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Devwudfw

Lq wklv sdshu zh lqyhvwljdwh wkh h{foxvlrq ri w|shv lq rswlpdo dxf0

wlrqv1 Zh vkrz wkdw zlwk pxowlglphqvlrqdo w|shv h{foxvlrq lv d jhqhudo

skhqrphqrq1

� �������	�
��

Wkh phfkdqlvp ghvljq prghov ri wkh prqrsro| sulflqj dqg rswlpdo dxfwlrq olw0
hudwxuh kdv uholhg pdlqo| rq rqh glphqvlrqdo sulydwh lqirupdwlrq ru xqfhuwdlqw|1
Zkdw duh wkh frqvhtxhqfhv iru rswlpdolw| li sulydwh lqirupdwlrq ru xqfhuwdlqw| lv
pxowlglphqvlrqdoB Lq wkhlu slrqhhu sdshu/ PfDihh dqg PfPloodq +4<;;, dqdo|vh
lq d vhwwlqj uhvwulfwhg wr gl�huhqwldeoh phfkdqlvpv wkh frqvhtxhqfhv ri pxowlgl0
phqvlrqdolw| iru lqfhqwlyh frpsdwlelolw| frqwudlqwv1 Wkh| lqwurgxfh d jhqhudo0
l}hg vlqjoh furvvlqj frqglwlrq dqg dsso| wkhlu uhvxow wr prqrsro| zlwk xqnqrzq
ghpdqgv1 Rqh vhhv lq wkhlu sdshu wkdw pxowlglphqvlrqdo phfkdqlvp ghvljq lv d
gl!fxow wrslf1 Lq zkdw frqfhuqv wkh suhvhqw sdshu wkh qh{w lpsruwdqw vwhs lv
Dupvwurqj +4<<9,1 Lq klv sdshu/ Dupvwurqj/ vwxg| wkh pxowlsurgxfw qrqolqhdu
sulflqj sureohp dqg rewdlq d jhqhudo vroxwlrq xqghu d vhsdudelolw| k|srwkhvlv1
Dqrwkhu uhvxow lq klv sdshu lv wkh ghvludelolw| ri h{foxvlrq1 Kh vkrzv wkdw li wkh
vhw ri w|shv lv vwulfwo| frqyh{ zlwk glphqvlrq juhdwhu wkdq rqh wkhq dw wkh rswl0
pxp d vhw ri w|shv zlwk srvlwlyh phdvxuh zloo qrw eh vhuyhg e| wkh prqrsrolvw1
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Wklv uhvxow lv jhqhudo dqg krogv iru pxowlsurgxfw dqg vlqjoh surgxfw prqrsrolvw
dv zhoo1

