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Abstract

This paper investigates the design of a long-term compensation contract between a princi-

pal and an agent in the presence of career concerns and moral hazard. Specifically, the output

history must be interpreted simultaneously as a signal on the productivity of the partnership

and on the action choices of the agent. I consider a stationary formulation of the problem where

in addition to the continuation utility, the beliefs of the principalandthe agent are used as state

variables. A deviation from equilibrium action choices will trigger an incorrect update of the

prior of the principal. The continuation utility will correspond to the maximum feasible utility

for a given belief of the agent and given that the principal implements a contract based on a

possibly wrong prior. The model unifies the existing literature on agency theory and learning.

(JEL: D31, D80, D82)

(Keywords: Dynamic Agency; Learning; Mechanism Design)

The design of a compensation arrangement between a principal and an agent requires a careful

examination of the contractual imperfections that may impair efficient risk-sharing. This problem

produced two families of models that explain why observed compensation patterns may feature

a combination of performance pay, turnover and insurance. The first family, known as matching

or learning, postulates that the productivity of the agent is unknown and must be inferred from

the output history (Jovanovic 1979). The second family, known as agency theory, assumes that

the input of the agent to the production process is unobservable (Holmström 1979) and proper

diligence must be elicited through an output-contingent contract. This paper intends to unify both

”standard” models into a general framework that incorporates both learning and agency.
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Considered in isolation, both families exhibit several limitations. Learning often relies on short-

term contracts or asymmetric commitments. These restrictions may seem at odds with common

practice. For example, executive compensation exhibits many medium to long-term compensation

arrangements such as stock options, retirement benefits, forgivable loans, non-monetary benefits

and long-term bonus plans (Murphy 1999). In the context of venture finance, structured loans can

mention events that trigger early repayments or changes in the interest rate. At the employee level,

firm-specific data exhibits substantial wage variations in real terms (Baker, Gibbs, and Holmström

1994) although the firm should offer downward rigid contracts if unilateral commitments are pos-

sible (Harris and Holmström 1982). In response, agency explains why perfect insurance may not

be achieved even in the case of unrestricted commitments. However, the theory of turnover that

it proposes bears little ressemblance with the real world. In a model of agency, personal wealth

is by construction the sole determinant of terminations. When wealth is too low, the ability of the

principal to punish the agent is reduced and when wealth is too high, the cost of diligence is too

high relative to the marginal benefit of compensation (Spear and Wang 2005). A model with moral

hazard and learning reconciles performance-pay and terminations with long-term contracts. It also

conveys a more realistic set of assumptions for almost any situation involving a contract between

a principal and an agent.

The analysis of a contract that jointly considers learning and moral hazard is much more than the

sum of its parts. Career concerns raise the attractiveness of diligence because they induce more fa-

vorable updates and higher future compensation. The feedback from current performance is known

as implicit incentives. A large body of empirical research reports evidence of career concerns in

various economic settings: top-executive compensation (Boschen and Smith 1995, Brickley, Coles,

and Linck 1999); fund management (Chevalier and Ellison 1999); temporary labor (Engellandt and

Riphahn 2005); broker reports (Hong and Kubik 2003). Career concerns also alter the design of a

contract that implements particular action choices. Off-equilibrium paths, where the continuation

payoff determines whether a given set of actions is incentive-compatible, cannot be represented as

a subproblem where the principal and the agent have symmetric information about productivity.

Conditional on a deviation from the prescribed actions, the principal will misinterpret output as a

signal on productivity given equilibrium actions. The future beliefs of the principal will misrepre-

sent the continuation utility of the agent as well as future action choices. The optimal contract must

successfully provide incentives given that implicit incentives may be partial substitutes to explicit

incentives but may also induce the agent to disrupt the learning process.

The seminal contribution to the analysis of learning and agency is Holmström (1999). He exam-

ines the provision of effort under the constraint that the principal may not offer output-contingent

contracts. Career concerns will typically produce effort levels inferior to the optimum in a com-
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plete information context. Although it strongly suggests that adopting output-contingent contracts

may induce preferable outcomes, the paper does not offer an analysis of compensation packages in

the presence of output-contingent pay. Gibbons and Murphy (1992) propose an analysis of the op-

timal contract given short-term contracts and linear performance pay. The authors show that career

concerns are partial substitutes for performance pay. Related work on problems of career concerns

with moral hazard include Hirao (1993), Bergemann and Hege (1998) and Bertomeu (2004). In

various settings, these papers show that output-contingent pay may be weakened, or even vanish,

in the presence of career concerns. The paper is also related to Fernandes and Phelan (2000) and

Aysegul and Mukoyama (2005) who examine a multi-period moral hazard contract with persis-

tent shocks and action choices. As in a model with learning, deviations from equilibrium in such

models will break down common knowledge.

This paper considers a general model of learning and moral hazard and shows that it can be

simplified to a tractable recursive problem. The reduction is applied in three steps. Section 1

presents the history-dependent problem and derives the existence of an optimal contract. Section

2, considers the reduction of the original to a dual static variational problem. In section 3, I show

that this recursive formulation can be restated as a contraction.

History-Dependent Problem

The model closely follows the exposition of the dynamic model of agency in Spear and Srivas-

tava (1987). The model of career concerns, where both the agent and the principal are uncertain

about the current productivity, is nested in the framework of repeated agency.

