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Abstract

We present a synthesis of the various folk theorems for repeated games
using a model that accommodates both finitely and infinitely repeated games
with discounting. We derive a central result for this model and show that the
various folk theorems follow as a consequence. Our result encompasses
theorems involving epsilon equilibria and incomplete information.
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1 Introduction

The theory of repeated games occupies a central place in noncooperative game
theory as it forms a relatively simple platform from which to study dynamic as-
pects of strategic interaction. The key results concerning repeated games, of-
ten called ‘folk theorems, delineate the set of equilibrium outcomes in situations
where the future looms large in players’ assessments of their prospects. Typically,
the folk theorems show that under these circumstances the set of equilibrium out-
comes is essentially unrestricted.

There are numerous results of this genre, varying along many dimensions:
whether the duration of the game is finite or infinite, whether the equilibria are
perfect or not, whether there is discounting or not, whether there is complete
or incomplete information, whether players are maximizers or ‘satisficers,” and
whether the set of players remains the same or consists of overlapping genera-
tions?

Perhaps the most debated of these aspects concerns the duration of the re-
peated game: whether it is finite or infinite. As is well-known, the set of equi-
librium outcomes of a game repeated a large but finite number of times, may be
radically different from the equilibrium outcomes of its infinitely repeated coun-
terpart. This is sometimes referred to as the ‘finite horizon paradox’ and the nu-
merous attempts to resolve it have been responsible for much of the work alluded
to above. In addition, there has been some debate on whether a finite or infinite
game is the appropriate choice for modelling repeated interaction among eco-
nomic agents. For instance, Rubinstein (1991) has taken the position that players
generally perceive repeated games, including those with a known, fixed, and even
short finite duration as a game of infinite duration, and thus infinite games are
the appropriate model. However, the reasons underlying Rubinstein’s position
are difficult to fathom. The assumption thatherwise rationaplayers view the
twenty-fold repetition of the prisoners’ dilemma as being infinitely repeated is
rather curious. And while the predictions of the infinite game are certainly con-
sistent with observed behavior in the finitely repeated prisoner’s dilemma, there
is little in the model to particularly suggest the sort of end-game play that is typi-
cally observed. Indeed, the predictions of some finite models, such as those with
incomplete information or satisficing players, are more in tune with observed be-
havior.

1Detailed references are given below. See Aumann (1980), Pearce (1992) and Sorin (1993,
1996) for surveys of the area.



In our opinion, generally modelling finitely repeated games as infinitely re-
peated ones is unwarranted. Perhaps any attempt to reach an unequivocal conclu-
sion on this issue is futile. In any case, such an attempt is unnecessary and mis-
leading. The theory of repeated games seeks to identify circumstances in which
the set of equilibrium outcomes of repeated games is larger than that of the one-
shot game. Postulating an infinite duration is neither necessary nor sufficient for
this. That it is not necessary is well-known; if the constituent game has multiple
equilibrium payoffs folk theorems for games with a long but finite duration are
available.

To see that it is not sufficient, consider the following example. Suppose the
discount factor, which may also be interpreted as the probability of continuation,
is time dependent. In particular, suppose that the sequence of per-period discount
factors, &, declines and approachésast increase$. Specifically, given ay ¢

0,1) let
(0,1)le Ly

Notice that for ally, lim¢_,. & = % while for allt, limy_,1 & = 1. The latter prop-
erty implies that ay — 1, players become arbitrarily patient. Now, consider the

following game

0,0 x,—3
-3,x|2, 2

which is a prisoners’ dilemma whet> 2. It may be verified that ik = 5, for all

y, the unique equilibrium payoff in the infinitely repeated gam@i®) . Although

the game is of infinite duration, there is a unique equilibrium outcome even when
players are arbitrarily patient.

One might be tempted to argue that since the discount factors decline this is
‘just like" a finite horizon situation rather than an infinite one. However, such a
contention is refuted by the fact thatit= 4, then for largey any feasible individ-
ually rational payoff can be obtained in a perfect equilibrium. Thus, an argument
that this is like or unlike a finite horizon could not be based upon the underlying
time structure, that is the sequen@e), but rather, would have to depend on the
payoffs. The example shows that the finite-infinite distinction is of limited use in
analyzing or classifying the strategic possibilitfes.

2The payoffs from periotiare then discounted by a factor[gt_, &.

3Moreover, even if one favors the modeling fiction of an unbounded time horizon, there is little
reason to further assume that the continuation probability, or discount rate, is constant. In Section
6 we discuss the paper of Bernheim and Dasgupta (1995), where the continuation probability is
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In this paper we attempt a synthesis of the various folk theorems by adopting
a point of view which de-emphasizes the choice of horizon. Instead, we choose to
view any repeated game as consisting of a finitely repeated game followed by an
‘end-game’ whose exact form and duration we leave unspecified. We show that
a folk theorem like result can be established whenever the end-game has enough
threat potential to discipline players; this requires that the end-game have multiple
equilibria. From this perspective the various resolutions of the finite horizon para-
dox may simply be viewed as devices which create or enhance this threat potential.
Indeed, we show that all of the disparate folk theorems for finite horizon games
are rather simple corollaries of a single central result. Furthermore, infinite games
may also be treated in the same way: an infinitely repeated game may be thought
of as a finitely repeated game followed by an end-game of infinite duration.

Our approach offers some advantages. First, it demonstrates the essential unity
of the various folk theorems and their proofs. The proof of each theorem may be
decomposed into two parts: The construction of the threat in the end-game and an
application of our central result.

Second, we are able to derive some new results and stronger versions of ex-
isting results. For instance, our methodology yields a strong version of Radner’s
(1980)¢e-equilibrium folk theorem that is ‘uniform’ in the needed variance from
optimizing behavior. Similarly, we obtain a folk theorem with incomplete infor-
mation that is uniform in the type of incomplete information needed. Moreover,
the methodology itself immediately suggests the generalizations.

Finally, rather than focusing attention on the duration of the game our ap-
proach isolates what is essential for the folk theorems to hold: whether there is an
end-game in which players’ may be threatened sufficiently severely.

Our approach relies essentially on the fact that payoffs from the ‘end-game’
are negligible in the limit. While this allows us to consider infinitely repeated
games with discounting, it cannot accommodate infinitely repeated games in which,
say, the ‘limit of means’ is used to evaluate infinite payoff streams. With the limit
of means criterion, the payoff from any finite number period is irrelevant and thus
consequences of play in the end-game completely dominate earlier play. Thus our
methodology does not apply to the ‘classical’ folk theorems with undiscounted
payoffs (Aumann and Shapley (1994) or Rubinstein (1994)).

This paper is organized as follows.

Main Result. Section 2 contains basics and some preliminary results. We
consider perfect equilibria of repeated games with common discounting and define

not constant.



the central concept: a two-part game that consists of a finitely repeated game
followed by an ‘end-game.” We adopt the effective minmax methodology of Wen
(1994) as it leads to the most general results. In Section 3 we derive the main
result (Theorem 1) which identifies circumstances under which a folk theorem
like result may be derived for the two-part game.

The remainder of the paper is organized into three sections dealingppth
cationsof the main result, itextensionsaind someeformulationsof the results.

Applications. In Section 4, we show how the main result of Section 3 may be
applied to obtain various folk theorems.

Section 4.1 derives the various folk theorems for finitely repeated games. Sec-
tion 4.1.1 concerns the folk theorem for finitely repeated games in which each
player has distinct equilibrium payoffs (Bah@and Krishna (1985)). Theorem
2 is the basic result and Theorem 2 is a recent generalization to the case where
the players have recursively distinct equilibrium payoffs (Smith (1995)). In Sec-
tion 4.1.2 we consider epsilon equilibria of finitely repeated games and derive two
folk theorems (Theorems 4 and 5) that originate in the work of Radner (1980)
and Chou and Geanakoplos (1988). Finally, in Section 4.1.3 we consider games
with incomplete information and derive a result (Theorem 6) along the lines of
Fudenberg and Maskin (1986).

Section 4.2 concerns infinitely repeated games. We consider the Fudenberg
and Maskin (1986) result and its generalizations by Abreu, Dutta and Smith (1994)
and Wen (1994) (Theorem 7). In Section 4.2.2 we consider the recent model of
an infinitely repeated game with a declining discount factor studied by Bernheim
and Dasgupta (1995) (Theorem 8).

