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Abstract

This paper characterizes the inefficient mixed Nash equilibria of the complete information
k-double auction. The purpose of the analysis is to find restrictions on the inefficiencies that
may appear in equilibrium in a model that does not include sequential moves or incomplete
contracts, as a result of coordination failure. Then, we explore extensions of the model. Can
a model with complete information be rejected when trade inefficiencies are due to the pres-
ence of asymmetric information? Next, we extend the analysis to the case of repeated trading
sessions, risk-aversion and disappointment-aversion.

(JEL: C7)
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1. INTRODUCTION

Bargaining mechanisms may not always yield efficient outcomes, even in the case of complete
information. Many extensions of the alternating offers mechanism (Rubinstein 1982) document
that its efficiency may not be robust to more general assumptions about the strategic interaction.
This paper considers the same problem in the case of another well-known benchmark model: the
complete information k-double auction. In several aspects, this mechanism can be seen as a polar
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opposite to alternating offers: it is one-shot, players propose simultaneously and effective transfers
are a combination of the proposals. We characterize many inefficient equilibria that do not require
any modification of the “standard” form of the game.

There exists a fertile recent literature that documents why rational players may fail to exhaust
gains from the trade given complete information. The existence of a unique subgame-perfect
equilibrium with immediate agreement in a sequential bargaining framework is based on a num-
ber of important assumptions. First, a realistic bargaining setting need not be stationary. These
non-stationarities may be exogenous, for example when the payoffs from the game are stochastic
(Furusawa and Wen 2003), or endogenous, for example in multilateral (Cai 2003) and multi-issue
(Weinberger 2000a) bargaining. In these models, delays allow a participant to wait for more bar-
gaining power as the game moves away from its initial state. A second set of models considers
endogenous payoffs along the bargaining process, for example in the presence of endogenous
disagreement payoffs (Houba 1997), history-dependent feasible proposals (Weinberger 2000b),
strategic delays (Ma and Manove 1993) and endogenous deadlines (Mauleon and Vannetelbosch
2004). In these models, threats may be used to sustain inefficient equilibria or inefficient actions
may raise the bargaining power. Third, inefficiencies may appear as players use delays to establish
a reputation to be stubborn, when there is ex-ante commitment (Kambe 1999) or a positive proba-
bility of being irrational (Abreu and Gul 2000). Finally, frictions in the form of costly bargaining
may also cause inefficient equilibria (Anderlini and Felli 2001). The participation cost generates a
hold-up problem in that the proposer cannot commit to repay the cost to the other player.

A different set of models derives trade inefficiencies from the presence of restrictions on feasi-
ble contingent contracts, for example when gains from trade are private information. Although we
believe that incomplete contracts are an essential aspect of many realistic settings, it is important
to know whether the equilibria of the initial mechanism, in the absence of such restrictions, are
efficient. There are two reasons for doing so. First, the existence of incomplete contracts is not
observable and is often introduced as a rationale to account for certain empirical hunztesf
them being trade inefficiencies; then, our purpose is to try to distinguish formally inefficiencies that
may appear under complete information from inefficiencies that are incompatible with complete
information. Second, inefficiencies with complete information are likely to carry over to models
with incomplete contracts We believe that in more general models, the form of inefficiency that
we document may coexist with other forms of inefficiencies. We consider this question in the
context of the double auction model initially proposed by Chatterjee and Samuelson (1983) with

1See for example Chatterjee and Samuelson (1983): (p.836) “the complete information approach fails to mirror key
features of actual negociations: (...) the occurence of 'unreasonable’ bargaining outcomes-breakdowns in negociations,
strikes, and work stoppages-when mutually beneficial agreements are possible.”

2This feature is illustrated in Corollary 1 in the paper.



asymmetric information.

This paper investigates how lack of coordination, when two players must make simultaneous
offers, may induce inefficient Nash equilibria. While it is well-known that multiplicity of equilibria
may be costly in models with simultaneous offers, we attempt here to characterize what form such
inefficiencies may take. Essentially, we will discuss implications of the mechanism when solving
in mixed strategies. Specifically, choosing a particular pure strategy and assuming that players
will follow this strategy relies on the assumption that players play the game repeatedly and will
eventually coordinate or agree ex-ante on a focal point of the game. In a short-term interaction,
however, a player may be initially uncertain about the allocation that will be acceptable to the
other player. As suggested by Harsanyi (1973), each player will be matched to another player
sampled from a population of players who have rationally chosen a pure strategy. We solve for
the aggregate distribution of pure strategies that may be sustained in equilibrium. Problems of
coordination are presented as an alternative to sequential bargaining and incomplete contracts to
explain trade inefficiencies.

We show that there exist many inefficient mixed equilibria such that the proposal anticipated by
each player is stochastic. More aggressive proposals, i.e. asking for a greater share of the surplus,
raise the surplus that is extracted conditional on a successful negotiation. However, such proposals
also reduce the probability of trade. The mixed strategies are sustained by a trade-off between
bargaining power and trade breakdown. In comparison to many models with incomplete contracts,
problems of coordination can be fully overcome by public intervention. But to achieve this, one
needs first a formal theory that accounts precisely for trade inefficiencies due to coordination and
allows to detect such problems.

Early work by Broman (1989) documents the finite mixed equilibria of the complete informa-
tion double auction but there is, to our knowledge, no other author characterizing all the equilibria
of the game. In the first part of the paper, we find a large set of mixed equilibria such that traders
mix over a countably infinite or uncountable supporOther papers that include simultaneous
moves but in a sequential framework include Dekel (1990), Perry and Reny (1993akoviS
(1993).

The first section investigates the Nash equilibria of the game. The strategy of each player can
be described as a random proposal over the set of feasible outcomes. In equilibrium, both players
must be indifferent to the same set of pure strategies. We characterize the mixed equilibria of the
game when players mix over countably and uncountably infinite sets. In this process, we show that
if strategies prescribe mixing over an interval, then the strategies admit a simple functional form

3In this process, we provide a counter-example to Broman’s claim that mixed strategies over a countably infinite
or uncountable support with only a finite number of discontinuities do not exist. We also derive explicitly mixed
strategies over uncountable sets with singular parts which she leaves as an open question.



over this interval. Further, the distributions must be convex in the surplus obtained by each player:
in order to guarantee indifference, inefficiencies arising from more aggressive proposals must be
compensated by a sharper increase in the probability of trade.

