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Abstract

This paper investigates the design of a long-term compensation contract between a princi-
pal and an agent in the presence of career concerns and moral hazard. Specifically, the output
history must be interpreted simultaneously as a signal on the productivity of the partnership
and on the action choices of the agent. | consider a stationary formulation of the problem where
in addition to the continuation utility, the beliefs of the principadthe agent are used as state
variables. A deviation from equilibrium action choices will trigger an incorrect update of the
prior of the principal. The continuation utility will correspond to the maximum feasible utility
for a given belief of the agent and given that the principal implements a contract based on a
possibly wrong prior. The model unifies the existing literature on agency theory and learning.

(JEL: D31, D80, D82)

(Keywords: Dynamic Agency; Learning; Mechanism Design)

The design of a compensation arrangement between a principal and an agent requires a careful
examination of the contractual imperfections that may impair efficient risk-sharing. This problem
produced two families of models that explain why observed compensation patterns may feature
a combination of performance pay, turnover and insurance. The first family, known as matching
or learning, postulates that the productivity of the agent is unknown and must be inferred from
the output history (Jovanovic 1979). The second family, known as agency theory, assumes that
the input of the agent to the production process is unobservable (HoIm4t979) and proper
diligence must be elicited through an output-contingent contract. This paper intends to unify both
"standard” models into a general framework that incorporates both learning and agency.
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bertomeu@cmu.edu. Many thanks to Steve Spear and Rick Green for valuable advice. This research was supported
by a grant from the William Larimer Mellon fellowship.
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Considered in isolation, both families exhibit several limitations. Learning often relies on short-
term contracts or asymmetric commitments. These restrictions may seem at odds with common
practice. For example, executive compensation exhibits many medium to long-term compensation
arrangements such as stock options, retirement benefits, forgivable loans, non-monetary benefits
and long-term bonus plans (Murphy 1999). In the context of venture finance, structured loans can
mention events that trigger early repayments or changes in the interest rate. At the employee level,
firm-specific data exhibits substantial wage variations in real terms (Baker, Gibbs, and aimstr
1994) although the firm should offer downward rigid contracts if unilateral commitments are pos-
sible (Harris and Holmsfrm 1982). In response, agency explains why perfect insurance may not
be achieved even in the case of unrestricted commitments. However, the theory of turnover that
it proposes bears little ressemblance with the real world. In a model of agency, personal wealth
is by construction the sole determinant of terminations. When wealth is too low, the ability of the
principal to punish the agent is reduced and when wealth is too high, the cost of diligence is too
high relative to the marginal benefit of compensation (Spear and Wang 2005). A model with moral
hazard and learning reconciles performance-pay and terminations with long-term contracts. It also
conveys a more realistic set of assumptions for almost any situation involving a contract between
a principal and an agent.

The analysis of a contract that jointly considers learning and moral hazard is much more than the
sum of its parts. Career concerns raise the attractiveness of diligence because they induce more fa-
vorable updates and higher future compensation. The feedback from current performance is known
as implicit incentives. A large body of empirical research reports evidence of career concerns in
various economic settings: top-executive compensation (Boschen and Smith 1995, Brickley, Coles,
and Linck 1999); fund management (Chevalier and Ellison 1999); temporary labor (Engellandt and
Riphahn 2005); broker reports (Hong and Kubik 2003). Career concerns also alter the design of a
contract that implements particular action choices. Off-equilibrium paths, where the continuation
payoff determines whether a given set of actions is incentive-compatible, cannot be represented as
a subproblem where the principal and the agent have symmetric information about productivity.
Conditional on a deviation from the prescribed actions, the principal will misinterpret output as a
signal on productivity given equilibrium actions. The future beliefs of the principal will misrepre-
sent the continuation utility of the agent as well as future action choices. The optimal contract must
successfully provide incentives given that implicit incentives may be partial substitutes to explicit
incentives but may also induce the agent to disrupt the learning process.

The seminal contribution to the analysis of learning and agency is H@mgt999). He exam-
ines the provision of effort under the constraint that the principal may not offer output-contingent
contracts. Career concerns will typically produce effort levels inferior to the optimum in a com-



plete information context. Although it strongly suggests that adopting output-contingent contracts
may induce preferable outcomes, the paper does not offer an analysis of compensation packages in
the presence of output-contingent pay. Gibbons and Murphy (1992) propose an analysis of the op-
timal contract given short-term contracts and linear performance pay. The authors show that career
concerns are partial substitutes for performance pay. Related work on problems of career concerns
with moral hazard include Hirao (1993), Bergemann and Hege (1998) and Bertomeu (2004). In
various settings, these papers show that output-contingent pay may be weakened, or even vanish,
in the presence of career concerns. The paper is also related to Fernandes and Phelan (2000) and
Aysegul and Mukoyama (2005) who examine a multi-period moral hazard contract with persis-
tent shocks and action choices. As in a model with learning, deviations from equilibrium in such
models will break down common knowledge.