Section 4.3 derives a folk theorem for a model with overlapping generations
similar to results of Kandori (1992) and Smith (1992) (Theorem 9).

Extensions. Section 5 derives some extensions and generalizations of the
main result.

While the main result is derived for the case of pure strategies (or alternatively,
for the case when mixed strategies are observable), in Section 5.1 we establish
a generalization of Theorem 1 for situations in which mixed strategies are not
observable. Section 5.2 delineates circumstances under which the statement of
Theorem 1 may be strengthened so the the order in which the limits are taken is
irrelevant. While most of the paper is concerned with subgame perfect equilibria,
Section 5.3 shows how the same methodology can be used to derive an analog of
Theorem 1 for Nash equilibria. The Nash equilibrium result is derived, of course,
under much weaker conditions. Section 5.4 introduces the notion of a ‘frequent
response game’ in which the horizon is fixed but players revise moves rapidly and
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shows how Theorem 1 may be reinterpreted to this context.
Reformulations. Section 6 shows that the some of the ideas underlying the
main result can be used to derive results in contexts other than repeated games.

A few words to the reader are in order. First, the primary purpose of this
paper is to present a framework that allows for a unification of existing results on
repeated games and derivation of new ones. It relies on and incorporates ideas
from many sources. While some have been explicitly acknowledged, it would be
difficult, if not impossible, to identify all of these.

A secondary purpose of this paper is expository. Many of the underlying ideas
will be familiar to the reader acquainted with recent developments. Nevertheless,
we present complete proofs while keeping an eye on exposition. In this manner,
the current paper is more or less self contained, while remaining relatively brief.

2 Preliminaries

Let G = (A1, A2, ..., An; Ug,Usy, ..., Uy) be a game in strategic form whegis i’s
strategy space and is his payoff function. We assume that thgs are compact
and theU;'s are continuous. As usual we wrife= []_; Aj andA_j = [j4 A
with generic elementa anda_; respectively. We also assume tlaahas at least
one equilibrium.

If the A’s are convex subsets of a Euclidean space we@allcontinuous
game.lf the Aj’s are finite sets we calb afinite game

Letv; be playeri’s minmaxpayoff defined as:

vi = minmaxU; (a,a;) .
a a
Let F denote the feasible anddividually rationalpayoffs inG, that is,
F={uecoU (A): u>v}.

Two playersi and | are said to havequivalent utilitiesf i’'s payoff function
is an increasing affine transformation j&é (see Abreu, Dutta and Smith (1994)).
Let N(i) denote the set of playefjssuch that andj have equivalent utilitiedN(i)
defines an equivalence class. Following Wen (1994Y/léte playern’s effective
minmaxpayoff defined as:

\fk _= i i . 1
: mgnkrgl\%ﬁma?xu.(ak,mk) 1)
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As in Wen (1994), for all let m be the solution to (1) so that we have that for all
j € N(i):
maxUj(aj,m_.) < max maxU m_ Vi
aj J( ] ) keN(i) a (akv ) i
If m is played, each playgre N(i) obtalnsv]-k and is at a best response. Clearly,
Vi* > V.
Normalize the game so that for alivi = 0 and define:

F*={uecoU(A):u>0}.

to be the set of feasible aredfectively rationapayoffs inG. We assume that there
exists au € F*, u>> 0.4

Note that if no two players have equivalent utilities, tlen= F. Wen (1994)
also shows that* = F for all two player games.

G®(T) will denote the game which consists irepetitions ofG and in which
players use a discount factor ®& (0, 1) to evaluate payoffs. Ifal,a?,...,a") is
a path inG%(T) the resulting payoff vector is the discounted average of the per

period payoffs:
TP

G®() denotes the infinitely repeated game with discount fasitor

A pure strategy for playeirin G%(T) is a sequenc(aoil,oiz, ...,oiT) such that
of € A and for allt > 1, ot : A=1 — A Similarly, a pure strategy iG%(c) is
an infinite sequencéoil,oiz, ) of this form. Thus, we are assuming that there is
perfect monitoringalso called ‘standard signalling’).

Let P9 (T) be the set of (subgame) perfect equilibrium payoff&®fT). Sim-
ilarly, P% () denotes the set of perfect equilibrium payoffsas{ ).

The minmax level; is an obvious lower bound on playgs payoff in any
equilibrium of G® (T) or G® (). If i andj have equivalent utilitiesj is unwilling
to take any action that is too detrimental figrsince such action is inevitably
detremental for j as well. The effective minmax levekthen becomes the natural
lower bound. Indeed, Wen (1994) has shown that fob atidT, P?(T) C F* and
that for alld, P® (c0) C F*.

Public Randomization. Supposel € coU (A). Then by definition there exist
L pure strategy action profilest,a?,...,a- and weights\1,Az,...,A_ such that

4Given two vectors,y € R", x > y means that for all, x; > v;.



zlL:l)\|U (a') = u. Now suppose there is a publicly observed randomizing device
such that the ‘statef occurs with probabilityA;. Then for alli andl, if each
playeri playsa} when the state i the resuling expected payoff will be exactly
Moreover, since is common knowledge, if any player were to chooseja# a1'

in statel then this deviation would be commonly observed.

In what follows, in bothG®(T) and G%(w), it is convenient to assume that
the players have access to such a randomizing device and by these means, can
achieve anyu € coU (A) exactly. Usually, we will not refer to the randomizing
device explicitly, rather, instead of saying that there is a randomizing d&\icat
achieves the payoff, we economize on notation and say that there is an ‘action’
a that achieves every payoif € coU (A). Wheneveru ¢ U (A) this should be
understood to mean thatis achieved in the manner outlined abéve.

Initially, we also assume that when players randomize independently, their
mixed (behaviora) strategies are observable (alternatively, we can say that the
A’'s themselves subsume all mixing possibilities). This assumption is relaxed
later in Section 5.

3 The Main Result
LetH® = (S, S, ..., S VR, V2, ..., V9) be a game with parametdre (0, 1).

Definition 1 Given a finitely repeated game®@ ) and another game & the
conjunction of the two games, writte(G® (T),H?), is a T+ 1 period game that
consists of &(T) followed by H, with perfect monitoring throughout. Hs then
referred to as theend-game. If (al,a?,...,a',s) is a path in(G%(T),H?%), the
resulting payoff is

( 5T+1> [Zat ) +8T V() |

If (01,02,...,0",0" 1) is a perfect equilibrium of the gam&® (T) , H?), then
for all (al,a?,...,a") € AT, we must have thav't1(al,a?,...,a") is a perfect

SAlternatively, every payofti can be approximated by playirmg for somey, periods, therm?
for p, periodsa® for y; periods etc. where thg are integers satisfying ~ A, (3 1) . See Sorin
(1996) for details.



equilibrium of H®.8 Notice that ifH? is itself a repeated gan@® (T') (whereT’
may be finite or infinite) then a perfect equilibrium payoff (@°(T),H?) is a
perfect equilibrium payoff 0G%(T + T').

Definition 2 The game A = (ﬁ, VR, ...,VS) has aperfect threat of M if
there exist r- 1 perfect equilibria of K : s, s, &, ..., s" satisfying for all i

V29 -VR($)| = M. ®)
s, s, %, ..., " will be referred to as th@erfect threat strategieswhich yield M

A perfect threat ofM consists of atarget path s and for each player a
‘punishmentpath s ; each player can then be ‘threatened’ with a loss of at least
M by a play ofs rather thars. Note thats!, &2, ..., s" need not be distinct.

Let I'I5(T) be the set of (subgame) perfect equilibrium payoffs of the conjoined
game(G®(T),H?). Our main result concerns the Hausdorff limit @P(T) as
d— 1 andT — o: if the end-gamed® has a large enough threat then the set of
perfect equilibrium payoffs of the conjoined gak@® (T) ,H®) approaches the set
of effectively rational payoff§* of the gameG.” WhenH? has a large threat, it
is obvious that towards the end@P (T) the players can be induced to follow any
path, since possible lossesHi? swamp any gains from deviating in the small time
remaining inG® (T). It is less obvious that the threat i® can have any impact
on play at the beginning of an arbitrarily lo@f (T) . This is both because viewed
from the beginning of the game the discounted threat appears small and because
the sums of the payments over the entire cours8%iT ) are (potentially) much
larger than any payoffs inl®. NonethelessH? serves to prevent an ‘unravelling’
at the very end of the game. In earlier periods, threats built within the GrfiE)
itself are used to sustain effectively rational paths.

