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1. Motivation

Econamic theorists have long been aware of the fad that in general equili brium models with
oligopdistic firms, equili brium outcomes may depend onthe dhoice of numeraire. When firms
have the power to influence prices strategicdly, different price normalizations entail profit
functions which are generally nat monaone transformations of each aher. Hence under the
asumption d profit maximization an arbitrary change in the price normali zation rule anourts
effectively to a change in the objedive pursued by firms and profit-maximizing behaviour does
not unambiguowsly serve shareholders interests (Gabszewicz and Vial, 1972, Dierker and
Grodal, 1998.

Despite Ginsburgh's (1994) provocative numerical example, applied general equili brium analysts
using models with imperfectly competitive firm condwt have largely ignored the price
normali zation problem.! In several recent contributions to the literature, applied pdicy modell ers
are explicitly criticized for their neglect to addressthe numeraire isaue. Kletzer and Srinivasan
(1999 argue that

“ the dependence of equili bria on the choice of a numeraire is an important problem for theoreticd models of
international trade under imperfed competition and their empiricd implementation. (...) Once it is
established that equilibria ae sensitive to the spedficaion of the numeraire, it is a straightforward
conclusion that estimates of the dfeds on welfare and resource dl ocaion of changesin indired or dired tax
rates, tariff rates or quantitative restraints on international or national trade from computable general
equili brium models incorporating imperfed competition should be treaed with suspicion. (...) The analyses
of trade reforms using computable general equilibrium with monopdisticadly competitive or oligopdistic
industries by Harris [1984], Cox and Harris [198Y, de Melo and Roland-Holst [199]] and Devargjan and
Rodrik [1991], among others, are dl subjed to the aiticism that the results depend upon the abitrary choice
of price normali zation made.”?

Dierker and Grodal (1998) likewise enphasize the patential relevance of the price normali zation
problem for pradicd padlicy analysis:

“ Since imperfedly competitive markets abound in the red world, policy questions are often analyzed in
models with strategicdly ading firms. However, the lack of a sound economic foundation for firms' payoffs
... often leads to confusion if such models are used as a basis for palicy recommendations.”

In asimilar vein, Cordella (1998 suggests that

“ far from being a theoreticd curiosity, the normalization problem ... has far-reading implications in applied
models’.

The purpose of this paper is to address the price normalization problem from an applied
modelling perspective. It is $own that existing applied general equilibrium models with
imperfed competition adually sidestep the numeraire dependency problem by imposing
plausible restriction onfirms perceptions of general equili brium repercussons associated with
their own strategic choices. In a literal sense the suggestion that the results of the studies cited
above depend o arbitrary price normali zation choices is technicdly invalid. A potentially valid

! A recent exception is Hoff mann (2003. Burniaux and Wadbroedk (1993), Mercenier (1995), Kehoe and Prescott
(1995) and Will enbockel (2004) mention the price normalisation problem en passart.

% References to working papers in the original text have been updated to refer to more accesible final published
versions where gpropriate.



criticism is rather that oligopdists in these models do nd ad in full acordance with the
rationality principle. It appeas then reasonable to ask to which extent the quantitative predictions
of amodel with limited cognition adually deviate from the predictions of a mrrespondng model
with complete aognition and fully rational behaviour. Common sense would seam to suggest that
deviations are likely to remain negligible & long as the market shares of individual imperfedly
competitive sedors in the eonamy remain small, as is indeed the cae for modern econamies
with adiversified production and consumption structure.®

Since such casua appeals to common sense may be mnsidered as too facile,* we mmpare the
equili bria of arange of computable prototype models with and withou full cognition d genera
equili brium fealbacks in order to assess the quantitative relevance, or other, of the price
normalisation poblem under empirically plausible parameter choices. To develop a dear
conception d the basic nature of the price normalisation issue, sedion 2 starts with a heuristic
model of monopdy in general equili brium whil e sedion 3introduces oligopdli stic interadion.