Time is discrete, indexed by t=1,2,... Production is achieved through the partnership of a prin-

cipal and an agent whose actions are not observable. The output of the partnership is a random

outcome whose distribution is unknown, possibly time-varying and depends on the action of the

agent. The action of the agent at time t is denotedat ∈ A, whereA ≡ [a, a] is a bounded interval.

The output at time t is denotedyt. At each period, the principal offers a contingent compensation

to the agentIt. The remaining share of the outputyt − It corresponds to the compensation of the

principal. Letdt denote an indicator variable corresponding to the occupation choice, equal to one

if the partnership has not been terminated yet at datet. Wheneverdt is zero, output will be zero

for all future periods. Letσt = {y1, ..., yt} denote a history of outputs until time t. Ifdt is one,

the current action choiceat, a sequence of Bayesian updates computed fromσt−1 and the previous

action choices yield a current prior of the agentF (yt|at, σt−1, {a1, ..., at−1}).

At each period, the agent consumesct and savesIt − ct. The wealth of the agent at timet is

denotedzt.
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At time t, conditional on a realization ofyt, the instantaneous utility of the agent is denoted

H(ct, at, dt), defined for any feasible action, any positive consumption and any occupation choice.

Future consumption is discounted at rateβ. H is assumed to be separable indt: H(ct, at, dt) =

h(ct, at) + (1 − dt)h0, whereh(ct, at) is a continuous function, strictly increasing and concave in

ct, strictly decreasing inat and normalized toh(1, a) = 0. Further, I assume thath0 > 0 so that

the minimum level of utility for the agent is zero. The agent and the principal have perfect access

to capital markets where savings and borrowings bear an interest rate(1− α)/α. The principal is

a firm maximizing the net present value of its contract; it is risk-neutral and discounts the future at

rateα, where0 < β ≤ α < 1.

The following timing is considered. At time 1, the true productivity of the partnership is un-

known. The principal and the agent share a common prior. The agent chooses an actiona1 and

the outputy1 is realized from the distributionF (y|a1), the distribution of output conditional on a

the initial prior and an action choicea1. Then, the agent is compensatedI1(y1) and chooses a con-

sumptionc1. The remaining share is added to the wealth of the agent so thatz2 = (z1 +I1− c1)/α.

At time 2, the principal and the agent decide whether to continue their partnership and setd2. Then

the agent chooses an actiona2. The outputy2 is realized from the distributionF (y|a2, y1, a1), the

new prior of the agent is updated using the information from(y1, a1) and conditional on actiona2.

The agent is compensatedI2(y1, y2) and choosesc2. The game is extended to the following periods

in the same manner.

At each date, the set of possible priorsF (yt|at, σt−1, {a1, ..., at−1}), is restricted to a family

of distributions indexed by two real1 variablesF (y|ρt, lt) and such that all priors have a common

supportS. I assume that forρ′t > ρt, the distributionF (y|ρ′t, lt) first-order stochastically dominates

F (y|ρt, lt). This parameter is decomposed intoρt = ρ(at, mt), whereρa > 0 andρm > 0 and

mt (resp. lt) take values inΩm (resp. Ωl). The variablemt represents the current update on

the productivity of the partnership. In the model, two different reasons may account for high

output. First, better skill corresponds to higher priors and raise the output level. Second, more

effort increases output for a given prior. The functionρ translates a given output and a given

prior into the distribution of output. Assume that for any(yt, at), there existsθ(yt, at) such that

ρ(θ(yt, at), at) = yt; θ(yt, at) is the prior corresponding to a particular output signalyt considering

that an actionat has been chosen.

The problem will be solved and analyzed for any possible starting prior(m, l) ∈ (Ωm, Ωl). I

assume that as long as the partnership continues the Bayesian update can be written recursively.

1This assumption is made for notational tractability; it can be shown that the framework presented here carries over
to a larger number of state variables. As we show later, this presentation is chosen to nest various commonly used
learning models.
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mt+1 = M(mt, θ(yt, at), lt) (1)

lt+1 = L(lt) (2)

LetM satisfyMm > 0,Mθ > 0,Mml < 0 andMθl > 0, except possibly at the boundaries of

Ωm andΩl if they are attained with zero probability, and assume thatL is an increasing function.

Both updating functions are assumed to yield values in their respective domain space. The pro-

ductivity update is the combination of the previous prior and the new signal disentangled from the

action choice. The second variablelt represents the speed of adjustement of the prior to new infor-

mation. I assume that the speed of information acquisition is a deterministic process independent

of the output sequence. Letπ(y; a, m, l) denote the probability distributionF (y|ρ(a, m), l).

The model nests various cases of learning previously studied in the literature. Suppose for

example thaty|ρ, l follows a normal distribution with meanρ and precisionl. If ρ(m, a) = m + a

andM(m, θ, l) = (lm + hεθ)/(l + hε), wherehε > 0, the model corresponds to the usual normal

learning model presented in Holmström (1999). IfL(l) = l + hε, the partnership learns on a

constant productivity parameter from noisy observations with precisionhε. In the more general

case whereL(l) = hδ(l + hε)/(hδ + l + hε), wherehδ > 0, the productivity follows a random

walk whose innovations have a precisionhδ. Similarly, the model can be adapted to the case when

the output process may take only two values. Suppose now thaty ∈ {0, 1} andy|ρ, l follows a

Bernoulli random variable with meanρ. Next, setρ(m, a) = ma ,M(m, θ, l) = (ml + θ)/(l + θ)

andL(l) = l + 1. Assume thatΩm = [0, 1]. In the special case whereA = {1}, the model

corresponds to pure learning from a Beta prior studied in Bertomeu (2004). Using the framework

developped here, the model can be generalized to the caseA = [0, 1].

