Long Range Interaction Generating Fat-Tails in Finance

M. Airoldi^a, V. Antonelli^{b,c}, B. Bassetti^{b,c}, A. Martinelli^d, M. Picariello^{b,c}

a MedioBanca, Piazzetta E. Cuccia 1, 20121 Milano, Italy b Dip. di Fisica, Università degli Studi di Milano, Via Celoria 16, 20133 Milano, Italy c I.N.F.N., Sezione di Milano, Via Celoria 16, 20133 Milano, Italy d Banca Intesa, Piazza Belgioioso 1, Milano, Italy

27th April 2004

Abstract

It’s commonly known that the correlation between stocks increases during market turbulent periods. In this work we propose a modellization of this feature, viewed as a collective effect, rearranging a toy-model first proposed in 2001. Equities are modelled as quasi random walk variables, where the non-Brownian components of stocks movement are linked to the market trend via a long range interaction function. Our model generates fat tails for stock probability distributions and implied volatility surfaces analogous to real data, suggesting an unitary picture of long range interaction, fat tails and volatility smiles.

1 Introduction

One of the most important goals in the application of Physics to Finance, is to model accurately financial time series and try to understand the rules that determines the dynamical evolution of financial markets.

At the beginning of the 20th century Bachelier showed [1] in his pioneering work that stock price fluctuations could be described as a Brownian motion. Indeed more accurate analyses of financial data have shown that the geometric Brownian motion is inadequate to correctly describe empirical distributions when large events occur and that real markets extreme events are more likely to happen than in a random walk generated with Gaussian probability distributions. In a Gaussian word the ’29 crisis would have never occurred.

In order to account for fat tailed probability distribution in empirical data, Mandelbrot, in his 1963 paper [2], proposed to model financial time series using Lèvy’s stable processes. More recently other models have been proposed to well fit the empirical stock probability distributions: truncated Lèvy flights, random volatility models, ARCH and GARCH processes and others [3]. These models concern the univariate case, where only one single financial time series is considered. This approach doesn’t give any information about the market mechanism, and it can’t describe the collective effects empirically observed on real markets.

In Risk Management most of the analyses are based on the so called multivariate Brownian motion, that describes a set of N assets by using a Brownian motion for each stock. The multivariate Brownian motion sets the cross-correlations between stocks with a covariance matrix, constant and time-independent. Moreover it has been demonstrated that a couple of correlated series, following a Brownian motion, are asymptotically independent, so that extreme events occur independently, and this approach fails to describe the correlation pattern of extreme returns.

Over the last 2 or 3 years some collective models for the market have been presented, trying to describe the features of the system (e.g. [5] to [10]). Most of them are agent-based minority game, so the idea is to gain the general behavior of the market by describing the microscopical mechanism that produces stock prices, trying to model traders’strategies (e.g [11][12][13][14]).

Our approach is quite different. One of the most interesting collective effects on real markets is the increase of cross-correlation during large market events. In fact empirical evidence has shown that correlations between stocks are strictly dependent on market volatility and increase sharply during turmoil (e.g. [15] to [22]).

In [23] a toy model was first proposed to describe this collective effect, with the aim to show the role of the market correlation structure in the generation of some of the most important features of financial time series. This model has the nice feature to reproduce some interesting behaviors of real markets, but it fails to generate the correct stock probability distributions. Starting from this observation, in the present paper we face the problem of correcting the model of [23] and building a new model that can give a consistent unitary picture of correlations, fat tails and volatility smiles.

The structure of the paper is the following. In section 2 we present the model that we developed, underlying the driving ideas that led us in its building and discussing the different possible regimes that can be described by this model. We also recover the corresponding expression for the probability distribution of the average market return. The numerical studies performed and the results obtained are presented and discussed in section 3. In section 4 we draw our final conclusions and discuss the possible developments of the analysis and refinements of the model.

2 The Model

As discussed in section 1, one of the most interesting characteristics of financial markets is the increase of cross-correlation during large market events. Basically there are empirical evidences that when market crisis or running days occur, most of the stocks follow the general trend. Our goal is to study the role of this correlation between stocks and the “average” market in the generation of fat-tailed probability distributions for stock returns.