This paper considers a general model of learning and moral hazard and shows that it can be
simplified to a tractable recursive problem. The reduction is applied in three steps. Section 1
presents the history-dependent problem and derives the existence of an optimal contract. Section
2, considers the reduction of the original to a dual static variational problem. In section 3, | show
that this recursive formulation can be restated as a contraction.

History-Dependent Problem

The model closely follows the exposition of the dynamic model of agency in Spear and Srivas-
tava (1987). The model of career concerns, where both the agent and the principal are uncertain
about the current productivity, is nested in the framework of repeated agency.

Time is discrete, indexed by t=1,2,... Production is achieved through the partnership of a prin-
cipal and an agent whose actions are not observable. The output of the partnership is a random
outcome whose distribution is unknown, possibly time-varying and depends on the action of the
agent. The action of the agent at time t is deneied A, whereA = [a, a] is a bounded interval.

The output at time t is denoteg. At each period, the principal offers a contingent compensation
to the agent;. The remaining share of the outpyt— I; corresponds to the compensation of the
principal. Letd; denote an indicator variable corresponding to the occupation choice, equal to one
if the partnership has not been terminated yet at da¥Wheneverd, is zero, output will be zero

for all future periods. Let, = {1, ..., 4} denote a history of outputs until time t. df is one,

the current action choicg, a sequence of Bayesian updates computed fromand the previous
action choices yield a current prior of the agéhty;|a;, oy_1, {a1, ..., a;_1}).

At each period, the agent consumesnd saved; — ¢;. The wealth of the agent at timeis
denoted:;.



At time t, conditional on a realization af;, the instantaneous utility of the agent is denoted
H(ey, a4, dy), defined for any feasible action, any positive consumption and any occupation choice.
Future consumption is discounted at rgteH is assumed to be separabledin H(c;, a;, d;) =
h(ct,ar) + (1 — di)ho, Whereh(c, a;) is a continuous function, strictly increasing and concave in
¢, strictly decreasing im; and normalized té.(1,a) = 0. Further, | assume thd > 0 so that
the minimum level of utility for the agent is zero. The agent and the principal have perfect access
to capital markets where savings and borrowings bear an interegt rate)) /. The principal is
a firm maximizing the net present value of its contract; it is risk-neutral and discounts the future at
ratea, where) < g < a < 1.

The following timing is considered. At time 1, the true productivity of the partnership is un-
known. The principal and the agent share a common prior. The agent chooses amaatioin
the outputy, is realized from the distributio’(y|a, ), the distribution of output conditional on a
the initial prior and an action choieg. Then, the agent is compensatey; ) and chooses a con-
sumptionc;. The remaining share is added to the wealth of the agent sesthatz; + I; —¢1)/a.

At time 2, the principal and the agent decide whether to continue their partnership apdEestn
the agent chooses an actien The outputy, is realized from the distributiof’(y|as, y1, a1), the
new prior of the agent is updated using the information ffgma;) and conditional on actioa,.
The agent is compensatédy,, y2) and chooses,. The game is extended to the following periods
in the same manner.

At each date, the set of possible pridr$y;|a;, o;_1,{a1,...,a;_1}), is restricted to a family
of distributions indexed by two reéavariablesF (y|p;, ;) and such that all priors have a common
supportS. | assume that fou, > p;, the distributionF(y|p}, [;) first-order stochastically dominates
F(y|ps, ;). This parameter is decomposed into= p(a;, m;), wherep, > 0 andp,, > 0 and
m, (resp. [;) take values irt,, (resp. €;). The variablem; represents the current update on
the productivity of the partnership. In the model, two different reasons may account for high
output. First, better skill corresponds to higher priors and raise the output level. Second, more
effort increases output for a given prior. The functipriranslates a given output and a given
prior into the distribution of output. Assume that for afyy, a;), there exist®(y;, a;) such that
p(0(ys, ar), ar) = ys; (e, ay) is the prior corresponding to a particular output signaonsidering
that an action; has been chosen.

The problem will be solved and analyzed for any possible starting priof) € (€2,,,, ;). |
assume that as long as the partnership continues the Bayesian update can be written recursively.

1This assumption is made for notational tractability; it can be shown that the framework presented here carries over
to a larger number of state variables. As we show later, this presentation is chosen to nest various commonly used
learning models.



M1 = M, 0(ys, ar), 1) (1)
b1 = L(L) (2
Let M satisfyM,, > 0, My > 0, M,,, < 0 and My, > 0, except possibly at the boundaries of

Q., and(; if they are attained with zero probability, and assume that an increasing function.
Both updating functions are assumed to yield values in their respective domain space. The pro-
ductivity update is the combination of the previous prior and the new signal disentangled from the
action choice. The second varialbl@epresents the speed of adjustement of the prior to new infor-
mation. | assume that the speed of information acquisition is a deterministic process independent
of the output sequence. Lefy; a, m, ) denote the probability distributioR' (y|p(a, m),1).