Theorem 1 There exists an M such that if for all large H® has a perfect threat
of M then
lim lim M%(T) = F*.

0—1T—00

60f course, ifH2 has no proper subgames, the set of perfect equilibiitfa$ the same as the
set of Nash equilibria offf®.

"We show below in Section 5 that under a slightly stronger assumptit? ¢ime order of limits
in the statement below is unimportant. This stronger assumption is satisfied for finitely repeated
games.
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Proof. Let affF* be the smallest affine space containfg® DefineB(u,&) =
{veaffF*:|u—v| <&}, the closed ball of radiusaroundu.
Fore > 0, define

F*(e)={ueF":B(ug) CF}

and choose > 0 small enough so that relift (¢) # 0. As in Abreu, Dutta
and Smith (1994), from the definition of equivalent utilities, there exigtctors
x1, %2, ..., x"in F* (¢) that satisfy payoff asymmetry:

VigN(), X <X
VjeN(i), xizéj (3)

We proceed in three steps.

Step 1 establishes punishment vectdror each player that have the property
that given any planned payaifc F* (¢), each player prefers the planned payoff
u; to his punishment payoﬁ/}, and moreover, prefers the paynfif when some
playerj ¢ N (i) is punished to his own punishment paywft

Step 1 For all € there exists a’ < € and W, w2, ...,w" in F* (¢/) such that for
allue F*(e):
VieN, W < U —¢’
VigN(), w<w —¢ (4)
VieN(), w=w
For alli, lety' be such thay = min{v; : 3v_j, (vi,v_i) € F*(¢)}. Similarly,
let Z be such thag, = min{v; : 3v_j, (vi,v_i) € F*(¢/3)}. ThenZ < y. Notice
thatif j € N (i) theny! = y! andZ = Z..
Since for alli € N, Z < y; there exists §8 € (0,1) such that for alli € N,
Y —(1—-B)Z —Bx > 0. Fix such &.
Choosee’ to satisfy: for alli, y — (1—B)Z — Bx > ¢ and for alli and all
PENG),B({-X)>¢

Define
wW=(1-B)Z+px

It is routine to verify that thev satisfy (4).

8affF* = {3 Aix :X € F*, 31 \i = 1} . See Rockafellar (1970).
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This completes Step 1.

Step 2 shows that whehis large enough, the/ determined in Step 1 consti-
tute sufficient punishments in the early periods of the game to enforce proposed
paths. Towards the end of the game there is insufficient time to use these punish-
ments, but now the threats in the end-gatfecan be used.

Step 2 For all € > 0 there exists an M) such that if for all larged, H® has a

perfect threat of Mg) then there exists &(¢€), such that for all T and > d(¢),
T periods

for all a satisfying U(a) € F* (¢) the path(&a,...,3,5) is a perfect equilibrium
path of (G®(T),H?).

Observe that in the statement aboVE), T (¢€) andd (¢) are independent of
a.

Let a € A be such thatl (a) € F* (¢). From Step 1 there exists & and
vectorsw!,w?, ..., win F* (¢/) that satisfy (4) wheni = U (a).

For alli, leta' € Abe such that) (a') = w'.

SupposeQ, RandT are given,R< Q < T. Lets, st s ....s" be perfect
equilibria ofH?. (Note thats ands' depend ord).

Let TQ be a path from period 1 td6 + 1 described by:

®=(aa..,a5s).

Fori=1,2,...,n,andt < T — Q let 1¢. be a path that begins in periadcand
ends in period + 1 described by:

R periods
= (m,m,...maa,..a,s).

Given a strategy combinatian we say that deviates from a path. in period
t if o calls fori to play Tt (t) buti plays something else. Consider the following
(recursively defined) strategies:

° Follown‘i (until someone deviates).

e If playeri is the (lowest indexed) player to deviate fraréq ]=0,1,....,nin
periodt < T —Q, switch totg__ ;.

12



e If playeri is the first player (with the lowest index) to deviate fraghin
some period, T —Q <t < T, then play some equilibriura of G in each
subsequent period through periddand plays in periodT + 1. Any devi-
ation after the first is ignored.

We now show that for large enou@h R, T andd these are perfect equilibrium
strategies. It is sufficient to verify that no player wants to deviate from these
strategies just once and conform thereatter. .

First, considet < T —Q and deviations by playeare N(j) from ™ or Td.
Clearlyi cannot gain by deviating frome while being (effectively) minmaxed.
For other periods, if deviates his remaining payoff stream is bounded above by:

R periods
—— .
(©@,0,0,...,0,w!, ..., w!,V(9)) (5)
wheret is the maximum payoff of any player . To see this, recall from (4)

that fori € N(j), w = w/. On the other hand, ifdoes not deviate his remaining
payoff stream will be no worse than:

R periods
Wil owdowdwdwd vE(s)) (6)
Sincewij > ¢/, (6) is no worse than
R periods
1 o I n i \/0
(e,e,e, ..., e, W, ..., W, V°(s)) (7)
For large enougR andd the discounted value of (7) is greater than that of (5).
Note that theR andd so chosen depend @hand hence oa.

Next, considet < T — Q and deviations by playerz N(j) from n%. Deviating
once Yyields a remaining payoff stream bounded above by:

Rperiods Q-R  T-t-Q
—_—

(@, 0,....0,wW, ..., W w, ... w. Vo) (8)
Not deviating yields at worst:
(Goow! owdw! w! L wd ve(s)) (9)

9This is known as the ‘one deviation property’ of subgame perfect equilibrium. See Osborne
and Rubinstein (1994).
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whereu is the minimum payoff of any player i. Sincei ¢ N(j), from (4)
wiJ — vv‘I > ¢/, and thus we can choos@ so that the discounted value of (9) is
greater than that of (8) for all j, i ¢ N(j), whent=T —Q andd= 1. The
inequality then also holds for all largeandt < T — Q. Once againQ depends
only one.

Finally, consider deviations by a first deviaton a periodt > T — Q. If i
deviates his remaining payoff stream is bounded above by:

Q periods
(TRTSIAVAIC)) (10)

If i does not deviate his remaining payoff stream will be at worst:

Q periods

(@00, V(s)) (11)

Let M (g) be a number satisfyinif (¢) > Q(U— u) (SinceQ depends only on
g, so doesM). Supposss, st, <2, ..., s" are perfect equilibria dfi® such that for all
[

V29 -VR(S)| > M(e).

For large enough, the discounted value of (11) is greater than that of (10), for all
i
This completes Step 2.

Notice that the threats used in Step 2 depend wupfwe have Mg)). Step 3
shows that M can be chosen independently. of

Step 3 There exists an M such that if for all large H® has a perfect threat of
M then for alle > O there exists &(¢g) such that for alld > &(¢€), there exists a
T (¢,8) such that for all T> T (&,3), if u € F* then there exists a@ MN°(T) with
lu—v| <e.

Fix an € and a pointG € F*(€). From Step 1 there exists @ < € and
WLW2, . W in F (?) satisfying (4). LetM = M (?) as determined in the
statement of Step.2

Letd, al, a2, ...,a" be outcomes correspondingon®, W2, ..., W", respectively.

Suppose that for all largg H® has a perfect threat ol = M (E’) . We now
show that for alM’ there exists & (M) such that for alll > T (M’) and larged,
the conjoined gamid’ = (G®(T), H9), itself viewed as an end-game, has a perfect

14



threat ofM’. This is because from Step 24,4,...,a;s) and (8,4, ...,a@,s) are
perfect equilibrium paths o(fG5 (T), H5>, and the difference in playés payoffs
from these paths exceelE whenT andd are large.

Now for anyu € F* take au’ € F* (¢) satisfying|u— U | < €. Consider the
gameG? (T) followed by an end-game. As in Step 2, @r> 5(g), U can be
obtained as a perfect equilibrium payoff in every period but the last, if the end-
game has a large enough thrbbte). While H® has a threat of (onlyyl, we have
shown that for all larged, the conjoined gaméG®(T (M (g))),H®) has a threat
M (g) . Thereforey can be obtained in every period but the last of the g&h(@)
followed by the end-gamid® = (G3(T (M (g))), H3). But this game(G? (T) ,H®),
is the same agG%(T + T (M (g))),H?®). Henceu can be obtained in every period
but the lasK (g) = T(M (g)) + 1 periods of the gaméG2(T + T (M (g))),Hd) for
all' T.

