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4Vwhyhq Pdwwkhzv +4<;7, kdv douhdg| surylghg dq h{dpsoh zlwk v|pphwulf elgghuv
dqg d�oldwhg frpprq ydoxhv lq zklfk dgglwlrqdo elgghuv uhgxfh h{shfwhg uhyhqxh lq d
�uvw0sulfh dxfwlrq1 Rxu sdshu surylghv lqvljkw lqwr zk| uhvxowv olnh rxuv dqg Pdwwkhzv*
fdq dulvh/ dqg vkrzv wkh| duh vxusulvlqjo| olnho|1 Kduvwdg dqg Erugoh| +4<<9, dovr surylgh
qlfh h{dpsohv/ exw vxjjhvw wkdw d�oldwlrq lv fuxfldo wr wkhp1 Rxu sdshu/ krzhyhu/ vkrzv
wkdw d�oldwlrq lv qrw lpsruwdqw wr wkh uhvxowv1 Dqdo|vhv ri dxfwlrqv zlwk h{whuqdolwlhv
lqfoxglqj/ iru h{dpsoh/ Mhklho dqg Progrydqx +4<<9/ 4<<<, dqg Fdloodxg dqg Mhklho +4<<;,
surylgh dq dowhuqdwlyh uhdvrq zk| dq dxfwlrqhhu pd| zdqw wr olplw wkh sduwlflsdwlrq ri
elgghuv1

5D uhodwhg h{dpsoh lv zkhq wkh ydoxh ri dq dvvhw lv qrw doorzhg wr ulvh ru idoo pruh
wkdq d �{hg dprxqw lq d gd|1 Wkh Vrxwk Nruhdq zrq zdv olplwhg wr d 43 shufhqw gdlo|
ghfolqh wkurxjk hduo| Ghfhpehu ri 4<<:1 Wkh olplwdwlrq suhyhqwhg wkh pdunhw iurp ixoo|
djjuhjdwlqj elgghuv* lqirupdwlrq dqg wkh sulfh ihoo e| wkh pd{lpxp rq vhyhudo gd|v1 Zkhq
wkh olplwdwlrq zdv uhpryhg dqg wkh pdunhw zdv doorzhg wr fohdu/ wkh sulfh dfwxdoo| urvh= lw
lv hqwluho| srvvleoh wkdw li d sulfh lv duwl�fldoo| �{hg rqo| voljkwo| lq h{fhvv ri wkh h{shfwhg
pdunhw fohdulqj sulfh wkhuh zloo eh dq hqruprxv h{fhvv vxsso|/ exw li wkh pdunhw lv doorzhg
wr fohdu wkh sulfh zloo ulvh deryh wkh �{hg udwh1 +Reylrxvo|/ wkh Nruhdq vlwxdwlrq zdv
yhu| frpsoh{ dqg uhod{lqj wkh olplw rq wkh dprxqw wkh zrq frxog idoo pd| qrw kdyh ehhq
lpsruwdqw iru wkh lqfuhdvh lq wkh pdunhw sulfh1,

�



�@t?<| tL4iL?i i*ti @t!i_ �|q�c� ���*i ��|� 4Lhi M�__iht i@U� �Lhh�it 4Lhi

|�@| R�u |�i Th�Ui �t u@�hc ��) �@t?<| tL4iL?i i*ti ML�}�| �|q�( |�iti igiU|t

U@? _L4�?@|i ML|� |�i UL4Ti|�|��i igiU| |�@| 4Lhi UL4Ti|�|�L? *i@_t EUi|ih�t

T@h�M�t� |L 4Lhi @}}hitt��i Mi�@��Lhc @?_ |�i _�hiU| igiU| |�@| Ei�i? �L*_�?}

�?_���_�@* Mi�@��Lh UL?t|@?|� 4Lhi TiLT*i hit�*|t �? u@t|ih M�__�?} @?_ @

u@t|ih �L� Lu ^�it|�L?t�

��h hit�*|t @hi itTiU�@**) *�!i*) �? @t)44i|h�U R@*4Lt| UL44L? �@*�i�

4@h!i|t �? ���U� tL4i UL4Ti|�|Lht �@�i @ t4@** @_�@?|@}ic MiU@�ti |�i L|�ih

M�__ihEt� |�i? u@Ui @? i @UihM@|i_ ��??ih<t U�hti�

�}@�? |��t TL�?| �t t�4�*@h |L |�i LMtih�@|�L? |�@| |�i Thiti?Ui Lu @ t�?�

}*i @�_�i?Ui 4i4Mih ��L �t |�L�}�| |L Mi t4@h|ih |�@? �ih UL**i@}�it U@?

t�}?��U@?|*) _@4Ti? i�ih)L?i i*ti<t ^�it|�L?�?}�

6Lh @ 4Lhi t�}?��U@?| @TT*�U@|�L? UL?t�_ih |�i � @?_ � M@?_ tTiU|h�4

@�U|�L? �i*_ �? �bbe�bD M) |�i 6i_ih@* �L44�?�U@|�L?t �L44�tt�L?� �@U��U

Ai*it�t �@t |�i ?@|�h@* M�)ih Lu |�i t�?}*i wLt �?}i*it *�Ui?ti @�@�*@M*i uLh

t@*ice @?_ �@t @M*i |L @U^��hi �| �ih) U�i@T*)�D �@h!i|t ��ihi |�L *�Ui?tit

�ihi tL*_ }i?ih@**) )�i*_i_ 4Lhi UL4Ti|�|��i Th�Uit hi*@|��i |L |�i�h _i4L�

}h@T��U U�@h@U|ih�t|�Ut�S ,�i? ��ihi L?i M�__ih �@_ @? @_�@?|@}ic |�i Th�Uit

Lu ML|� *�Ui?tit �ihi _i|ih4�?i_ M) @}}hitt��i UL4Ti|�|�L? uLh |�i tiUL?_ *��

Ui?ti� 5L Th�Uit �ihi Mi||ihc i�i? |�L�}� |�i |��h_���}�it| M�_ ti| |�i Th�Ui

6Ri frxuvh wkhuh duh rwkhu uhdvrqv zk| d odujhu dxglhqfh pd| dvn ihzhu txhvwlrqv1
7DW)W zdv lqholjleoh wr elg/ dqg SdfWho kdg wkh ehqh�w ri lwv qdph uhfrjqlwlrq dqg

h{shulhqfh lq Fdoliruqld/ dv zhoo dv lwv idploldulw| zlwk wkh Fdoliruqld zluhohvv pdunhw lq
zklfk lw zdv d gxrsrolvw sulru wr lwv vslqr� ri lwv fhooxodu vxevlgldu|/ Dluwrxfk1 Qr rqh
nqrzv zkdw SFV olfhqvhv duh uhdoo| zruwk/ exw lw lv idlu wr vd| wkdw wkh OD olfhqvh zdv
zruwk pruh wr SdfWho wkdq dq|rqh hovh1