2. The Price Nor malisation Problem |: Monopoly in General Equilibrium

Consider a dosed economy which produces two consumption goods C; and C, using a single
intersedorally mohbile primary fador with linea production tedindogies. The eonamy is
popuated by numerous pricetaking households with identicd homothetic preferences
represented by a CES utili ty function

U = [5C1(a—l)/a + (1_ 5)C§a—1)la]a/(a—1) , (1)
where o is the elasticity of substitution between the two goods. The factor market equilibrium
condtionis L®= C; +C,, where L® denates the aggregate exogenous fador endovment, which is
evenly spread acrosshousehalds. Good 2is produced by perfedly competitive firms o that p, =
w, where p;, il0{1,2}, and w dencte output prices and fador price respedively. In contrast, good

1 is supdied by a profit-maximizing monopdist. We aume initially that ownership titles to
monopdy profits are evenly distributed. The demand function facing the monopdist is

C,=3070"p°Y (2
where

0=[6"p,° +(1-0)" p, 71" )

% SeeRuffin (2003 and Neay (2003) for recent arguments aong these lines.

“ See eg. Cornwall (1977): “Of course, it is not redistic to assume that firms actually recognizethat their production
choices influence the consumption possibilities which are feasible for the firms' owners and that the firms
consequently choose non-profit-maximizing plans. However, it is equally clea that it is not enough to say that there
are alot of firmsin ared world ecmnomy and therefore the assumption of profit-maximizing behaviour gives a good
approximization. This is not enough of a justificaion because it is not clea what or how profit maximization
approximates. ... It may well be akind of second best rule is to maximize profits. However, this has not been
shown”.



is the true price index dua to U and Y = wL® + = is aggregate household income including
monopoly profits © = (p;-w)C;. As long as the monopdist is assuumed to neglect the indired
general equili brium repercussons of variationsin its own dedsion variable on p, wand Y —i.e.
as long as the firm is taken to ad like astandard textbook partial equilibrium monopdist — no
price normalization poblem arises. In this case, subjedively optima pricing bkehaviour is
unambiguously characterised by the familiar Lerner condtion

pA-1e()=w , 4
where
ainc, _ . _ .07 _pC
= alnp1—0'+(l 0)8,8—5 EQ_E = Y (5)

isthe perceived elasticity of demand. ¢ is homogeneous of degree zero in prices, and the optimal
mark-up, and hence the general equili brium of the two-sector econamy, is independent of any
price normali zation rule amodell er may adopt to determine nominal variables.

The situation changes once the asumption d limited cognition is dropped and the monopdist is
asumed to reaognise his influence on prices in ather markets and thus on aggregate income via
fador price and pofit feedbadk effeds. With full recognition d the profit feedbadk effed on C,;
demand, monopdy profits can be expressed in the form

(pl - W) h( P1, pz)WLS _ xopno-1,. -0
m= , h(p,p,) =0°60°"p, " =
1-(p, ~W)h(p,, p,) v '

: (6)

<0

and the monopdi st is aware that utili ty-maximising consumer behaviour in combination with the
resource anstraint entails that the relative price P = pi/p, varies with the choice of monopdy
output acarding to the objedive inverse genera equili brium demand schedule

P(C,) = %%—1@ , @)

and that profit-maximizing behaviour in the competitive sedor entail s p,=w. Withou a nominal
anchor, the maximisation of nominal profitsis now obviously an ill -defined problem. The dhoice
of a numeraire, or more generaly, a price normaisation rule is required before the optimal
equili brium mark-up can be daraderised. Figure 1 shows the profit profile & a function o
monopdy output described by (6) and (7) for the threenormalisations p1=1, p(=w)=1, and 6=1,
thus measuring profits respedively in unts of the monopdy good, in unts of the competitive
good (or in factor units), and in unts of the cnsumption index U. Evidently the profit-
maximizing output level does not remain invariant to a dange in the numeraire - the objective
general equili brium profit functions under different price normalizations are not monaone
transformations of each cther. E.g., the maximisation of profits in terms of good 2 (x'?) and in
terms of good 1 (V) are different objectives. Formally,

m® (C)= m® (C,) P(C)) (8)



and hence the first-order condition for a maximum of n(z),

(2) Y
dr? _dm? ooy ey SPCD)

dc, dc dc,

0, 9)

differs from the first-order condition for a maximum of 7Y unlessequili brium profits are zero.