Finally note that for large enough(e,d), for all T > T (g, d) the payoff from
one of these paths is withinof u'. |

WhenT is large, the perfect threM required for Theorem 1 is small relative
to the total payoffs ifG® (T). The following corollary gives a sufficient condition
for M to be small relative to the payoffs (&.

Given an outcomae, define the maximum gain from deviating fraam

d (@) = max{Ui (bi (a),a-i) ~ Ui (a)}
whereb; (a) isi’s best response t@;.

Corollary 2 Suppose G has an equilibrium e that is inefficient. If for all ladge
H? has a perfect threat of N+ inf {d (a) : U (a) > U ()} then

lim lim N%(T) = F*.

0—1T—w

Proof. Choosea such that) (a) > U (e) andd (a) < M. Lets, s, &, ...,s" be the
threat strategies which yieM. Then for allT and large the path(a, a, ...,a,s) is

a perfect equilibrium path ofG®(T),H?) since deviations can be punished with
(e, e, ...,e,§) . Since the payoff difference betweém a, ...,a,s) and(ee,...,e )
can be made arbitrarily large, the game— (G®(T'),H?) has an arbitrarily large
threat for larged andT’. Apply Theorem 1 to(G5(T),ﬁ6>. [ |
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Note that for continuous games i (a) : U (a) > U (e)} =0, so that ifG is
a continuous game with an inefficient equilibrium it is enoughH8rto have any
positive threat?

3.1 Order of Limits

In many contexts, in particular for finitely repeated games, the end-ghsat-
isfies the condition that for allands, limsups_, ; ‘Vié(s)‘ < 00,

Under this assumption, we obtain the stronger result that the order of limits in
the conclusion of Theorem 1 is unimportant.

Theorem 1 Suppose ¥ satisfies for all i and slimsups ,; ‘Vié(s)‘ < c. There
exists an M such that if for all largd, H® has a threat of M then

lim N%(T) = F*.

o0—1

T—o00

The proof follows the proof of Theorem 1 exactly, with the double limit being

taken in Step 3 instead of the sequential limit. The condition that the payoffs
V®(s) are bounded a8 — 1 ensures that the contribution B to the average
payoffs in the conjoined gam&® (T),H?) is negligible, regardless of the order
in which the limits are taken.

4 Applications

4.1 Finitely Repeated Games

As noted earlier, iH? is itself a repeated gan®®(T’) then a perfect equilib-
rium payoff of (G3 (T) ,H®) is a perfect equilibrium payoff d&%(T +T'), that is,

M2 (T 4 1) = PS(T +T’). Furthermore, if there exists a set of perfect equilibrium
strategies, st, &, ..., s" of G3(T’) which, for alld > &', yield any positive perfect
threat forG%(T’), then by choosing large enough, the gan@® (kT’) can be made
to have an arbitrarily large threat for large This threat can be obtained simply

10Chou and Geanakoplos (1988) show that for “smooth commitment” games a folk theorem
may obtain with any positive commitment. See Section 6 for a further discussion.
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by ‘patching’ together the relevant threat strategie@ﬁﬂ' ") ktimes!! Applying
Theorem 1to the conjoined gam@3® (T),G2(kT')), we have that there exists a
k such that limy_,; M3 (T) =lim 5, PX(T +kT') = F*.

T—00 . T—o
Thus, we have the following:

Proposition 3 Suppose that for some’ Bnd & there exists a set of strategies
which, for alld > &, yield a positive perfect threat infGT’). Then
lim P%(T) = F*.

o0—1
T—o

In Section 5.2 we show that the above limits, and indeed all the limits for
finitely repeated games, can be taken simultaneously.

4.1.1 Games with Distinct Equilibrium Payoffs

Say thatG hasdistinctequilibrium payoffs if every player has two equilibrium
payoffs. The following result is due to Beihand Krishna (1985¥2

Theorem 4 If G has distinct equilibrium payoffs then

lim P°(T) =F*.

0—1

T—o
Proof. For alli, letU; (€) > U; (€) be the best and worst equilibrium payoff,
respectively, for player. SetT’ = 2n, and lets= (e, e, ¢,...,",€") and

s = (€,€,...,€) be T’ period paths. Note that for afl, s, sl s2 ., 8" forms a
positive threat irG%(T’). Now apply Proposition 3m

As in Smith (1995) we say th& hasrecursively distincequilibrium payoffs
if there exists an ordering of the players.ln such that (a) player 1 has two
equilibrium payoffs, and (b) for all 1 <i < n, there exist strategy combinations
hi*1 and!™?! such that;q (h*?) > uiy4 (1"?) and each playeir+ 1,...,n s at
a best respons€. The following generalization of Theorem 4 is due to Smith
(1995).

Usupposeal,a?,...,a") is a perfect equilibrium path o&®(T) and (a',a?,...,a") is a per-

fect equilibrium path of33(T). Then(al,&?,...,a' ,al,@2,...,a' ) is a perfect equilibrium path of
G®(T 4 T). This process is referred to as ‘patching’ the two paths together.

12We remind the reader that this and all other folk theorems are rewritten in Wen’s (1994)
‘effective minmax’ formulation. Also, the original theorem was stated without discounting.

13This definition is equivalent to the definition in Smith (1995).
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Theorem 5 If G has recursively distinct equilibrium payoffs then

lim P°(T) =F*.
0—1
T—oo

Proof. We proceed inductively. Suppose that for some< i < n, there exists
aQ; such thalGY(Q;) has two equilibrium payoffs for players.1,i in which, in
every period, each player either strictly prefers to follow the equilibrium path than
to deviate from it or is at a single period best response. Forail® andri be
such perfect equilibrium paths &'(Q;) yieldingi his highest and lowest pay-
off among such paths, respectively. Sirgdnas recursively distinct equilibrium
payoffs there exists msuch that

ktlmes k times ktimes  ktimes
—— /—/A/—/A
WL, T, T )

and
k times k times k times k times

(G T e I

are perfect equilibrium paths @*(2ikQ; + 1) with different payoffs for player

i+ 1, and again in every period each player either strictly prefers to follow the
equilibrium path than to deviate or is at a single period best response . These
paths are supported by threatening player 1,...,i with a punishment of going

to ¢ (2ik times) for a deviation in period 1; note that players1,....n are all

at best responses in period 1. Thus, continuing inductively, we can fihsieh

that every player has two equilibrium payoffs for alsufficiently close to 1. By
patching these equilibria together as in the proof of Theorem 4, the GA(Té)

has a positive threat, where ndW= 2nQ. Now apply Proposition 3m

4.1.2 e-Equilibria

Radner (1980) introduced the following notion of approximate equilibrium be-
havior.

Definition 3 An g-equilibrium of G?(T) is a strategy combination such that
for all i and o]

o) B
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where &(o) and d(o],0_;) are the outcomes at time t resulting frasnand
(of,0_;) respectively. Aperfect e-equilibrium is ane-equilibrium in every sub-
game of G(T).

Below we establish a folk theorem for perfecequilibria along the lines of
Radner (1980). However, the notion of perfeetquilibrium may be criticized
on the grounds that while a player’s payoff is close to his best-response payoff
in terms ofaveragesin long horizon game the discrepancy may be quite large
in terms oftotals. The following definition, suggested in the work of Chou and
Geanakoplos (1988), is intended to address this issue directly.

Definition 4 AnQ-satisficing equilibrium of G?(T) is a strategy combinatioa
such that for all i ands]

.
tZcSU(at [Zé (of,0-i))

A perfect Q-satisficing equilibrium is anQ-satisficing equilibrium in every sub-
game of G(T).

—-Q.

The notion of perfec-satisficing equilibrium may be criticized on the grounds
that while in a long horizon game a playetcgal loss from not optimizing is small
relative to his overall payoff, this loss may be large relative to the remaining payoff
towards the end of the game.

We now show how Theoren,land hence Proposition 3, may be applied to
obtain folk theorems for both notions.

Let P2(T) be the set of perfeat-equilibrium average payoffs @°(T). Let
Pg (T) be the set of perfed®-satisficing equilibrium average payoffs 6P (T).

