p) = f(d,p)} be the optimal decision set when the para-

meter 1s p € wpL. The next result 1s a consequence of Theorems 1-5.

Corollary 11. Minimization of Subextremal Variants.!' If L is a sublattice of D x P
and f is subextremal (resp., join-subextremal, meet-subextremal, lattice-subeztremal,
strictly subextremal) on L, then L) X L) for each p<gq in wpL for which L2 # 0 and
LY # 0 where < is <, (resp., <y, <p, <y <. Moreover, F is subeztremal (resp., join-
subextremal, meet-subextremal, lattice-subextremal, strictly subeztremal) on 7wpL provid-

ed, except for subextremal functions, L?_, #{ for each p € mpL.

Proof. For the hirst assertion, observe that since L is a sublattice of D x P, then S =
L,x{p}<;L,x{q} = X. Then by Theorem 1 (resp., 2, 3, 4, 5), L x {p} = argmin f(5)
<argminf(X) = L, x {¢}, so L} = LJ. For the second assertion, use the lattice morphism

u(d, p) = p from L onto mpL, so F =inf fou™", and Theorem 1 (resp., 2, 3, 4, 5). B

10

As Christina Shannon has pointed out Lo us, not every quasisublattice function has downcrossing differences.
11

A slightly stronger result can be obtained by using coordinate versions of Theorems 1-5. We leave the details to the

reader.



3. Sub* and Subadditivizable Functions

Sub* Functions. In this section we study an important subclass of subextremal func-
tions. The subclass of functions is called sub% and is defined in terms of a binary opera-
tion * on a set T. The identity for * is an element e of T such that e — ext = ¢ for all
t € I'. The null element for * is an element o of T such that t+0 = o%t =0 for all & T.
It an identity (resp., null element) exists, it is unique.

Suppose * is a binary operation on a chain 7. Call * mncereasing (resp., strictly in-
creasing, properly increasing) if for each #,u,7,v in T for which (t,u) < (1,v) (resp.,
({,u) <(7,v), t <7 and u<wv), one has #t*u < 7%v (resp., t*u < 7xv, t*xu < T*V).
Similarly, call * weakly increasing if txu < 7+u and uxt < uw*7r for each <7 in T for
which u is not a null element of T. For example, + is strictly increasing on R; + is
weakly, but not strictly, increasing on ® = ® U {oo}; V and A are properly, but not weak-
ly, increasing on R; and a trivial (constant) binary operation like ¢ 7 = 0 for all L, TERN
18 Increasing, but not properly so. Nevertheless, a strictly increasing binary operation is
weakly increasing; a weakly increasing one is properly increasing by Lemma 13 below;
and a properly increasing one is increasing. The above examples show that these implica-

tions are not reversible.

Lemma 12. If a weakly increasing binary operation on a chain has a null element,

then it is the least or greatest element of the chain.

Proof. Suppose * is a weakly increasing binary operation on a chain T. If the asser-
tion is false, there exist ,7 € T such that t < 0 < 7. Since * is weakly increasing, t* 7 <

0xT =0 = t*x0 < t*7, which is a contradiction. §
Lemma 13. A weakly increasing binary operation on a chain is properly increasing.
Proof. Suppose x is a weakly increasing binary operation on a chain 7. Then for
cach t<7and u<vin T, t*u <7xv. If t or v is the null element 0, say, then u <
0 <7, which contradicts Lemma 12. Thus, neither ¢ nor v is the null element. Hence

ldu <t+xv<Ttxv.

Let L be a lattice, TC R, f:L—7T and * be an increasing binary operation on 7.
Call f sub* if

flsVa)x f(sAa)< f(s) flo)



for all 5,0 € L. If the inequality holds strictly for all incomparable s, o € L, call f strictl
subx. Sub#* functions were introduced by Veinott in 1969 and studied in [Ve69, VeTd
Ve87]. In particular, he noted that the sub* functions include the subadditive (= +)

submultiplicative (* = -), subjoin (* = V) and submeet (* = A) functions.

Sub* Functions that are Subextremal Variants. Subs functions need not be sub-
extremal. I'or example, if ¢+ 7 =0 on R, every real-valued function on a lattice is subx*.
but not every such function is subextremal. On the other hand, mild strict monotonicity

conditions on * assure that sub* functions are indeed subextremal.