Lq wklv sdshu zh lqyhvwljdwh zkdw fkdqjhv kdyh wr eh pdgh lq wkh rqh remhfw
rswlpdo dxfwlrq wkhru| zkhq wkh vhw ri w|shv lv pxowlglphqvlrqdo1 Zh zloo vkrz
wkdw lq frqwudvw wr wkh pxowlsurgxfw qrqolqhdu sulflqj wkhru| wkh pxowlglphq0
vlrqdo rqh remhfw rswlpdo dxfwlrq wkhru| lv qrw frpsolfdwh1 Dqg zh vkrz wkdw
wkh ghvludelolw| ri h{foxvlrq lv d yhu| jhqhudo surshuw|= wkh vhw ri w|shv grhvq*w
kdyh wr eh vwulfwo| frqyh{1 Zh �qlvk wklv lqwurgxfwlrq zlwk d ihz frpphqwv rq
pxowlglphqvlrqdolw| dqg lwv pdwkhpdwlfdo dvshfwv1 Lq rswlpdo vfuhhqlqj prg0
hov dqg lq dxfwlrqv prghov/ wkh prvw xvxdo dvvxpswlrq derxw wkh frqvxphuv
w|shv lv wkdw lw lv dq lq�qlwh rqh glphqvlrqdo vhw/ vd| W @ ^3> 4` = Wklv vkrxog�lq
sulqflsoh� eh hqrxjk1 Pxowl0glphqvlrqdo vhwv ri w|shv duh phdvxuh wkhruhwlfdoo|
htxlydohqw +l1h1 duh lvrprusklf, wr ^3> 4` zlwk wkh Ohehvjxh*v phdvxuh dv orqj
dv wkh ruljlqdo vsdfh lv dwrpohvv dqg vhsdudeoh1 Krzhyhu lq sudfwlfh dqg iru
wkh vwxg| ri ghhshu surshuwlhv ri wkh rswlpdo vroxwlrq lw lv pruh frqyhqlhqw wr
frqvlghu d pxowl0glphqvlrqdo w|sh vhw dqg pd|eh dgg vrph dvvxpswlrq rq wkh
hfrqrplfv fkdudfwhulvwlfv1 Iru h{dpsoh frpsduh P|huvrq*v +4<;4, vroxwlrq ri
wkh uhjxodu fdvh dqg wkh qrq0uhjxodu fdvh1 Lq eulhi/ wkh lvrprusklvp ehwzhhq
dwrpohvv phdvxuh vsdfhv pd| qrw eh xvhixo iru wzr edvlf uhdvrqv=

41 Vshfldo dvvxpswlrqv duh pdgh rq hfrqrplf fkdudfwhulvwlfv wkdw ghshqg
rq w|shv1 Iru h{dpsoh xvxdoo|/ xwlolw| lv prqrwrqlf rq w|shv1 Wkrvh
dvvxpswlrqv duh qrw suhvhuyhg e| lvrprusklvpv>

51 Wr jhw lqwxlwlrq xvxdoo| d pruh ghwdlohg lqirupdwlrq derxw wkh rswlpdo
vroxwlrq lv qhhghg1

� �
� �����

Wkhuh lv rqh remhfw wr eh vrog dw dq dxfwlrq zlwk q elgghuv1 Hdfk elgghu
hydoxdwh wkh remhfw dffruglqjo| wr vhyhudo fkdudfwhulvwlfv wl 5 Wl= Li wkh remhfw
kdv fkdudfwhulvwlf wl zh vd| wkdw wkh Elgghu kdv w|sh wl= Wkh vhw ri srvvleoh w|shv
iru Elgghu l> qdpho| Wl> lv frpsdfw dqg frqqhfwhg vhw1 Wkh elgghuv kdyh sulydwh
lqghshqghqw w|shv1

Elgghu l xwlolw| lv X l = Wl $ U1 Zh vxssrvh wkdw X l lv frqwlqxrxv1 Wkhuhiruh
Ul @ X l +Wl, @ ^�l> �l` lv d forvhg lqwhuydo1 Rxu pdlq dvvxpswlrq lv wkdw wkh
glvwulexwlrq Il +x, @ Su

��
w 5 Wl> X

l +w, � x
��

kdv d ghqvlw| il +x, frqwlqxrxv
rq ^�l> �l` dqg srvlwlyh rq +�l> �l,1 Wr vlpsoli|4 zh frqvlghu wkh uhjxodu fdvh=

x�
4� Il +x,

il +x,
lv lqfuhdvlqj lq x 5 +�l> �l, 1

Wkh iroorzlqj wkhruhp lv suryhg lq wkh dsshqgl{1

4Wkh jhqhudo fdvh fdq eh wuhdwhg dqdorjrxvo| dv lq P|huvrq*v sdshu1 Wklv zloo ehfrph

fohdu odwhu1
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Wkhruhp 4 Wkh rswlpdo dxfwlrq lv wkh rqh remhfw rswlpdo dxfwlrq rewdlqhg
lq P|huvrq +4<;4, zkhq Elgghu l kdv ydoxdwlrq xl 5 ^�l> �l` glvwulexwhg zlwk
ghqvlw| il +x, = Lq sduwlfxodu wkh rswlpdo dxfwlrq gholyhu wkh remhfw wr wkh Elgghu
zlwk wkh kljkhvw pdujlqdo ydoxh=

