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Abstract

We assume a thin market with finite number of buyers and sellers, each agent
having a single jump demand xor supply function. Further, we assume that
number of each agent’s arrival is a Poisson distributed random variable. We
describe the joint distribution of the market price and of the traded volume.
Further, we examine a model with infinite number of agents (which may serve
as an approximation of the model with the finite number of agents). Again,
we describe the joint distribution of the price and the volume.
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AMS classification: 91B26
JEL classification: C65

1 The model with finite number of agents

Assume m buyers and n sellers of a non-divisible commodity. Assume the buy-
ers and the sellers to have jump (individual) demand function, supply function
respectively - in particular, the ¢-th buyer is willing to buy the commodity for
maximal price x; while the j-th seller is willing to sell the commodity for min-
imal price y;. Assume that the amount demanded by the i-th buyer - denoted
by D; - is random variable having Poisson distribution with parameter p; while
the amount offered by the j-th seller - denoted by S; - is random variable hav-
ing Poisson distribution with parameter g;. Finally, suppose that all variables
D, and S; are mutually independent.

Define N .
D(p) = Z D;, 4(p) = sz'
x;>p ZTi>p
and A .
Sp) =8, o) =) g
Yi<p Yi<p

Lemma 1.1
D(z) ~ Po (6(z))

for each —oo < x < 00,
S(y) ~ Po(o(y))

for each —oo < y < o0,

Dipy o) £ D) — D(s) ~ Po (8(2) — 6(x))



for each —o0 < 21 < 19 < 00,

2

S(y2) — S(yr) ~ Po (o (y2) — o(y1))

for each —o0 < y1 < Yy < 00. Moreover, Dy, .. is independent on D(xq
[21,22)
or each —oo < 11 < 19 < 00, and S, is independent on S(y1) for each
= (y1,92]
—00 < Y < Yo < 00.

Sy,

Proof. It is well known that sum of independent Poisson variables is Pois-
son with parameter equal to sum of the parameters of the summed variables.
Hence, the assertion follows directly from the definitions. O

Denote Xy the k-th greatest maximal price having emerged on the market.
Preciously, if D(—o00) > k then we define Xp; by relation

D(Xy) >k D(X}) <k (1)

if D(—o00) < k then we put X = —oo.

Analogously, denote Y{;y the k-th least minimal price having emerged on
the market: If S(oc0) > k then we define Yy by relation

S(V) <k S(¥ig) 2 k. )

if S(oo) < k then we put Y, = oo.

Assume that the market price is determined as the average price maximizing
total traded volume. More preciously, define

Q = max(D(p), S(p))-

PER

and assume that the market price P is determined by relation

p_ ] Ko —Ye)/2 itQ>0
undefined if@Q=0 "

Our goal is to determine the joint probability distribution of random vector!
(@, P), namely, we wish to evaluate the quantity P {Q = k, P < p}.

If £ > 0 then

Q=k AP <p) & (Xg=Ye) A Kps < Yorn) A (X + Y < 2p)
< (Y < X < 2p = Yig) A (Xperr) < Yiern) (3)

We regard P as random element on space R U{undefined} with sigma algebra generated
by Borel sets on R and the set {undefined}.



so that

P{Q=kP<p} = d (pr (T, Trr1) @ Ve (Yrs Yrr1))

/{Ik 2k Tht1 <Yk+ 1,k TYL<2D},

= / / dpig (T, Tryr) | dve(Yes Yrir)
{yx<p} {yp<zp <2p—Yp,Tp41<Yk+1}

where /1, is probability distribution of extended? random vector (Xpy, Xpx41))
and vy, is probability distribution of extended random vector (Y, Y(x+1)) (we
have used the fact that (X, Xje+1)) and (Y(x), Yirt1)) are independent). Since

Q=0 Xy <Yy

it holds that

Ple=01= [ dnneu) - / ( /{Ky}duk(x)) dnly). (4)

1.1 The distribution of the market price and the traded
volume

Before we state a formula for distribution of (P,Q) we have to derive the
distribution of vectors (X, Xp41)) and (Yz), Yirt1)), k € N.