To apply Theorem’land Proposition 3 in the present context recall that a strategy
combinationo in (G®(T),H?) such that (1) no player can profitably deviate in
any subgame which starts in one of the fiFsperiods, and (2) for any history
induces a subgame perfect equilibriumH, is a subgame perfect equilibrium of
(G®(T),H?). A strategy combinatiow in (G®(T),H?) such that (1) no player
can profitably deviate in any subgame which starts in one of theTiggriods,

and (2) for any historyo induces a perfeat-equilibrium of H9, is a perfecte-
equilibrium of (G®(T),H%). Similarly, for perfectQ-satisficing equilibria. This
reasoning can be carried through to Proposition 3 so that:
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Remark 1 If the threat strategies in Definition 2 are perfesequilibria rather
than perfect equilibria, then in Proposition 32fT) can be replaced by ®T).
Similarly, if there exists a2’ such that the threat strategies are perf&2t
szgltisficing equilibria, then there exists &such that B(T) can be replaced by
Pa(T).

In light of the two criticisms mentioned above, Theorem 6 below requires a
strategy combination to be both a perfe@quilibrium and a perfe-satisficing
equilibrium.

Theorem 6 There exists af) such that,

lim lim |P2(TYnP%(T)| = F*.
27 5 o (T)NPE(T)
—>00

Proof. Let e be an equilibrium ofG, and letG,dt, 0%, ...,0" be elements of
satisfying for alli: .

G > U
Clearly, given are > 0, for all outcomesa there exists &’ andd’ such that for all
5>3, (aepe,...,e)is a perfece-equilibrium path ofG®(T’) and forQ’ = (U — u)
it is also anQ’-satisficing equilibrium. Using the outcomes corresponding to the
n+ 1 above points yields a positive threaGA(T’) for all 5 > &'. Now if we apply
Remark 1 the conclusion of the theorem holds@os kQ'. &

Notice that ifQ is very small, then the notion of a perfe@tsatisficing equi-
librium is satisfactory on its own. The following theorem is due to Chou and
Geanakoplos (1988).

Theorem 7 Suppose G is a continuous game with an inefficient equilibrium. Then
foranyQ > 0, 5

lim P (T)=F".

0—1 Q( ) F

T—oo
Proof. For anyQ choosea such thatJ (a) > U (e) and the maximal deviation
d(a) < Q. This is anQ-satisficing equilibrium ofG®(1). SetH® = G®(1) and
apply Corollary 2 (modified as in Theorer).1Since the threat i6% (1) is Q-

satisficing, the equilibria oB® (T +1) = <65 (T),G&® (1)> areQ-satisficing. m
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4.1.3 Games with Incomplete Information

Following Krepset al. (1982), Fudenberg and Maskin (1986) have shown that
even if a game has a unique equilibrium, a folk theorem may obtain if a small
amount of incomplete information is introduced. Specifically, they showed that
for everyu € F*, there is a game of incomplete information in whiglis a se-
guential equilibrium payoff. Note that in this statement the type of incomplete in-
formation used may vary with the outcoméeing sustained. Indeed, Fudenberg
and Maskin (1986) view this dependence as a possible virtue as it may enable one
“to argue for or against certain equilibria on the basis of the type of irrationality
needed to support them.”

In this section, we present a stronger version of their result in which all the out-
comes can be sustained with tsemetype of irrationality. Thus, the (optimistic)
claim that different outcomes can be distinguished on the basis of the ‘needed’ ir-
rationality is mistaken. In fact, Theorem 1 shows that this must be the case: once
two Pareto comparable equilibria, for instance, have been identified, these can be
used in a suitable end-game to immediately establish a folk theorem.

To apply Theorem 1 to games of incomplete information recall from earlier
sections that a strategy combinatmin (G®(T),H?) such that (1) no player can
profitably deviate in any subgame which starts in one of the Tirgériods, and
(2) for any historyo induces a subgame perfect equilibriuntti, is a subgame
perfect equilibrium of(G® (T),H?®). SupposeH?® is a game of incomplete infor-
mation. Then a strategy combinationin (G%(T),H9) such that (1) no player
can profitably deviate in any subgame which starts in one of theTiggriods,
and (2') for any historyo induces a sequential equilibrium BP, is a sequential
equilibrium of conjoined gaméG? (T) ,H%). Thus:

Remark 2 If the threat strategies in Definition 2 are sequential equilibria, then
in Theorem 1M%(T) can be replaced by the set of sequential equilibrium payoffs
of (G3(T),H?).

Theorem 8 For all T there exists a game of incomplete informatioe?‘(ﬁ €)in
which with probability(1 — €) each player’s payoffs are the same as i‘?‘(IE) and

lim lim lim Sed(T,e) = F*,

£€—5086-51T—0w

where Sef|(T,¢) is the set of sequential equilibrium payoffs ¥, ¢).
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Proof. Let G5(Q, €) be theQ period game of incomplete information in which
each player is ‘rational’ with probabilityl — €) and with probabilitye is an ‘irra-
tional’ player who is completely indifferent among all outcomes.

Fix some equilibriune of G satisfyingU (e) > 0.4 Letu € F* and letac A
be such that) (a) = u. Consider the following behavior strategies.

Irrational player 1.

I1. Playa in period 1. If each playey playsa; in period 1, then playeg; for
the remainingQ — 1 periods of the game at all information sets.

12. Suppose that some playgdoes not play; in period 1 and indeed lef
be the lowest indexed such player. Then:

e In periodt = 2 : (effectively) minmaxj

e In periodt > 2:

— if for all T such that X 1 < t, all players have minmaxegthen min-
max j in periodt;

— ifthereis ar, 2 < 1 < t, such that some player did not minmgxhen
play g in periodt.

Rational player i.

R1. Playa; in period 1. If each playej playsa; in period 1 then playg for
the remainingQ — 1 periods of the game at all information sets.

R2. Suppose that some playgdoes not play; in period 1 and letj be the
lowest indexed such player.

e In periodt > 2, if there is at, 2 < 1 < t, such that some player did not
minmax j, then playe in periodt.

e Otherwise foit > 2, all rational players play to a particular sequential equi-
librium derived under the restriction that all players’ strategies conform to
the above restriction’s’

14The assumption tha has an equilibrium such thek(e) > 0 is made only for convenience.
5That is, define a new game in which the players’ strategy spaces are as in the original game
but with the above restrictions. This is a well-defined game with a sequential equilibrum.
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We now verify that the above constitutes a sequential equilibrium. Since irra-
tional players are always indifferent, we need only concern ourselves with rational
players.

When the players are playing étheir beliefs are irrelevant. At other times,
by construction their beliefs are sequentially consistent.

Following period 1 all players are either at a single period best response, or
by construction cannot gain by deviating.

We now verify that forQ large enough playing; is strictly optimal in period
1 whend = 1. Playingg; yields

ui(a)+(Q—1)ui(e). (12)
Deviating (once) yields a payoff which is bounded above by
U+e"H(Q-1)0+ (1" U+ (Q—2)ui(e)] (13)

wheret is the maximum payoff of any player i@.

(13) < (12) for large enougk.

Thus, we have shown that for allc F*, there exists @ such that for all
Q > Q, there is a sequential equilibrium @(Q, €) which results in a stream of
payoffs(u,U (e),...,U (e)).

Now let,at, @2, ..., 0" be elements of * satisfying for alli:

G > U.

We have foundh+ 1 sequential equilibrium payoffs @°(Q, &) which show that
G%(Q,¢) has a positive ‘sequentially perfect threat.

An arbitrarily large threat can be obtained by patching together sequential
equilibria of G3(Q, £), sayk times, to obtain sequential equilibrialef = (G%(Q, ¢), ..., k
times ..., G%(Q, £)). The resulting strategy combination is a sequential equilibrium
Remark 2 shows that Theorem 1 may be applied. Finally, note that a sequential
equilibrium of (G? (T) , H®) is a sequential equilibrium of B+ kQ period game of
incomplete information (in this game of incomplete information, the irrationality
manifests itself independently evet{) periods). m

Notice that in the above proof, the incomplete information is introduced only
towards the end of the game. In contrast, the proof in Fudenberg and Maskin
(1986) (and the earlier work of Krepat al. (1982)) introduces this incomplete
information throughout. Thus, whereas this latter work is often characterized as
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allowing for “irrationality,” our theorem is perhaps more aptly described as allow-
ing for “senility” on the part of the players.