The model nests various cases of learning previously studied in the literature. Suppose for
example thay|p, [ follows a normal distribution with meamand precisior. If p(m,a) = m +a
andM(m,0,1) = (Im + h0)/(l + h.), whereh, > 0, the model corresponds to the usual normal
learning model presented in Holm&tn (1999). If£(I) = [ + h., the partnership learns on a
constant productivity parameter from noisy observations with precisiorin the more general
case wher&(l) = hs(l + h.)/(hs + L + h.), wherehs; > 0, the productivity follows a random
walk whose innovations have a precision Similarly, the model can be adapted to the case when
the output process may take only two values. Suppose nowthaf0, 1} andy|p, ! follows a
Bernoulli random variable with mean Next, setp(m, a) = ma , M(m,0,1) = (ml+0)/(l + 0)
and£(l) = [ + 1. Assume thaf2,, = [0,1]. In the special case wher¢ = {1}, the model
corresponds to pure learning from a Beta prior studied in Bertomeu (2004). Using the framework
developped here, the model can be generalized to theAasé), 1].

We now describe a contract. DendtE a,c,z,d} = {I(0y),a(0y_1),c(01), 2(0¢-1),d(0r—1)}

a sequence of output-contingent compensation, action, consumption and terminatior?cigsices
each date, the decision depends only on current information and not on the actions chosen by the
agent. Letr(o,.,; 04, a, m, [) denote the probability distribution of ., giveno, for an initial prior

(m, 1). The distributionr(oy; a, m, ) denotes the probability distribution ef at time 1.

. dr(osr; 00, a,m, 1) = AT (Yrgr; Qoyr, Miyr, liyr )AT (011w 15 0, @, M, 1) (3
with:

dr(os1;00,a,m,l) = dm(ye; ar, my, 1) (4)

Myyr = M(mtw—h 9(?Jt+7—1, at+7-—1)7 lt+7—1) (5)

liyr = L(lr-1) (6)

2In short-hand, the variables are indexed by(tr;) = I, a(o;_1) = at, c(or) = ¢t 2(0¢—1) = 2, d(oy—1) = dy.
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For a particular initial priom, ) and a positive constafmt’, the optimal contract is defined as
a solution to the following problem.

(Pr) maxz ot /{d(at_l)yt — I(oy) Ydr(oy;@,m, 1)

t=1

st (5), (6)

S0 [ Hiclow. alorr).d(o)dn(oriam. D) = W 7)
and: v_at
d(oy) € {0,d(04—1)} (8)

ac a’rgInaXZﬁT_l/H(C(O-t-ﬂ')vd(o-t-ﬁ'—l)vd(o-t-i-T—l))dﬂ-(o-t-i-T;O-taé»mv ) (9)
a =1

lim ﬁt/z(atl)dﬂ(at;a,m, [)=0 (20)

t—o00

Although the model allows for returns from experience, for exampletiincludes a trend, |
assume that growth that may originate from experience is bounded by the interest rate on capital
markets. The following sufficient condition guarantees that the net present value of the project
remains finite. For any, for any(m, 1),

Zozt_l /max(ho, y)dm(oy; a,m, 1) is finite.

t=1
The Pareto frontier is obtained as the set of contracts that maximize the utility of the principal

under constraints (5), (6), (7), (8), (9) and (10). The productivity of the partnership is updated at
each period according to the updating rule (5) and (6). Equation (8) prescribes permanent termi-
nations. | assume that learning stops whenever the partnership is not operating. Therefore, once
termination occurs once, the prior will remain fixed and thus the termination decision will remain
optimal for all future periods. Equation (7) is an individual rationality constraint. The lifetime
utility of the agent must be greater than a lifetime reservation Equation (9) is the incentive-
compatibility constraint. The action sequerc@nnounced to the principal must maximize the
utility of the agent so that truth-telling remains a best response for all possible output histories.
Equation (10) is a transversality condition. The future debt of the agent must have a zero net
present value.

In the next Lemma, | show that in the case of long-term contracts present&g)inthe model
can be simplified by ignoring the consumption and savings choices. The principal will integrate
the consumption and savings choices to the compensation contract.



Lemma 1. Suppose that {1, a, c,z,d} is optimal and define I' such that I] = ¢; — z; and fort > 1,
I} = ¢; and z; = 0. Then, the contract {I', a, c,z’, d} is also optimal.

Following Lemma 1, | will ignore the consumption and savings choices in the determination of
the long-term contract. An optimal long-term contract will be defined as a seqy&ncksuch
that wealth remains zero and the agent consumes the compensation at each period. Payments after
a termination correspond to pure consumption and savings choices of the agent. Alternatively,
the agent will be offered a parachute or retirement payment equal to the net present value of the
consumption stream.