In the second section, we perform several tests of the validity and robustness of the theory.
First, since we argue that inefficiencies are not a specific feature of asymmetric information, we
explore whether a model with lack of coordination with complete information may be rejected
when trade breakdown occurs due to the presence of asymmetric information. We find that strate
gies with a support greater than four values will always distinguish between complete and asym-
metric information. Second, we analyze whether the mixed equilibria remain in the presence of
repeated trading, risk-aversion and violations of expected utility. We find that repeated trading can
be restated strategy-wise as a reduction in the (subjective) gains from trade and risk-aversion can
be restated as a change in the individual perception of the trading prices. The equilibria will be
unchanged in the presence of risk-aversion but, for a given finite support, there may be no equilib-
rium in the presence of a high discount rate or multiple equilibria in the presence of disappointment
aversion.

2. MIXED EQUILIBRIA
2.1. The Model

The model is the simplest version of the double auction mechanism as presented in Chatterjee
and Samuelson (1983). A seller, who owns a single indivisible good, considers the sale of the asset
to a buyer. There is a single period and any transaction surplus is socially lost after this period
ends. Simultaneously, the buyer offers a Biéind the seller submits an aSkIf B is greater than
S, trade occurs with probabilifyk at price B and(1 — k) at priceS. The parametek € (0, 1)
corresponds to the market power of the seller relative to the buyer. Traders are assumed to be
risk-neutral.

The buyer has a valuatiow, for the item, strictly greater than the valuation of the sellgr
Both valuations are public information. We normalize utilities so that both agents obtain a reser-
vation of zero in the absence of trade and the utility conditional on trade is equal to the valuation
minus the monetary transfer for the buyer and the monetary transfer minus the valuation for the
seller. There exists a continuum of pure-strategy efficient equilibria in which the two parties bid
the same amour® = S € [V;, V).

More generally, we denotg, (resp. F) the mixed strategy of the buyer (resp. seller), i.e. the
distribution of B (resp. S). We restrict our attention to strategies with supportlin V;]. It is

“4Interpreting the final price as a random draw of each proposed price or as a weighted average of both prices is
irrelevant in the risk-neutral case but the former is more tractable in the presence of risk-aversion.
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useful first to mention all equilibria such that the buyer always bidsThese equilibria can be
sustained by strategi€®, S) of the formP(S = V;) > maxx E(V, — kX — (1 — k)S|S < X),

for all X € [V, V;]. An analogous set of equilibria is obtained when the seller always bids one.
We will put aside these (degenerate) equilibria in the rest of the analysis.

2.2. Mixed Equilibria with a Unique Discontinuity

Suppose thatF;, F) are equilibrium distributions in the game. All proofs are delayed to the Ap-
pendix and provided only for one distribution when the result carries over to the other distribution
by symmetry.

LEMMA 2.1. Consider an open interval © C (V,V,), bounded away from the boundaries.

(i) If F;, (resp. F}) is constant on O, then F (resp. F}) is constant on O.

(ii) If Fy (resp. Fy) is strictly increasing on ©, then (F), F;) must have the following functional

form on ©:

Fy(z) = 1-Cy/(x = V,)'™" (1)
Fy(z) = C/(Vo—a)* (2)

where C, and C's are two positive constants. Further, if there exists ¢ > 0 such that F;, (resp.
F) is constant on (inf © — ¢, inf ©) (resp. (sup O, sup © + ¢)), then F; (resp. F}) cannot be
constant on (inf © — ¢, inf O] (resp. [sup ©,sup © + ¢)).

Sincek € (0, 1), each player will face a trade-off between an increasing probability of trade
and a decrease of the terms of trade. If an interval is never chosen by one of the players, there
will be no change in the probability of trade when deviating in the interior of this interval and
therefore the terms of trade will prevail. Applying this argument for both players, it is clear that
both strategies must be either simultaneously strictly increasing or constant. Note finally that if a
particular valuer € (V;,V}) is a best response i, for the buyer, then it must necessarily be a
best response tb, for the seller.

We also derive a functional form for the distributions in any interval where both distributions
are strictly increasing. Equations (1) and (2) show that the strategy of each player is convex in the
terms of trade. Both traders tend to follow “defensive” strategies in that the buyer often bids high
and the seller often asks low. Since more aggressive proposals induce more inefficiencies, the loss
of surplus must be compensated with a higher probability of trade.

It follows also from Lemma 2.1 that there is no absolutely continuous strategy with full sup-
port in (V;, V4). However, an equilibrium may exhibit combinations of mass points and strictly
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increasing distributions following Equations (1) and (2). The next Proposition characterizes the
discontinuities of the distributions.

LEMMA 2.2. If F, (resp. F) is discontinuous at x € (V,V}) then:
(i) Je > 0 such that F; (resp. F}) is constant on (x,z + €) (resp. (v — €, x)).

(ii) If there exists e > 0 such that F (resp. F}) is constant (x — €, z) (resp. (x,x + €)), then F

(resp. F}) is discontinuous at x.

Any discontinuity due to the presence of an atom will imply that the effect from the probability
of trade will always dominate the effect from the terms of trade. If the buyer plays an atom, the
seller will prefer playing the atom to an ask arbitrarily close but above the atom; such strategy
would yield terms of trade arbitrarily close to the atom but a non-marginal loss in the probability
of trade.

PROPOSITION 2.1. Suppose that:

(i) F, and F} are strictly increasing over an open interval © C (Vj,V,), bounded away from the

boundaries.
(ii) Fy and F, have a finite number of discontinuities.

(iii) Fy, and F; admit a probability density function that can be decomposed into an absolutely
continuous function non-zero over a countable union of intervals and a probability mass

function.

Then: (Fy, F) is an equilibrium if and only if there exists (y,7) with V, <y <inf® <sup© <
y <V}, such that, for all x € [y,7),

Fy(x) = 1-((y=Vi)/(x = Vo)™
Fy(z) = (Vo —9)/(Vo—x))*

with () = Fy(x) = 0 forz < y and Fy(z) = Fy(x) = 1 forz > 7.

We characterize a family of distributions that has a unique discontinuity and an uncountable
support. There exists a maximum acceptable threshold for the buyer that is played with non-
zero probability. Any buyer playing this threshold is certain to trade but will pay a high price.
A continuum of lower prices may also be chosen by the buyer, but never lower than a minimum



threshold acceptable for the seller and asked with non-zero probability by thé.delkée context

of financial markets, this strategy may be interpreted as different types of orders. When the trader
chooses the price that prescribes the least surplus, the probability of trade will be maximal but
the terms of trade will be less favorable: such an order can be interpreted as a “market order”
and we show that it is chosen with non-zero probability even in the presence of a continuum of
other trading prices. An order above the threshold can be interpreted as a “limit order” as it may
not be executed with strictly positive probability. The difference between each threshold can be
interpreted as a particular form of bid-ask spreads.