We now describe a contract. Denote{I, a, c, z,d} = {I(σt), a(σt−1), c(σt), z(σt−1), d(σt−1)}
a sequence of output-contingent compensation, action, consumption and termination choices2. At

each date, the decision depends only on current information and not on the actions chosen by the

agent. Letπ(σt+τ ; σt, a, m, l) denote the probability distribution ofσt+τ givenσt for an initial prior

(m, l). The distributionπ(σt; a, m, l) denotes the probability distribution ofσt at time 1.

dπ(σt+τ ; σt, a, m, l) = dπ(yt+τ ; at+τ , mt+τ , lt+τ )dπ(σt+τ−1; σt, a, m, l) (3)
with:

dπ(σt+1; σt, a, m, l) = dπ(yt; at, mt, lt) (4)

mt+τ = M(mt+τ−1, θ(yt+τ−1, at+τ−1), lt+τ−1) (5)

lt+τ = L(lt+τ−1) (6)

2In short-hand, the variables are indexed by t:I(σt) = It, a(σt−1) = at, c(σt) = ct, z(σt−1) = zt, d(σt−1) = dt.
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For a particular initial prior(m, l) and a positive constantW , the optimal contract is defined as

a solution to the following problem.

(PL) max
∞∑

t=1

αt−1

∫
{d(σt−1)yt − I(σt)}dπ(σt; a, m, l)

s.t. (5), (6)
∞∑

t=1

βt−1

∫
H(c(σt), a(σt−1), d(σt−1))dπ(σt; a, m, l) ≥ W (7)

and: ∀σt

d(σt) ∈ {0, d(σt−1)} (8)

a ∈ arg max
ã

∞∑
τ=1

βτ−1

∫
H(c(σt+τ ), ã(σt+τ−1), d(σt+τ−1))dπ(σt+τ ; σt, ã, m, l) (9)

lim
t→∞

βt

∫
z(σt−1)dπ(σt; a, m, l) = 0 (10)

Although the model allows for returns from experience, for example ifM includes a trend, I

assume that growth that may originate from experience is bounded by the interest rate on capital

markets. The following sufficient condition guarantees that the net present value of the project

remains finite. For anya, for any(m, l),
∞∑

t=1

αt−1

∫
max(h0, yt)dπ(σt; a, m, l) is finite.

The Pareto frontier is obtained as the set of contracts that maximize the utility of the principal

under constraints (5), (6), (7), (8), (9) and (10). The productivity of the partnership is updated at

each period according to the updating rule (5) and (6). Equation (8) prescribes permanent termi-

nations. I assume that learning stops whenever the partnership is not operating. Therefore, once

termination occurs once, the prior will remain fixed and thus the termination decision will remain

optimal for all future periods. Equation (7) is an individual rationality constraint. The lifetime

utility of the agent must be greater than a lifetime reservationW . Equation (9) is the incentive-

compatibility constraint. The action sequencea announced to the principal must maximize the

utility of the agent so that truth-telling remains a best response for all possible output histories.

Equation (10) is a transversality condition. The future debt of the agent must have a zero net

present value.

In the next Lemma, I show that in the case of long-term contracts presented in(PL), the model

can be simplified by ignoring the consumption and savings choices. The principal will integrate

the consumption and savings choices to the compensation contract.
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Lemma 1. Suppose that {I, a, c, z,d} is optimal and define I′ such that I ′1 = c1−z1 and for t > 1,
I ′t = ct and z′t = 0. Then, the contract {I′, a, c, z′,d} is also optimal.

Following Lemma 1, I will ignore the consumption and savings choices in the determination of

the long-term contract. An optimal long-term contract will be defined as a sequence{I, a} such

that wealth remains zero and the agent consumes the compensation at each period. Payments after

a termination correspond to pure consumption and savings choices of the agent. Alternatively,

the agent will be offered a parachute or retirement payment equal to the net present value of the

consumption stream.

In the standard formulation of dynamic agency, the same incentive problem is repeated over sev-

eral periods. After a single deviation, the contracting problem is analogous to the initial problem,

in that it can be formulated as a problem of the form(PL). Off-equilibrium branches following a

deviation from the prescribed action path will be analogous to branches on the equilibrium. This

property has two consequences. First, the contract{I, a} proposed by the principal will remain

on the Pareto frontier. Second, the truth-telling strategy will remain optimal even if the agent

deviated once. The argument breaks down in the presence of learning. Following a deviation at

date t froma to ã, the incentive mechanism in Equation (9) will be designed for the distributions

{dπ(σt+τ ; σt, a, m1, l1)} and not{dπ(σt+τ ; σt, ã, m1, l1)}. Further, since off-equilibrium actions

are not anticipated by the principal, the evaluation of the continuation utility of the agent may

be biased. The new subproblem characterizing the off-equilibrium branches will be a contracting

choice between the principal and the agent given that the agent has superior information on the

distribution of output.