Figure1:
The Objective Profit Function under Alternative Nor malizations
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Parameters: §=0.5, 0=2, L=10

The fact that the choice of price normali sation rule aff ects the eguili brium levels of red variables
illustrated by this example is a generic feature of general equili brium models with imperfedly
competiti ve profit-maximising firms, given that these firms fully recognise their influence on the
price system. Indeed Bohm (1994 and Grodal (1996 present oligopoly examples in which
virtually every feasible production dan is an equili brium for some normalisation rule. Other
oligopdy examples in the literature demonstrate that an equili bium in pure strategies may exist
for some price normalisation rules while other normali sations entail non-existence® However,

® SeeDierker and Grodal (1986). Bohm (1994 shows that the price normalisation problem can even arise in pure
exchange eonomies with utility-maximising price-setting agents and argues correspondingly that the assumption of
profit maximisation is not essential for the occurence of the numeraire dependency result. SeeRasmussn (1996 for
further discussion of this point.



here the goa of profit maximisation in combination with a normalisation rule that takes no
acourt of firm owner's adual interests will generally not be onsistent with the ams of
sharehadlders in the imperfectly competitive setting, and is thus nat a rational objedive. As
Dierker and Grodal (1998) put it, “if price normalization rules and rencefirms objedives fail to
be based onemnamic considerations, only ill -founded, arbitrary conclusions can be drawn from
such models’. In competitive Arrow-Debreu economies with production, in which noagent can
influence the price system strategically, on the other hand, the goal of profit maximisation is
unambiguouwsly in the interest of sharehddersirrespedive of the choiceof price normali sation.
The present example serves to elaborate the point. Maintaining the assumption d an even spread
of monopdy shares for a moment, it is immediately evident that the goal of monopdy profit
maximisation is irrational or indeed schizophrenic under any normalisation rule. With full
recognition d his control over the price system via (7), the monopdist as agent of shareholders
is in effed in the position of an amniscient central planner and shoudd mimic the perfedly
competitive outcome by setting P equal to the marginal rate of transformation (MRT=1) in order
to maximise shareholder welfare. The optimum is of course assciated with zero profits under
any normalisation. The seledion d arelative price P>MRT aong the general equili brium price
schedule (7) would generate pasitive profit income but would at the same reduce the purchasing
power of fador income in terms of good 1and entail a net welfare loss In ather words, the
maximisation d “producer surplus’ withou regard to the @nsequences for shareholders
“consumer surplus’ is generally not in the interest of firm owners. The example may appear
trivial, since & a matter of course thereis noroom for strategic behaviour in what is effedively a
single-representative-agent framework. Yet the key message that a rational, na self-defeding
strategy for an imperfed competitor must take shareholders preferences and endowvments into
acour, as highlighted by this extreme example, caries over to settings with red scope for
strategic behaviour.

Thus let us introduce income heterogeneity by deammpasing the household sedor into a
monopdy shareholder group with income Y s=wLstn and a non-sharehdder group with income
Y =wL,. Both howsehdd types have identical CES preferences as before, so that the aygregate
demand function for the monopdy good (2) and the genera equili brium price schedule (7) still
apply. Therational objedive of the monopdist isto maximise

U(C].S’CZS):V(pl’pZ’Ys):e(pl’pZ)_le' (10)

Since the indired utility function an the RHS of (10) is homogeneous of degree zro in its
arguments, the optimal suppy strategy is independent of the doice of price normalization.
Withou loss of generality, we can namalise the true consumer price index 0 at unity. Thus the
rational objedive of the monopdist can equivalently be epresed as maximisation o
sharehadders' total red income (in urits of the cmnsumptionindex),

pzl-s + (pl B pz)h(-) szn
1_(p1 - pz)h(-)

Y, = Pl +(p, = P,)C, = with@ =1. (11)

Note that Y, which can be expressed as a function d C; by using (7) in (11) — is synonymous
with the general equilibrium profit function (6) for the normalisation 6=1 in Figure 1 if Ls=0.
Thus only if sharehdders only income source is monopdy dividends, is the maximisation of



profits in combination with the specific class of normalisation rules 6=constant>0 a fully rational
objedive, i.e. an okjective that isin complete agreement with the interests of shareholders.’

Profit maximisation together with a specific normalisation rule - namely p,=1 - would aso be
totally consistent with shareholder preferencesif these preferences take the form Us=u(Cy%), u>0,
so that shareholders don't consume the output of their own firm.’

This extreme cae suggests the onjecture, that the practicd relevance of the numeraire problem
may be negligible if the share of monopdy output in agents tota consumer expenditure is
sufficiently small. But how small i s sufficiently small? Table 1 provides a tentative answer.