Lemma 2.1 and Proposition 2.1 also provide two simple testable conditions that may be used
to reject complete information, even when the true model may depart slightly from the frame-
work presented here. First, the distributididg, F;) must necessarily be convex in the surplus to
guarantee indifference. Second, under the family of equilibria presented in Proposition 2.1, the
distributions( Fy, F;) may never cross except when they are zero or one.

Along this family of equilibria, the profit of the buyer (resp. seller) is equabo—7)*/(V, —
y)'~F (resp. (y — Vi)' %/(y — Vi)"). We find that the profit of the buyer is decreasing in the
thresholdy corresponding to the maximum acceptable trading price. Here, this effect is not due
to less favorable trading prices but rather to the fact that a high threshold implies that the buyer
has little to lose from small trade inefficiencies, and thus the seller must compensate by inducing a
greater level of inefficiencies. On the other hand, observe that the profit of the buyer is increasing
in the threshold, i.e. choosing values that are more favorable to the seller (at a given maximum
acceptable price) is beneficial. This result may seem counter-intuitive as one may think that a
high value ofy corresponds to low terms of trade for the buyer. In our setting, however, since
inefficiencies are more severe for low bids, the aggregate level of inefficiencies that is necessary to
sustain a particular mixed equilibrium is lower when the support includes low bids for thé’buyer

2.3. Mixed Equilibria with more than one Discontinuity

We will now consider a countable support. The countable case yields a closed-form charac-
terization of the equilibrium distributions and allows us to construct equilibria with uncountable
support. Defind” = (y;)¥,, a countable subset 6¥;, V;), whereN is possibly infinite. Further,

SProposition 2.1 is also a contradiction to Proposition 6 in Broman (1989) since it exhibits an equilibrium distri-
bution for the buyer that can be decomposed into a probability mass function and an absolutely continuous function:
p.161, “Proposition 6. Let p be a probability density function on [0,1] which can be decomposed,iatobabsolutely
continuous function, angs, a probability mass function defined on a §et} (i.e. a step function). Then, there is no
equilibrium in which the buyer plays p as a mixed strategy.”

5This particular example also shows why, without any modification to the mechanism, it may be difficult for two
traders to negociate over the support of their strategies through pre-play communication. The buyer will always wish
to decreasg or increasey, whereas the seller will wish to do the reverse. A strict improvement in the utility of both
traders can be achieved only by considering a simultaneous change in both bounds of the support.
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Y is supposed to have an infimum, and a supremuny, bounded away from the boundaries
We will consider mixed strategies with suppdit
Define agY™)22 ,, an increasing sequence of subsets sluch that™™ hasmin(n, V) distinct

terms ranked in increasing ordéf? = (y7)%_,, and converging td".
Let us define the functions;” and F}* as follows. For all € [1,n — 1], for z € [y, y/'1),

i i =V
Fz) = 1—- — ! — 3)
’ Jli[l kyp + (L= k)yi, — Vi
n—1
Vi =y
F'z) = It 4
‘o = Uy—m = @

with for all z > v, F*(z) = F'(z) = 1 and for allx < 7, F}'(z) = FI(xz) = 0.

PROPOSITION 2.2. For a countable set Y, suppose that (F,*, F*)>° | are constructed following
Equations (3) and (4).

(i) (F}', F?) converges pointwise to a limit (Fy, F) that does not depend on (Y™)5 .

(ii) If F, and F are probability distributions, there exists a unique mixed equilibrium with sup-

portY such that both players are indifferent to all pure strategies in Y. It is given by (Fy, Fy).

We obtain an equilibrium strategy that induces indifference over a countable number of values
as the limit of equilibria with finite supportF;*, F*) do not necessarily converge to a distribution
but, if they do, this distribution is a solution. We also show that in this case, there will be a unique
solution such that traders follow completely mixed strategies Bvelt should also be noted that
the limit of (F;*, F") does not depend on the choice of an approximating sequéfite so that
Proposition 2.2 also yields a numerical method to check if a particular countable set may support
an equilibrium. Note that’(y), and thus the profit of the buyer, is increasing with the bargaining
power (1 — k). This effect should be explained by more favorable terms of trade in the ex-post
trading terms. An increase df — k) reduces the payoff from more aggressive bids and thus
weakens incentives to induce inefficiencies.

There are many equilibria that can be written as a combination of a point mass and an absolutely
continuous function with more than a unique discontinuity. Proposition 2.3 derives a family of such
equilibria where equilibrium distributions have a support that is a countable subset and an interval.

"It is easy to verify that if a player chooses with strictly positive probability a value arbitrarily close to a surplus of
zero, then we must obtain an equilibrium such that this player obtains zero profit.



PROPOSITION 2.3. Consider an interval [0, 0], a strictly increasing (resp. strictly decreasing)

sequence (y.)i2; (resp. (¥;);2;) converging to ¢ (resp. f). There exists a unique equilibrium with
completely mixed strategies over (.)2°, U [0, 0] U ()32, and it is given by:

Z4q

Fori € [1,00), forz € [y, y., ),

k E17V5
Fy(z)= 1- Hi:l Ry, +(1-R)y,, Vs )
_ (Va=0\1—k TT° \ oo Yoy,
Fy(x) = (#_Q) I[:= Vb—kyifl—y(l—k)?i I Vb—kgi—(ljllc)&ﬂ ©)

For: € [2,00), forx € [?w@i_l)’

_ 0—Vs \k 7T Y~ Vs oo Tip1—Vs

Fb(l’) = 1- (5_%) Hz’:l kgi+(1—k)yi+1—vg Hi:k—l kgi+1+-(‘_1l_k)yi_vs (7)

k—1 Vo~
Fy(x) = s bekyiflfy(lfk)@i (8)
(9)
Forz € [0,0),

— 0-Vs\1—k oo gq‘,_VS

Fy(r) = 1— (=) 1%, Ry +(-Rg, Vs (10)
o Vi, —0\k TT00 Vv —7;

Fy(z) = (ﬁ) [T Vb—kyiflfy(lfk)yi (11)

with forz <y, , Fy(v) = Fy(z) = 0 and for x >y, Fy(z) = Fs(x) = 1.

A similar argument as Proposition 2.3 can be used to construct equilibria that admit absolutely
continuous parts on a finite number of disjoint intervals. In this case, the equilibrium admits a
simple expression on the interval, but the equilibrium conditions at the boundary of each interval
require a converging sequence of isolated values in the support. A more surprising fact is that any
such sequence will sustain an equilibrium.