For W ∈ R, let V(W, m, l, e) be the set of all feasible expected utilities of the principal when

W is promised to the agent and the initial prior is(m, l) whene = 1, whereas the partnership is

closed at time 1 whene = 0.

V(W, m, l, e) ≡ {V ∈ R|∃{I, a,d} s.t. (5)-(9) are verified andd1 ≤ e}

The following Proposition guarantees that an optimal contract exists.

Proposition 1. If ∃Î s.t. H(Î , a, 0) ≥ W (1− β), then there exists a solution to (PL).

Before stating the recursive problem, it will be useful to introduce an accessory function to

measure the utility of the agent off the equilibrium path. Suppose that the current prior of the

principal is (m, l) and fix v ∈ V(W, m, l, e), a lifetime utility level for the principal. Denote

{I∗, a∗,d∗} the optimal policy in(PL) that yields a utilityv to the principal, under the constraint
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that d1 ≤ e. Consider the problem of finding the maximum utility that can be achieved by the

agent given that the true prior is(m̃, l) and the principal implements{I∗, a∗,d∗}.

(P̃L) max
ã

∞∑
t=1

βt−1

∫
H(I(σt), ã(σt−1), d(σt−1))dπ(σt; ã, m̃, l) (11)

Define the following set:

W(v, m, m̃, l, e) ≡

{w ∈ R| ∃ ã s.t.w =
∞∑

t=1

βt−1

∫
H(I∗(σt), ã(σt), d

∗(σt−1))dπ(σt; ã, m̃, l)}

W(v, m, m̃, l, e) represents the set of utilities that can be attained by the agent given that the

prior of the principal is(m, l) but the prior of the agent is(m̃, l).

The next Corollary will be stated only for a set of states(v, m, m̃, l, e) that can be attained with

non-zero probability starting from the original problem(m1, l1, W1). In the problem at hand, any

set that can be attained with zero probability is irrelevant for the purpose of the analysis.

Corollary 1. There exists a solution to (P̃L).

The optimum of(P̃L) is denotedU∗(v, m, m̃, l, e). Note that the special caseU∗(v, m, m, l, e)

is the optimum of(PL).

Reduction to a Stationary Problem

The history-dependent will be rewritten in terms of the stationary analogue of the dual problem.

The constraints (5)-(10) must first be adapted to the stationary analogue for the dual of the history-

dependent problem. Suppose that at a certain datet, the principal expects a continuation utilityv,

the current prior of the principal is(m, l), the current prior of the agent is(m̃, l) and the status of the

partnership is an indicator variablee, equal to one if the partnership has not been terminated. The

state variables of the stationary problem are(v, m, m̃, l, e). Denoted(v, m, l, e), the employment

decision at datet.

d(v, m, l, e) ∈ {0, e} (12)

Equation (12) correspond to the analogue of Equation (8). If termination has occurred prior

to the current period, then the partnership cannot be operated. Denotea(v, m, m̃, l, e), the action

chosen by the agent. The principal will assume common knowledge of both distributions and thus

anticipate a choicea(v, m, m, l, e).
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m′ = M(m, θ(y, a(v, m, m, l, e)), l) (13)

l′ = L(l) (14)

The updates of the principal are stated in Equations (13) and (14), where(m′, l′) is the new prior

of the principal. In Equation (13), the update will follow the current priorm and the anticipated

action choicea(v, m, m, l, e). They allow the principal to modify the optimal contract to track vari-

ations in the productivity of the partnership. In comparison, the agent will update the distribution

with respect to the correct action choicea(v, m, m̃, l, e) and the correct prior̃m.

m̃′ = M(m̃, θ(y, a(v, m, m̃, l, e)), l) (15)

Equation (15) states the updating rule for the agent, wherem̃′ is the new prior of the agent. The

recursive structure of the problem must make sure to be internally consistent in that the principal

obtains the level of utilityv prescribed as a state variable. This condition is also known as the

promise-keeping constraint. DenoteI(v, m, l, y, e), the contingent compensation of the agent.∫
{d(v, m, l, e)y − I(v, m, l, y, e) + βV (v, m, l, y, d(v, m, l, e))}dπ(y; a′, m, l) ≥ v (16)

where:a′ ≡ a(v, m, m, l, e).

The promise-keeping constraint is stated in Equation (16). Note that the utility promised to

the principal is measured here with respect to the equilibrium prior. The principal needs only

believe that the promise-keeping is satisfied although it may not be off equilibrium. The contract

chosen by the principal must be a solution to the optimal contract given common knowledge of

the distribution of output. Similarly, the action anticipated by the principal must a best response

to a problem with common knowledge. Next,U(v, m, m̃, e) will denote the maximum utility that

can be achieved by the agent for a set of states(v, m, m̃, e). Define alsoV (v, m, l, y, e), the utility

received by the principal when, after a state(v, m, m, l, e), outputy has been observed;V is the

continuation utility of the principal and corresponds to future payments. For a particular contract

{V, I, a, d}, define the following function:

U(V, I, a, d; v, m, m̃, l, e) ≡∫
{H(I(v, m, l, y, e), ã, d(v, m, l, e)) + βU(v, m′, m̃′, d(v, m, l, e))}dπ(y; ã, m̃, l)
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where: ã = a(v, m, m̃, l, e)

m′ = M(m, θ(y, a(v, m, m̃, l, e))), l)

m̃′ = M(m̃, θ(y, a(v, m, m, l, e))), l)

U(V, I, a, d; v, m, m̃, l) is the utility achieved by the agent given a contract(V, I, a, d), for a

given set of states(v, m, m̃, l).