In our model, every stock price follows the equation^1:

A_i(t + Δt) = A_i(t) + A_i(t) σ s_i(t) i = 1 . . . N (1)

where A_i(t) is the stock value at time t, σ is the volatility for the step Δt and s_i(t) is a random spin, so s_i(t) = ±1 following some hopping probability to be chosen (to simplify the formulas we also choose Δt = 1).

The equation (1) is the analogous of the discrete log-normal prices description. In fact, if s_i(t) has an equal probability to be up or down, the continuous limit of the (1) generates a log-normal distribution. In our case we must choose an appropriate probability for s_i(t) to get the right behavior during market turbulent periods.

Our probability has to meet two empirical requests:

• (A) during large market events stocks are closely related to the market trend

• (B) in market calm periods stocks behavior follows a log-normal distribution

Actually, to be closest to real behavior, classical financial models use a matrix to set linear cross correlations between couple of stocks. Obviously this kind of correlations are time independent and the matrix is symmetric. In this case it is possible to diagonalize the matrix choosing a stock portfolio in which stocks are independent. Since in our work we are not interested to examine the classic crosscorrelation, during market calm periods our model chooses this ansatz, therefore the second empirical request coincides to having independent spins when the market is not turbulent.

The form for the conditioned probability of our model is: P ( s_i(t + 1) ) = 1 2 + 1 2 s_i(t + 1)g ( M(t) ) , (2)

where P ( s_i(t) ) is the probability to have the value s_i(t) at time t, and M(t) is a macroscopic variable describing the global market behavior. Here we make the simplest possible choice to identify the variable M(t) with the s_i(t) average, in strict analogy with a “real” spin system, in which this is the expression for the global magnetization driving the system behavior. Hence we put: M(t) = N∑ i=1 s_i(t) N , (3)

with N equal to the number of stocks present in our market.

It is interesting to note that, as we are going to show, with this simple choice we are able to reproduce some peculiar aspects of financial systems. In any case we will discuss in the conclusions the possibility of making more realistic choices, which take into account the different relevance and role that different stocks can play in the evolution of a market.

1In this model we do not consider the free-risk interest rate. Actually it is simple to introduce a non zero rate by adding a term in equation (1), with negligibledifferences in the main results.

The function g(M) appearing in eq. (2) must satisfy the requirement that |g(M)| < 1 and it controls the correlation between the single stock increase and the average normalized market return. In this view M(t), the normalized market return, represents a general trend indicator. For g(M) = 0 the model in the continuum limit obviously reduces to N uncorrelated stocks evolving according to a log-normal process. The form of the function g(M) must be chosen in a such a way to satisfy the requirements (A) and (B) corresponding to the two opposite market regimes.

To satisfy the first request, like in an Ising model, we could set

g(M) = tanh(M) (4)

This is a good choice for pushing stocks to follow the average market return in turbulent periods but it doesn’t suit the second request. In fact in calm periods, when M(t) ≃ 0, we can set tanh(M) ≃ M and therefore the generated correlation between stocks and market is linear and the system is rather different from a log-normal market.

Our need is to identify a sort of threshold to start the correlation when large market events occur, therefore we need a “measure” for the market turmoil. The solution is almost simple: in the log-normal picture the probability distribution for M(t) is a binomial distribution:

P_0(M) = ( N N(^{1+M}_2 ) ) · P_0(s_i = +1)^{N( 1+M2 )} · P_0(s_i = −1)^{N−N( 1+M2 )} (5)

where P_0 ( s_i(t) = ±1 ) =^1_2 is the probability to have s_i = ±1 in a log-normal description. We can approximate the equation (5) by the normal distribution obtaining

P_0 ( M(t) ) ≃ 1 √ 2π^N_4 e^− M2 2 N (6)

The (6) provides a natural way to “measure” the turmoil of the market in terms of standard deviation of the normalized market return in a log-normal market.

So we correct equation (4) by setting

g(M) = tanh [ M ( 1 − e^− M2 2 N γ )] (7)

introducing a free parameter γ that determines the extension of the threshold for having a large market event. The equation (7) satisfies both the empirical requests (A) and (B). We choose the strange ( 1 − exp(−M^2/^2_N γ) ) factor to smoothen the gap between the two situations: turbulent or calm period. As we are going to show in the next sections, changing the value of the γ parameter, one can change the interaction, modulating the influence of the global market trend on the single stock behavior. In this way it is possible to study different regimes, simply adjusting the γ value.