In the standard formulation of dynamic agency, the same incentive problem is repeated over sev-
eral periods. After a single deviation, the contracting problem is analogous to the initial problem,
in that it can be formulated as a problem of the fqrRy ). Off-equilibrium branches following a
deviation from the prescribed action path will be analogous to branches on the equilibrium. This
property has two consequences. First, the contfhet} proposed by the principal will remain
on the Pareto frontier. Second, the truth-telling strategy will remain optimal even if the agent
deviated once. The argument breaks down in the presence of learning. Following a deviation at
date t froma to a, the incentive mechanism in Equation (9) will be designed for the distributions
{dn(oy1r;00,a,mq,11)} and not{dm (o .; 04, a,mq,1;)}. Further, since off-equilibrium actions
are not anticipated by the principal, the evaluation of the continuation utility of the agent may
be biased. The new subproblem characterizing the off-equilibrium branches will be a contracting
choice between the principal and the agent given that the agent has superior information on the
distribution of output.

ForW € R, let V(W,m, I, e) be the set of all feasible expected utilities of the principal when
W is promised to the agent and the initial prior(is, [) whene = 1, whereas the partnership is
closed at time 1 whea = 0.

V(W,m,l,e) ={V € R|F{I,a,d} s.t. (5)-(9) are verified and, < e}

The following Proposition guarantees that an optimal contract exists.

Proposition 1. If 3] s.t. H(I,a,0) > W (1 — (), then there exists a solution to (Pp).

Before stating the recursive problem, it will be useful to introduce an accessory function to
measure the utility of the agent off the equilibrium path. Suppose that the current prior of the
principal is (m,[) and fixv € V(W,m,l,e), a lifetime utility level for the principal. Denote
{I*,a* d*} the optimal policy in(P;,) that yields a utilityv to the principal, under the constraint



thatd; < e. Consider the problem of finding the maximum utility that can be achieved by the
agent given that the true prior (s, /) and the principal implementd*, a*, d*}.

(P) max Y0 [ H0),6000).dlor)dn(on & ) (11)
t=1
Define the following set:
W(v,m,m,l,e) =

o0

fweR| 3 astw=Y p" / H(I*(0v), @(0v), d*(00-1))dm (04 &, 17, 1)}
t=1
W (v,m,m, 1, e) represents the set of utilities that can be attained by the agent given that the

prior of the principal igm, ) but the prior of the agent ign, [).

The next Corollary will be stated only for a set of statesn, m, [, ¢) that can be attained with
non-zero probability starting from the original problém,, [;, ;). In the problem at hand, any
set that can be attained with zero probability is irrelevant for the purpose of the analysis.

Corollary 1. There exists a solution to (Py).

The optimum of(P,) is denoted/*(v, m, 7, 1, ¢). Note that the special cagé (v, m,m, [, e)
is the optimum of P,,).

Reduction to a Stationary Problem

The history-dependent will be rewritten in terms of the stationary analogue of the dual problem.
The constraints (5)-(10) must first be adapted to the stationary analogue for the dual of the history-
dependent problem. Suppose that at a certaintl#bte principal expects a continuation utility
the current prior of the principal (3n, /), the current prior of the agent(s:, /) and the status of the
partnership is an indicator variableequal to one if the partnership has not been terminated. The
state variables of the stationary problem arem,m, [, ¢). Denoted(v, m, 1, e), the employment
decision at date.

d(v,m,l,e) € {0,¢} (12)
Equation (12) correspond to the analogue of Equation (8). If termination has occurred prior
to the current period, then the partnership cannot be operated. Demote, m, [, e), the action

chosen by the agent. The principal will assume common knowledge of both distributions and thus
anticipate a choice(v, m,m,l,e).



m' = M(m,0(y,a(v,m,m,l e)),I) (13)
' = L£() (14)
The updates of the principal are stated in Equations (13) and (14), \Wwhé&r#) is the new prior
of the principal. In Equation (13), the update will follow the current prioland the anticipated
action choicew(v, m, m, [, e). They allow the principal to modify the optimal contract to track vari-
ations in the productivity of the partnership. In comparison, the agent will update the distribution
with respect to the correct action choice, m, m, [, ¢) and the correct priof.

m' = M(m, 0(y,a(v,m,m,le)),1) (15)
Equation (15) states the updating rule for the agent, whéiie the new prior of the agent. The
recursive structure of the problem must make sure to be internally consistent in that the principal

obtains the level of utilityy prescribed as a state variable. This condition is also known as the
promise-keeping constraint. Dendt@, m, [, y, ¢), the contingent compensation of the agent.

/{d(v, m,l,e)y — I(v,m,l,y,e)+ BV (v,m,l,y,d(v,m,l,e))}dr(y;a’,m,1) > v (16)

where:a’ = a(v,m, m,l,e).