Lemma 1.2 Let k > 0 and define

A A
m(k,z) =P {X[k] = x} , mo(k, 1, 29) = P {X[k} = 1, X[p41] = xQ}
Then it holds that

k—1 1

san 0T = s 0(T)!
_ 8(z+) _ §(x)
m(k,z) = ZE:O e F ZE:O e i (5)
for each x > —o0 and

k-1 ;

m1(k, —00) = 6_5(_00)5(_.?0) : (6)
i!
=0

Further,

k +\k
ro(k, z1, 1) — (5%) _5<f’;€1’) ) <€*5(wz+)_6*5(902)> )

2 According to the usual definition, extended random variable is random element that may
take values from R U{oc}, see [2] for information how to handle extended random variables.
We regard as extended also the elements taking values in R U{—oc0}



for each —o0 < x5 < 11,

WQ(IC,(L’,ZL’) - ﬂ-l(kvx) - ( k! - k!

for each —o0 < x,

71'2(]{5,17, _OO> =

(M;)k 5(9;;)k) o~ 3(=0)

for each —oo < x and
WQ(IC,Il,I'Q) :0 (8)

for each —o0 < 11 < 4.

Proof.

m(k,z) = P{D(z) >k, D(z%) < k}
= P{D(z") <k} —P{D(z") <k, D(z) < k}
= P{D(z") <k} —P{D(z) <k}

because D(x) < k = D(xz") < k. Similarly,

m(k,—o0) = P{D(—o0) <k}

Further, if we denote Dy4 2 > wiea Di, we get
To(k, x2, 1) = P{D(a]) < k,D(z1) > k, D(23) < k+1,D(22) > k+ 1}
=P {D(xf) <k,D(xy) =k,D(z3) =k, D(xs) > k:}
=P {D(zf) < k,D(x1) =k, D(z,21) = 0, Diy,y >0}
=P{D(zf) < k,D(z1) =k} P{Dyw) = 0, Dispy > 0}

= [P{D(21) = k} = P{D(z1) = k, D(af) = k}]
P {Diay ) = 0, Dizyy > 0}

= [P{D(x1) = k} = P{Dpzyy = 0, D(af) = k}]
P {Diay ) = 0, Dizyy > 0}

= [P{D(z1) =k} — P{D(2f) = k} P{Ds} = 0}]
P {D(eszr) = 0} [1 = P {Dyapy = 0}]

_ (e—6<r1>5<_x1)k . e—w(xl)—a(xr))e—é(xf)—5<xl+)k)
il k!

e~ (0@ =0@))[] _ o= (0(a2)=6(3))]



which is nothing else but (7). Similarly,
mo(k,z,x) = P{D(z)>k+1,D(z") <k}
= P{D(z) > k,D(z%) <k} —P{D(z) =k, D(z") < k}
= m(k,z) — [P{D(z) = k} = P{D(x) = k, D(z") = k}]
= m(k,z) — [P{D(z) =k} — P{Dy =0} P{D(z") = k}]
(we have used fact that D(e) is non-increasing). Finally,
To(k,z, —00) = P{D(z") <k,D(z)=k,D(—o00) < k+1}
= P{D(z) = k,D(—0) = k}
—P{D(z") > k,D(z) = k,D(—00) = k}
= P{D(x) =k,D(—sp) =0} =P {D(z") =k, D(_soa) = 0}
= [P{D(z) =k} = P{D(a") = k}] P{D(-.0) = 0} .

The relation (8) is obvious. O
Lemma 1.3 Let k > 0 and define

A A
Pl(k???/) =P {Y(k) = y} ) ;02(/{?,?/1; yz) =P {Y(k:) = Y1, Y(k:+1) = yz}
Then it holds that

o2y o) o)’
k) = Yo TS5 el
for each y < oo and
k-1 i
p1(k,00) = 6_0(00)0((30)
i!
=0

Further

oly)*  oyy)* _
pQ(kaylayQ) - < (Z'l) — (?]i;ll) ) (6_0(y2) _ 6—5(3/2))

fOTyl < Yo < 00,

pg(k;,y,y):pl(k,y)—< L

fory < oo,

pa(k,y, 00) = (U(Ig)k - “(Z!)k) e—o()

fory < oo and
p2(k,y2, 1) = 0
for ys <y < o0.