Lemma 14. Sub* Functions that are Subextremal Variants. Suppose f 1s a function
from a lattice to T C R and * is a binary operation on T. If [ is subx and * is properl,
(resp., strictly) inereasing, then fis subeztremal (resp., lattice subestremal). If f is strict

ly subx, then f is strictly subeztremal.

Proof. I f is not subextremal, then there exist incomparable s, o such that f(s) <
f(sVo) and f(o) < f(sAa). If also * is properly increasing, f(s)* f(o) < f(sV o)«
f(sAe), so f is not subx. If f is not la.ttice—sube}::trema.l,.then there exist incomparable
s,0 such that f(s) < f(sVe) and f(o) < f(sAo). If  is strictly increasing, then f(s)=*
flo) < f(sVa)* f(sAo), so fis not subs. Finally, if f is not strictly lattice-subextrem-
al, then there exist incomparable s, o such that f(s) < f(sVo) and f(o) < f(sAa). If «
is increasing, then f(s)* f(o) < f(sVo)* f(s Aa), so f is not strictly subx.

These results are sharp as the following examples show. Let f,(s) = s;s, and f, = 1
on L =1{0,1}*. Now multiplication is (vacuously) strictly increasing on {1}, but only
properly so on {0,1}. Also, f; and f, are submultiplicative, but not strictly so, on L and
its dual. But f; is not join-subextremal on I and not meet-subextremal on its dual, and
f2 1s not strictly subextremal on L.

Lemma 14 together with Theorem 1 (resp., 4) give an alternate proof of the follow-
ing two results of Veinott [Ve69, VeT4, Ve8T]. If f is sub* on a lattice L and # is prop-
erly (resp., strictly) increasing, then argminf(S) <, (resp., <)) argmin f(3) for all § <, 2
in £;. The special case of this result reading with parentheses and * being + on R

(whence + is strictly increasing) is due to Topkis and Veinott [Ve65], [TV68].

Subadditivizable Functions. The most important sub* [unctions are the subadditive

ones. This raises the question when a function is subadditivizable. Call a real-valued
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Theorem 16. Aczél (1949). Suppose T s a proper interval in R. Then * is an asso-
ctative, conlinuous and strictly increasing binary operation on T if and only if there ez-
1sts a continuous, strictly increasing real-valued function g on T such that g(T) is closed

under addition and tx 7= g '(g(t) + g(7)) for each t,7 € T.

Theorem 17. Ling (1965). Suppose T is a proper compact interval in R. Then * is a
traangular, continuous binary operation on T if and only if there exists a continuous,
strictly increasing extended real-valued function g on T such that ¢(T) is [—o00,0] or

0,00], and txT = g7 (g(¢) + g(7)) for each t,7 € T.

Theorem 18. Aczél (1966). Suppose T' is a proper interval in R. Then * is a medial,
commutative, 1dempotent, continuous and strictly increasing binary operation on T if

and only if there exists a continuous, strictly increasing real-valued function g on T such
that t T = g"'(%g(ﬂ +1g(r)) for each t,7 € T.

We now apply Theorems 16-18 to represent sub# functions for the three classes of
binary operations * described therein as subadditivizable. ‘We prove only the first result

since the other proofs are similar.

Corollary 19. Suppose L is a lattice, T is a proper interval in ® and f:L—T. Then
[ s subx (resp., strictly subx) on L where * is an associative, continuous and strictly in-
creasing binary operation on T if and only if f is subadditivizable (resp., strictly subaddi-

tinizable) by some g on T such that g(T) C R is closed under addition.

Proof. By Theorem 16, * is an associative, continuous and strictly increasing binary
operation on T if and only if there is a continuous, strictly increasing ¢ on 7T such that
9(T) € R is closed under addition and t+7 = ¢~"(g(t) + g(t)) for each t.7 € T. Also, f is
sub#* (resp., strictly sub%) if and only if gof is subadditive (resp., strictly subadditive). B

Corollary 20. Suppose L s a lattice, T is a proper compact interval in R and f:
L—T. Then [ is subx (resp., strictly sub*) on L where * is a triangular, continuous bi-

nary operation on T if and only if f is subadditivizable (resp., strictly subadditivizable)

by some g on T such that g(T) is [—o0,0] or [0, oc].

Corollary 21. Suppose L is a lattice, T is a proper interval in ® and f:L—T. Then

[ s subx (resp., strictly subx) on L where * is a medial, commutative, tdempotent, con-



rous and strictly increasing binary operation on T if and only «f f ts subadditivizable

p., strictly subadditivizable) by some real-valued g on T'.