The promise-keeping constraint is stated in Equation (16). Note that the utility promised to
the principal is measured here with respect to the equilibrium prior. The principal needs only
believe that the promise-keeping is satisfied although it may not be off equilibrium. The contract
chosen by the principal must be a solution to the optimal contract given common knowledge of
the distribution of output. Similarly, the action anticipated by the principal must a best response
to a problem with common knowledge. Nekt(v, m, m, ¢) will denote the maximum utility that
can be achieved by the agent for a set of states:, m, ). Define alsd/ (v, m, [, y, ), the utility
received by the principal when, after a statem, m, [, e), outputy has been observed; is the
continuation utility of the principal and corresponds to future payments. For a particular contract
{V,I,a,d}, define the following function:

UV, 1,a,d;v,m,m,le) =

/{H(I(v, m,l,y,e),a,dv,m,l,e)) + pU(v,m',m dv,m,l,e))}dr(y;a,m,l)



where: a= a(v,m,m,l,e)
m' = M(m,0(y,a(v,m,m,l,e))),I)
m = M(m,0(y,a(v,m,m,l e))),I)
U(V,I,a,d;v,m,m,l) is the utility achieved by the agent given a contrélt/, a,d), for a
given set of stateg, m, m, [).
vV o (vymm,l e a(vmml e €argmaxU(V,I a,d;v,m m,l e) @an
The temporary incentive-compatibility constraint (17) is written with respect to the beliefs of the
principal. It states that the action path announced by the agent must also maximize the utility of
the agent in the absence of the promise-keeping constraint of the principal; that is, it must coincide
with the choices of the agent for any possible states. Incentive-compatibility takes into account

the profit that can be achieved when the agent deviates to a different action profile and common
knowledge breaks down.

Vo (v,mml e

(V(v,m,l,y,e), I(v,m,l y,e),d(v,ml e)) € argmaxU(V,I,a,d;v,m m,l e (18)

The continuation utility, the current compensation and the termination choices must be an op-
timal contract solution for the current equilibrium beliefs of the principal (18), that is given that
the principal believes that the current prior(is, /) and the announced action path is effectively
realized. After a deviation, the agent will be compensated according to the wrong updates and the
contract may no longer be on the Pareto frontier.

The continuation utility of the agent is computed with respect to the correctgrior a, m, ()
and is maximized over the current action of the agerih the complete program, the agent must
maximize the feasible utility anticipating that the learning process of the principal is disrupted off
the equilibrium branch. Defin@r as the set where the constraints will have a feasible solution.

Qr ={(v,m,m,l,e)s.t.v € V(0,m,l,e), (m,m,l,e) € Qp X Qp, x  x {0,1}}

Define an operatdr mapping the set of continuous functions frén to R bounded with the Sup
Norm into itself as follows:

L(U)(v,m,m,l,e) =max [{H(a,I(v,m,l,y,e),dv,m,le))

+BU(V(v,m, Ly, d(v,m, 1 e)),m',m' ' y,dv,m,l, e)) rdr(y; a,m,I)
s.t. (12)— (18) anda = a(v, m,m,(,e)
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Note that on the equilibrium path, when = m, the choice of the optimal contract can be
reincorporated as the arguments of the optimization problem and Equations (15) and (18) can be
taken out of the program.

LU)(v,m,m,l,e) =max [{H(I(v,m,l,y,e),alv,m,l,e),dv,m,le))

+0U(V(v,m, 1, y,d(v,m,l,e)),m' m' ' y,dlv,m,l e)) kdn(y; a(v,m,m,l,e),m,l)
s.t. (12)— (14) (16)— (17)

The following Proposition shows that this stationary formulation delivers an optimal contract
for (Pp).

Proposition 2. U*(v, m,m, [, e) is a fixed point of .

Although the program cannot be shown easily to be a contraction, which will be shown later by
reformulating the problem, it is checked in the next Corollary that for any possible starting “guess”
of U, the resulting™(U) remains finite.

Corollary 2. T'(U)(v, m,m, [, e) is bounded.

Proposition 2 shows that an optimal contract is given by five funct{énd/, I, a, d} that mea-
sure respectively the continuation utility of the agent, the continuation utility of the principal,
the current compensation, the current action choice and the current termination decision. As in
dynamic agency models, the functidnmeasures the current compensation of the agentiand
represents future payments to the principal. The functioorresponds to the effort policy arnld
measures the termination decision. The main difference with Spear and Srivastava (1987) is that
the deviation utility must be explicitly considered when measuring the utility of the agent and the
announced actions. Although the principal will not observe the deviation, the utility achievable
from the deviation can be inferred from the equilibrium contract. Implicit incentives require the
principal to consider more carefully the utility of the agent at each step of the contract.

Reduction to a Contraction

The reformulation of P;) as a recursive static optimization problem allows to introduce a recur-
sive procedure to derive the optimal contract from a sequence of approximations. Specifically, the
recursive problem presented here can be reformulated as a contraction. In order to proceed further,
it will be necessary to convert the dual problem considered previously into a problem where the
utility of the principal is maximized.