The Table cmmpares the general equilibria of the two-sector model when the monopdist has
respedively limited and full cognition d the equilibrium consequences of his pricesetting
behaviour for alternative values of the preference intensity parameter 6, which governs the
market share of the monopdistic sedor in total consumer expenditure. In the limited cognition
model, the monopdy mark-up is determined in partial-analytical fashion va (4) and (5), i.e. the
monopdist ignores his influence on'Y and pays no attention to the true interests of shareholders
as consumers in his price setting dedsion. Not surprisingly, when the monopdy sector is snall
in the eonamy, the adua general equili brium income feedback effect is indeed negligible, so
that the limited cognition model provides an amost perfed approximation d the equili brium
with an amniscient rational monopdi st. More interestingly, the deviation remains moderate even
under empirically unreasonable values for the share of asingle firm in GDP.

Table 1: Deviations of Limited Cognition Model from Full Cognition M onopoly M odel

) Monopdy Monopdy Price Monopdy Welfare

Shae Shae Output

Sul % S imited %0 AP % ACL % AU %
0.1 0.6 0.6 +0.3 -0.0 -0.00
0.2 3.0 3.0 +1.5 -3.2 -0.00
0.3 8.4 8.1 +4.2 -8.0 -0.06
0.4 18.1 16.8 +9.1 -14.6 -1.45
0.5 32.7 29.3 +17.3 -23.4 -4.43
0.6 50.9 445 +29.8 -31.5 -10.13
0.7 69.5 60.6 +48.0 -38.9 -18.36
0.8 84.7 75.7 +77.7 -42.4 -27.97
0.9 95.1 89.0 +138.4 -45.7 -38.06

Model parameter values: 6=2, Ls=0, L,=10.

® However, once preference heterogeneity among shareholders is introduced, the very notion of shareholders
preferences becomes an elusive amncept due to Arrow’s impossbility theorem. See however Dierker and Grodal
(1998,1999)'s approach to the formulation o a rational firm objedive in the presence of heterogeneous
shareholders. A separate literature analyses shareholder voting equilibria — see Yalcin and Renstrom (2003 for
further reference

" Theisland model of Hart (1985 can be seen as an extension of this observation to a multi-sector multi-agent
setting.



Table 1 may be seen to provide afirst indication d the pradica irrelevance of the price
normalisation problem for quantitative policy analysis. However, since imperfectly competitive
sedors in computable general equilibrium models are typically oligopdies rather than
monopdies, the next section extends the analysis to a setting with strategic interaction among
firms.

3. ThePrice Normalisation Problem I1: Oligopoly in General Equilibrium

We now asaume that sector 1 is popuated by n symmetric firms and charaderised by horizontal
product differentiation a la Dixit and Stiglitz (1977). Consumer preferences over the composite
output of sedor 1 and the competitive good C, are Cobb-Douglas with share parameters a;,
where

N (o-1)
C,= & X\Ea—l)/a S ’ (12)

X is output per firm, and o>1 the elasticity of substitution between firm-spedfic varieties. Thus
the demand function fadng an individual oligopdi st takes the form

x=a,p P, (13

where p isthe priceof an individua variety and

h /(1-0)
R = § p;"g (14)

is the consistent price index dual to C;. On the production side, we maintain the sssumption o
linea single-fador technologies but add a recurrent fixed fador requirement per firm in sedor 1
to introduce increasing returns to scade. This tting is a stylised two-sedor closed-eanamy
version d typicd multi-sedoral open-econamy computable general equilibrium models as
employed in the studies cited by Kletzer and Srinivasan (1999 above.®

Suppy behaviour in sedor 1 depends on the assumed form of strategic interadion among firms.
Most applied studies assume ather Bertrand a Cournot competition and the individua firm
perceves to have no influence on Y, fador prices and prices in ather sectors. Under Bertrand
competition, the perceived elasticity of demand, which determines the equili brium mark-up via
(4) isthen

_0dInx
olnp

=o+(1-0)/n (15

while Cournot competiti on entail s

8 SeeWill enbockel (1994 2004) for further references to applied pdicy studies of this type.



(16)
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In both cases the equilibrium mark-up is independent of the choice of price normalisation. In
order to determine firm behaviour under full cognition d genera equilibrium feedbadks, the
price normalisation poblem re-appears, since the dasticity of Y with respect to p is
indeterminate without a normalisation rule. In analogy to the previous sction, the gpropriate
normalisation rule isto namali se the true cnsumer price index

dud to U, i.e.