8Zkloh wkh IFF*v pdqgdwh zdv iru hfrqrplf h�flhqf| udwkhu wkdq uhyhqxh/ dqg dzdug0
lqj wkh olfhqvh wr SdfWho zdv doprvw fhuwdlqo| h�flhqw/ li SdfWho kdg sdlg pruh wkhuh zrxog
kdyh ehhq dq h�flhqf| jdlq wr wkh hfrqrp| iurp ehlqj deoh wr uhgxfh wkh ghdgzhljkw orvv
iurp wd{dwlrq1

9Wkh prvw reylrxv h{dpsoh lv Fklfdjr/ zkhuh wkh sulfhv zhuh derxw '64 shu khdg ri
srsxodwlrq iru hdfk ri wkh wzr olfhqvhv/ frpsduhg zlwk ohvv wkdq '59 shu khdg ri srsxodwlrq
iru Orv Dqjhohv* vlqjoh olfhqvh/ lq vslwh ri Fklfdjr*v lqihulru ghprjudsklf fkdudfwhulvwlfv1
+Wkh idprxv orqj frppxwhv ri Dqjhohqrv dqg wkh srsxodwlrq ghqvlw| lq wkh duhd pdnhv lw
d sduwlfxoduo| ghvludeoh sodfh wr rzq d zluhohvv whohskrqh iudqfklvh1, Wkh vlqjoh Qhz \run
olfhqvh |lhoghg rqo| '4: shu khdg ri srsxodwlrq1
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:Rxu prgho grhv qrw lqyroyh elgglqj frvwv/ exw wkhvh zrxog whqg wr uhlqirufh rxu
h{sodqdwlrq dqg uhvxow1 Vhh Dyhu| +4<<;,/ Gdqlho dqg Kluvkohlihu +4<<8,/ dqg Kluvkohlihu
+4<<8, iru prghov lqfoxglqj elgglqj frvwv1

;Wkh vshfwuxp dxfwlrq zdv dq dvfhqglqj dxfwlrq/ exw dovr lqfoxghg d qxpehu ri vshfldo
ihdwxuhv ghvljqhg wr doorz olfhqvhv iru gl�huhqw uhjlrqv wr eh vrog vlpxowdqhrxvo| +vhh/ iru
h{dpsoh/ PfDihh dqg PfPloodq +4<<9,,1 Krzhyhu/ zh gr qrw eholhyh wkhvh dgglwlrqdo
ihdwxuhv d�hfw rxu edvlf dujxphqw1

<Wkh �uvw gudiw ri wklv sdshu dovr vkrzv krz rxu prgho fdq eh xvhg wr ghyhors rqh
srvvleoh h{sodqdwlrq ri wkh _Ghfolqlqj Sulfh Dqrpro|%1 +Vhh Dvkhqihowhu +4<;<,/ Ehjjv
dqg Judgg| +4<<:,/ Eodfn dqg ghPh}d +4<<5,/ Ohylq +4<<:,/ yrq ghu Ihku +4<<7,/ dqg yrq
ghu Ihku dqg Ullv +4<<<, dprqj rwkhuv iru ixuwkhu glvfxvvlrq ri wkh _dqrpro|% dqg rwkhu
h{sodqdwlrqv ri lw1,
Rwkhu uhfhqw sdshuv wkdw xvh vlplodu prghov wr rxuv duh Dyhu| dqg Ndjho*v +4<<:,/

gh Iuxwrv dqg Urvhqwkdo*v +4<<;,/ dqg Nulvkqd dqg Prujdq*v +4<<;, Zrunlqj Sdshuv1
Nulvkqd dqg Prujdq ghyhors lpsruwdqw lqvljkwv derxw wkh h�hfwv ri frooxvlrq dqg mrlqw0
elgglqj lq frpprq0ydoxh dxfwlrqv1 Lqghshqghqwo| iurp wkh �uvw gudiw ri rxu sdshu/ wkh|
dovr rewdlq uhvxowv wkdw duh htxlydohqw wr wkh v|pphwulf fdvh ri rxu vhfwlrq 815 derxw
uhvwulfwlqj sduwlflsdwlrq1 Wkh| gr qrw wdfnoh wkh dv|pphwulf fdvh ehfdxvh wkhlu prgho/
xqolnh rxuv/ lv ri sxuh frpprq ydoxhv/ vr kdv d ydvw pxowlsolflw| ri htxloleuld/ hyhq zkhq
elgghuv duh dv|pphwulf +vhh qrwh 47,1 +Qru/ vlqfh wkhlu pdlq irfxv lv gl�huhqw/ gr wkh|
dqdo|vh wkh h�hfwv ri lqfuhdvlqj vxsso|/ ru ri udwlrqlqj/ zklfk duh wkh pdlq irfxvhv ri rxu
sdshu1, Dyhu| dqg Ndjho dqg gh Iuxwrv dqg Urvhqwkdo dgguhvv gl�huhqw frqfhuqv iurp
rxuv> Dyhu| dqg Ndjho glvfxvv h{shulphqwdo uhvxowv lq d wzr0elgghu rqh0sul}h prgho/ zkloh
gh Iuxwrv dqg Urvhqwkdo rewdlq lqwhuhvwlqj uhvxowv derxw vhtxhqwldo dxfwlrqv1 Vhh dovr
Elnkfkdqgdql dqg Uloh| +4<<4,1
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ì @tt�4i @ UL?�i?|�L?@* @tUi?_�?} M�_ R,?}*�t�� @�U|�L?�� �? ���U�

|�i Th�Uic Rc t|@h|t @| 3ihL @?_ h�tit UL?|�?�L�t*) �?|�* |�i ?�4Mih Lu M�__iht

43Doo zh dfwxdoo| qhhg lv wkdw wkh �l*v duh vpdoo uhodwlyh wr wkh udwhv ri fkdqjh ri elgghuv*

lqyhuvh kd}dug udwhv/ 4�I +wl,
i+wl,

1 Vr wkh rughu lq zklfk wkh olplwv lv wdnhq lv xqlpsruwdqw1
44Pruh irupdoo|/ zh duh dvvxplqj zkdw dxfwlrq wkhrulvwv fdoo d _Mdsdqhvh dxfwlrq%1

Elnkfkdqgdql dqg Uloh| +4<<6, ghvfuleh wklv dv iroorzv +iru wkh vlqjoh xqlw fdvh,= Wkh
dxfwlrqhhu vwduwv zlwk d yhu| orz sulfh dqg udlvhv lw frqwlqxrxvo|1 Elgghuv lqglfdwh/ e|
ghsuhvvlqj d exwwrq/ zkhwkhu wkh| duh lqwhuhvwhg lq ex|lqj wkh remhfw dw wkh fxuuhqw sulfh1
Rqfh d elgghu zlwkgudzv/ kh fdqqrw uhhqwhu wkh dxfwlrq1 Dw hdfk sulfh ohyho/ wkh lghqwlwlhv
ri doo elgghuv dfwlyh dw wkdw sulfh duh frpprq nqrzohgjh1 Zkhqhyhu rqh ru pruh elgghuv
zlwkgudz dw d sulfh/ wkh dxfwlrqhhu vwrsv udlvlqj wkh sulfh dqg dvnv wkh uhpdlqlqj elgghuv
li wkh| zlvk wr zlwkgudz1 Li dgglwlrqdo elgghu+v, zlwkgudz/ wklv lv dqqrxqfhg e| wkh
dxfwlrqhhu dqg wkh uhpdlqlqj elgghuv duh djdlq dvnhg li wkh| zlvk wr zlwkgudz1 Wklv
surfhvv frqwlqxhv xqwlo qr dgglwlrqdo elgghuv txlw1 Zkhq qr dgglwlrqdo elgghuv zlwkgudz/
dqg dw ohdvw wzr elgghuv uhpdlq/ wkh dxfwlrqhhu vwduwv udlvlqj wkh sulfh frqwlqxrxvo| iurp
wkh fxuuhqw ohyho1 Wkh dxfwlrq fdq hqg lq rqh ri wzr srvvleoh zd|v1 Li dw dq| sulfh wkhuh
lv rqo| rqh dfwlyh elgghu/ wkhq wklv elgghu lv ghfoduhg wkh zlqqhu dqg wkh dxfwlrq hqgv1
Hovh/ li dw dq| sulfh doo wkh uhpdlqlqj dfwlyh elgghuv zlwkgudz +hlwkhu vlpxowdqhrxvo| ru
gxulqj wkh vhtxhqwldo txlwwlqj surfhvv ghvfulehg deryh, wkh dxfwlrq hqgv dqg rqh ri wkh

S
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odvw dfwlyh elgghuv lv udqgrpo| fkrvhq dv wkh zlqqhu1 Wkh zlqqhu jhwv wkh remhfw dqg sd|v
wkh fxuuhqw sulfh1 Wkh rwkhu elgghuv sd| qrwklqj1

45Wkdw lv/ vwudwhjlhv vshfl�hg lq wklv zd| |lhog d Shuihfw Ed|hvldq htxloleulxp lq wkh
vsdfh ri doo vwudwhjlhv> lq wklv htxloleulxp d sod|hu fdqqrw gr ehwwhu e| iroorzlqj dq| rwkhu
vwudwhj|1

46Uhvwulfwlqj dwwhqwlrq wr htxloleulxp ri wklv irup erwk dyrlgv wulyldolwlhv +dowkrxjk wkhuh
duh rwkhu htxloleuld/ wkh| gr qrw vhhp yhu| qdwxudo, dqg juhdwo| uhgxfhv wkh whfkqlfdo
exughq= Vhh Elnkfkdqgdql dqg Uloh| +4<<6, iru dq h{srvlwlrq ri krz fxpehuvrph dqg
ohqjwk| lv d ixoo| jhqhudo dqdo|vlv ri hyhq wkh frpsohwho| v|pphwulf yhuvlrq ri rxu prgho/
dowkrxjk wkh| wrr pdnh dvvxpswlrqv wr rewdlq d xqltxh htxloleulxp +wkh vdph htxloleulxp
dv rxuv/ wkrxjk wkhlu prgho lv d vshfldo fdvh ri rxuv,1 Vhh wkh Dsshqgl{ iru ixuwkhu
glvfxvvlrq1

47E| frqwudvw/ lq d sxuh frpprq ydoxhv prgho zlwk �4 @ �5 @ �6 @ 3 wklv frqvwuxfwlrq
grhv qrw gh�qh d xqltxh htxloleulxp1 +Iru h{dpsoh/ zlwk mxvw wzr elgghuv dqg y4 @ y5 @
w4 . nw5> zkhuh n lv d srvlwlyh frqvwdqw/ lw lv dq htxloleulxp iru 4 wr txlw dw �w4 dqg 5 wr

txlw dw
�

�n
��4

�
w5 iru dq| � A 4=, Khqfh wkh qhhg wr lqfoxgh wkh �l lq wkh prgho/ dqg wr

dqdo|}h d sxuh frpprq ydoxh prgho dv wkh olplw ri doprvw frpprq ydoxh prghov> irfxvlqj
rq d sduwlfxodu htxloleulxp ri wkh sxuh frpprq ydoxh prgho fdq eh plvohdglqj1