2.1 Market return probability

distribution Now we can calculate the probability to have a market return ~M(t + 1) at time t + 1, depending on the value of the market return M(t) at the previous step. It’s a sort of transition matrix that allow to pass from a state with M to a state with ~M. Thanks to some simple probability considerations we can write: G(M, ~M) = ( N N(^{1+} ~^M_2 ) ) ( 1 2 + 1 2 g(M) )_N 1+ ~M_2 · ( 1 2 − 1 2 g(M) )_N 1− ~M_2 (8) that can be approximated by a normal distribution like that of equation (6):

G(M, ~M) ≃ 1 √ 2π^N_4 [1 − g(M)^2]

· exp − [ ~M − g(M) ]_2

2(1−g(M)^2) N (9) Therefore it’s easy to write a recursive expression for the probability to have a state with average market return ~M at time t + 1: P_M ( t + 1, ~M ) = ∑ M G ( M, ~M ) · P_M ( t, M ) (10)

¿From Frobenius-Perron theorem [24], it can be demonstrated that P_M ( t + 1, ~M ) converges to a stable time independent probability distribution P_M ( M ) . Unfortunately, because of the lack of the detailed balance, we can’t obtain an analytical expression for this distribution. This compels us to a numerical Monte Carlo approach for detecting the properties of our model.

3 Numerical Results

Our aim studying this model was to show the fundamental role of the correlation between each stock and the market generating some stylized facts of real markets.

The free parameter in the model is γ, that represents a sort of threshold for extreme events, linked to the standard deviation of the market average probability distribution for a system of N independent spins (see eq.(7) and the following discussion). In other words γ is linked to the pathological periods of the simulated market: small γ values generate a market that often falls in extreme periods, while big γ values generate a market that is very rarely turbulent.

We have studied the different behaviors of the model depending on the γ value, focusing on two main tasks:

a) the probability distributions for stock returns b) the kurtosis of these probability distributions

The model wants to reproduce some real markets behaviors. So we choose for our numerical simulation a N value close to real number of stocks in a market. This number typically varies from some hundreds to some thousands. That’s why our choice is N = 1000.

3.1 Probability Distributions

The behavior of our model remarkably changes if different γ value are used. Figure 1 shows the stock return probability distribution obtained with our model compared with a Gaussian fit for different γ values: γ = 0.05, γ = 2, γ = 50.

Figure 1: Comparison between the probability distribution for stock return of our model and a Gaussian fit for different

γ values: γ = 0.05, γ = 2, γ = 50.(N=1000, Time=600 steps)

It’s evident the presence of fat tails in the distribution generated with our model with γ = 2, while for γ = 0.05 there are slim tails and for γ = 50 the probability distribution is well fitted by the Gaussian. These three cases represent different behaviors of the correlation between every stock and the average market. According to what was said in section (2), we can think that for a small γ value the market is always turbulent, so the correlation is always present and stocks move all together causing the presence of slim tailed distribution.

The other extreme case, corresponding to a big γ value (like γ = 50 in our example), represents a market that is always in calm periods and, therefore, in which no correlations occur between stocks. The result is a ‘‘log-normal” market. In this picture γ = 2 corresponds to a right intermediate situation suitable to generate fat tailed distributions.

As discussed, our model can have three different regimes, depending on the γ value, that tunes the strength of the long range interaction near M ≃ 0. It’s interesting to note that it’s possible to find the threshold corresponding to the transition between the slim-tail regime and the fat-tail one, that is for γ ≃ 0.90, but there isn’t a clear threshold between the fat-tail and the log-normal regime.

In spite of the construction of the expression (7) in terms of standard deviation of the market average of N log-normal stocks, trying to eliminate the dependence from the number of the spins, our model is N-value dependent. However our simulation proved that the qualitative behavior of the model is analogous for all the values of N.

3.2 Kurtosis

In order to better appreciate the characteristics of fat tails we present in figure 2 the kurtosis behavior as a function of time, for probability distributions generated with our model. On the left are visible the kurtosis trends corresponding to the three γ values considered in figure 1.

Figure 2: Left: kurtosis of the probability distribution for stock return of our model for different γ values: γ = 0.05,

γ = 2, γ = 50. Right: Kurtosis with γ = 2. (N=1000, Time=1200 steps)

In the right picture of figure 2 we present the behavior of the kurtosis for the γ = 2 case alone. Apart from a negligible initial transient, due to the discrete nature of the model, it’s interesting to note that the kurtosis is greater than 3 for each time. We must also remark the behavior of the curve, that presents a maximum after about 200 time steps and than decreases to the value 3, indicating that probability distributions in our model are not stable and for long times they converge to Gaussian distributions, with a trend analogous to real market distributions.