In the following section, we illustrate how to understand problems of coordination in more
general settings. In doing so, we restrict the attention to mixed equilibria over finite sets given that
most countably and uncountably infinite sets can be obtained as the limit of the finite case.

3. EXTENSIONS
3.1. Identification of Complete Information

We investigate now how much information can be recovered from the model using only obser-
vations from bids and asks. In particular, we consider two related questions. Can valuations be
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identified in the class of complete information games? Can a model with asymmetric information
be distinguished from a model with complete information? In other words, we characterize the
identification of the valuations in the class of complete and asymmetric information §ames
Suppose that many observations of the same bargaining setup may be recorded. Let us denote
Y = (y;)!~, afinite grid and we assume that all players have complete information and play each
of its elements with strictly positive probability. The probability that each elemeht isfplayed
by the buyer (resp. seller) is denotgd)?” , (resp. (¢;)!~,). Now, we define a candidate asym-
metric information game. LetVy,b;)7_, (resp. (V7. s;)7_;) be a countable set, whe(&})’_,
(resp. (V{);_,) corresponds to randomly chosen initial valuations @ndl_, (resp. (s;)7_,) the
associated probabilities for the buyer (resp. seller).
The setY” as well as the probability of occurrence of each of its elements will be observed for
a sufficiently large number of observations. If for somelsethere existgV}, V;) such that the
solutions to Proposition 2.2 are also solution to an asymmetric information game where private
valuations are drawn frorﬁ/bj, bj)jzl (resp.(V7, sj)jzl) for the buyer (resp. seller), then a double
auction with complete information will be observationally equivalent to a double auction with
asymmetric information.

PROPOSITION 3.1. Suppose Y is a set with n distinct elements,
(i) (Vp, Vy) is identified if and only if n > 2.

(ii) There exists no (Y, (p;, q;)1,) that is a mixed strategy equilibrium given complete informa-
tion (V;, Vi) and a pure strategy equilibrium given asymmetric information
((V{,VZ,b;,s;))_,) if and only if n > 4.

In Proposition 3.1, we show that the identification of a game of complete information requires
a sufficiently large suppdtt In the extreme case, when the support is a singleton, since playing
this particular value is solution to any valuation, the model does not idefifify;). An obser-
vationally equivalent asymmetric information game can always be constructed $o13. The
equilibrium strategies in the complete information game are constructed so that players will be
indifferent to all values in the support when their valuatioqlig V;). For any different valuation,
by linearity, their optimum will lie at one of the boundariesYof Any value ofY that is neither its
maximum or minimum must be induced by the valuation of the complete information game.

8An alternative procedure is the rejection of the asymmetric information model, as featured in Hollifield, Miller,
and Sandas (2004).

%We do not attempt to solve for the identification of the distributions when the valuations may vary in the cross-
section.
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If both players may follow a mixed strategy in the presence of asymmetric information, the
complete information setting is nested as a special case. In fact, an analogous statement as Propo-
sition 3.1 can be made in this case. For ga@and for anyi, we denotebj. (resp.s;l), the probability
that a buyer (resp. a seller) whose valuatioVjsbids (resp. asks)!. In the next Corollary,
let us denote;" (resp.¢, ) the probability that the valuation is above (resp. below) the complete
information valuation of the buyer ang (resp. €, ), the probability that the valuation is above
(resp. below) the complete information valuation of the seller.

COROLLARY 3.1. Supposen > 4. For any complete information mixed equilibrium (Y, (p;, ¢;)™,),

any observationally equivalent non-degenerate asymmetric information game must satisty:
(i) ¢ + ¢ <1—maxepn_1p; (esp. € +¢€; <1 —maxiepn_1) ¢)-

(i) ¢ <p,<1l—¢, (resp.e; <q1 <1—¢))

(iii) 6 <p1 <1—¢ (resp. e <q, <1—¢;)

Values that are not extrema ®f can be chosen only when a valuation exactly equal to the
complete information game has been drawn. It follows that introducing mixed strategies does
not substantially modify the argument. Valuations different from the valuation that generated the
complete information game will always induce an extremum pure strategy. However, the mixed
equilibrium can now be replicated using a mixed strategy wiida drawn.

3.2. Repeated Trading with Discounting

In the standard model, if the object is not traded, its value is completely lost; in other words, we
do not allow for repeated trading sessions. We suppose now that both traders are patient so that
the value of the item for the buyer (resp. seller) is discounted,lyesp. 3,) after each trading
session. Both discount rat€sre in[0, 1). Next, we assume that whenever trade fails, each trader
is matched to a new trader so that the expected profit at each new occurrence of the game does
not change. Let us deno¥e = (y;)!, a finite subset ofV;, V), with values ranked in increasing
order andp; (resp.g;), the probability thay; is chosen by the buyer (resp. seller).

PROPOSITION 3.2. There is always a unique equilibrium with completely mixed strategies over
Y = {y1, 12}

We consider now the case of a support that includes more than two values.

ONote that for a discount rate equal to unity, since the trader becomes infinitely patient, the equilibrium strategy
must prescribe a support that has a single point and may not be completely mixed.
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LEMMA 3.1. (Y, (pi,q:),) is an equilibrium if and only if:

R g (1 (—1k)(Zg+1 - yi)vﬁ (12)
v Yi + = K)Yir1 — Vs ©
. i k(yi — vi1)
Vl E [27 n]; qu(yi) = ‘/bﬂb _ kyi—l _ (1 _ k)yz (13)

Zpi = ZQi =1
i—1 i—1

where: . 5 5
— Q1P d19%
VP = Vi +
TR0 —q) TR —a)
Vﬂs _ 1 _pnﬁs V. + pnﬁs

3 —1_ﬁ8(1_pn) ’ 1_ﬁ8(1_pN)yn

The equilibrium conditions can no longer be represented as a linear system of equations and
the existence of an equilibrium may now depend on the support of the strategies. The numerator
of Equation (12) remains analogous to the case of one-shot trading. The direct effect of the bar-
gaining power(1 — k) and the grid stefy;.1 — y;) can be separated from the effect of repeated
trading. The denominator reflects the compensation for the inefficiencies due to absence of trade
and are changed by repeated trading. More precisely, the equivalent valuation of thé&ouyer
the repeated game is now modifiedifg® < V4. A new valuationV; arises as a linear combina-
tion of y; andV}, and is always smaller thdr,. The presence of repeated trading reduces (resp.
increases) the valuation of the buyer (resp. seller) in an equivalent one-shot game.