Differentiable Subadditivizable Functions. In this section we explore when a twice-

erentiable function f on an interval L in R" is subadditivizable (resp., strictly subad-
vizable). The next result is well known, e.g., [TV68], [To78].

Lemma 22. A twice-differentiable real-valued function f on an open interval L in R
ubadditive if and only if the off-diagonal elements of its Hessian matriz V> f are non
itive on L. If the off-diagonal elements of V*f are negative on L, then f is strictls
additive.

This result immediately implies the following known [TV68, Ve69| sufficient condi-

1 for a twice-differentiable function to be subadditivizable.

Lemma 23. If L and T are respectively open intervals in R"™ and R, f:L—T
ce-differentiable, g:T — R s twice-differentiable and strictly increasing, and the off
gonal elements of (¢'of)V°f + (¢"of )WV F are nﬂnj:iﬂsitiwc (resp., negative) on L
n fis subadditivizable (resp., strictly subadditivizable).

This result has several applications that we now explore. A real-valued function |
a lattice L 1s called k-subadditive (resp., strictly k-subadditive) if f is subadditive
p., strictly subadditive) when k = 0 or if sgn(k)e*’ is subadditive (resp., strictly sub.
itive) when k £ 0. Thus, for £ # 0, f is a (strictly) k-subadditive function if and only
. is (strictly) subadditivizable by g¢(t) = sgn(k)e*". By Corollary 21, a (strictly) k-sub
litive function is (strictly) sub* with * = %, being defined by

kt | kT\E
t*k*rzln(t" "IZ_E’ ) ,for all t,7 € R,
ich 1s known as the ezponential mean of order k. Since limy_ tx . 7T=1AT
g bR = ¢ -E2- T and limy o t#, 7 =1V 7, the k-subadditive functions range from the
meet (k= —o0) to the subjoin (k= o0) functions passing through the subadditive

ctions (k = 0) as k increases from —oo to oo.
The next result characterizes twice differentiable k-subadditive functions. Its proo
wn immediate consequence of Lemmas 22 and 23 and the fact that a k-subadditiv

ction is subadditivizable by ¢(#) = sgn(k)e*!.



Lemma 24. If f is a twice-differentiable real-valued function on an open interval L
in R™ and k is a real number, then [ s k-subadditive if and only if the off-diagonal ele-
ments of the matriz K =V2f +kVFVf' are nonpositive on L. If the off-diagonal ele-

ments of K are negative on L, then f is strictly k-subadditive.

We give two immediate consequences of this Lemma. Let H denote the square ma-

irix whose diagonal elements are zero and whose off-diagonal elements are one.

Corollary 25. If f is a twice-differentiable real-valued function on an open interval
L in R*, LR, m >0, and the off-diagonal elements of V*f —LH and VfVf'+mH

are nonpositive on L, then f is strictly subadditivizable.

Proof. If £ < 0, then f is strictly subadditive by Lemma 22. Suppose £ > 0. Since
m > 0, there is a £ >0 so that £—km < 0. Then the hypotheses assure that the off-
diagonal elements of X' — (€ —Fkm)H are nonpositive on L, whence the off-diagonal ele-
ments of K are negative. Thus by Lemma 24, f is strictly k-subadditive and hence

strictly subadditivizable. B

Corollary 26. If f is a twice continuously differentiable real-valued function on an
open wnterval containing a compact wnterval L tn R™ and if the off-diagonal elements of

VIV Y are negative on L, then f is strictly subadditivizable on L.

Proof. By the compactness of L. the continuity of V2f and Vf on L, and the nega-
tivity of the off-diagonal elements of VfV T on L, V*f is bounded below and the off-
diagonal elements of VfV f' are bounded away from zero. Thus for large enough & > 0,
the off-diagonal elements of K are negative on L. Consequently, by Lemma 24, f is
strictly k-subadditive and thus strictly subadditivizable on L. B

The following example applies these two Corollaries and shows that a strictly super-
additive function may be strictly subadditivizable.

Example. Let D = [1,10] x [:1;;1] Let f(sy,85) = —% on D. Then the mixed partial
derivative of f is s3° >0 on D, so f is strictly superadditive. However, by Corollary 26,
f is strictly subadditivizable. If we extend the domain of f to D' = [l,m)x[%,l], the
same conclusion follows by Corollary 25.
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