4.2 Infinitely Repeated Games
4.2.1 Stationary Discounting

For infinitely repeated games with discounting, the following generalization of the
theorem of Fudenberg and Maskin (1986) is due to Wen (1994).

Theorem 9

; o) *
alslinlp (=) =F

Theorem 9 follows from Theorem 1 @° () can be shown to have an arbi-
trarily large threat a8 — 1. To see this seil® = G2 (), and note that a perfect
equilibrium payoff of(G® (T),H9) is a perfect equilibrium payoff o (c).

If G has (recursively) distinct equilibrium payoffs for each player then an arbi-
trarily large threat can be constructed by patching together single-shot equilibria
in much the same manner as in the finite cas& tfas an inefficient equilibrium
e this threat can be constructed as follows: &die such thati(a) > u(e). Lets
be the strategies: each playglaysa; so long as all others do; if anyone deviates
play g forever. Lets be e repeated forever. For largethese strategies form an
arbitrarily large threat.

If G has a single equilibrium which is efficient Theorem 1 may still be applied,
however it appears that it is then no easier to establisi@h@b) has an arbitrarily
large threat than it is to establish Theorem 9 directly (the latter can be done by
settingT = o andQ = 0 in the proof of Theorem 1’

Theorems 4 and 9 together confirm a conjecture of Pearce (1992) Ghhas
(recursively) distinct equilibrium payoffs then

lim P1(T) = lim P (o).

Jim PH(T) = lim P (<)

Note, however, that an example in Benand Krishna (1987) shows that even
with distinct equilibrium payoffs, for fixed, it may be that

Jim P?(T) # P°(e0).

16\We thank Drew Fudenberg for suggesting this interpretation.
1/\We note that in the class of continuous games with smooth payoffs, the efficiency of equilibria
is a hon-generic property (see Dubey (1986)).
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4.2.2 Non-Stationary Discounting

The standard model of an infinitely repeated game with a common discount factor
of & can be reinterpreted to represent a situation where the horizon of the game is
uncertain and represents the probability that the game will be played in period

t -+ 1 conditional on it being played in periadWith probability (1 — &) the game

ends in period. Notice that in this formulation players are assumed to maximize
their expected payoff and the probability of continuation is independent of the
period.

In a recent paper, Bernheim and Dasgupta (1995) have examined repeated
games where the probability of continuation is time dependent; in particular, it
declines over timé® Thus letd represent the probability that the game will be
played in period given that it was played in peridd- 1. Let (&) be the sequence
of such continuation probabilities and given such a sequencéi@é(oo) rep-
refenzt a repeated game in which the total (expected) payoff vector from a path
(a*,a%,...) s,

tZ (ﬁéI) u(@@).

G () is said to be a repeated game withamymptotically finite horizoii for
allt,& >0and lim_.,d =0.

Lety, be a monotonically declining sequence satisfying limy; = 0 and for
fixed d andT consider the gam@G3(T), G (e)) which consists of & period
repeated game followed by an infinitely repeated game with an asymptotically
finite horizon in which the sequence of continuation probabiliti€dyg .

First, suppose that the constituent ga@®aés finite (that is, all theA’s are
finite) and has ainiqueequilibrium, saye. Then for alld, the gameG{®%) () also
has a unique perfect equilibrium. This is because there exists @ such that
from anya # e each player can gain at leasby deviating. Sincé; — O, there
exists al; such that for alt > T, no deviations can be punished in the subsequent
game and thus na # e can be played after periot. The fact that this is the
only perfect equilibrium path in the overall game now follows from backwards
induction.

Second, if the constituent gan@has (recursively) distinct equilibrium pay-
offs, then the arguments of the section on finitely repeated games may be applied
to derive a folk theorem fofG%(T), G (o)) asd — 1 andT — oo,

Balternatively, the discount factor declines with time.
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Finally, suppose that the garfiehas a continuum of strategies and t&atas
a unique equilibriumre. When can a folk theorem like result be derived for the
game(G%(T),G{M («)) as defined above? The answer depends on how fast the
continuation probabilities are declining. Say that the sequence of continuation
probabilities(d;) declinesslowlyif

T

lim § 27'ng; > —oo.
THOOt:

Suppose thae is inefficient. Bernheim and Dasgupta (1995) then show that
G'® (00) has a non-trivial equilibrium (that is, other than playing the one-shot
equilibriume repeatedlypnly if (&) declines slowly:

They also prove the following folk theorem:

Theorem 10 Suppose that G is a continuous game with an inefficient equilibrium.
If (y;) declines slowly then,

lim lim N%T) = F*,
0—1T—00

where I‘I5(T) is the set of perfect equilibrium average payoffs in the conjoined
game(G®(T), G (w)).

Proof. By Theorem 2 in Bernheim and Dasgupta (1995) the g&@f#/ () has
a perfect equilibrium whose payoffs Pareto dominate the pay¢# from an
inefficient equilibriume of G. Thus the gamé&(®%) () has a positive threat.
Apply Corollary 2. m

4.3 Overlapping Generations

Crémer (1986), Kandori (1992) and Smith (1992) have examined models in which
each player is finitely lived but there is an infinite population of players who in-
teract in ‘overlapping generations.’

Consider a model with typesof players (indexed bi) of different generations
(indexed byr = 1,2,...). Player(i,r) is the player of typé in therth generation.
Let K > 0 be fixed and suppose that each plajer) lives for T > nK periods.

19some additional conditions are also needed for this result: the payoff functions and the best-
response functions must be twice continuously differentiable and the equilibrium must be regular.
See Bernheim and Dasgupta (1995) for details.
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Forr > 1, player(i,r) is assumed to be born in perigo— 1)K+ (r —1) T +1
and die in periodi — 1)K+ (r — 1) T+ T. Thus, alln players of a given genera-
tion r overlap for exactlyT — (n— 1)K periods. We will refer to such a game as
OLG®(T,K).

Define

P’(T,K) = {ueF*:thereis a perfect equilibrium @LG® (T,K)
in which the payoffs of all generations 1 througts u}.

The following theorem is similar to results derived by Kandori (1992) and
Smith (1992).

Theorem 11 There exists a K such that for every r

lim lim P(T,K) =F*

0—1T—m

Proof. Fix some inefficient equilibriune of G.2° For ease of exposition suppose
thatn = 3. We first find two equilibria ofOLG? (T,K). The first is simplys =
(e,e...), thatis a path in which all players playsis defined as follows.

Leta be the outcome that is best for a player of typend leta be such that
U (a) > U (e). Fork; < K andkp < K consider thdl period path beginning with
the birth of a type 1 player:

ko periods K —_— k Kk
—_— VTR - —_— K
2 2 3 3 e 1 1
(a%,...,a,6...,8a°...,.a",4,q,....a,a,...,a,€ ....0). (14)
This is repeated in successive generations with the birth of each new player of

type 1.

Any deviation is met by a play af forever.

For everyki;, we can choosk, to be large enough so that a player of type 2
cannot gain by deviating in thg periods that?! is played. For everk; andky,
K can be chosen large enough so that there is no gain for a player of type 3 from
deviating either in thdy periods that?! is played or in thek, periods thag? is
played.

20we assume thab has an inefficient equilibrium only for convenience.
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Let M be defined as in the statement of Theorem 1 and chiogkge andK
large enough so that

k[U@)-Ui(e] > M
ki [Uz(a) —Uz(6)] +kz [Uo(a®) —Uz(€)] > M
ki [Us(a') —Us(e)] +kz [Us(a®) —Us(e)] + K [Us(a®) —Us(e)] > M

and the deviations of the previous paragraph are not profitable.

Finally, choose€T large enough so that no player can profitably deviate in the
remaining periods.

Fix a generatiom and letG? (T —3K) be afinitely repeated game among the
players of generation For sufficiently largeT andd, let H? be theOLG? (T,K)
that begins when a type 1 player of generatios T — K periods old. H% has
a threat oM. Applying Theorem 1 tdG? (T — 3K),H?®) shows that any payoff
u> 0 and a payoff/ < u can be sustained in this game whErandd are large.
Let c be the outcome which resultsinandc’ be the outcome which resultsin

We can now construct threats which yield the players in generatiofh a
payoff of (approximatelyl, and in which the play for generatianis like (14),
but with c replacinga along the path, and witti replacinge as the punishment for
a deviation fromc. Continuing in this manner for earlier generations establishes
the theorem.m

5 Extensions

In this section we indicate how the main result may be extended in a few direc-
tions.