Proof. Put Y{; 2 —Ywy, o'(p) 2 o(—p), etc. and repeat the proof of the

previous lemma for Y, instead of X, for o/(p) instead of 4(p) etc. O

Lemma 1.4 Denote z1,xs, ..., Zy all the discontinuities of 6(e) and put xo =
—00. Denote y1,Ya, ..., Yn all the discontinuities of o(e) and put yn 1 = 0.
If k > 0 then it holds that

m' m’ n'+1n'+1

P{Q =k P <p}= Z Z Z Z Ii17i27j1,j2(p’ k>72(k7xi17xi2)p2(k’ijyjz)

11=01i2=0 j1=1 jo=1
(9)

where

L oaf @iy 2 yj s @iy < Yjp Tiy + Yiy < 2p,
Ii1,i27j1»j2(p> k) = { ! J1 T2 J2 Yiy 2

0 otherwise.

and

P{Q =0} = > T (L, 2i)pi(1, ;). (10)

{zi<y;#=0,1,...,m’ j=1,2,...,n'+1}

Proof. The formula (9) is an application of (3), the formula 10) is an appli-
cation of (4). O

Remark. Note that the distribution does not depend directly on the number
of agents and on intensities of theri arrival but it depends only on the functions
d(e) and o(e).

2 The model with continuous d(e) and o(e)

In accordance with the section 1, assume that the number of buyers willing to
buy the commodity for at most x is a random variable defined by D(z). Simi-
larly, assume that the number of sellers who are willing to sell the commodity
for at least y is a random variable defined by S(x). Further, assume that the
Lemma 1.1 holds for D(e) and S(e). Opposed to the section 1, assume (e) is
continuous non-increasing such that lim, .., 0(z) = 0 and o(e) is continuous
non-decreasing such that lim, , . o(z) = 0.

The new model may be understood either as an approximation of the model
of the section 1 or as a model with infinite number of agents.

Define X;) and Y{;) the same way as in section 1. We derive their distribu-
tion first.



Lemma 2.1

A
op(x) =P {X{k] < x} = ay(x) (11)
JaN | ag(z) T < To
Pl w2) =P {X[k] < @1 Xy < IQ} B { ary1(72) — (w2, 71) 71 > 29
(12)
where -
_ i Nk
a(z) 2 e 5({7) ap(m ) 2 6—5(w)%.
7l !
=0

Proof. Ad. (11).
P{ Xy <2} =P{D(x) < k} £ P {Po(8(x)) < k} = ax(x).

Ad. (12). If z; < x5 then from X, < 2y it follows that Xy 1) < X < 21 < @9
so that

11
P {X[k] < ZL’l,X[k_H] < £C2} = P {X[k] < 561} (:) CLk<£IZ'1)
If T9 < 21 then

P {X[k] < xlaX[k-l—l] < :IZ'Q}

P{D(x1) < k, D(x) < k+ 1}
= P{D(x)) <k+1,D(x5) < k+1}
—P{D(x1) = k,D(z2) < k + 1}

Since D(xg) > D(x1) A D(x2) < k+ 1= D(x;) < k+ 1 we have

= apy1(72)
and, similarly,

P{D(x1) = k,D(xs) <k +1} = P{D(z1) =k, D(xs) = k}
— P{D(x1) = k, Dipyy = 0}
= P{Po(d(x1)) = k} P{Po (d(w2) — (1)) = 0}

k
o) 0@ (5(a)-5(e0)) _ -oan) O (@)
k! k!
O
Lemma 2.2 N
Un(y1) = P{Yw <y} =bi(y) (13)



A b (y2) Y2 <
Ui (y1,42) = P {Yiy) < 41, Vi) < 92 = { be(yr) — By, 1) 4o > 1

(14)
00 A —a(oo)a(y>k
Ue(y) =P {Y(k) <Y, Yiq1) = oo} =e o (15)
where
- e . A - o y/ k
) M Br(y.y') = (y)—(k,,) :
= ! = !