Given the transformation of the program, an optimal contract is given by four functions
{U,V,1,a,d}, taking now the utility of the agent as a state variable. The constraints (12)-(18) are
now transformed into the following constraints:
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d(w,m,l,e) € {0,e} (19)

m' = M(m,0(y,a(w,m,m,l e)),l) (20)
n' = M(m,0(y,alw, m,m,l,e)),l) (21)
V= () 22)

f{H(T(w7 m7 l? y? 6)? a(/I"U7 m7 m7 l? y? 6)? C_Z(w7 m7 l? y7 6))

+ﬁU(wam7l7y78<w7m7l76>>}d7r(y; a,m, l) Z w (23)

vV (w,m,m,l,e) a(w,m,m,l e) € argmax [{H(I(w,m,|, y,€),adw,m,l e)

+6U(W> m/>m/>llad(wvmvlae))}d’/T(yvdamvl) (24)

st. m= M(m,H(y,a),l)
m' = M(m,(y,
"= L(I)

DefineQy = R* x Q,, x O x {0, 1} and define an operatdr mapping the set of continuous

functions fromQ) to R bounded with the Sup Norm into itself as follows:
f(‘/)(wa m7 la 6) = Inax f{a<w7 m7 lv B)y - Y(U), ma lv y: 6)

a(w,m.m,l e)),l)

+a(V(U(w,m,m,l,y,e),m, iy, dlv,m,l e)),m m Uy dv,mle))dr(y,a,m,l)
s.t. (19)— (24) andd’ = a(v, m,m, [, e)3

where:vV(w, m,m |, e)

U(w,m,m, |, e) = max; [{H(a, I(w,m,1,y,e),dw,m,l e))

+68U (w, m', @’ I d(w, m, |, e))dnr(y; a,m,l) (25)

12



st. M= M(m,0(y,a),l)
m' = M(m,0(y,a(w,m m,l e))l)
"= L(I)
This direct formulation of the contractidn corresponds to the standard recursive formulation
of dynamic agency. The utility of the principal is maximized under the constraint that it provides
a certain level of utility to the agent (23) and achieves incentive-compatibility (24). As previously
argued, this formulation also introduces an accessory function (25). It is clear from Corollary 1
that the program considered in (25) is well-defined. This function corresponds to the problem
initially studied in the dualU (v, m,m,[,e) except that the utility of the agent is now used as
a state variable. Two more results are needed to conclude the analysis of the optimal contract.
First, | will show that this new operator is a contraction and thus a fixed point exists and may be
recovered by repeated iterations of the operator. Second, | will show that Pareto-frontier obtained
with this operator corresponds to the Pareto-frontier of the dual problem. Combining the two
results, it follows that the optimal contract can be recovered from the recursive problem. The next
Proposition is a straightforward application of Blackwell’s sufficient conditions for a contraction.

Proposition 3. T is a contraction.

Proposition 3 suggests a convenient algorithm to approximate the unique fixed point of the
operator.

(1) Start with a guess of (w,m,,e); for example one could use the solution to the standard
dynamic agency problem for a given starting and invariant griarl).

(2) Make a second guess foi(w, m, m, [, e); for example, a convenient guess may be:

U(w,m,m,l,e) =U(w,m,m,le).

(3) Given these two functions, solve for the optimal policy functiéfsz, d} ignoring constraint
(25), whereu is obtained only for values of the fora{w, m, m, [, e).

(4) Plug in these policies into program (25), solve for the remaining m, m, [, ¢) and update
the functionU (w, m, m, [, e).

(5) Until U(w, m,m,l,e) has converged, return to Step (3). When it has converged, update
V(w,m,l, e) and return to Step (3). Stop when both functions have converged.
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Define
X(m,l,e) = {(U*(v,m,m,l,e),v)}. Itis the Pareto-frontier for each possible initial choice of
the prior. DefineX (m, [, e) = {w, V*(w,m, [, e)}, whereV* is the fixed point of".
Proposition 4. X (m,l,e) = X (m,1,e)

Proposition 4 shows that this new formulation, shown to be a contraction, can be substituted for
the dual.

Conclusion

| analyze a multi-period moral hazard that incorporates a central feature of many real-life con-
tracts, learning about the quality of the partnership from the observed sequence of outputs. The
standard formulation of the dynamic agency problem must be reformulated. Future updates on the
distribution of outputs will depend on the action choices announced by the agent to the principal.
Whenever, the agent deviates to a different action, the principal will follow a contract that will
not correspond to the current distribution of output. The incentive-compatibility is rewritten by
considering the continuation utility of the agent of any possible continuation utility of the agent.
The optimal contract must be solved considering the continuation utility but also the beliefs of the
agent and the possibly wrong beliefs of the principal.