PROPOSITION 3.3. Suppose that (Y, V,, Vs, By, Bs, k) is such that:
(1= B)Vy + Boyn > maxky;—1 + (1 = k)y;

(1 —B5)Vs + By, < minky; + (1 — k)yipa

n

3 k(y; — yj-1)
R0 DY i e ey e e

j=2 J

n—1
k(Y1 — y;)
1-— >0
jz kyj + (1 - k)yj-f—l - (1 - ﬁs)‘/:s - ﬁsyn -

1

there is always an equilibrium with completely mixed strategies overY . Else there existse(k,Y) >
0 such that for 0 < min((y, Bs) < max(0y, Os) < €(k,Y, V}, V;), such that there is an equilibrium
with completely mixed strategies over Y.
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In Proposition 3.3, we propose two conditions that guarantee the existence of an equilibrium
with completely mixed strategies over a given supparihe first condition is global and requires
the lower bound on the equivalent one-shot valuation to be sufficiently high (resp. low) for the
buyer (resp. seller). In general, the first two conditions are easier to verify whenever the support
of Y is away from the extremd, andV,. For excessively unfavorable trading prices, a trader may
prefer to delay trade rather than accept this ptictn the following two equations, this problem
is more severe when trading prices are further apart so that the trader can wait for better trading
prices. The second condition is local and ensures that for a discount rate that is sufficiently low
there will always be an equilibrium.

3.3. Risk Aversion

Mixed strategies also introduce risk in the bargaining process and therefore, risk-aversion may
play an important role in the analysis. Until now, we supposed that both agents value their utility
from transfers linearly, we will now suppose that the seller (resp. the buyer) has a strictly increas-
ing, concave and twice-differenciable utility functiéfiy (resp. U;). We normalizel,(0) = 0
(resp.Us(0) = 0) andU;(0) = 1 (resp.U%(0) = 1). Following these normalizations, the absolute
risk-aversion is captured by the convexity of the utility function.

PROPOSITION 3.4. With risk-averse traders, for any Y, a finite set with n distinct values, there
is a unique equilibrium (Fy, F) with support Y and it is obtained by Equation (3) after relabelling
Y toY, = (y?)", and Equation (4) after Y is relabelled to Y, = (y)"_,, where:

o= Vi—U(Ve— ) (14)
yi = Uslyi — Vi) +V (15)

In the presence of risk-aversion, the perception of the trading values in the gfidrimsubjec-
tive. Mixed equilibria with finite support, as obtained in Proposition 2.2, carry over to risk-aversion
after a transformation of the objective grid to a risk-neutral grid where each agent will behave as
if risk-neutral. It is important to note that in general both subjective grids will be different so that
each agent will appear to be following a mixed strategy for a particular grid.

COROLLARY 3.2. For a given Y, the probability of trade is increasing with risk-aversion.

INumerically, we could find examples such that there is no equilibrium for a given finite suppdwever,
existence seemed to hold in most cases. However, we did not find any example with multiple equilibria. The system
of polynomials always yields solutions but only one of them prescribggdpositive in our simulations; we could not
prove this in general.
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Mixed equilibria exhibit additional sources of inefficiencies as agents bear risk about the occur-
rence of trade and the final trading price. These inefficiencies induce a lower value for favorable but
unlikely trading prices. In equilibrium, the lower comparative advantage of better prices must be
compensated with a greater probability of trade. In this respect, although risk-aversion introduces
inefficiencies due to imperfect insurance, it also dissipates inefficiencies due to trade breakdown.

To finish this section on risk-aversion, note that one can also use the change of variables in
Proposition 3.4 to find equilibria with uncountable supports. Similarly, Equations (1) and (2) can
be adapted to the case of risk-aversion. Consider the differential equatibyi for

Vb
0 = T0(x) = F/(a)Uy(Vi — ) — / ULV — 2)dF(x)

F,(x) will be more convex than in the case of risk-neutrality. Risk-aversion, therefore, is
compatible with greater convexity in the foregone surplus.

3.4. Disappointment Aversion

We will now consider the bargaining setting when agents do no not have expected utility pref-
erences. Although it is widely understood that agents may not always evaluate lotteries according
to expected utility, generalized preferences have rarely been applied to bargaining problems since,
often, the outcome prediction arising from the model is deterministic. In our model, however,
proper consideration of the random nature of the strategy chosen by the other trader is crucial and
thus behavioral biases will affect the trading strategy.

Let us consider the case of disappointment aversion introduced by Gul (1991). Disappointment
aversion can be obtained as a result of violations of the independencetaxiamfinal outcomes
lower than the expected ex-ante outcome of the lottery, the buyer will experience a penalty in-
creasing in the magnitude of the deviation. For simplicity, we assume that only the buyer has such
preferences and the seller is an expected utility maximizer.

Formally, consider a finite lotter§y = ((L;, p;)?,), whereL; is a payoff and; its probability
in the lotteryL. DefineU, the utility obtained for a lottery.. We assume that:

Uy(L) = Zpi(Ub(L» — p(U M (Ty(L)) — Ly)) (16)

whereU, is a utility function that satisfies our earlier assumptions am&la continuous positive
increasing penalty function such that) = 0.

12See Schweinzer (1999) for an axiomatic presentation of different preferences that violate the independence axiom.
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We show now that there is always an equilibrium for a given finite support of the strdfegies
PROPOSITION 3.5. There is always an equilibrium with completely mixed strategies over Y .

Let us denotd/; asUy,(V; — y') and denotdl,, the equilibrium utility obtained by the buyer
Ub(L) wherelL is the lottery over trading prices when the seller plays the equilibrium mixed strat-
egy F,. Observe that for any suppart, the buyer will always be disappointedigt Suppose our
claim does not hold, thefr;’ > II,, but then the equilibrium Equation when bidding would
yield that:U;* > 11, = kU + (1 — k) Z’;:l q;?Ubj. This last inequality would yield a contradiction.

With disappointment aversion, there may be a multiple equilibria for a given support. The
occurrence of multiple solutions can be explained simply. A high profit induces high disappoint-
ment. This effect implies that low bids hurt more. As a result, the seller must follow a strategy
that induces an even higher level of profit for the buyer. Here, disappointment plays a role that is
analogous to risk-aversion. When the gains in profit due to risk-aversion dominate the loss from
disappointment, there may be multiple equilibria: an equilibrium such that the buyer expects dis-
appointment and a high surplus and an equilibrium such that the buyer expects low disappointment
and a lower surplus.