∀ (v, m, m̃, l, e) a(v, m, m̃, l, e) ∈ arg max U(V, I, a, d; v, m, m̃, l, e) (17)

The temporary incentive-compatibility constraint (17) is written with respect to the beliefs of the

principal. It states that the action path announced by the agent must also maximize the utility of

the agent in the absence of the promise-keeping constraint of the principal; that is, it must coincide

with the choices of the agent for any possible states. Incentive-compatibility takes into account

the profit that can be achieved when the agent deviates to a different action profile and common

knowledge breaks down.

∀ (v, m, m̃, l, e)

(V (v, m, l, y, e), I(v, m, l, y, e), d(v, m, l, e)) ∈ arg max U(V, I, a, d; v, m, m, l, e) (18)

The continuation utility, the current compensation and the termination choices must be an op-

timal contract solution for the current equilibrium beliefs of the principal (18), that is given that

the principal believes that the current prior is(m, l) and the announced action path is effectively

realized. After a deviation, the agent will be compensated according to the wrong updates and the

contract may no longer be on the Pareto frontier.

The continuation utility of the agent is computed with respect to the correct priordπ(y; ã, m̃, l)

and is maximized over the current action of the agentã. In the complete program, the agent must

maximize the feasible utility anticipating that the learning process of the principal is disrupted off

the equilibrium branch. DefineΩΓ as the set where the constraints will have a feasible solution.

ΩΓ = {(v, m, m̃, l, e) s.t. v ∈ V(0, m, l, e), (m, m̃, l, e) ∈ Ωm × Ωm × Ωl × {0, 1}}

Define an operatorΓ mapping the set of continuous functions fromΩΓ toR bounded with the Sup

Norm into itself as follows:

Γ(U)(v, m, m̃, l, e) = max
∫
{H(ã, I(v, m, l, y, e), d(v, m, l, e))

+βU(V (v, m, l, y, d(v, m, l, e)), m′, m̃′, l′, y, d(v, m, l, e))}dπ(y; ã, m̃, l)

s.t. (12)− (18) andã = a(v, m, m̃, l, e)

10



Note that on the equilibrium path, wheñm = m, the choice of the optimal contract can be

reincorporated as the arguments of the optimization problem and Equations (15) and (18) can be

taken out of the program.

Γ(U)(v, m, m, l, e) = max
∫
{H(I(v, m, l, y, e), a(v, m, l, e), d(v, m, l, e))

+βU(V (v, m, l, y, d(v, m, l, e)), m′, m̃′, l′, y, d(v, m, l, e))}dπ(y; a(v, m, m̃, l, e), m̃, l)

s.t. (12)− (14) (16)− (17)

The following Proposition shows that this stationary formulation delivers an optimal contract

for (PL).

Proposition 2. U∗(v, m, m̃, l, e) is a fixed point of Γ.

Although the program cannot be shown easily to be a contraction, which will be shown later by

reformulating the problem, it is checked in the next Corollary that for any possible starting “guess”

of U , the resultingΓ(U) remains finite.

Corollary 2. Γ(U)(v, m, m̃, l, e) is bounded.

Proposition 2 shows that an optimal contract is given by five functions{U, V, I, a, d} that mea-

sure respectively the continuation utility of the agent, the continuation utility of the principal,

the current compensation, the current action choice and the current termination decision. As in

dynamic agency models, the functionI measures the current compensation of the agent andV

represents future payments to the principal. The functiona corresponds to the effort policy andd

measures the termination decision. The main difference with Spear and Srivastava (1987) is that

the deviation utility must be explicitly considered when measuring the utility of the agent and the

announced actions. Although the principal will not observe the deviation, the utility achievable

from the deviation can be inferred from the equilibrium contract. Implicit incentives require the

principal to consider more carefully the utility of the agent at each step of the contract.

Reduction to a Contraction

The reformulation of(PL) as a recursive static optimization problem allows to introduce a recur-

sive procedure to derive the optimal contract from a sequence of approximations. Specifically, the

recursive problem presented here can be reformulated as a contraction. In order to proceed further,

it will be necessary to convert the dual problem considered previously into a problem where the

utility of the principal is maximized.

Given the transformation of the program, an optimal contract is given by four functions

{U, V , I, a, d}, taking now the utility of the agent as a state variable. The constraints (12)-(18) are

now transformed into the following constraints:

11



d(w, m, l, e) ∈ {0, e} (19)

m′ = M(m, θ(y, a(w,m, m, l, e)), l) (20)

m̃′ = M(m̃, θ(y, a(w,m, m̃, l, e)), l) (21)

l′ = L(l) (22)

∫
{H(I(w, m, l, y, e), a(w, m, m, l, y, e), d(w, m, l, y, e))

+βU(w, m, l, y, d(w, m, l, e))}dπ(y; a, m, l) ≥ w (23)

∀ (w, m, m̃, l, e) a(w, m, m̃, l, e) ∈ arg max
∫
{H(I(w, m, l, y, e), ã, d(w, m, l, e))