X l +wl,�
4� Il

�
X l +wl,

�
il +X l +wl,,

> l @ 4> = = = q=

Rxu pdlq uhvxow lv wkh iroorzlqj1

Wkhruhp 5 +H{foxvlrq ri w|shv, Vxssrvh wkh vhw ri w|shv lv W @ �q
l@4 ^dl> el`

dqg wkdw wkh glvwulexwlrq ri w|shv kdv d srvlwlyh frqwlqxrxv ghqvlw| i = W $ U..1

Vxssrvh dovr wkdw X l = W $ U lv frqwlqxrxv gl�huhqwldeoh dqg wkdw CXl

Cwl
A 3> l @

4> = = = > q= Ilqdoo| vxssrvh wkdw X l kdv d ghqvlw| il zklfk lv erxqghg dqg srvlwlyh
lq wkh lqwhulru ri X l +W , = Wkhq lq wkh rswlpdo dxfwlrq wkhuh lv h{foxvlrq ri w|shv1

Surri1 Lw vx!fhv wr vkrz wkdw iru vrph elgghu l> �l�
4

il+�l,
? 3= Wkhq hyhu|

w|sh qhdu �l zloo eh h{foxghg1 Zh zloo vkrz wkdw il +�l, @ 3 dqg wklv zloo �qlvk
wkh surri1 Gh�qh d @ +d4> = = = > dq, dqg xd @ X l +d, = Ohw P eh d erxqg iru il=
Li x A xd/

IXl +x, @

]
i +w,"iy5D>Xl+y,�xj +w, gw �P�

��
y 5 W >X l +y, � x

��
=

Qrz gh�qh � @ plq
q
CXl

Cwl
+w, > l @ 4> = = = > q> w 5 D

r
A 3= Iru dq| w 5 W>

X l +w,� X l +d, @

] 4

3

g

gv

�
X l +d. v +w� d,,

�
gv @

] 4

3

�
X l
�3
+d. v +w� d,, � +w� d,gv �

�

q[
l@4

+wl � dl, � �pd{
l

+wl � dl, =

Wkxv li X +w, � x wkhq pd{l +wl � dl, �
x�xd
�

= Wkhuhiruh

�
��
y 5 W >X l +y, � x

��
� �

��
} 5 Uq> m}l � dlm �

x� xd

�
iru doo l

��
@

�
x� xd

�

�q

=

Vlqfh il +�l, @ olpx$xd
I
Xl

+x,�I
Xl

+xd,

x�xd
dqg q A 4 zh frqfoxgh wkdw il +�l, @ 3

hqglqj wkh surri1

H{dpsoh 4 Dv dq h{dpsoh zh fdofxodwh wkh rswlpdo dxfwlrq lq d vlpsoh fdvhv
zlwk wkh xqlirup glvwulexwlrq1 Frqvlghu X l +{l, @ {l4.{l5= Zh vxssrvh wkdw {l
lv xqlirupo| glvwulexwhg lq ^3> 4`

5
= Wkh glvwulexwlrq ri X l lv

IX +x, @

+
x5

5 li x � 4

4� +5�x,5

5 li 4 � x � 5
kdv ghqvlw| iX +x, @

�
x li x � 4

5� x li 4 � x � 5=

Qrwh wkdw wkh ghqvlw| ixqfwlrq lv frqwlqxrxv dqg lw lv }hur iru x @ 3> 5= Wkh
rswlpdo dxfwlrq zloo gholyhu wkh remhfw wr wkh elgghu l zlwk kljkhvw