The purpose of this paper was to provide a simple representation of the optimal contract and
present a framework to answer several open research questions. To what extent do career concerns
explicitly reduce the need for explicit incentives, such as current and future pay-for-performance?
Until now, this assertion is proved only for very restrictive learning dynamics. Does the presence
of career concerns dampen performance-pay more for low histories? If the contract features excess
upside when performance is low, the agent may misreport the effort and thus enter off-equilibrium
branches knowing that the principal is underestimating skill. Will the dismissal decision be char-
acterized in terms of not only wealth but also current performance? Given career concerns, the
continuation utility will no longer be a sufficient statistic to decide over terminations. To what
extent does the optimal long-term contract allow to attain a higher and more efficient level of effort
than a model without contracts (Holm&tn 1999)? How does renegociation-proofness constraints
affect the performance-pay and the effort chosen in the optimal contract? Renegociation-proofness
reduces the insurance chosen by the principal, it will also affect the off-equilibrium continuation
utility. Will the resulting contract be transient, in the sense that for a sufficiently long history either
the agent or the principal obtains the whole surplus? With perpetual learning (as in Hoimstr
(1999)), the production technology will change through time and thus may also imply changes in
the allocation of the surplus.
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Appendix:

Proof of Lemma 1: The constraints (7)-(10) are obviously verified ¥/, a, c,z’,d}. The contract is
optimal if it yields the same utility to the principal 4%, a, c,z,d}. ForT > 1, denoteV (m,[,T) (resp.
V'(m,1,T)), the utility of the principal up to period’ in the optimal (resp. new) contract.

T

V(m,1,T) = Zat_l /{d(at1)yt—1’(0t)}d7r(ot;a,m,l)

t=1

T
= 2+ Zat_l /{d(atlyt — (I(o¢) — az(or) + z(01—1)) }dr(o; a,m, 1)
t=1

T
= VL T) 45+ at! / {az(01) — 2(o11)bdr(ow a,m, 1)
t=1

— V(m,,T)+a” / 2(or)dr(ora,m, 1)

Letting T' go to infinity, by (10), the two contracts yield the same utility to the principall

Proof of Proposition 1: The casee = 0 is obvious. Suppose = 1. If V(W,m,l,1) is nonempty
(), bounded from above (ii) and closed (iii), then a solution always exists. (i) The set is nonempty. Set
I, = I, a; = a andd;, = 0 V¢t. The principal will achieve a utility /(1 — «), finite. Clearly, the actions
are incentive-compatible and yield to the agent. Thereforef,/(l — ) € V(W,m,l,1). (i) To prove
boundedness, consider the production technofpgy max(hg, y;) and ignore for now constraints (7) and
(9). This new problem will necessarily yield more utility to the principal. Further, the optimal strategy of
the principal will be to setl, = 1 and/; = 0. The upper bound on the utility of the principal becomes

[e.9]

Z ot /max(ho, y¢)dm (o a,m, 1)

t=1

This expression was assumed earlier to be finite. (i) Consider now a sequence of cdifiaatsd”}
verifying (5)-(10), and such that the principal obtaifig*}, a sequence converging 6>. Note that

a similar argument to (ii) implies that if the principal receives a finite utility, then the maximum utility
achievable by the agent must be finite as well. Then at a neighborhddéf pthe utility achieved by the
agent must be bounded by some vallle Consider the value of that yieldsW in (i). Any {I,a,d}
such that the utility of the principal falls below is clearly suboptimal and can be ignored. Therefore, any
optimal contract must satisfy:

[ee]

I(O't) S Ol_t(z Oét_l /ytdﬂ'(at;a,ml,ll) —K)
t=1

The setV can therefore be restricted to compensations such that fortedéh,) is bounded. It must be
shown that there exists a contrdd®, a>, d>} verifying (7) and (9) and such that the principal receives
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V°°. The contract is constructed as follows. For each 1, {7} |, {af}?°, and{df}? , are bounded
sequences. Therefore each sequence has a convergent subsequence. This limit i Benoted°} and
{dg°}. The resulting contract is iN and generateg>°. 0O

Proof of Proposition 1: Note first that whenever = 0, (P) becomes a simple consumption smoothing
problem. Next suppose that= 1. If m = m, by incentive-compatibility (9) i), the actions will be a
solution to(P;) and thereforé ;) can be written as the dual 6P;,). By monotonicity of the objective of
the agent and the principal, as long as there exists a solutidf.indeliveringw to the principal, there exists
a solution in the dual. Consider the cage# m. Clearly the set is nonempty. Suppose now it is unbounded
for a setQ)y = (v, m,m,l) € R x Q, x Q,, x ;. By assumption, in the original probletm;, l;, W1),
there exists a deviation strategy such thatis reached with non-zero probability and therefore, there exists
to such that the set is reached with non-zero probability.aDnce the set is reached, the optimal contract
continued from(my, I, W7) must coincide with the optimal contract starting from dateTherefore, the
agent would also achieve infinite deviation utility in the original contfaet, /;, ;) thus contradicting
incentive-compatibility. To prove closedness, consider a sequence of stra@fjethat yieldsiW* to the
agent and such th&t’* converges tdV>. For eacht, a deviation strateg§} is constructed as the limit of
a converging subsequence{@f }2° ,. Clearly, this strategya>} must yieldW° to the agent. O

Proof of Proposition 2: For a particular value ofv, m,m,(,e), I'(U*)(v, m,m, [, e) must be shown to
be smaller (i) and greater (ii) thdh* (v, m,m, [, e).