+βU(w, m′, m̃′, l′, d(w, m, l, e))}dπ(y; ã, m̃, l) (24)

s.t. m̃′ = M(m̃, θ(y, ã), l)

m′ = M(m, θ(y, a(w, m, m, l, e)), l)

l′ = L(l)

DefineΩΓ ≡ R+ × Ωm × Ωl × {0, 1} and define an operatorΓ mapping the set of continuous

functions fromΩΓ toR bounded with the Sup Norm into itself as follows:

Γ(V )(w, m, l, e) = max
∫
{d(w, m, l, e)y − I(w, m, l, y, e)

+α(V (U(w, m, m, l, y, e), m, l, y, d(v, m, l, e)), m′, m̃′, l′, y, d(v, m, l, e))}dπ(y; a′, m, l)

s.t. (19)− (24) anda′ = a(v, m, m, l, e)3

where:∀(w, m, m̃, l, e)

U(w, m, m̃, l, e) = maxã

∫
{H(ã, I(w, m, l, y, e), d(w, m, l, e))

+βU(w, m′, m̃′, l′, d(w, m, l, e)))dπ(y; ã, m̃, l) (25)
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s.t. m̃′ = M(m̃, θ(y, ã), l)

m′ = M(m, θ(y, a(w, m, m, l, e)), l)

l′ = L(l)

This direct formulation of the contractionΓ corresponds to the standard recursive formulation

of dynamic agency. The utility of the principal is maximized under the constraint that it provides

a certain level of utility to the agent (23) and achieves incentive-compatibility (24). As previously

argued, this formulation also introduces an accessory function (25). It is clear from Corollary 1

that the program considered in (25) is well-defined. This function corresponds to the problem

initially studied in the dualU(v, m, m̃, l, e) except that the utility of the agent is now used as

a state variable. Two more results are needed to conclude the analysis of the optimal contract.

First, I will show that this new operator is a contraction and thus a fixed point exists and may be

recovered by repeated iterations of the operator. Second, I will show that Pareto-frontier obtained

with this operator corresponds to the Pareto-frontier of the dual problem. Combining the two

results, it follows that the optimal contract can be recovered from the recursive problem. The next

Proposition is a straightforward application of Blackwell’s sufficient conditions for a contraction.

Proposition 3. Γ is a contraction.

Proposition 3 suggests a convenient algorithm to approximate the unique fixed point of the

operatorΓ.

(1) Start with a guess ofV (w, m, l, e); for example one could use the solution to the standard

dynamic agency problem for a given starting and invariant prior(m, l).

(2) Make a second guess forU(w, m, m̃, l, e); for example, a convenient guess may be:

U(w, m, m̃, l, e) = U(w, m, m, l, e).

(3) Given these two functions, solve for the optimal policy functions{I, a, d} ignoring constraint

(25), wherea is obtained only for values of the forma(w, m, m, l, e).

(4) Plug in these policies into program (25), solve for the remaininga(w,m, m̃, l, e) and update

the functionU(w,m, m̃, l, e).

(5) Until U(w,m, m̃, l, e) has converged, return to Step (3). When it has converged, update

V (w,m, l, e) and return to Step (3). Stop when both functions have converged.
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Define

X(m, l, e) ≡ {(U∗(v, m, m, l, e), v)}. It is the Pareto-frontier for each possible initial choice of

the prior. DefineX(m, l, e) ≡ {w, V ∗(w, m, l, e)}, whereV ∗ is the fixed point ofΓ.

Proposition 4. X(m, l, e) = X(m, l, e)

Proposition 4 shows that this new formulation, shown to be a contraction, can be substituted for

the dual.

Conclusion

I analyze a multi-period moral hazard that incorporates a central feature of many real-life con-

tracts, learning about the quality of the partnership from the observed sequence of outputs. The

standard formulation of the dynamic agency problem must be reformulated. Future updates on the

distribution of outputs will depend on the action choices announced by the agent to the principal.

Whenever, the agent deviates to a different action, the principal will follow a contract that will

not correspond to the current distribution of output. The incentive-compatibility is rewritten by

considering the continuation utility of the agent of any possible continuation utility of the agent.

The optimal contract must be solved considering the continuation utility but also the beliefs of the

agent and the possibly wrong beliefs of the principal.

The purpose of this paper was to provide a simple representation of the optimal contract and

present a framework to answer several open research questions. To what extent do career concerns

explicitly reduce the need for explicit incentives, such as current and future pay-for-performance?

Until now, this assertion is proved only for very restrictive learning dynamics. Does the presence

of career concerns dampen performance-pay more for low histories? If the contract features excess

upside when performance is low, the agent may misreport the effort and thus enter off-equilibrium

branches knowing that the principal is underestimating skill. Will the dismissal decision be char-

acterized in terms of not only wealth but also current performance? Given career concerns, the

continuation utility will no longer be a sufficient statistic to decide over terminations. To what

extent does the optimal long-term contract allow to attain a higher and more efficient level of effort

than a model without contracts (Holmström 1999)? How does renegociation-proofness constraints

affect the performance-pay and the effort chosen in the optimal contract? Renegociation-proofness

reduces the insurance chosen by the principal, it will also affect the off-equilibrium continuation

utility. Will the resulting contract be transient, in the sense that for a sufficiently long history either

the agent or the principal obtains the whole surplus? With perpetual learning (as in Holmström

(1999)), the production technology will change through time and thus may also imply changes in

the allocation of the surplus.
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Appendix:

Proof of Lemma 1: The constraints (7)-(10) are obviously verified by{I′,a, c, z′,d}. The contract is

optimal if it yields the same utility to the principal as{I,a, c, z,d}. For T > 1, denoteV (m, l, T ) (resp.