Proof. Ad. (13).

PV <y} € P{DW )=k} =P{Po(o(y)) >k}
= P{Po(o(y)) = k} = bi(y)
Ad. (14). If yo <y then Y11y < yo implies Yiy < Yiiy1) < y2 < 91 so that
P{Yu <y, Yoy <v2} = P{Yorny <y} =P{S(yy) = k+1}
P{Po(o(y2)) = k+ 1}
bi(y2)-

If y; < yo then

P{Y < 1, Y(k+1)<y2}
=P {S(yr) 2k, S(y;) = k +1}
_P{S yp) > k+1,5(y;) >k+1}+P{S Yy ) =k, S(yy) >k+1}
zP{S 1_)>k:—|—1}+73{8y1 )=k, S(yy) — S(yy) >0}
=P{Po(o(y)) = k+ 1} +P{Po(o(y1)) = k} P{Po(o(y2) — o(y1)) > 0}
=P{Po(o(y)) = k} — P{Po(o(y1)) = k}

+P{Po(o(y)) =k} [L = P{Po(o(y2) — (1)) = 0}]
=P {Po(o(y1)) = k}

—P{Po(o(y1)) = k} P{Po(o(y2) — o(y1)) = 0}

o(y)" o(y)*
=b(11) — e~ (0(y2)=a(y1)) o —o(y1) = be(y1) — e oly2) AL

Ad. (15).
P{Yw <y, Yir1) = oo}

=P {S(y) = k,S(o0) <k +1} =P {S(y") = k. 5(c0) = k}
=P {S(y) = k, S(c0) — S(y) = 0} = e~ ")=oW)=ow) 0(;/‘)'“
ot T )*

K



O
Now we may determine the joint distribution of (@, P).

Lemma 2.3 Ifk > 0 then

P{Q =k P <p}

P k-1 5 2 k—1
— o(2p—y)—46(2p—y) p y (y)
[ > ey
- o@)a(y)’“ié(y)@a(y)k—l "
‘ : il (k- 1)'8 vy
=0
k
d(y) o(y)*

/ 25 2p W sy

)

where s(y) = ag;y) in all points in which the derivative exists and s(y) = 0 in

all the remaining points

P{Q=0}= /e—a(y)—5(y)s(y)dy + e—a(oo).

Proof. Assume that y, < p and defin

A

D (Y, Yk1) = dpig(Tr, Tpy)-

/{Ik Yk Tht1 <Ykt 1,(Te+yr) /2<p}
Trivially

Ik,p(ym yk+1) = / dﬂk(«fh $k+1)-

{26 >Yk Tht 1 <Yk11,T<2p—Yi }

Since yr < 2p — Yy under our assumption, we have

T p(Yre, Yrt1)

dpo (T, Tir1) — dpe (T, Tot1)

/{zk<2pyk:xk+l <Yk+1} /{l"k<yk T 1 <Ukt1)

Lemma 2-1{ D420 — Yk, Y1) — Pr(yr, Yr1)  if Y1 < 00,
k(20 — yr) — Or(yr) if 41 = o0.
(16)

10



Now, let us evaluate P {Q = k, P < p}. According to the basic rules of prob-
ability calculus,

P{Q=F, P <p}

/ d(pe(xr, Trg1) @ Vie(Yk, Yrr1))
{2k 22Uk Tht1 <Yr+1,(TR+yr) /2<p}

:/ / dpu (T, Trt1) | Avk(Yr, Y1)
{2k 2Yn s Thp 1 <Yr+1,Z6 <2P—Yg }

:/ L (Ykes Ui 1) AV (Ui, Yot 1)
{yr<p}

because x, > yp A 1 < 2p — yi implies y, < p. Since P {Y(k+1) < Y(k)} = 0,
we may add inequality yrx.1 > y, and obtain, using the calculus of the Stielties
integrals,

P{Q =k P <p}

[k,p<yk7 yk+1)dyk(yk7 ka)

—

{Ye<pYk+1>Uk }

I
—

T (Yke, Yrt1) AV (Yo, Yit1)

{Yk<P,Yk+1>Yk Y1 <00}

+

/ Ik,p(yka yk+1)de(yka yk‘—i—l)
{Yk <PYk+1>Uk Yk 41=00}

I k,p(ykv yk+1)d\pk(yk‘7 yk+1)

I
—

{Ye<PYr+1>Ur}

b hymcc)auE )
{yr<p}

k
Ik,p(yk, yk+l)d bk(yk) — e_o—(ykﬁ—l)%

Lemma 2.2

—

{Yk<P,Yr+1>Yr }

k
+ / T p (31, 00)de 7> o (yr)
{yx<p}

k!