The kurtosis is the clearest index to appreciate the behavior of the system near the first threshold, between slim and fat tails (see section 3.1 and figure 3). For γ = 0.90 there is a mix: after the initial transient, there is a short period with a maximum of the kurtosis greater than 3, so there are fat tails, than the kurtosis decreases and there is a relative minimum under 3, so there are slim tails, finally the model converges to a Gaussian distribution and the kurtosis tends to 3.

Figure 3: Kurtosis behavior near the threshold between slim and fat tails (N=1000, γ = 0.85, γ = 0.90, γ = 0.95) 3.3 Volatility Smiles Another interesting check for our model is its capability to generate the well known phenomenon of implied volatility smiles with shape and time dependence analogous to that of real market smiles.

Figure 4: Implied volatility smiles on different time horizons (N=1000, γ=2)

We have constructed some European call options with different strike prices and expiry dates, by using a stock that follows our model with γ = 2 and choosing a zero free-risk interest rate. Then we have calculated the implied volatility of this stock by using the Black & Scholes formulas [25]. In figure 4 an implied volatility surface is presented. The surface is obtained by using calls on the same stock, on different time horizons. The shape of the surface is similar to real smiles and the time dependence of the concavity can be seen. In analogy with real smiles, the concavity decreases increasing the expiry date of the options ([26] to [30]).

Actually, regarding the kurtosis shape in the γ = 2 case, the correct time dependence of the concavity is a predictable result for our model.

4 Conclusions

The basis of this work is the attempt to recognize and to model an interesting collective effect in real markets viewed as complex systems.

Our approach to the market is aimed at obtaining some trends qualitatively analogous to real market behaviors by using a simplified “mean field Ising-like” model that describes the interaction between each stock and the market. The task is to show the role of this interaction structure in generating some of the most important features of financial time series. We have reached this purpose by introducing a suitable explicit analytic formula for the conditioned probability driving the evolution of the model. According to this formula the single stock is conditioned in its evolution at a certain time by the global trend of the market and this long range interaction is expressed by a function, appearing in the conditioned probability, that depends simply on the average variation of all the other stocks at the previous time instant.

In spite of the introduced simplifications, we gain an unified picture of three features not necessarily considered linked to each other in previous studies: • enforcing of stock cross correlation structure during turmoils • fat-tailed probability distributions for stock returns • smiles of implied volatility.

In our approach the form of the interaction term between the single stock and the average market depends on the value of a single free parameter (γ) and it is possible to adjust this parameter in such a way to describe different regimes for the market evolution. The dependence of the probability distribution on γ has been studied.

In conclusion we have shown that the correlation between each stock and the average market return generates, in a natural way, fat tailed probability distributions for stock returns, analogous to real market probability distributions and at the same time it also generates volatility smiles with the right shape and time-dependence, for the same values of the parameter γ.

A detailed analysis of another aspect of the market behavior that is the average correlation between couples of stocks in our model has been performed [31]. The results obtained show that for the same values of the γ parameter giving fat-tailed distributions and correct implied volatility smiles, our model is able to reproduce also the correct behavior of the market, that is an increase of the correlation between stocks in the turmoil periods.

In this view, the modellization of a collective effect leads, in a natural way, to a possible unified explanation of different salient features of the market. This possibility suggests the opportunity of developing a more complex analysis of the interactions, that up to now we assumed, for simplicity, to be equal for every component of the system.

It is natural to think that in a more realistic description one takes into account the different “weight” that the various stocks can have in determining the evolution of the market and the fact that every stock is interacting with different correlated or anti-correlated clusters. The study of structural properties of the correlation network has recently received a lot of attention [32] and it is, at our opinion, worthwhile to analyze the embedding of our model in these scenarios and study the stability of the results. More generally we plan to consider models like spin glasses, in which the interactions between stocks in the market present phenomena of frustration and dilution.