V ′(m, l, T )), the utility of the principal up to periodT in the optimal (resp. new) contract.

V ′(m, l, T ) =
T∑

t=1

αt−1

∫
{d(σt−1)yt − I ′(σt)}dπ(σt;a,m, l)

= z1 +
T∑

t=1

αt−1

∫
{d(σt−1yt − (I(σt)− αz(σt) + z(σt−1))}dπ(σt;a,m, l)

= V (m, l, T ) + z1 +
T∑

t=1

αt−1

∫
{αz(σt)− z(σt−1)}dπ(σt;a,m, l)

= V (m, l, T ) + αT

∫
z(σT )dπ(σT ;a,m, l)

LettingT go to infinity, by (10), the two contracts yield the same utility to the principal.2

Proof of Proposition 1: The casee = 0 is obvious. Supposee = 1. If V(W,m, l, 1) is nonempty

(i), bounded from above (ii) and closed (iii), then a solution always exists. (i) The set is nonempty. Set

It = Î, at = a anddt = 0 ∀t. The principal will achieve a utilitŷI/(1 − α), finite. Clearly, the actions

are incentive-compatible and yieldW to the agent. Therefore,̂I/(1 − α) ∈ V(W,m, l, 1). (ii) To prove

boundedness, consider the production technologyỹt = max(h0, yt) and ignore for now constraints (7) and

(9). This new problem will necessarily yield more utility to the principal. Further, the optimal strategy of

the principal will be to setdt = 1 andIt = 0. The upper bound on the utility of the principal becomes

∞∑
t=1

αt−1

∫
max(h0, yt)dπ(σt;a,m, l)

This expression was assumed earlier to be finite. (iii) Consider now a sequence of contracts{Ik,ak,dk}
verifying (5)-(10), and such that the principal obtains{V k}, a sequence converging toV ∞. Note that

a similar argument to (ii) implies that if the principal receives a finite utility, then the maximum utility

achievable by the agent must be finite as well. Then at a neighborhood ofV ∞, the utility achieved by the

agent must be bounded by some valueW . Consider the value ofV that yieldsW in (i). Any {I,a,d}
such that the utility of the principal falls belowV is clearly suboptimal and can be ignored. Therefore, any

optimal contract must satisfy:

I(σt) ≤ α−t(
∞∑

t=1

αt−1

∫
ytdπ(σt; a,m1, l1)− V )

The setV can therefore be restricted to compensations such that for eacht, I(σt) is bounded. It must be

shown that there exists a contract{I∞,a∞,d∞} verifying (7) and (9) and such that the principal receives
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V ∞. The contract is constructed as follows. For eacht ≥ 1, {Ik
t }∞k=1, {ak

t }∞k=1 and{dk
t }∞k=1 are bounded

sequences. Therefore each sequence has a convergent subsequence. This limit is denoted{I∞t }, {a∞t } and

{d∞t }. The resulting contract is inV and generatesV ∞. 2

Proof of Proposition 1: Note first that whenevere = 0, (P̃L) becomes a simple consumption smoothing

problem. Next suppose thate = 1. If m̃ = m, by incentive-compatibility (9) in(PL), the actionsa will be a

solution to(P̃L) and therefore(P̃L) can be written as the dual of(PL). By monotonicity of the objective of

the agent and the principal, as long as there exists a solution in(PL) deliveringv to the principal, there exists

a solution in the dual. Consider the casem̃ 6= m. Clearly the set is nonempty. Suppose now it is unbounded

for a setΩd ≡ (v,m, m̃, l) ∈ R × Ωm × Ωm × Ωl. By assumption, in the original problem(m1, l1,W1),

there exists a deviation strategy such thatΩd is reached with non-zero probability and therefore, there exists

t0 such that the set is reached with non-zero probability att0. Once the set is reached, the optimal contract

continued from(m1, l1,W1) must coincide with the optimal contract starting from datet0. Therefore, the

agent would also achieve infinite deviation utility in the original contract(m1, l1,W1) thus contradicting

incentive-compatibility. To prove closedness, consider a sequence of strategies{ãk} that yieldsW k to the

agent and such thatW k converges toW∞. For eacht, a deviation strategỹak
t is constructed as the limit of

a converging subsequence of{ãk
t }∞k=1. Clearly, this strategy{ã∞} must yieldW∞ to the agent. 2

Proof of Proposition 2: For a particular value of(v,m, m̃, l, e), Γ(U∗)(v,m, m̃, l, e) must be shown to

be smaller (i) and greater (ii) thanU∗(v,m, m̃, l, e).