Since distribution function by, defines zero measure on space R2,

/Ik,p(yk,ykﬂ)dbk(yk) =0

11



so that

- U(yk)k
7) {Q = k7 P < p} = Ik,p(yk:; yk+1)d —€ o (Wh+1) ]{?'
{Ye<p,Yk+1>Uk :
k
+ / [k,p(yka Oo)de—o(oo) O-(y/'f)
{ve<p} k!
(1_—6)11 + Iy
where
k
o
I, = / [0x(20 — yi) — ¢k(yk)]deg(oo)(z—],€)
{yr<p} :
k
—Oo (00 O-
= / [ax(2p — yi) — ar(ye)le ™ )d%
{yx<p} :
and
no- (2 — v, i) — Bl o)) A, )
{Ye<PYr+1>uk}

I
—

D4(2p — Y, Y1) d(—B(Yrt1, Yr))

{Yk<P,Yr4+1>Yk }

D (Y, Yrs1)d(—B(Yrr1, Ur))

—

{Ye<pYr+1>Uk }

Lemma 2.1

= ax(2p — yr)d(—B(Yr+1, Ur))
{Y<P,Yr+12Yk 20— Yk <Yk41}

_|_
—

Qk41 (yk+1)d(_ﬁ(yk+17 ?ch))
{Yrk<PYk+1>Yk 20— Yk >Yk+1}

B 0(2p — yr)*
L et D IVTRPS)

|
—

{Y6 <P Yk+1> Uk 20— YL > Yk 1}

ar(Ye)A(=B(Yr+1,¥e)) = Lig + Lo —Tig— Lia

|
—

{Y<P,Yr4+1>Vr }

L. - /p [ak(yk) / d(_e—a@m)]d%ﬁ)k

Yk

P o k
= [ ) e - o) T

where

k'

P . i
|:ak(2p — yk) / d (_e—o(yk+1)):| d (zl‘e)
2p—yp !

\%\

k
ax(2p — yx) [6*0(279*%) _ efo(oo)] dg(zlr) ’

12



PA2D—Yp 11 \Yk+1 o k
Ly = /<Gk+1(yk+1)/ d (Z]:) )d(—e“’(y’fﬂ))

2p — A k
= /ak+1(yk+1)a(p Y1 A Yin) d(—e“’(ykﬂ))

k!

and

D I — k  r2p—yk k
]173 = / (W/ e~ K1) g (_e—U(yk+1))) dg(zlr)
! y !

k

Put all together,

P{Q =k, P <p}
= hyp—hLatlh—1Lsg+1is

p
= / (ak(2p — Yk) [e—a(Qp—yk) _ 6_0(00)} — ax(yr) [e—a(yk) _ 6_0(00)}

fo'(oo)) da(yk)k

+an(2p — yx) — ar(yr)]e

k!
k 2p— k
_ /p —5(21) — yk) / T e k1) g (_6*0(9k+1)) da(yk)
k! Uk k!
o(2p — A K o
+/ak+1(yk+1) (2p yk;l Yit1) d(—e (y’““))

4 ; i
= / (ak(2p — yk)efo'(?p*yk) _ ak(yk>efa(yk)) d(z—llq)

D o — kE  r2p—yk k
_/ (W/ 6—5(yk+1)d (_e—a(yk+1)) da(g;:) )