5.1 Unobservable Mixed Strategies

In this appendix we show that our main result, Theorem 1, continues to hold if
mixed strategies are unobservable. The basic idea of the proof is similar to that
given by Fudenberg and Maskin (1986) for infinitely repeated games: punishing
players are kept indifferent on the support of the minmax (mixed) strategy. For
this result we suppose that the ga@es finite.

Let I'IS(T) denote the set of perfect equilibrium average payoffs when mixed
strategies are unobservable.
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Theorem Al There exists an M such that if for all large H® has a threat of M
then 5
i fim, ) =

The proof of Theorem Al is given in the appendix. It makes essential use of
the fact that players can coordinate their actions by means of public randomization
(correlation). Gossner (1995) demonstrates a folk-theorem for finitely repeated
games without discounting® (T), when mixed strategies are not observable and
public randomization is not allowed. He makes use of Blackwell’'s approachability
theorem, in order to construct the equilibrium strategies and in this construction
seems to need the assumption that the set of feasible payoffs is full dimensional.
Fudenberg and Maskin (1991) show that the use of public randomization is not
needed for the folk theorem for infinitely repeated games with discounting.

5.2 Nash Equilibria

A simple modification of our framework can also accommoddsshequilib-
rium folk theorems. Instead of requiring tHdf have a sufficiently large (perfect
equilibrium) threat, the weaker condition théf have a Nash equilibrium whose
payoffs are sufficiently greater than minmax levelsH8f) is enough to establish
a Nash equilibrium analog of Theorerh(along the lines of Beriband Krishna
(1987)).

Let V? denote playei’s minmax payoff inH%. We say thaH® has aNash
threatof M if there exists a Nash equilibriuswof H® satisfying for alli,

V(9 -V > M.

Let N®(T) denote the set of Nash equilibrium payoffs of the ga@&(T),H?).
Then we obtain:

Theorem 12 There exists an M such that if for all large H® has a Nash threat
of M then

lim N>(T)=F

0—1

T—oo

Observe that in Theorem Rreplaced-*.
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5.3 Frequent Response Games

One recommendation for a finite model over an infinite model is that agents typ-
ically do not live forever. However, neither do they have extremely long albeit
finite lives. Nevertheless, even with a short horizon, say, fixed at one year, the
players may move frequently, say daily. We now establish a folk theorem for such
situations.

Consider a gamé. Suppose the payoff functidn refers to annual flow pay-
offs; thatis,U (a) is the payoff when all players playthroughout the year. Sim-
ilarly, let d refer to the annual discount rate.

If players move once at the beginning of the year and are not allowed to re-
vise their moves, the payoff received at the end of the yeldr(&) and its value
discounted to the beginning of the yeadi$ (a) .

Now suppose that players can move more frequently inghimeone year
game. For instance, if they moved twice a year, and there were no discounting
then their semi-annual payoff from playiagn any period would b%U (a). With

discounting their semi-annual payoff would be the discounted av 1 (a).

More generally, if players moué times during the course of the year and the
path(al,a?, ...,ak) results, the discounted total payoff at the beginning of the year
is

S
A=
—~

1
5 (1-8K)

———3U (@),
1 0K (1-9)

K

1
1-3K)
1

3U (a¥) this can be rewritten in a
K (1-3)

By writing 3« = 3% and U s(a) = (

o

familiar form as,

K ~

K
z 5KUK,6(ak)-
K=1

Notice that with this specification, the one-peri(#ﬂ( of a year) payoff func-
1
tionisUy 5= ;}_(62)&, the discounted average of an annual payoff fundtlon
I K 17
Furthermore, for alb, ”mK—)ooSK =1
Call the game described above a game Withesponseslenoted bﬁﬁ(l),

and letr} be the game which consists 6§ (1) followed by an end-gamel®.
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The total payoff from the patfal,a?, ...,aK,s) is,

1
K
3 &% 1299 5u(dy+ 55 vy
k=1 OK(1-9)
or, more compactly,
K & ~ S,
S 3Ok a(@)+3¢ V(9.

k=1

Let M2 (1) denote the set of perfect equilibrium payoffs fréif. We obtain the
following resulf?:

Theorem 13 For all 3, if there exists an M> 0 such that K has a threat of M
then

lim N% (1) =F*.

K—00

Proof. The proof is virtually the same as the proof of Theorepoice it is
recognized that the rescaling of the payoffs fridnto Uy 5 implies that the threat
M needed to sustaim goes to 0 a¥ increasesm

Note that in Theorem 1342 can have an arbitrarily small threat.

Section 4 derived theorems for finitely repeated games as the l&ngth
creased. Using Theorem 13, one can derive an analogue of each of these theorems
for games of a fixed duration as the frequency of resp&nsereases. An over-
lapping generations folk theorem for short-lived frequently responding agents can
similarly be derived.

6 Reformulations
In the game(G®(T),H?), G®(T) was followed by an end-gamé® and in ap-

plying Theorem 1H?® was itself taken to be a repeated game. In this section we
present suggest some alternative formulations.

21Remarks by Michael Riordon led to this formulation.
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6.1 Games of Division

Let H® be agame of divisiorin which players ‘split a pie’ of siz¢. That is, the
players simultaneously announcexaa R": 3! ;X = L. If the players make the
same announcement they receive this payoff, otherwise they receBadl Guch
an end-game game of division with a pie of size L.

As an example consider two players engaged in an enterprise which has the
features of a prisoners’ dilemnfx

0,0] 5-3
352, 2

Suppose the players’ discount factor comes from a bank interest rate and let each
player deposit to a joint bank account an amount greater thhh'3say, 4' 1
at the beginning of the gania? (T). For largeT, these deposits are infinitesimal,
the bank account grows to an amount 8 at the end of the game. Let the players
use this bank account at the end to play a game of division with a pie of size 8
At the end of the gamé4,4), (8,0) and(0, 8) are possible divisions of the pie.
Thus a threat of 4 is available to discipline each player’s behavior in the period
T. Corollary 2 implies that for largé and T, any feasible individually rational
payoff is then sustainable in the gam@(T).

For a game with a fixed length, but frequent responses Theorem 13 yields the
following strong result.

Proposition 14 Let G} (1) be a game with K responses. If the end-ganids-a
game of division with a pie of positive size then

lim N (1) = F*.
0—1 K ( )
K— o0
In particular, if players move frequently enough in a prisoner’s dilemma, co-
operation can be sustained with any positive pie.
For continuous games we also have a strong result, similar to Theorem 7.

Proposition 15 Let G be a continuous game with an inefficient equilibrium. If the
end-game K is a game of division with a pie of positive size then

lim NS(T)=F*.
o0—1
T—o0
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Recall the standard linear Cournot oligopoly model. This has a unique equilib-
rium if repeated any finite number of times. Nonetheless, Proposition 15 implies
that if the firms have a penny to split at the end, then for l&rgry feasible indi-
vidually rational payoff is sustainable with enough repetitions, a result similar to
that of Conlon (1994).

6.2 Exogenous Payoffs

Suppose that after the end of the repeated g@ﬁ(é’ ) players receive additional
payoffs according to the exogenously specified fundtioA™ — R". Specifically,
the total payoff from a pattal,a,...,a") is:

T
su(at
t; u(@)

Some possible interpretations of the functioare given below?

+38 h(al,a?,...,a").

Games with a Bonus - “The Gold Watch” Let h be abonuspayoff contingent

on actions taken during the course of a finitely repeated game. Far arfy*,
there is a contract specifying a strategy combinati@nd a payment of siZd to

the players contingent am being followed, such that is sustainable. Although
this does not follow directly from Theorem 1 exactly as stated, it is immediately
clear from its proof, sincé functions exactly asi®.

Employment and other contracts which specify bonus payments (such as pen-
sions and buyouts) contingent on certain behavior may be functioning in this role.
Note that Corollary 2 and Theorem 13 imply that for many games this payment
M may be quite small.

In many companies, it is customary to reward long-time employees with a gift
of a gold watch at retirement. While this reward is a pittance relative to lifetime
wages, it may well function as an appropriately sized bdaus.

Commitments Chou and Geanakoplos (1988) propose a model in which players
can exogenously commit to behave in a particular manner in the last few periods

22Kandori’s (1992) model of a finitely repeated game with ‘bonding’ is quite similar. However,
his model cannot be used to derive the various folk theorems of previous sections. The reasons for
this are the same as those discussed in Smith (1992).