4. CONCLUSION

It is widely believed that trade inefficiencies are evidence of asymmetric information. In this
paper, we analyze the Nash equilibria of the complete information double auction and show that
problems of coordination may also appear whenever traders do not find a particular coordination
rule. As in the existing litterature on complete information bargaining, we try to exhibit the in-
efficiency of this particular mechanism and argue for the role of more sophisticated coordination
devices or intervention in a simple decentralized market. Further, we believe that reputations in
long-term bargaining settings are often used as coordination rules; in this respect, inefficiency
losses arising from coordination failure may also be interpreted as a transaction cost before a rep-
utation has been established.

Many questions are left for further work. What remains identified in the complete information
game whenever valuations are allowed to vary but remain omitted in the data? Is repeated trading
socially beneficial? What is the speed of convergence to an efficient equilibrium when two traders
interact repeatedly and commit to an increasingly favorable sequence of offers? What is the equi-
librium with a discrete support and a large number of buyers and sellers and how does it respond

13This property is due to the assumption of disappointment aversion; in the presence of other preferences that violate
the independence, it may not hold. For example, with weighted utilities, we find that there may be no equilibrium for
a particular finite support with more than two values.

15



to a change in the share of buyers and sellers? What form of learning may or may not induce
convergence to a mixed equilibrium in a population of traders?

APPENDIX

PROOF OF LEMMA 2.1: (i) Suppose théj, is constant o® but there exists € © such that the utility of
the seller is maximized at. Suppose first thak}, is one on©, but then by asking;, the seller obtains zero
profit; this has been excluded previously. Suppose nowRhét different from one or®. Then, by asking
anyz > z such thatr is in ©, the seller would achieve strictly more profit. To show (ii), we integrate by
parts the profit of the seller o8. Let us denotél(x), the profit of the seller when asking

Vb

M(z) = [ {kB+(1—ka - V.}dFy(B)

x

Vb
= (kB +(1— RV~ VO R(B)Y — k / Fy(B)dB

Since the derivative dfl, exists andfwv” F,(B)dB is differenciable F}, must also be differenciable. Taking
the first-order condition ofi; yields that:0 = IT/,(z) = (1 — k)(1 — Fy(z)) — F}(x)(xz — Vs). Equation (1)
follows readily and Equation (2) is analogous. Finally, suppose by contradiction that there exigtsuch
that F; is constant irjx — ¢, z] and strictly increasing ofx, « + ¢]. But atx — ¢/2, the profit of the buyer is
greater than at.

Q.E.D.

PROOF OF LEMMA 2.2: (i) By contradiction, suppose there exists a sequengg_, converging to
y and such thatFs(y,))52 , is strictly decreasing té’s(y) and such thag,, maximizeslI;(y).

Vb
IL(yn) = lm [ (kB + (1~ Ky - V.JaFy(B)

Vi
< [RB 0 by - VAR = ()
)
(ii) is a direct application of Lemma 2.1.

Q.E.D.

PROOF OF PROPOSITION 2.1: Let us prove first that the distributions presented in the Proposition
are an equilibrium; we will prove thdt; constructed by (i) and (ii) makes the buyer indifferent between all
values infy,7]. Notice first that sincé”; has the functional form given in Lemma (2.1), the buyer must be
indifferent between all values ify, 7). Clearly, it is never optimal for the buyer to play outside|gfy].

Let us now prove the “only if” part. It is convenient to exte@dto © defined as the largest open interval
that include such thatF is strictly increasing o® (it is clear this construction is valid here). We argued
earlier thatF; must have at least one discontinuity. Suppose Hdtas more than one discontinuity.
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We provide a sketch of the argument; a more detailed proof is available in a supplemental material
section. (a) Suppose that the limit Bf when x converges from below taip © is different from one. We
claim first thatF, cannot be discontinuoussatp © or F;, would be constant on some neighborhgeeh © —
e,sup ©) (Lemma 2.2). Now, ifF; is continuous atup © and constant on neighborho@dip ©, sup © +¢),
F, must be constant as well on this neighborhood. Consider now the next price that maximizes (since the
number of discontinuities is finite, this price is attained) the profit of the buyer. But now, the buyer can bid
marginally less and achieve a greater profit. If on the other h&ini, never constant on any neighborhood
(sup ©,sup © + ¢), let us choose first this neighborhood sufficiently small so that it will not include any
discontinuities. In this neighborhood; must alternate between intervals where it is strictly increasing
and Qintervals where it is constant (Assumption (iii)). But then, it is clearly optimal for the seller to ask
marginally more than one of the upper boundaries of those intervals. (b) Suppose that the fimittadn
x converges from below teup © is not zero. The contradiction is then analogous to (a) by symmetry.

Cases (a) and (b) show that there must a single discontinuity at the upper (resp. lower) boundary of the
interval © for the buyer (resp. seller).

Q.E.D.

PROOF OF PROPOSITION 2.2: (i) First, we prove the pointwise convergengg oChoosey € Y.
Denote;” (y) = max(j/y; < y). We can writeF}'(y) as:
3" () n
yi — Vs
Fy)=1- TR
’ jI;[l kyi + (1- k)yj+1 - Vs

Defineg” such that:Y"*! = Y™ u {§"}. There are four possible cases; we will show that for a giyen
Fy'(y) is increasing and since it is bounded, must converge.
Case L.y, < §" Then:F;""(y) = F'(y).

i™(y)
Case 2: y;?n(y) <yt < y?n( Then:

y)+1
L—F M (y) B + (1= B0 — Vi

1- Fgl(y) ky]nn(y) + (1 - k)gn — Vs

>1

Case 3:There exists < j,(y) — 1 such thaty < 7 <y, ;. Then:

L) g k(L= B)(7" — 97 Y — ") )51
1 - Fp(y) (kyp + (1 = k)" — Vi) (kg™ + (1 = k)yp g — Vi)
Case 4:y < yi'. Then:
1— 1— k)G —
bn(y)=(1+ 1=k nyl) 1> 1
1—F'(y) kym+ (1= k)yp = Vs
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(ii) The rest of the proof proceeds in three parts: (a) we argue that the Proposition hold¥ ugamite,
(b) the limit distributionF; makes the buyer indifferent between all value§9fc) the solution is unique.