.



i Uii_�?} |�c i|U� W| ��** Mi �tiu�* |L _i�?i M�__ih �<t 4@h}�?@* hi�i?�i�D @t

�-� ' �� � �� 8 E|��

sE|��

Y��

_|�
�

�L|i |�@| t�?Ui E�i @tt�4i_� |�i k� @hi @** t4@**c �-� � ����� �? ���U�

��E|�� � �38 E|��
sE|��

�t |�i hiU�ThLU@* Lu �<t �@3@h_ h@|i�

� A�i 5)44i|h�U �@ti
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�. ì |�ihiuLhi �@�i

Et�?Ui k � f�G

wi44@ �G `�i? � t)44i|h�U M�__iht UL4Ti|i uLh � LM�iU|c |�i M�__ih

��|� |�i ��}�it| t�}?@* ��?t @?_ |�i Th�Ui � |E�� n 2|E2��

�hLLuG 5ii @TTi?_� � ��

48Lq dqdo|}lqj rxu dxfwlrqv xvlqj pdujlqdo uhyhqxhv/ zh duh iroorzlqj Exorz dqg Urehuwv
+4<;<, zkr �uvw vkrzhg krz wr lqwhusuhw lqghshqghqw sulydwh0ydoxh dxfwlrqv lq whupv ri
pdujlqdo uhyhqxhv/ dqg Exorz dqg Nohpshuhu +4<<9, zkr h{whqghg wkhlu lqwhusuhwdwlrq
wr pruh jhqhudo vhwwlqjv vxfk dv wklv rqh1 Wkh pdujlqdo uhyhqxh ri elgghu l zlwk vljqdo wl
lv h{dfwo| wkh pdujlqdo uhyhqxh h{wudfwhg iurp wkh fxvwrphu zkr lv wkh vdph iudfwlrq ri
wkh zd| grzq wkh glvwulexwlrq ri srwhqwldo ex|huv ri d prqrsrolvw zkrvh ghpdqg lv vxfk
wkdw lw kdv t @ 4 � I +wl, fxvwrphuv zkr kdyh ydoxhv � s @ yl+wl, +l1h1 wkhuh duh I +wl,
fxvwrphuv zlwk ydoxhv ohvv wkdq yl+wl,,= Wklv doorzv wkh gluhfw wudqvodwlrq ri uhvxowv iurp
prqrsro| wkhru| lqwr dxfwlrq wkhru|/ dqg vr idflolwdwhv wkh dqdo|vlv ri dxfwlrqv dqg wkh
ghyhorsphqw ri lqwxlwlrq derxw wkhp1

49Lq idfw/ wkh orzhvw elgghu txlwv dw +6.�,w+6,> vlqfh li kh vwd|v lq xqwlo d voljkwo| kljkhu
sulfh kh zloo zlq rqo| li erwk rwkhu vljqdov duh w+6,> exw wklv idfw lv qrw qhfhvvdu| wr rxu
dujxphqw1

4:Lw lv hdv| wr fkhfn wkdw li kh zhuh wr �qg klpvhoi d zlqqhu dw dq| kljkhu sulfh kh zrxog
orvh prqh|/ vlqfh dw sulfh s3 @ w+6, . +5.�,w3 zlwk w3 A w+5,> wkh lqihuuhg ydoxh ri wkh xqlw
htxdov w+6, . +4 . �,w+5, . w3 frqglwlrqdo rq zlqqlqj dw sulfh s3> dqg frqyhuvho| kh zrxog
pdnh prqh| dw dq| orzhu sulfh/ vr vkrxog qrw txlw ehiruh s=

H
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4;Djdlq lw lv hdv| wr fkhfn wkdw li hlwkhu ri wkh rwkhu elgghuv zhuh wr txlw dqg ohdyh klp
dv d zlqqhu dw dq| kljkhu sulfh/ s3 @ +5.�,w3.H+w m w � w3, zlwk w3 A w+6,> kh zrxog h{shfw
wr orvh prqh| vlqfh kh zrxog wkhq lqihu d xqlw*v ydoxh wr eh +4 . �,w+6, . w3 .H+w m w � w3,
? s3> dqg frqyhuvho| kh zrxog h{shfw wr sur�w iurp d ylfwru| dw dq| orzhu sulfh1
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4<Wklv uhvxow dvvxphv/ dv lv wkh fdvh khuh/ wkdw d elgghu zlwk wkh orzhvw srvvleoh vljqdo
qhyhu pdnhv prqh|1 Rwkhuzlvh/ h{shfwhg uhyhqxh lv uhgxfhg e| wkh vxp ri wkh h{shfwhg
sur�wv ri wkh elgghuv frqglwlrqdo rq wkhlu kdylqj wkhlu orzhvw srvvleoh vljqdov1