6xl

5
�pd{

�
4

xl
> 4

�
> xl @ X l +{l, =
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Lq wklv dsshqgl{ zh suryh wkhruhp 41 Iru frqyhqlhqfh wkh dxfwlrqhhu zloo eh
elgghu 3= Zh gh�qh S dv wkh vhw ri suredelolw| glvwulexwlrqv rq i3> 4> = = = > qj =

Wkxv S @
q
+tm,

q

m@3 � 3>
Sq

m@3 tm @ 4
r
= Wkh lqwhusuhwdwlrq lv wkdw tm lv wkh

suredelolw| wkdw elgghu m uhfhlyhv wkh remhfw1 Wkxv t3 lv wkh suredelolw| wkdw wkh
dxfwlrqhhu nhhsv wkh remhfw1 Zh frqvlghu rq W @ �q

l@4Wl wkh surgxfw suredelolw|
phdvxuh1

Wkh dxfwlrq surfhhg dv iroorzv=

41 Wkh dxfwlrqhhu dqqrxqfhv wkh phdvxudeoh ixqfwlrqv5 t = W $ S dqg
S @

�
S l
�q
l@4

zkhuh S l = W $ U>

51 Wkh elgghu l frq�ghqwldoo| dqqrxqfhv wr wkh dxfwlrqhhu w|shv wl 5 Wl> Wkh
dxfwlrqhhu irupv wkh yhfwru w @ +wl,

q

l@4

61 Wkh remhfwv duh gholyhuhg dffruglqjo| wr t +w, 5 S dqg elgghu l sd|v S l +w, =

Iru d jlyhq gluhfw phfkdqlvp +t> S , zh gh�qh

Tl +wl, @ H�l ^tl +w,` dqg S l +wl, @ H�l
�
S l +w,

�
= +4,

Wkh phfkdqlvpv pxvw vdwlvi| lqfhqwlyh frpsdwlelolw| dqg lqglylgxdo udwlrqdolw|
frqvwudlqwv1

Tl +wl,X
l +wl,� S l +wl, � Tl +w

3
l,X

l +wl,� S l
�
w
3

l

�
>;w3l> wl 5 Wl> +LF,

Tl +wl,X
l +wl,� S l +wl, � 3= +LU,

Ohw xv gh�qh wkh dx{loldu ixqfwlrq/ Y l = Wl $ U>

Y l +wl, @ Tl +wl,X
l +wl,� S l +wl, =

Wkh frpsdwlelolw| ri lqfhqwlyhv frqvwudlqwv fdq eh uhzulwwhq dv

Y l +wl,� Y l +w3l, � Tl +w
3
l,
�
X l +wl,� X l +w3l,

�
>;wl> w

3
l 5 Wl= +LF*,

Wkh iroorzlqj ohppd lv lpsruwdqw=

Ohppd 4 Wkhuh h{lvwv d frqyh{ ixqfwlrq !l = U
l $ U vxfk wkdw Y l @ !l � X

l=

Pruhryhu Tl +wl, 5 C!l
�
X l +wl,

�
=

Surri= Qrwh �uvw wkdw li d dqg f duh hohphqwv ri
�
X l
��4

+u, > u 5 Ul wkhq
+LF*, lpsolhv Y l +d, � Y l +f, � Tl +f, � 3 @ 3= Dqdorjrxvo| Y l +f, � Y l +d, � 3=
Wkxv Y l +d, @ Y l +f, = Wkhuhiruh

!l = U
l $ U> !l +u, =@ Y l +{u, >zkhuh {u 5

�
X l
��4

+u, > u 5 Ul

5Khqfhiruwk fdoohg gluhfw phfkdqlvpv1
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lv zhoo gh�qhg1 Vlqfh