Yk
P o k
+/ ak+1(yk+1)%d (_e_a(ykJrl))
o(2p — k
N / amym%d (—e)
p
k—1 k—1 i k
= /p ( —o(2p—yr)—(2p—y) 25 2p — yk) _ —U(yk) 3(yr) 26 ) )
7!
=0 =
2 k
_/ (5(2p_yk) /p " e~ 0wr+1) g (_e—U(ka))d ( k>
k! " k!
k
(yk+1 §(Yri1 d( yk‘H =0 (Yk+1)

+ " Z | )

=0 v

k
a(2p = yrr)* s, o ?sz+1 —o(yr1)

+/p D P o



Since o(e) is continuous non-decreasing, it has a derivative almost everywhere.
Hence, all the distribution functions have a derivative almost everywhere so
that

P{Q =k P <p}

/4 k-1 5 2 k—1

— 2p y 2p y p y (y)

[ > 2y

_ / " o 6<y>kz§5(y)“’(y)k_l (y)d

2ol (-1t
P k i k
+/ efcr(y)*é(y) 5(y') O-(ky') S(y)dy
1 .

B /p (/:P yeg(z)a(z)s(z)dz) 5(2ka y)" (gk(y—)kl_)lls(y)'

Before we proceed, we handle an important special case.

O

Lemma 2.4 [fo(L) =0 for some L € R and 6(H) =0 for some H > L then
P{Q=FkP<p}=0
for each p < L,
P{Q=kP<p}=P{Q=Fkp<H}

for each p > H and it holds that and
P{Q =0} = / V=W s(y)dy + e 7).,

Proof. Since, according to (1), it has to be P < X|gj and P {Xyy > H} =0
for each & > 0. Therefore, P < H almost sure so that P{Q =k, P < p} =
P{Q =k,P < H} for each p > H. Similarly we get that, for each p < L, it
holds that P{Q =k, P <p} <P{Q =k, P < L} = 0. Finally, since s(y) =0
for each y < H and since 6(y) = 0 for each y > H under the assumptions of

14



the present Lemma, we have

7) {Q _ 0} Lemga 2.3 / e—g(y)fé(y)8<y)dy 4 670(00)
L

H
_ / e~ 0)=50) (1)) dy + / =) 5(y))dy + ()
L

H

H
_ / e~ g () 4 [=UH) — g=o)] 4 (=)
L

H
_ / )
L

O

Our next goal is to determine the marginal distribution of the price. We do it
in two steps.

Lemma 2.5
P{1<Q<K,P<p}
P = (1) = 0(2p — p)’
:/ e~ (2p—y)—6(2p—v) Z s(y)dy

1
K—

—_

i=0 ' (17)

S el )

Proof. According to Lemma 2.3,
P{l1<Q<KP<pt=hL+1L-1I;
where

I, = / ’ [ /y v e—0<z>—5<z>s(z>dz] i (5(27’ /; o' E’kf?/_)kl;!s(m) dy,

k=1

15



and

[ (fj o) gak@n E’]jy_)l),> s(o)y
[ (KZ w7 —gak«y) fﬁﬁ) )iy
/ "W T sy — [ Ve sy

/ peo@)&(y)U(Iy{)!K 5(;/')k (y)dy — / T e 5y

k=1
K
. a(2p —y)k
+/e (y)z ( o )ak+1(y)5(y)dy
P k=1
K k—1 k-1 g
—0(2p—y)—6(2p—y) o(y) °Cp —y)
/ € Z k—1)! 7! s(y)dy
k=1 =0
~o(y)
+/ —"(21’_9)2 F ar+1(2p — y)s(2p — y)dy
k=1
» — o (y)F = 6(2p — p)
/ o~ (20—y)—6(2p—y) U%’) > (2p p y) s(y)dy
k=0 =0 '
K kK i
APt oy o(2p —y
+/ e~ o(2p—y)—=5(2p y)z <k') Z ( ] )S<2p—y)d?/
k=1 =0 '
/ 6*0(227*9)*5(210*9)5@)(13/
K-1 kK 7
o2t} —5(20 oy o(2p—y
+/ o~ (20—4)~3(2p—) (k') 3 ( f )S(y)dy
k=1 =0 '
K-1 kK
o 0(2p —y)*
_1_/ e~ (2p—y)—=5(2p—y) (ky‘) (pZ' y) 8(2]? y)dy
k=1 =0
K




ie.
P{1<Q<K,P<p}
— /p 6—0(2p—y)—5(2p—y)8<y

p k i
eo ) =3(-) 3 o(y) S 5(2p._ y) [s(y) + s(2p — y)]dy
k=1 :