53Wkh hvvhqwldo srlqw lv wkdw li dq Hqjolvk dxfwlrq hqgv dw d sulfh ri y/ wkh zlqqhuv zloo
hdfk kdyh dq h{shfwhg ydoxh ri dw ohdvw y +frqglwlrqdo rq doo suhylrxv dfwlrqv e| elgghuv
dqg rq wkh dxfwlrq hqglqj dw wklv sulfh,1 Wkhuhiruh/ zh fdq gudz d suredelolw| fxuyh iru
wkh elgghu*v dfwxdo ydoxh/ y> zlwk ghfxpxodwlyh suredelolw|/ 4�I +y,> rq wkh txdqwlw| d{lv/
dqg ydoxh rq wkh sulfh d{lv> wkh fxuyh kdv lwv plqlpxp ydoxh y dw d _txdqwlw|% ri 41 Li zh
lqwhusuhw wklv dv d frqyhqwlrqdo ghpdqg fxuyh dqg gudz wkh dvvrfldwhg pdujlqdo uhyhqxh
fxuyh/ wkh h{shfwhg pdujlqdo uhyhqxh ri wkh zlqqhu kdv wr htxdo y +mxvw dv li |rx nqhz
wkdw d �up vrog t xqlwv dw d sulfh ri y> |rx zrxog nqrz wkdw hdfk ex|hu kdg d ydoxh ri dw
ohdvw y/ wkdw wrwdo uhyhqxh zdv yt> dqg wkhuhiruh wkdw wkh dyhudjh pdujlqdo uhyhqxh iurp
wkh �uvw t vdohv zdv y,= Vr wkh h{shfwhg pdujlqdo uhyhqxh ri wkh zlqqlqj elgghu+v, dozd|v
htxdov wkh dxfwlrq sulfh1
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54Wkh ghpdqg fxuyh t @ 4 � I +s, lv mxvw wkh frqyhqwlrqdo ghpdqg fxuyh wkdw zrxog
eh fuhdwhg e| d yhu| odujh qxpehu ri ex|huv zlwk ydoxhv yl+wl, zkhq wkh wl duh gudzq
lqghshqghqwo| iurp wkh glvwulexwlrq I +wl,= +Zh krog wm dqg wn �{hg> ex|huv duh dwrplvwlf
zlwk wrwdo pdvv 41, Iru pruh glvfxvvlrq ri wkh dqdorj| ehwzhhq d elgghu zlwk vljqdo
glvwulexwhg dv I +wl, dqg d pdunhw zlwk ghpdqg fxuyh 4� I +s, vhh Exorz dqg Nohpshuhu
+4<<9, dqg wkh �uvw gudiw ri rxu Zrunlqj Sdshu1

55Vlqfh �kl A �km / wl A wm lpsolhv ++yl�kl,�yl, A ++ym�km,�ym, / wl A wm > lpsolhv
+yl � kl,� yl lqfuhdvlqj lq wl> khqfh ghfuhdvlqj lq t/ ohwwlqj t � 4� I +w, dqg s � yl+wl,=

56Dvvxplqj wkh rssrqhqw lv surgxflqj d krprjhqhrxv surgxfw/ vhh Exorz/ Jhdqdnrsorv
dqg Nohpshuhu +4<;8,1

57Vhh Exorz/ Jhdqdnrsrorv dqg Nohpshuhu +4<;8, iru pruh glvfxvvlrq/ dqg dq h{dpsoh
lq zklfk d prqrsrolvw idflqj d qhz hqwudqw ylhzv surgxfwv dv vwudwhjlf frpsohphqwv1

58Iru h{dpsoh/ li I +w, @ 4 � w�5 iru w � 4 +zklfk fruuhvsrqgv suredelolvwlfdoo| wr d
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ghpdqg fxuyh t � 4�I +s, @ s�5/ wkdw lv/ frqvwdqw hodvwlflw| ri 05, wkh h{shfwhg ydoxhv ri
wkh wkuhh vljqdov zrxog eh 4=5/ 4=9> dqg 6=51 Vr wkh h{shfwhg sulfh lq d 6 iru 4 dxfwlrq zrxog
eh 4=5.4=9.4=9 @ 7=7> dqg wkh h{shfwhg sulfh zlwk 6 iru 5 zrxog eh 4=5.4=5. 4=9.6=5

5 @ 7=;1
Li I +w, @ w

7 iru 7 � w � 3 +zklfk fruuhvsrqgv suredelolvwlfdoo| wr d olqhdu ghpdqg fxuyh,
wkh h{shfwhg ydoxhv ri wkh wkuhh vljqdov zrxog eh 4/5/ dqg 61 Wkh h{shfwhg sulfh lq d 6 iru
4 dxfwlrq zrxog eh 4 . 5 . 5 @ 8> dqg wkh h{shfwhg sulfh lq d 6 iru 5 dxfwlrq zrxog eh
4 . 4 . 5.6

5 @ 7=8=
59Zlwk d xqlirup glvwulexwlrq/ 5w+6, . H

�
w m w � w+6,

�
@ 6w+6, . 4

5 +w � w+6,,> zkloh

w+6, . 5H+w+5, m w+6,, @ 6w+6, .
5
6+w � w+6,,= Zlwk frqvwdqw hodvwlflw| glvwulexwhg vljqdov/

5w+6, . H
�
w m w � w+6,

�
@ 6w+6, � 4

4.�
w+6,> zkloh w+6, . 5H+w+5, m w+6,, @ 6w+6, � 5

4.5� w+6,1 Iru

h{srqhqwldoo| glvwulexwhg vljqdov/ 5w+6,.H
�
w m w � w+6,

�
@ w+6,.5H+w+5, m w+6,, @ 6w+6,.

4
�
=

Wkh fdofxodwlrqv duh vwudljkwiruzdug lq wkh �uvw dqg wklug fdvhv1 Lq wkh frqvwdqw

hodvwlflw| fdvh/ H
�
w+4, m w+4, � w+5,

�
@ �

�.4 w+5, dqg +H
�
w+4,.w+5,

5

�
m w+5, � w+6,, @

H
�
w m w � w+6,

�
@ �

�.4 w+6,= Frpelqlqj wkh odvw wzr htxdwlrqv |lhogv 5�.4
4.�

H+w+5,, @
5�
4.�

w+6,

vr H+w+5,, @ 5�
4.5� w+6,= E| vxevwlwxwlqj H

�
w m w � w+6,

�
@ �

�.4 w+6, @ w+6, � 4
4.�

w+6, zh fdq
ghulyh wkh frqvwdqw hodvwlflw| uhyhqxh iru zkhq wkhuh duh wzr zlqqhuv/ dqg e| vxevwlwxwlqj
H+w+5, m w+6,, @ 5�

4.5� w+6, zh fdq ghulyh wkh h{shfwhg uhyhqxh zkhq wkhuh lv rqh zlqqhu1

+Wkh irupxodh H
�
w m w � w+6,

�
@ �

�.4 w+6, dqg H
�
w+4, m w+4, � w+5,

�
@ �

�.4H+w+5,, duh pdwkh0
pdwlfdoo| lghqwlfdo wr wkh vwdwhphqw wkdw/ jlyhq frqvwdqw hodvwlflw| ghpdqg dqg d sulfh s>
wkh dyhudjh ex|hu kdv d ydoxh ri s�

�.4 = Wklv pxvw eh wuxh vlqfh �
�.4 lv mxvw wkh udwlr ri sulfh

wr pdujlqdo uhyhqxh dw hdfk srlqw dorqj d frqvwdqw hodvwlflw| fxuyh dqg wkhuhiruh wkh udwlr
ri dyhudjh ydoxh wr dyhudjh uhyhqxh +htxdov sulfh,1 Khuh wkh fdofxodwlrqv duh wkh vdph/
h{fhsw zh xvh w+5, dqg w+6, lqvwhdg ri s=,
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ì @tt�4i k� : k2 ' k� ' k : fc M�| k� � f @?_ Ek*k�� � f�
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5;Wkh h{fhswlrq lv zkhq kd}dug udwhv duh frqvwdqw/ k4 @ k5 @ k6 @ k> lq zklfk fdvh
{n @ k>;wn>;n=

5<D qxphulfdo h{dpsoh pd| khos vrph uhdghuv= dvvxph/ frxqwhuidfwxdoo|/ wkdw elgghu
4 doprvw dozd|v zlqv zkhq wkhuh duh wzr xqlwv dqg w lv glvwulexwhg xqlirupo| rq ^3> 43` 1
Wkhq elgghuv 5 dqg 6 zloo qrw ohduq dq|wklqj derxw elgghu 4*v vljqdo wkurxjk wkh dxfwlrq
dqg zloo dvvxph wkdw w4 @ 8 +lwv dyhudjh ydoxh,= Vr elgghu 5 zloo elg xs wr � 5w5 . 8 dqg
elgghu 6 zloo elg wr � 5w6 . 8= Li/ iru h{dpsoh/ w5 @ 5 ? w6 wkhq elgghu 5 zrxog h{lw dw d
sulfh ri <1 Exw li wklv kdsshqhg/ dqg elgghu 4 kdg d vljqdo forvh wr 3/ elgghu 4 zrxog vx�hu
uhjuhw= kh zrxog hvwlpdwh wkh ydoxh dv rqo| � w4 . w5 .H+w6 m w6 � 5, @ 3. 5. 5.43

5
@ ;=

Vr elgghu 4 zloo kdyh douhdg| gursshg rxw1 Elgghu 4*v vpdoo sulydwh ydoxh dgydqwdjh
lv ryhuzkhophg e| wkh gl�huhqfh ehwzhhq klv h{shfwdwlrq ri wkh rwkhu zlqqhu*v vljqdo lq
h{fhvv ri lwv plqlpxp srvvleoh ydoxh +5.43

5
�5 @ 7 lq wklv fdvh, dqg wkh vlplodu h{shfwdwlrq

iru elgghuv 5 dqg 6 derxw elgghu 4 +3.43
5

� 3 @ 8,1 Htxloleulxp zloo uhtxluh wkdw elgghu
4 h{lw dw doprvw h{dfwo| wkh vdph udwh dv elgghuv 5 dqg 6> vr elgghuv zlq dv riwhq dqg dw
+dssur{lpdwho|, wkh vdph sulfhv dv li wkh| zhuh doo v|pphwulf1
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64Dfwxdoo| wklv lv rqo| kdoi wkh vwru| iru zk| zlwk ghfuhdvlqj kd}dug0udwhv wzr xqlwv
|lhogv d orzhu shu0xqlw sulfh wkdq d vlqjoh xqlw1 Uhphpehu wkdw wkh uhvxow wkdw wkh
h{shfwhg uhyhqxh iurp dq dxfwlrq htxdov wkh h{shfwhg pdujlqdo uhyhqxh ri wkh zlqqhu
dvvxphv dq| elgghu zlwk wkh orzhvw ihdvleoh vljqdo uhfhlyhv qr h{shfwhg vxusoxv/ mxvw dv
wkh Uhyhqxh Htxlydohqfh Wkhruhp dssolhv rqo| wr dxfwlrqv zkhuh elgghuv zlwk wkh zruvw
srvvleoh vljqdov pdnh qr prqh|1 Lq prvw vwdqgdug dxfwlrqv wkh dvvxpswlrq krogv wuly0
ldoo|/ exw rxu ghfuhdvlqj kd}dug udwh dv|pphwulf dxfwlrq lv dq h{fhswlrq lq zklfk hyhq wkh
orzhvw w|sh ri elgghu 4 dozd|v zlqv/ pdnhv }hur h{shfwhg vxusoxv dw wkh orzhvw ihdvleoh
vdoh sulfh/ dqg dq hyhu lqfuhdvlqj h{shfwhg vxusoxv dw kljkhu vdoh sulfhv1 Vr wkh wzr0xqlw
ghfuhdvlqj kd}dug0udwh dxfwlrq lv hyhq ohvv sur�wdeoh uhodwlyh wr dq| ri rxu rwkhu dxfwlrqv
zklfk gr doo vdwlvi| wkh vwdqgdug dvvxpswlrq1 +Vhh qrwh 4<1,
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65Htxlydohqwo|/ fkrrvlqj wkh zlqqhu udqgrpo| zkhq wzr elgghuv uhpdlq grhv ehwwhu wkdq
vhoolqj d vlqjoh xqlw wr wkh kljkhvw elgghu lq wkhvh fdvhv1

66Lq wkh dv|pphwulf/ lqfuhdvlqj kd}dug0udwh/ fdvh wkh rswlpdo qxpehu ri elgghuv wr
udwlrq dprqj lv wzr1

67Zh duh uhvwulfwlqj rxuvhoyhv wr phfkdqlvpv wkdw dozd|v |lhog d vdoh1 Vrphwlphv d
vhoohu fdq gr ehwwhu lq h{shfwdwlrq e| kdylqj plqlpxp sulfhv wkdw pd| ohdg wr qr vdoh1