-0 £

at unity (or any positive scdar constant), provided that sharehoders of any firm receive only
profit income and do nd had shares of other firms. The price dasticity of xs with full cognition
of general equilibrium feedbadks including fador price effeds, which governs the Nash
equilibrium mark-ups via the first-order condtion p(1-Ve)=w+(xstF)dw/dxs uncer
normalization 6=1, must obey (see appendix)®

£ =a+(1—a)%—é£nl "\V(Xga(n )-ne,) (189)

in the Bertrand-Nash case, and

1=£+B_£HLB"£_%‘E (18

€ 0o O o [n

in the Cournot-Nash case. Note that the term (a/n —wx/Y) equals the equili brium share of an
individual firm’s operating profit in GDP, (p-w)x/Y. In the limit for a;—0 this term vanishes, i.c.
for a decreasing market share of the oligopdistic sedor in the e@namy the dasticity under full
cognition converges to the limited cognition elasticity (15) or (16). Thus, as long as the GDP
share of an individual oligopdistic industry within an applied general equili brium model remains
sufficiently small, the ‘error’ incurred by negleding general equili brium feedbacks will remain
negligible.

How small is ‘sufficiently small’? Figure 2 pots the percentage deviation d equili brium
aggregate welfare and firm output levels between the limited and complete cognition models for
varying market shares of an individual oligopdistic sedor in the eonamy. For empirically
relevant ranges of the relative size of an individua oligopdistic sedor produing similar
products within the eonamy as a whaole, the limited cognition equilibria ae dmost perfed
approximations of the correspondng equilibria with fully rational oligopdists. More

° & Aspremont et al. (1996) derive the mrresponding perceived elasticity expresson for the normali zation w=1 but
do not addressthe dependency of the result on this particular numeraire doice



interestingly, the deviations remain moderate even for empiricaly unlikely o, values. The tenor
of Figure 2 is robust to parameter variations, and the agument carries over to large-scae
multi secoral models with multi ple oligopdistic industries, which together may comprise alarge

fradion d the econamy, as long as each individual industry is gnall in relation to aggregate
income.

10



Figure 2:

Equilibrium Deviations of Limited Cognition from Full Cognition M odel

(a) Deviation of aggregate welfare level
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Parameters. 6=2, n=5, L=2, F=0.001.
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4. Conclusion

Aslong as imperfectly competitive firms are large in their own markets but small i n the eonamy
—asistypicdly the cae for modern dversified eamnamies — the so-cdled price normali zation
problem appears to be of negligible quantitative relevance for applied pdicy analysis. The
suggestion that the results of typicd applied general equilibrium models are @ntingent on
arbitrary numeraire choices is invalid. Rather, these models bypassthe issue by assuming that
oligopdists have limited cognition d genera equili brium feadbad effeds and do n¢ ad in full
acordance with shareholder objedives. However, simulations of a range of prototype models
with shareholder homogeneity suggest, that for empiricdly relevant firm market share ranges the
limited cognition approach generates close approximations to the arrespondng equili bria with
full rationality and perfect cognition.

12



Technical Appendix
The general equilibrium demand elasticity for a Bertrand oligopolist:

Log-differentiation d the demand function (13) faced by an individual Bertrand digopdist i
yields

c :_dlnx +(l-0 )dInPl_dInY ' (A-1)
dinp, dinp, dinp,

The Bertrand assumption entail s the perceptions dinP;=dInp/n and dnx.i=(c-¢g)dInp.
Differentiation d Y =wL+piX;-w(X;+F)+(n-1)( p.ixi-w(X+F) in combination with the aygregate
resource anstraint Cy=L-Xy(xs+F) yields

dInY dlnw+Eﬂ 1+W>gE£ (n=D(p, —wW)x, G-¢). (A-2)
din pi d Inp, 0On Y

Since dinw=dInPy, the normalization 6=1 entails (see (17))

dinw _-a, (A-3)
dinp,  a,n

Using (A-2) and (A-3) in (A-1) yields (18a).
The general equilibrium demand elasticity for a Cournot oligopolist:

Log-differentiation o the inverse demand function p=ax; "°C,*°"°Y for an individual Cournct
oligopdist yields

1 _dinp, 1 1m dinY

1_ dinp 1 1 , A-4
e dinx o= EL a%n_ dinx o9
where

diny _  dinw _a, a(n Ddinp, _wx (A-5)
dinx, _Zdinx | dinx Y

Now din p;i = (1/oc — 1/g)dIn X, and under normalization 6=1

dinw _ _a; dlnpi+n—1dlnp_i :ﬂ%lJ,”_lBl_l% (A-6)
dinx a, ndinx n dinx a,Me n [E O

Using (A-5) and (A-6) in (A-4) yields (18b).
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