(i) In the program associated B{U*) (v, m, 1, 1, €), denoteV (v, m, 1, y, e), I (v,m,,y, e) and
a®(v,m,m, 1, e), the solutions corresponding I(U*)(w, m,m,l,e). A feasible contract will be con-
structed for(PL). Set first:dl = d(v,m,l,e), a¥ = a®(v,m,m,l,e) andIf (y1) = (v, m,1,y,e). In
the following period, the contraet;, I* andd’ is constructed as:

d% = dR(VR(v,m,m,l,yl,e),m',l’,df)
a%(ol) = aR(VR(v,m,m,l,yl,e),m’,m’,l’,df)
IQL(O-Q) = IR(V(U,mme,ybe),m,,l/,yz,dﬁ

where:m’ = M(m, 0(y1,a(v,m,m,l,e)),1), m' = M(m,0(y1,al),l) andl’ = L(I). A contract
{al 1F,d%)} is then constructed recursively in the same manner. Suppose at tiagesurplus expected
by the principal isV(o;—1), the current employment statusdéo;_; ), the current prior of the principal
is (my, ;) and the current prior of the agent (g, [;). The contracu”(oy_1), I*(0;) andd*(o;_1) is
constructed as follows:

Mo) = IR(V(oe-1),mu, b, ye, d(oe-1))
at(oi-1) = a"(V(oe-1), me, g, Iy, d(04-1))

dio1) = dEW(oy_1), mu by, d(or—1))

16



Finally, the following variables are updated:

mipr = Mmg, 0(ys, a®(V(or—1), me, ma, by, d(ov-1))), 1)
i1 = M1, 0(ye, a”(01-1)), i)
liy1 = L)
Vioy) = IV(01-1),mu, b, ye, d(0¢-1))
The contracf{I”, a’, d"} is readily verified to be feasible ifP;).

(i) The casee = 0 is trivial, so | will consider the case = 1. Consider an optimal contract f(()PL)
{al, 1% d*} such that the principal obtains a utilityand the initial prior of the principal i$m, ) and
the prior of the agent i§m, ). The following contract is feasible iR(U*)(v, m,m,y,1). First, I%, d?
anda® are settoI (v, m,1,y,1) = I (y), d¥(v,m,1,1) = d¥ anda’(v,m,m,1,1) = al. Finally, the
continuation utilityV (v, m, ,y, 1) is set to:

fo<v,nuz,y,1>::jijtxb-Qj/{dL<O}_1>yt—-IL<of>}dﬂ<0f;al,aL,na,n
t=2

Clearly, these functions satisfy the constraints of the recursive problem.
Proof of Corollary 2: Applying Jensen'’s inequality in the program of the agent:
L(U)(v,m,m,l,e) < H([I(v,m,l,y,e)dn(y;a,m,l),alv,m,l,e),d(v,m,le))

+8 / UV (0,m, 1y, d(v, m, 1, €))m it Uy, d(v,m, 1, €)))dre(ys @, i, )

The expected wage can be bounded from Equation (16):
[ I(v,m,l,y,e)dr(y;a(v,m,l,e),m,l) <

/W@mﬂ&w+5Wum$%ﬂum%dﬂﬂwmmﬁ—v

On the right hand-side, the output and the continuation utility of the principal must be bounded Therefore
I'(U)(v,m,m,l, e) is bounded. Next, from similar arguments as Corollary 1,
I'(U)(v,m,m,l,e) can be shown to be bounded as wellfort m. O

Proof of Proposition 4: Suppose thatw,v) € X(m,l,e), then | will show that there existav’, v')
in Y(m, l,e) such thatw’ > w andv’ > v. To do so, it is necessary to construct a contract that verifies
(19)-(24), yieldsv to the principal and at least to the agent. In the dual, there exists a cont{a¢t/, a, d},
where the utility of the principat is used as a state variable, such that the principal receiaad the agent
receivesw. For anyw, m, | ande, defineV(w, m, 1, e), the unique utility level such thatv, V(w, m,l.e)) €
X (m,l,e). | will now proceed constructively to obtain the fixed poWit(w,m, [, ¢) of the new problem.

Define the following function:
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U(’U), m, lv Y, 6) =
U*(v', M(m, 0(y,a(v',m,1,e)),1), M(m, 8(y, a(v',m,1,e)),1), L(I),d(v',m,1,e))

where:v' = V(V(w,m,l,e), m,l,y,e).
And:

I(w,m,ly,e) = (U (V(w,m,le),m,le),m,ly,e)
a(w,m,le) = a(U(V(w,m,l,e),m,l,e),m,l,y,e)
dw,m,l,e) = dU*(V(w,m,l,e),m,l,e),m,l,y,e)

This contract is the desired solution:
V*(w, m,le) = [{d(w,m,l,e)y — I(w,m,l,y,e)

+aV (V(w,m,l,e),m,l,y,d(w,m,l,e))}dr(y;a(w,m,l,e), m,l)
By a similar argument, it is easy to recover the fixed point of the dual from the new problém.
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