68Udwlrqlqj lv vwulfwo| pruh sur�wdeoh wkdq udlvlqj wkh sulfh wr fohdu wkh pdunhw lq wkh
v|pphwulf fdvh/ dqg2ru zkhq wzr xqlwv duh dydlodeoh1 Lq wkh dv|pphwulf fdvh/ udwlrqlqj
d vlqjoh xqlw wr doo wkuhh elgghuv dw wkh �{hg sulfh lv htxdoo| sur�wdeoh lq h{shfwdwlrq dv
wkh vwdqgdug dvfhqglqj dxfwlrq +lqghshqghqw ri zkhwkhu kd}dug udwhv duh lqfuhdvlqj ru
ghfuhdvlqj,1+Vhh qrwh 4 ri wkh dsshqgl{1,
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69Wklv lv wuxh hyhq zkhq wkh �qdo LSR sulfh lv vhw deryh wkh lqlwldoo| vshfl�hg udqjh1
Iru rwkhu wkhrulhv ri udwlrqlqj/ vhh Gh Juded +4<<8,/ Gh Juded dqg Prkdpphg +4<<9,/
Ghqlfror dqg Jduhood +4<<9,/ Jloehuw dqg Nohpshuhu +4<<:, dqg wkh uhihuhqfhv wkh| flwh1

6:Nulvkqd dqg Prujdq*v +4<<;, Zrunlqj Sdshu ghyhorshg wkh uhvxowv ri wkh v|pphwulf
fdvh ri wklv vxevhfwlrq lqghshqghqwo| dqg vlpxowdqhrxvo| zlwk wkh �uvw gudiw ri rxu rzq
sdshu1

6;Lq wkh v|pphwulf fdvh/ zlwk wzr elgghuv l elgv xs wr 5wl . H+w,1 Zlwk wkuhh elgghuv
l elgv xs wr 5wl . w+6,1 Ndjho/ Ohylq dqg Kduvwdg +4<<8, kdyh qrwhg wkh vdph uhvxow�
wkdw elgghuv elg pruh djjuhvvlyho| zkhq wkhuh duh ihzhu ri wkhp�iru vhdohg vhfrqg0sulfh
dxfwlrqv1 +Lq wkhvh |rx elg |rxu ydoxh dvvxplqj rqh rwkhu elgghu lv wlhg zlwk |rx/ rwkhu
elgghuv duh dyhudjh frqglwlrqdo rq ehlqj ehorz |rx/ exw rwkhu qrq0elgghuv duh xqfrqgl0
wlrqdoo| dyhudjh1, Pdwwkhzv +4<;7, dujxhv wkdw wkh uhvxow dovr w|slfdoo| krogv iru �uvw0sulfh
dxfwlrqv1 Rxu uhvxow dssolhv htxdoo| wr wkh dv|pphwulf fdvh1

6<Qrwh wkdw dq| elgghu*v dfwxdo pdujlqdo uhyhqxh lv d ixqfwlrq ri doo wkh rwkhu
dfwlyh elgghuv* vljqdov/ vr ghshqgv rq q1 Exw zlwk lqghshqghqw vljqdov d elg0
ghu*v pdujlqdo uhyhqxh/ jPUl+wl> wm,> zkhq l dqg m duh dfwlyh/ htxdov klv h{shfwhg
pdujlqdo uhyhqxh frqglwlrqdo rq wl dqg wm > HwniPUl+wl> wm > wn,j> zkhq dq dgglwlrqdo
elgghu n lv dfwlyh1 Vr zlwk 5 elgghuv dqg ghfuhdvlqj kd}dug udwhv sur�wv duh
Hplq+jPU4+w4> w5,> jPU5+w4> w5,, @ Hplq+Hw6iPU4+w4> w5> w6,j> Hw6iPU5+w4> w5> w6,j, �
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Hplq+PU4+w4> w5> w6,>PU5+w4> w5> w6,, A
Hplq+PU4+w4> w5> w6,>PU5+w4> w5> w6,>PU6+w4> w5> w6,, zklfk odvw h{suhvvlrq htxdov h{0
shfwhg sur�wv zkhq doo 6 elgghuv duh suhvhqw1

73Qrwh wkdw zh duh dvvxplqj wkdw wkh sduwlflsdqwv duh fkrvhq udqgrpo| zkhq wkhlu
qxpehuv duh uhvwulfwhg1 Uhvwulfwlqj qxpehuv e| uhtxlulqj elgghuv wr sd| dq hqwu| ihh
diwhu ohduqlqj wkhlu vljqdov zrxog eh yhu| xqsur�wdeoh iru wkh vhoohu/ vlqfh lw zrxog vhohfw
suhflvho| wkrvh elgghuv +kljkhu vljqdov lq wkh v|pphwulf fdvh/ dqg dgydqwdjhg elgghuv lq
wkh dv|pphwulf fdvh, wkdw wkh vhoohu zlvkhv wr h{foxgh1 Ri frxuvh li hqwu| ihhv fdq eh
lpsrvhg ehiruh elgghuv ohduq wkhlu vljqdov/ wkhq doprvw doo wkh vxusoxv fdq eh h{wudfwhg
e| wkh vhoohu1

74Ri frxuvh wkhvh uhvxowv frqwudvw zlwk rxu hduolhu zrun/ Exorz dqg Nohpshuhu +4<<9,/
zklfk hpskdvlvhg frqglwlrqv xqghu zklfk uhvwulfwlqj elgglqj lv qrw phuho| xqghvludeoh iru
wkh vhoohu/ exw lv hyhq d edg lghd iru d vhoohu zkr fdq jdlq dgglwlrqdo qhjrwldwlqj srzhu e|
olplwlqj sduwlflsdwlrq1 Wkh srlqw ri wklv vhfwlrq lv wkdw zkloh wkh frqglwlrqv vshfl�hg lq
rxu hduolhu zrun duh yhu| qdwxudo iru sulydwh0ydoxh dxfwlrqv zlwk v|pphwulf elgghuv/ wkh|
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duh ohvv frpshoolqj iru v|pphwulf frpprq0ydoxh ru doprvw0frpprq0ydoxh dxfwlrqv/ dqg
shukdsv hyhq xqqdwxudo iru dv|pphwulf doprvw0frpprq0ydoxh dxfwlrqv1