5 Acknowledgments

We would like to thank A. Della Savia for the contribution given to the study of the stock correlations in our model

A Reduction to single stock evolution

To simplify the numerical simulation we have to notice that every spin “sees” all the others only by the average M. We can consider M as a random variable following the conditioned probability given by equation (8) and so it’s possible to set each spin as an independent random variable, following a probability conditioned by an other random variable, distributed by the expression (8). Basically to get s_i(t + 1) knowing M(t − 1) we can proceed extracting a value M(t) using distribution (8) and then extracting the spin using the probability (7). With the initial condition M(t = 0) = 0 it’s possible to generate a random walk for the single spin to a generic time t.

Actually things are not so obvious. We must remark that the probability for the spin s_i(t) at time t also depends, via M, on itself at the previous step. In rigorous terms we can’t consider M as an independent random variable, but its value is related to s_i(t − 1).

A simple example is given in case N = 2. Setting s_1(t_0) = 1 and M(t_0 − 1) = 0 it’s obvious that M(t_0) can never be −1, but from equation (8), the probability to have M(t_0) = −1 is 1/4. There’s something wrong! To have the right behavior we have to rewrite G(M(t), ~M(t + 1)) extracting the dependence from the i-th spin value at time t + 1. Remembering that M(t) = ∑ i s_i(t) N from equation (8) we can write:

G(M, ~M) = P (s_i = +1) ( N − 1 N(^{1+} ~^M_2 ) − 1 ) ( 1 2 + 1 2 g(M) )_{N(} 1+ ~M_{2 )−1} ( 1 2 − 1 2 g(M) )_N 1− ~M_2 +

+ P (s_i = −1) ( N − 1 N^{1+} ~^M_2 ) ( 1 2 + 1 2 g(M) )_N 1+ ~M_2 ( 1 2 − 1 2 g(M(t)) )_{N(} 1− ~M_{2 )−1}

(11)

with the assumptions: −1 < M ≤ 1 for s_i = +1 −1 ≤ M < 1 for s_i = −1 (12)

Simplifying we obtain G(M, ~M) = ∑ s_i=±1 1 + s_i g(M) 2 · ( N − 1 N(^{1+} ~^M_2 ) −^{1+si}_2 ) ·

· ( 1 2 + 1 2 g(M) )_{N(} 1+ ~M_{2 )−}^{1+s}i_2 ( 1 2 − 1 2 g(M(t)) )_{N(} 1− ~M_{2 )−}^{1−s}i_2

(13)

and then we can write the requested expression:

G(M, ~M, s_i) = ( N − 1 N(^{1+} ~^M_2 ) −^{1+si}_2 ) · ( 1 2 + 1 2 g(M) )_{N(} 1+ ~M_{2 )−}^{1+s}i_2 ( 1 2 − 1 2 g(M) )_{N(} 1− ~M_{2 )−}^{1−s}i_2 (14)

The main structure of the expression (14) has a known binomial form, so it’s possible to approximate it with a normal distribution: G(M, ~M, s_i) ≃ 1 √ 2π^{N−1}_4 [1 − g(M)^2] exp − [ ~M − (_{(N−1)g(M)+si} N )]_2 2^{N−1}_{N 2} [ 1 − g(M)^2 ] (15)

under the additional request −1 < M < 1, negligible for large N. We have to notice that the assumptions (12) are taken for probabilistic reasons, since, as we have seen, if s_i = +1 we can never get M = −1 and vice-versa.

References

[1] L.Bachelier, Theorie de la spéculation [Ph.D thesis in mathematics], Annales Scientifiques de l’Ecole Normale Supériore III-17, 21 86 (1900)

[2] B.B.Mandelbrot, The Variation of Certain Speculative Prices, Journal of Bussines, 36, 394-419 (1963)

[3] H.E.Stanley, R.N.Mantegna, An Introduction To Econophysics: Correlation and Complexity in Finance, Cambridge University Press. (2000)

[4] H.E.Stanley, R.N.Mantegna, Scaling Behaviour in the Dynamics of an Economics Index Nature, 383, 46-49 (1995)