(i) In the program associated toΓ(U∗)(v,m, m̃, l, e), denoteV R(v,m, l, y, e), IR(v,m, l, y, e) and

aR(v,m, m̃, l, e), the solutions corresponding toΓ(U∗)(w,m, m̃, l, e). A feasible contract will be con-

structed for(P̃L). Set first:dL
1 = dR(v,m, l, e), aL

1 = aR(v,m, m̃, l, e) andIL
1 (y1) = IR(v,m, l, y, e). In

the following period, the contractaL
2 , IL

2 anddL
2 is constructed as:

dL
2 = dR(V R(v,m, m, l, y1, e),m′, l′, dL

1 )

aL
2 (σ1) = aR(V R(v,m, m, l, y1, e),m′, m̃′, l′, dL

1 )

IL
2 (σ2) = IR(V (v,m, m, l, y1, e),m′, l′, y2, d

L
1 )

where:m′ = M(m, θ(y1, a
R(v,m, m, l, e)), l), m̃′ = M(m̃, θ(y1, a

L
1 ), l) andl′ = L(l). A contract

{aL, IL,dL)} is then constructed recursively in the same manner. Suppose at datet, the surplus expected

by the principal isV(σt−1), the current employment status isd(σt−1), the current prior of the principal

is (mt, lt) and the current prior of the agent is(m̃t, lt). The contractaL(σt−1), IL(σt) anddL(σt−1) is

constructed as follows:

IL(σt) = IR(V(σt−1),mt, lt, yt, d(σt−1))

aL(σt−1) = aR(V(σt−1),mt, m̃t, lt, d(σt−1))

dL(σt−1) = dR(V(σt−1),mt, lt, d(σt−1))
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Finally, the following variables are updated:

mt+1 = M(mt, θ(yt, a
R(V(σt−1),mt,mt, lt, d(σt−1))), lt)

m̃t+1 = M(m̃t, θ(yt, a
L(σt−1)), lt)

lt+1 = L(lt)

V (σt) = IR(V(σt−1),mt, lt, yt, d(σt−1))
The contract{IL,aL,dL} is readily verified to be feasible in(P̃L).

(ii) The casee = 0 is trivial, so I will consider the casee = 1. Consider an optimal contract for(P̃L)

{aL, IL,dL} such that the principal obtains a utilityv and the initial prior of the principal is(m, l) and

the prior of the agent is(m̃, l). The following contract is feasible inΓ(U∗)(v,m, m̃, y, 1). First, IR, dR

andaR are set to:IR(v,m, l, y, 1) = IL
1 (y), dR(v,m, l, 1) = dL

1 andaR(v,m, m̃, l, 1) = aL
1 . Finally, the

continuation utilityV R(v,m, l, y, 1) is set to:

V R(v,m, l, y, 1) =
∞∑

t=2

αt−2

∫
{dL(σt−1)yt − IL(σt)}dπ(σt;σ1,aL,m, l)

Clearly, these functions satisfy the constraints of the recursive problem.2

Proof of Corollary 2: Applying Jensen’s inequality in the program of the agent:

Γ(U)(v,m, m̃, l, e) ≤ H(
∫

I(v,m, l, y, e)dπ(y; ã, m̃, l), a(v,m, l, e), d(v,m, l, e))

+β

∫
U(V (v,m, l, y, d(v,m, l, e)),m′, m̃′, l′, y, d(v,m, l, e)))dπ(y; ã, m̃, l)

The expected wage can be bounded from Equation (16):∫
I(v,m, l, y, e)dπ(y; a(v,m, l, e),m, l) ≤∫

(d(v,m, l, e)y + βV (v,m, l, y, d(v,m, l, e))dπ(y; a,m, l)− v

On the right hand-side, the output and the continuation utility of the principal must be bounded Therefore

Γ(U)(v,m, m, l, e) is bounded. Next, from similar arguments as Corollary 1,

Γ(U)(v,m, m̃, l, e) can be shown to be bounded as well form̃ 6= m. 2

Proof of Proposition 4: Suppose that(w, v) ∈ X(m, l, e), then I will show that there exists(w′, v′)

in X(m, l, e) such thatw′ ≥ w andv′ ≥ v. To do so, it is necessary to construct a contract that verifies

(19)-(24), yieldsv to the principal and at leastw to the agent. In the dual, there exists a contract{V, I, a, d},
where the utility of the principalv is used as a state variable, such that the principal receivesv and the agent

receivesw. For anyw, m, l ande, defineV(w, m, l, e), the unique utility level such that(w, V(w, m, l, e)) ∈
X(m, l, e). I will now proceed constructively to obtain the fixed pointV ∗(w,m, l, e) of the new problem.

Define the following function:
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U(w,m, l, y, e) ≡

U∗(v′,M(m, θ(y, a(v′,m, l, e)), l),M(m, θ(y, a(v′,m, l, e)), l),L(l), d(v′,m, l, e))

where:v′ = V (V(w,m, l, e),m, l, y, e).

And:

I(w,m, l, y, e) ≡ I(U∗(V(w,m, l, e),m, l, e),m, l, y, e)

a(w,m, l, e) ≡ a(U∗(V(w,m, l, e),m, l, e),m, l, y, e)

d(w,m, l, e) ≡ d(U∗(V(w,m, l, e),m, l, e),m, l, y, e)

This contract is the desired solution:

V
∗(w,m, l, e) ≡

∫
{d(w,m, l, e)y − I(w,m, l, y, e)

+αV (V(w,m, l, e),m, l, y, d(w,m, l, e))}dπ(y; a(w,m, l, e),m, l)

By a similar argument, it is easy to recover the fixed point of the dual from the new problem.2
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