23\We thank Matthew Spitzer for suggesting the gold watch application.
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of a finitely repeated game. The functibrtan be viewed as resulting from such
a commitment?

Psychological Costs Now supposéh represents a (small) psychological cost.
Consider the above prisoners’ dilemiaSuppose that after periods of coop-
eration each player feels a psychological cost of 3 from defecting. Notice that this
cost is small relative to the total payoff in the repeated game. Nonetheless, it is
sufficient to permit cooperation to be sustained.

7 Conclusion

Our earlier work established that if the stage game has distinct equilibrium pay-
offs, a folk theorem can be derived (Bénand Krishna (1985)). This paper ex-
tends that idea: The distinct payoffs in the stage game enables the construction
of sufficiently severe threats in an ‘end-game, and our main result (Theorem 1)
essentially takes these end-game threats as a starting point.

The utility of Theorem 1 should be apparent: All the major folk theorems can
be recast so that they are simple consequences of this result.

A Appendix
A.1 Proof of Theorem Al

In this appendix we show that our main result, Theorem 1, continues to hold if
mixed strategies are unobservable. The basic idea of the proof is similar to that
given by Fudenberg and Maskin (1986) for infinitely repeated games: punishing
players are kept indifferent on the support of the minmax (mixed) strategy. For
this result we suppose that the ga@eés finite.

Let N3(T) denote the set of perfect equilibrium average payoffs when mixed
strategies are unobservable.

Theorem Al There exists an M such that if for all large H® has a threat of M

24Starting with this formulation they derive Theorem 4 and rederive Theorem 2. Notice that in
a similar vein we could have used Theorem 2 as the starting point from which to derive all the
theorems of Section 4. Indeed, Proposition 3 is a simple consequence of Theorem 2.
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then
lim lim NM(T) = F*.
LT e u(T)
Proof. Recall that for every playarthe set

N(i):{j eN:U; =aliU;+pli ol >o}

consists of those players whose payoffs are positive affine transformatioas of
payoff. This defines a partition of into, sayK equivalence classebt= N (i;) U
N (Iz) U...UN(iK).

Choose exactly one player from each member of the partition . Suppose the
players so chosen aig,i»,...,ix and without loss of generality, rename these
1,2,...,K. DefineK = {1,2,...,K}.

For all j,k e N if j € N(k) we will say thatj andk are equivalent players
By construction, for every € N there exists a uniquec K such thatj andk are
equivalent.

Letue F*, u>> 0. There exisK vectorsul, u?, ...,uk in F* satisfyinguk > 0
such that for alk,| € K, k#1,

uk < Ul (15)

(as in Abreu, Dutta and Smith (1994)). .
Fix a playeri € K and for eaclk € K, k # i let XK ¢ F* be such that

XK £ Ul andxk > U
X = ul if he K, h#£k (16)

(Such a vectoxk exists since for alh € K, h#Kk, it is the case that ¢ N (h).)

Let a € A be such that) (a) = u. Similarly, for alli let a' € A be such that
U (a') = u' and leta® € A be such that) (a) = x,

Given a strategy combinatian say thatj is observed to deviatom a path
Tt in periodt if o calls for the players to play the mixed strategy(t), but j’s
(pure) action is not in the support of thh component oﬁf[ (t).

Consider the paths defined below (where the probabiliffeand time periods
Q, R R andT will be determined later). First, define

o
e — Inperiodst,t+1,1+2,...,T: playa; and
— In periodT + 1 : plays.

Next, for everyi € K, define:
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m
e — Inperiodst,T+1,T+2,....,T+R: playm;
— In periodst + R+ 1,1+ R+2,...,1+ R+ R : if the observed outcome
path in the firsR periods isa’ € (suppni)R, for eachk € K such that
K#£1i:
« play a* with probability pk (a’), and
« playa with probability 1— ¥k p* (a);
ki
— Inperiodst+R+R +1,1+R+R +2,...,T:playa’; and
— In periodT + 1 : play the equilibriuns of H®.

Now consider the following strategies.

e Startr? and continue to followy if no one deviates.

o If j € Nis observed to deviate from} in periodt < T —Q, startri_,, where
i € Kis equivalent tgj.

o Ifplayer j € N is the first player observed to deviate fratnin some period
t, T—Q<t<T, then play an equilibriune of G in each of the periods
t+1t+2,...,T and plays’ in periodT + 1.

We now show that there exist probabilitip& such that for large enough
Q, R,R andT, these are perfect equilibrium strategies. It is sufficient to verify that
no player wants to deviate from these strategies just once and conform thereatfter.
ChooseR so that for allj € N :

(R—I—l)Uj >1

wherel is the maximum payoff of any player @. Such arR exists sinceij > 0.
Choosedg so that for alld > dg, forall j € N :

(1 . 6R+1)

WU] >u

and forallj e N :
(1— 6R+1> u+8% 1l > 0
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whereu is the minimum payoff of any player i@ andi € K is equivalent tg.

Claim: There exists an’Rand adg such that for ald > dg, foralli,ke K, k#i
and for alla’,a” € (suppﬁ)Rthere exist {f(a’) and pg*(a”) such that:

((11—_5;) <pik(a/)xu<+ (1_ pik(a/)) UL)
— UR@") +5R+1((11—_5;) <pik(a//)XLk i (1_ pik(a//)) UL) (17)

UE(G/) + 6R+1

and y pk (o) < 1.
keK
ki

where Lf(a’) = er:l S'Uy (& (r)) is player k’s total payoff from the R period path
a’. UR(a") is defined similarly.

Proof of claim:
First, observe that there exists Bhand adg such that for alb > &g, for all

i keK,i£K:
6(1—5R)
R+L (1—5F¥

(ThBisbecaus%é(l——éR)/6R+1(1——6N)]-—>R/R’a56—»1)

Leta® e (sup|cmi)R be theR period path that is best for playkand leta be
an arbitrary path ir(supmf)R. For any such path notice that :

>(U—u><%\xif—u‘k\- a8)

(1—®[qﬂam—uﬁmﬁ 5(1-8?
0< < (O
SR+l (1_5R’> SRH1 (1_5R’>
Now consider the expression
=P (@] (X i) (20)
If xi — ul > 0 setp® (a¥) = 0 and notice that ip= & then by (18) this exceeds

the left hand side of (19) andf= 0 it is no greater than the left hand side of (19).
Thus there exists p = p*(a) € [0, %) such that the two are equal. Similarly, if

—u) (19)
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XK —ul < 0setp(a*) = 1 and notice that ip = 0 then again by (18) this exceeds
the left hand side of (19) and g = % it is no greater than the left hand side of
(19). Thus, again there existpa= p*(a) € [0, ) such that the two are equal.
Therefore,p (a)’'s can be chosen such that for alfor all k € K, k # i and
for all a, (17) holds andz;g_( p (a’) < 1, establishing the claintz
|

For everyi,k € K, k# i and every patln € (supmli)R choose probabilities
p“(a) as in the claim.

Suppose a playef € N is observed to deviate from somré andi € K is
equivalent toj. If a’ € (suppmi)R is the path in the firsR periods ofr{ whenm
is played, the payoff to playdr¢ N (i) is the left hand side of the equation in (17),
whereas ifa” € (sup[:mi)R is the path, the payoff is the right hand side of (17).
By construction these are equal. Thus every plgygN (i) is indifferent among
all the paths that lie ir@suppm‘)R. _

Next observe that from the definition aof every player inj € N (i) is at a
single-period best response whehis played.

The verification that the strategies given above form an equilibrium is now
routine. (The fact that thréj‘ 's satisfy (16) is important here). The remainder of
the proof may be completed by following the proof of Theorem 1 exadly.

In the proof given above we have made use of the fact that players can co-
ordinate their actions by means of public randomization (correlation). Gossner
(1995) demonstrates a folk-theorem for finitely repeated games without discount-
ing, G*(T), when mixed strategies are not observable and public randomization
is not allowed. He makes use of Blackwell's approachability theorem, in order
to construct the equilibrium strategies and in this construction seems to need the
assumption that the set of feasible payoffs is full dimensional. Fudenberg and
Maskin (1991) show that the use of public randomization is not needed for the
folk theorem for infinitely repeated games with discounting.
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