[5] B.Pochart, J.P.Bouchaud, The skewed multifractal random walk with applications to option smiles, e-print cond-mat/0204047 (2002) [6] A.Johansen, O.Ledoit, D.Sornette, Crashes as Critical Points, Int. J. Theor. Applied Finance, 3 No 1 (2000) [7] G.M.Viswanatahan, U.L.Fulco, M.L.Lyra, M. Serva, The origin of fat tailed distribution in financial time series, e-print cond-mat/0112484 (2001) [8] D.Brigo, F.Mercurio, G.Sartorelli, Alternative asset-price dynamics and volatility smile, Quantitative Finance, 3 173-183 (2003) [9] Z.-F.Huang, S.Solomon, Finite market size as a source of extreme wealth inequality and market instability, Physica A 294 503-513 (2001) [10] S.M.Focardi, S.Cincotti, M.Marchesi, Self-organization and market crashes, J Econ Behav Organ 49 2, 241-267 (2002) [11] P.Bak, M.Shubik, M.Pakzuski, Price Variations in a Stock Market With Many Agents, Physica A, 246, 430 (1997) [12] A.De Martino, I.Giardina, G.Mosetti, Statistical mechanics of the mixed majority-minority game with random external information, preprint cond-mat/0305625 (2003) [13] F.F.Ferreira, M.Marsili, Is the market really a Minority Game?, e-print cond-mat/0311257 (2003) [14] T.Kaizoji, S.Bornholdt, Y.Fujiwara, Dynamics of price and trading volume in a spin model of stock markets with heterogeneous agents, Physica A 316 441-452 (2002) [15] H.E.Stanley, L.A.N.Amaral, S.V.Buldyrev, P.Gopikrishnan, V.Plerou, M.A.Salinger, Self- Organized Complexity in Economics and Finance, PNAS 99 suppl. 1 2561-2565 (2002) [16] R.N.Mantegna F.Lillo, Variety and Volatility in Financial Markets, Phys. Rev. E, 62, 6126-6134 (2000) [17] R.N.Mantegna F.Lillo, Symmetry Alteration of Ensemble Return Distribution in Crash and Rally Days of Financial Market, Eur. Phys. J. B, in press.

[18] Y.liu, P.Gopikrishnan, P.Cizeau, M.Meyer, C.K.Peng, H.E.Stanley Statistical Properties of the Volatility of the Price Fluctuatons, Phys. Rev. E 59, 1390-1400 (1999) [19] D.Sornette, Large Financial Crashes, e-print cond-mat/9704127 (1997) [20] P.Cizeau, M.Potters, J.P.Bouchaud, Correlation Structure of Extreme Stock Returns, Quantitative Finance, 1, 217-222 (2001)

[21] J.P.Bouchaud, I.Giardina, M.Mézard, On a Universal Mechanism for Long-Range Volatility Correlations, Quantitative Finance, 1, 212-216 (2001) [22] P.Gopikrishnan, M.Meyer, L.A.N.Amaral, V.Plerou, H.E.Stanley, Scaling and Volatility Correlations in the Stock Market, e-print cond-mat/9905305 (1999) [23] M.Airoldi, Correlation Structure and Fat Tails in Finance: a New Mechanism, e-print condmat/0107593 (2001) [24] H.J. Kappen, An introduction to stochastic neural networks, in Neuroinformatics and neural modelling, 517-552. Amsterdam: Elsevier (Handbook of Biological Physics, 4), F. Moss, C.C.A.M. Gielen (2001) [25] F.Black M.Scholes, The Pricing of Options and Corporate Liabilities, Journal of Political Economics, 81, 637-654 (1973) [26] R.Cont, Beyond Implied Volatility, in Econophisics: an Emerging Science, Kluwer (1999) [27] J.P.Bouchaud, G.Iori, D.Sornette, Real-World options: smile and residual risk, Risk Magazine 3, 61-65 (1996) [28] Lisa Borland, A Theory of Non Gaussian Option Pricing, Quantitative Finance 2 415-431 (2002) [29] S.Miccichè, G.Bonanno, F.Lillo, R.N.Mantegna, Volatility in financial markets: stocastic models and empirical results, Physica A, 314, 756-761, (2002) [30] G.H.Gunaratne, J.L.McCauley, A theory for Fluctuations in Stock Prices and Valuation of their Options, e-print cond-mat/0209475 (2002) [31] A. Della Savia, Effetti di interazioni collettive e correlazioni in modelli per i mercati finanziari, Master Thesis in Physics, Università degli Studi di Milano, academical year 2002-2003 [32] G. Bonanno, G. Caldarelli, F. Lillo, S. Miccichè, N. Vandewalle, and R. N. Mantegna Networks of equities in financial markets, arXiv:cond-mat/0401300