75Lq d vhdohg0elg ru �uvw0sulfh dxfwlrq iru wzr xqlwv/ elgghuv vlpxowdqhrxvo| dqg lqgh0
shqghqwo| vxeplw elgv1 Wkh zlqqhuv duh wkh wzr kljk elgghuv dqg hdfk sd|v klv dfwxdo
elg1

76Wr rxu nqrzohgjh wkhuh lv qr jhqhudo wkhruhp surylqj wklv/ dowkrxjk Dyhu| dqg Ndjho
+4<<:, wkhruhp 519 ghprqvwudwhv wkh uhvxowv iru d prgho wkdw lv doprvw d vshfldo fdvh
ri rxuv/ dqg Exorz/ Kxdqj/ dqg Nohpshuhu +iruwkfrplqj, suryhv wkh uhvxow lq d uhodwhg
frqwh{w1

77Nohpshuhu +4<<;, exlogv rq wkh �uvw gudiw ri wklv sdshu/ wr glvfxvv krz dxfwlrqv ri SFV
olfhqvhv dqg dxfwlrqv ri frpsdqlhv fdq eh ghvljqhg wr fdswxuh wkh ehqh�wv wkdw �uvw0sulfh
dxfwlrqv r�hu1
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78Zkhq elgghuv duh v|pphwulf dqg wkhuh duh wzr remhfwv/ wkh vwdqgdug dxfwlrq wr fohdu
wkh pdunhw |lhogv shu0xqlw sur�wv ri 5w+6,.H+w m w � w+6,,> e| Ohppd 5/ dqg wkh h{shfwdwlrq
ri wklv txdqwlw| lv ohvv wkdq w.5H+w, +zkhq kd}dug udwhv duh ghfuhdvlqj, e| wkh dujxphqw
ri Sursrvlwlrq 51 E| Sursrvlwlrq 4/ wkh h{shfwhg sur�w iurp dxfwlrqlqj d vlqjoh xqlw lq
wkh v|pphwulf fdvh lv vwloo orzhu1
Zkhq elgghuv duh dv|pphwulf/ dxfwlrqlqj wzr remhfwv |lhogv shu0xqlw sur�wv ri H+w, .

5plq+w5> w6, +e| Ohppd 7, wkh h{shfwdwlrq ri zklfk lv ohvv wkdq w.5H+w, e| wkh dujxphqw
ri Sursrvlwlrq 51 E| Ohppd 6/ wkh sur�w iurp dxfwlrqlqj d vlqjoh xqlw lq wkh dv|pphwulf
fdvh lv w. w5 . w6> wkh h{shfwdwlrq ri zklfk htxdov w. 5H+w,=
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79Wkhuh duh rwkhu htxloleuld wkdw gr qrw vdwlvi| rxu dvvxpswlrqv1 Lq sduwlfxodu/
+l, zkhq wkuhh elgghuv frpshwh iru d vlqjoh xqlw/ dqg sod|hu 5 ru 6 uhfhlyhv d vx�flhqwo|

orz vljqdo +�5w5 ? �4w ru �6w6 ? �4w, wkdw kh nqrzv kh zloo vxuho| orvh wr sod|hu 4/ gl�huhqw
htxloleuld fdq eh frqvwuxfwhg e| pdnlqj gl�huhqw dvvxpswlrqv derxw krz idu kh elgv xs
wkh sulfh lq vxfk d fdvh +krzhyhu gl�huhqw dvvxpswlrqv wkhq rxuv zrxog qrw lpsruwdqwo|
d�hfw rxu uhvxowv,1
+ll, hyhq zkhq mxvw wzr sod|huv l dqg m frpshwh iru d vlqjoh xqlw/ lw lv dq htxloleulxp

iru l wr txlw lpphgldwho| zkloh m qhyhu txlwv1 +Zlwk xqerxqghg vxssruwv ri wkh vljqdov/
wklv lv d Shuihfw Ed|hvldq Qdvk htxloleulxp vxssruwhg e| m eholhylqj wkdw li kh zhuh wr
revhuyh wkh rxw0ri0htxloleulxp ehkdylru wkdw l vwd|v lq wr sulfh s wkhq l*v vljqdo lv dw ohdvw
s> vxfk htxloleuld fdq eh uxohg rxw e| kdylqj d odujhvw srvvleoh vljqdo/ ru e| lqvlvwlqj hdfk
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sod|hu elgv xs dw ohdvw dv idu dv klv plqlpxp srvvleoh ydoxh jlyhq klv rzq lqirupdwlrq1,
Reylrxvo| wkhvh nlqgv ri htxloleuld dovr dulvh zkhq wkuhh elgghuv frpshwh iru hlwkhu rqh
ru wzr xqlwv1
+lll, zkhq wkuhh sod|huv frpshwh iru wzr xqlwv dqg kd}dug udwhv duh ghfuhdvlqj/ htxl0

oleuld fdq eh frqvwuxfwhg lq zklfk wkh �uvw0rughu frqglwlrqv idlo ehfdxvh d sod|hu lqlwldoo|
h{shfwv wr orvh prqh| frqglwlrqdo rq zlqqlqj/ exw kh h{shfwv wr pdnh xs wkhvh orvvhv
+lq h{shfwdwlrq, li wkh elgglqj frqwlqxhv iru d zkloh1 Wkhvh htxloleuld vhhp sduwlfxoduo|
xqqdwxudo vlqfh wkh| uhtxluh v|pphwulf sod|huv wr ehkdyh dv|pphwulfdoo|1

7:Pruh suhflvho|/ wkh htxloleulxp ixqfwlrqv w
l
+s, duh gh�qhg e| wkh htxloleulxp kd}dug0

udwhv Kl+s,> vlqfh rwkhuzlvh w
3

l
+�, pljkw qrw eh gh�qhg e| w

l
+�,= Wkh frqglwlrq wkdw d elgghu

txlwv zkhq kh lv mxvw lqgl�huhqw derxw zlqqlqj hqvxuhv wkdw Kl+s, lv �qlwh/ wkdw lv/ wl+s,
lv vlqjoh0ydoxhg dqg frqwlqxrxv1
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