(a) To show this, we show that" is the (unique) equilibrium distribution with finite suppaft’. This
step is essentially a reformulation of Broman (1989) (Proposition 1, p.140)I1} elenote the optimal
profit of the buyer. Equilibrium conditions for the buyer correspond to the following systefn ef1)
linear equations irin + 1) unknowns:

Vo—yt 0 ... 0 -1 qr 0
. =
m; j Vo —yp -1 an 0
1 1 0 IT;

wherem; ; = Vi, — ky;! — (1 — k)y}. DenoteM,, 1 this (n + 1) x (n + 1) matrix.
There is a unique solution that is given by, foralk k£ <n — 1,

L= k)P =y ) IS (V% =y
T2 (Ve — ky? — (1= k)yly)

q =

andgy =1 — """, ¢®*. Summing these probabilities, the optimal stratégyollows.
(b) DefineM, a continuous operator defined from the set of all probability distributions[®veV;] to
RN as follows:

[e.e]

mer) = (| - 1 He)ir(a)

i=1
Suppose now that the sequence of distributidii%) is constructed as in Equations (3) and (4) and converges
to a distributionFy. Thus:lim M (F?") = M(Fj).

M(FS) = (TyseynTTy + (1 = Ly gy n) I (4:))Z4

where: 117 = (V, — ) [T, Vb_ky‘;’:z’fi)yﬂl andIT} (y;) is some value if0, IT}).

But for anyy; € Y, there exists & such that for any’ > n, y; isin Y™': therefore, in the limit M (F)
has all its components equallify, wherell, is the limit of IT}.

(c) The euclidian space is endowed with thie—-norm. To show uniqueness, we argue first that for any
matrix M, 1 constituted from choosing a finite number of valgg®)™_, of Y, denotingM ™! its inverse,
then for each row, » . |Mi’fj“\ can be bounded from above by a finite value that does not dépend
(g™, orn. Let us denote this bound @& Then, the norm of all eigenvalues df"*! must be bounded

by R (this is a trivial implication of Gershgorin Circle Theorem).

This claim is checked by writing in closed form the expressioMstt!; the complete expression is provided in
the supplemental section.
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DenoteZj = {0,...,0,1},a(n+1) x 1 column vector with only zeros but for the last component, and
Xg,a(n+1) x 1 column vector where the firstcomponents correspond to the completely mixed solution
over (§7)"_, and the(n + 1)** component is the profit achieved in equilibrium. Théfp = M+ zZn
(for notational simplicity, we do not explicitly indeX? and M™+! by the current support when there is no
possible confusion). Consider another set of vectdfsZ) such thatX = M™*!Z. Writing the singular
value decomposition af/"+1: M+ = UDV’, whereU andV' are unitary matrices anf is zero but for
the singular values af/™*! on the diagonal. ThenX} — X = UDV'(Z, — Z). Necessarily then, for any
n>0,{M""y/y € B(Zy,n)} C B(X{, Rn), whereZ, = (0,...,0,1)". In other words, if a distribution
nearly satisfies the equilibrium Equations, then it must be arbitrarily close to the solutidti of.

We prove first that the limit distributiods does not depend on the choice of the $&f§). Suppose
by contradiction that there exists a valid sequence of @ét$ such that the corresponding sequerite
converges td"; and there exists, such thatFs(zg) # Fs(zo). Let us denotél! (x) (or I} when there is
no ambiguity), the profit to the buyer biddingwhen the seller follows". For anye > 0, there existsy
such that for any)’ andn” greater thamy:

1|0, (2) = T*| < ¢ foranya € Y5 2. |F' (wo) — " (wo)| > |Fy(wo) — Fy(wo)|/2

S

Let us considen; defined as an integer greater thanand sufficiently large so that™ c Y. Consider
the distributionF™* and select the vectd) = (Gi, ..., 4ny,0)’, Whereg; is the probability (inF7') that
the seller plays thé” value of Y. DenoteM™"! the matrix associated to the suppdit' and X, =
M™1Zp. Then, (from 1.) M, 1Q € B(Xo,¢)} thereforeX € B(X}, R ¢). Choosinge = |Fy(zq) —
Fy(w0)|/(4R), X € B(XE, |Fs(x0)—Fs(0)|/4). NecessarilyF (zg) —E70 (20)| < |Fs(z0)—Fs(w0)|/2
which is a contradiction to 2. .

Then, we show that any other distribution that makes the buyer indifferent (even if it cannot be obtained
as a limit of (F!')) must be equal tds. Consider now an equilibrium distributiah that yieldsﬂg’ to the
buyer. And denotd'© a step function with steps ovéyf)i]i(f) chosen inY” and that converges 6@ when
€ goes to zero. Then, for any > 0, there exists > 0 such that for alll < ¢ < ¢, forally; € Y,
T (y;) — TI¥'| < m and|Ff(y;) — G(y;)| < 1. Considering the matriaZ" <! associated to the steps of
F< and denoting™* = (I (y§) — 11’ ... 11" () — 11§, 1)/, we know that™* € B(Z'"), 1), thus
(g5, ... ,q%(e),ﬂf)’ € B(HN(E)HZ(J)V(E), Rn), whereg; is the probability that¢ assigns to its ith term.
Therefore the limit of thé"¢ must beF, and thusZ and F; must coincide.

Q.E.D.

PROOF OF PROPOSITION 2.3: First, let us defipg)°,, a sequence dense[th #]. To construct an
equilibrium, consider a sequence of setg,);";, (¥i)i=1, (¥;)i=1)n=1, Such tha,), is increasing and
(9;)7_, is decreasing.

First, Equation (8) is immediate and characterizes the distributioaver (6,%,]. Consider now the
interval[g, §]. For anyy in this interval, we define as befojé(y) = max(j/y; < y). The finite difference
derivative of F* at I (x, n) will be:
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Fe W1 — B Whny) _ RE (W)
Yin)+1 ~ Yin(y) Vo = Yjn ()1

Taking the limit over this equation yields a differential equations of the same functional form as in
Lemma 2.1:F,(x) = Cy/(V;, — x)¥. Equations (11) and (6) follow readily (up to a constant). We now need
to verify that the limit function is a distribution.

To ensure continuity &, the constant must be chosen:

_ k
HVb k‘yz

ReinjectingC; into Fs(x), we obtain Equation (11). Solving fdrs(8) and reinjecting, Equation (6) fol-
lows. To conclude, it is necessary to verify tHat(0) is not zero (or else the limit function will not be a
distribution). To do so, we write:

k)yi—i-l

Zln Vb

kyz+1 ( —k)y; )

Vi . A _ — _
A Taylor expansion yields thatt(y— b(f”k)ym) = éb,%(yi —Gir1) +0(U; — Yip1)-
But the right-hand side term corresponds to a convergent series therefore the initial series must also be

convergent. This argument shows that any sequengg ; can be used to sustain an equilibrium.
Q.E.D.