“f
/ o(2p—1)~3(2p—)
[
-/

~—
S
<

_|_

K
K K k P
6<y)‘7K)' 25@ s(y)dy — / e~ =30) (1)) dy

+

=0

U . >—6<z>s(z)d2] i (5<2ka = E‘lfy—)kl_)lls(y)) v

k=1
O

Finally, we are getting to the marginal distribution of the price.

Lemma 2.6

P{Q>1P <p}

=0
o(2p—y)—5(2 = a(y) k : 52p—y)i
et 50 T S 0 ) 0 — yhay
k=1 i=0 )

+

+

/e o(2p—y)—0(2p— y)s(y)dy—/pe_”(y)_é(y)s(y)dy

[ / >—6<z>s<z>dz] 3 (5@(7;;%]:“ "%)ks@)) .

k=0

Proof. According to the basic properties of probability,

P{@=1LP<p; = lm P{l<Q<K}

hence, we are seeking limit of (17) as K — oo. Obviously, the limit equals to
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sum of limits of the six summands of (17). Since

v K &L 6(2p — y)’
P T LT

1=0

K
< lim pe—a(2p—y)—5(2p—y)a(y) 65(2p_y)s(2p—y)dy

D K
— 1 —U(2p—y)M _
Jim [ e 520 —y)dy
. U(p)K b —o(2p—y) 1 0(p>K —o(2p—y)1P
SI}EHOO T/ e s(2p — y)dy = [}EHOOT e :|—oo dy
K
= lim o(p)” [e7o®) _ =09 gy = 0

and

P K K k K [p
lim e—a(y)—é(y)a(y) Z(s(?/) s(y)dy < lim ﬂ/ e_”(y)s(y)
i=0

K—00 K! k! K—oo K|
K
_ lim o(p) [ —a(y)]_oo
K—o0 !
—l —o(p)
= e =0
we have that
Iglm P{lSQSK}:Jl—JQ—Jg
where
k
. o(y)* 52p y)'
g = I%EHOOZ/ o(2p—y)—5(2p—y) 7 o Z s(y) + s(2p — y)|dy
Lk
— o(2p—y)—5(2p—) T (V) o(2p —y) _
- Z/ s T S S o)+ s(2p — )y
Levi o(2p—y)—6(2p—y) S a(y) k : 52p—y)i
= [ e > T [s(v) + 520 — p)dy
k=0 =0

(we have used Levi’s theorem for series (see [1], 8.12.)),

and




also by Levi’s Theorem. O

Remark. The result of the last Lemma may be rewritten using Bessel func-
tions. We recall that the modified Bessel function of the first kind and of order
k € N is defined by formula

1 (1z2)k
I,(z) = —_=
(2) <2 ) Zk:' +k+ 1)
Particularly, the quantities J; and J3 from the previous proof may be reformu-
lated. Since it holds that

: ) e W -y & ke [o(y)0(2p — o))
_;; (k+4)!5! _;0( ) ; (k+7)!3!

— oy - )1
-5 (") (e )

for each y s.t. 6(2p —y) > 0, we have

J = /; o~ (2p—y)=6(2p—y) i (M) o I <2 o(y)o(2p — y))

p—H k=0 U(y)
[s(y) + s(2p — y)]dy

where H = sup{y, d(y) > 0}. Similarly

Y L Y T = (5(2p — y)o(y)"
Js = / {/y e 70 )S(Z)dZ} 5(2p—v)> DS

k=0
_ /Lp {/ o e—J(Z)—5(Z)S(Z)dZ} % 6(2p —y)a(y)

_ / [ /;”ea<z>6<z>s<z>dz] 0% —y) p (2 6<2p—y>a<y>) s(y)dy

L o(y)

where L = inf{y, o(y) > 0}.
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