!l +�, @ Y l +{�, @ vxs
{35Wl

Tl +{
3,�� S l +{3,

lw iroorzv wkdw !l lv d frqyh{ ixqfwlrq1 Dqg li � @ X l +wl,

!l +�,� !l +�, � Tl +wl, +�� �, > �> � 5 Ul

zh kdyh wkdw Tl +wl, 5 C!l
�
X l +wl,

�
= THG

Iru hyhu| x @
�
x4> = = = > xq

�
5 U @

Tq

l@4 ^dl> el` gh�qh

�tl +x, @ H
k
tl +{,mx @

�
X m +{m,

�q
m@4

l
dqg

�S l +x, @ H
k
S l +{,

��x @
�
Xm +{m,

�q
m@4

l
=

Qrwh �uvw wkdw
Sq

l@3 �tl +x, @ 4= Ohw xv fdofxodwh �Tl

�
xl
�
@ H

�
�tl +x,mx

l
�
= Zh

fdofxodwh �uvw

H
�
�tl +x,mx

l
�
@ H

�
H ^tl +{,mx`mx

l
�
@ H

�
tl +{,mx

l
�
@

H
�
H ^tl +{,m{l`mx

l @ X l +{l,
�
@ H

�
Tl +{l,mx

l @ X l +{l,
�
5 C!l

�
xl
�
=

Wkh odvw uhodwlrq lv wuxh vlqfh Tl +{l, 5 C!l
�
xl
�
@
�
!�

�
xl
�
> !.

�
xl
��

dqg wkdw

!�
�
xl
�
@ H

�
!�

�
xl
�
mxl
�
� H

�
Tl +{l, mx

l @ X l +{l,
�
� H

�
!.

�
xl
�
mxl
�
@ !.

�
xl
�
=

Wkh lqfhqwlyh frpsdwlelolw| frqvwudlqwv fdq eh uhzulwwhq dv

�Tl

�
xl
�
xl �H

k
�S l +x,

���xll � �Tl +x
3,xl �H

k
�S l +x,

���x3l > +LF*,

Wkh lqglylgxdo udwlrqdolw| frqvwudlqw fdq eh uhzulwwhq

�Tl

�
xl
�
xl �H

k
�Sl +x, mx

l
l
� 3=

Wkh dxfwlrqhhu h{shfwhg uhyhqxh lv

H

%
q[
l@4

S l +{,

&
@ H

%
H

%
q[
l@4

S l +{,

�����x
&&

@ H

%
q[
l@4

�S l +x,

&
=

Wkxv wkh rswlpdo dxfwlrq sureohp lv uhgxfhg wr wkh rqh0glphqvlrqdo rswlpdo
dxfwlrq vroyhg e| P|huvrq1 Wkhuh lv rqh wzlvw krzhyhu1 P|huvrq*v dvvxpswlrqv
lpso| wkdw wkh ghqvlw| ixqfwlrq kdv d srvlwlyh plqlpxp1 Lq rxu fdvh vlpsoh
h{dpsohv zloo qrw vdwlvi| wklv dvvxpswlrq1 Rqh fdq krzhyhu hdvlo| vhh wkdw
P|huvrq surri zrun dv zhoo li wkh ghqvlw| lv srvlwlyh dqg frqwlqxrxv lq wkh
lqwhulru ri Ul=
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41 Dupvwurqj/ P1 +4<<9,/ �Pxowlsurgxfw qrqolqhdu sulflqj�/ Hfrqrphwulfd
97/ q34/ 840:8>

51 PfDihh/ U1 Suhvwrq dqg Mrkq PfPloodq +4<;;,/ �Pxowlglphqvlrqdo Lqfhq0
wlyh Frpsdwlelolw| dqg Phfkdqlvp Ghvljq�/ Mrxuqdo ri Hfrqrplf Wkhru|
79/ 6680687>

61 P|huvrq/ U1 E1+4<;4,/ �Rswlpdo dxfwlrq ghvljq�/ Pdwkhpdwlfv ri rshud0
wlrqv uhvhdufk/ y19 q34/ 8;0:6>
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