PROOF OF PROPOSITION 3.1: (i) # = 1, biddingy! is always a best response for the buyer for all
V4. Conversely, suppose that> 2, then from Proposition 2.2:

Fs(yn-1)/Fs(yn) = Vo —u5)/ (Vo — kypy — (1 = K)yy)

This expression yields thaVy, = yy + kFs(y;_1)(vn — yn—1)/(Fs(yn) — Fs(yn_1))-

(i) The case whem = 1 is obvious. Suppose that a distribution is given by Proposition 2.2 and is
such thatn = 2. DenoteV}, the valuation given by the previous Equation. Observe that with complete
informationII;(z) is linear inV;, with slope Fs(x). Therefore, with asymmetric information,\h‘bj >V
(resp.V})j < V), the optimum for the buyer will bg’ (resp.yt). Therefore, giverF, the support of a pure
strategy with asymmetric information may have at most three point. Conversely, noticenthat ¥, we
can choose the following asymmetric information gavig:= V;,/2 with probabilityb; = F,(y3);Vi2 = V,
with probabilityb, = Fy,(y3) — Fy(y?);V;® = 3V;,/2 with probabilitybs = 1 — F;(y3).

Q.E.D.

PROOF OF COROLLARY 3.1: As in Proposition 3.1, dendfethe unique solution to the complete
information game. Denofg —2, the sef” when excluding its maximum and minimum. Then, value¥ ir?

20



must necessarily be played when a valuatiolos drawn in the asymmetric information game. Let us first
consider an asymmetric information game with only three possible valuations. The asymmetric information
game must be constructed as follows.

(i) V! <V, V2 =V,andV? >V,

(i) b1 =¢,, b5 =bl =1,b3=¢
(i) bo=1—¢ —¢ ,bb=p/(1—¢ —¢) Vi e [2,n—1]
(V) B = (o — )/ (1= — )b = (1 — )/ = — ;)

The restrictions follow from the fact that probabilities must lie[inl]. The same argument is extended
easily when more than three different valuations can be drawn.

Q.E.D.

PROOF OF PROPOSITION 3.2: (i) Consider first the case whea {y;, y2}. Solving Equations (12)
and (13), we obtain two possible solutions:

4, = (@ VD)) 2y — ) (1 - k)B)
G = @+ VA)/(2(y2 — y1)(1 — K)B))

where:

= (k+B—=kB)(y2 —y1) + (1= 5) (Vo — 12)
= dy2—y1)(1 = k)kBp +Q
= V(1= By) +y2(—1+k+EBy) +y1(—k + By — kBp)

o b

First, we show existence. Notice first t@qtcannot be zero whefy, € (0, 1) and from Proposition 2.2,
it is non-zero whert, = 0. By continuity,g1 > 0for0 < 5, < 1. Next,

1—q, = (=Q+VA)/(2(y2 — y1)(1 — k)3)
This term is also positive sinc& dominates). Second, we show uniqueness.
1= = (-Q = VD)/(2(y2 — y1)(1 = k) )

From similar arguments, this term is negative.

Q.E.D.
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PROOF OF LEMMA 3.1¥i € [1,n],

I = qu(% —kyi — (1= k)y;) + (1 — Fs(y:)) Bl
j=1

First-differencing and rearranging; € [2,n],

_ kFs(yi)(yi — yi1)
Vo — (1 = k)yi — kyi—1 — Bplly

My =g (Ve —y1)/(1 = (1 —q1)Bs)

qi

Substitutingll, yields the result.

Q.E.D.

PROOF OF PROPOSITION 3.3: Suppose that Y has nterms. Let us consider the transfofifedion
A"~ (the (n-1)-dimensional simplex) t&" defined as follows, for a give® = (q1,...,q.), T(Q)1 =
1-3",q andVi € [2,n],

kY 4i(yi — yic1)
VP — (kyio1 + (1= k)y;)

7(Q)i =

Note first thatVbﬁb > (1 — By)Vy + Bpy1. Then, under the Assumptions of the Proposition, for all
i€[2,n],7(Q); >0and7(Q); > 0. Therefore:7 (Q) € A", Further,7 is also continuous therefore
by Brouwer’s fixed point theoren?, has a fixed point and by Lemma 12, this fixed point is a solution.

Let us defineT as, for allQ, 7(Q) = Q — T(Q). To show the second part of the claim, we apply
the implicit function theorem o™ at a neighborhood of3,, 3;) = (0,0). To verify the existence of a
solution on some neighborhodds, 35) € [0, (k, Y))?, we need to show that the matiX,7 is invertible
at(qi,...,q;) (given by Equation (4)) an@3, 5s) = (0,0). This matrix is denoted/ with components
(Mi.3)i -

M ; = 1 Forl <j<n
YA —k(yi—yi—1) . .
Mi; = Vo—kyi—1—(1-k)y; Forl<j<i<n
T — Vo—yi .

M'L,z - Vb—kyi—b1—(1—k)yi For2 § (3 S n

M; ;= 0 For2<i<j<n

_ ~ —1 Vo—kyi—(1-K)y;
Then: DetM) = [ &;_kym_(l—k); > 0.

Q.E.D.
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PROOF OF PROPOSITION 3.4: Writing the equilibrium conditions for the buyer:

U(Vo—v1) 0 ... 0 -1 T 0
; —
mi Up(Vo —yn) —1 In 0
1 1 o)\

wherem; ; = kUy(Vy, — y;) + (1 — k)Up(Vp, — y;). Therefore, defining® = Vj, — U, (V;, — vi), the result is
an application of Proposition 2.2.

Q.E.D.

PROOF OF COROLLARY 3.2: Suppose that € [Vs, V], —Uyj (z) > —U, (). Under the normal-
ization U} (0) = U,(0) = 1, the utility functionU corresponds to greater absolute risk-aversion fhan
Necessarily:

_ Uy(Vy — y’”i) < Up(Vo — yit1)
KUy (Vo —yi) + (1= k)Us (Vo — yit1)  kU(Vo — vi) + (1 = B)U (Vi — yit1)

Then necessarilyi's(y;) < F,(y;) for all k < n, whereF (resp. F,) corresponds to the mixed strategy
associated t&/;, (resp.F,).

Q.E.D.

PROOF OF PROPOSITION 3.5: To show existence, consider the following transforrdatibnll) =
II*, wherellI* is the profit that is achieved by the buyer with an expected utility defined such that:

Us(z) = Up(z) — p(Uy ' (I1) — 2)

We will define this transformation o/, (0) — p(Up(Vs, — 97')), Up(Vs — y1)]. It must also necessarily have
values on this interval. A fixed point @ is an equilibrium for the disappointment aversion case. Now,
from Proposition 3.4D must be continuous. Applying Brouwer’s fixed point theorem, the result follows.

Q.E.D.
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