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Abstract

We study the evolution of prices in a symmetric duopoly where firms are
uncertain about the degree of product differentiation. Customers sometimes
perceive the products as close substitutes, sometimes as highly differentiated.
Firms learn about their competitive environment from the quantities sold and a
background signal. As the informativeness of the market outcome increases with
the price differential, there is scope for active learning. In a setting with linear
demand curves, we derive firms’ pricing strategies as payoff-symmetric mixed
or correlated Markov perfect equilibria of a stochastic differential game where
the common posterior belief is the natural state variable. When information
has low value, firms charge the same price as would be set by myopic players,
and there is no price dispersion. When firms value information more highly, on
the other hand, they actively learn by creating price dispersion. This market
experimentation is transient, and most likely to be observed when the firms’
environment changes sufficiently often, but not too frequently.
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Introduction

This paper studies a situation where two firms, who are symmetric in every respect, face
a conflict between their short-term strategic incentives and their long-term information-
gathering incentives. In each period, the short-term strategic incentives derive from the
expected payoffs in a stage game, calculated under a common posterior that summa-
rizes the firms’ assessment of their competitive environment. These incentives dictate
that both firms charge the same price. The long-term information-gathering incentives
derive from the fact that through their pricing decisions, the firms can generate infor-
mation about their environment and thus potentially improve future expected payoffs.
If the value of information is positive, these incentives dictate that the firms charge
two different prices.

The firms can resolve this conflict in an equilibrium where, depending on their
posterior belief, they either behave as if they were myopic (i.e. infinitely impatient),
or randomize so as to generate some dispersion in their prices and, by the same token,
share the costs of learning equally. We study this equilibrium behaviour in an infinite-
horizon, continuous-time setting where the unknown state of the environment changes
randomly. This allows us to give precise answers to the following questions: How much
price dispersion do the firms generate at any given time? What are the dynamics of
beliefs and prices? And what fraction of time do firms actually create price dispersion?

In a fixed environment, we would see price dispersion disappear for good after
some finite time, once the firms feel sufficiently sure of the true state. When we
let the environment change from time to time, by contrast, price dispersion emerges
and disappears in a cyclical fashion. As the frequency of changes in the environment
increases, the amount of time the firms spend creating price dispersion first increases,
then decreases, and finally vanishes altogether. Thus, price dispersion is most likely to
be observed if the environment changes sufficiently often, but not too frequently.

Specifically, we consider a symmetric differentiated-goods duopoly where price-setting
firms are uncertain about the cross derivative of their own demand with respect to the
other firm’s price, i.e. about the degree to which consumers perceive their goods as
substitutes. This parameter is allowed to change randomly over time. In each period,
the quantities sold provide a noisy signal of this parameter. The information content
of this signal increases with the difference between the firms’ prices. If they charge
the same price, the signal is completely uninformative. Additionally, firms have access
to a background signal which reveals some information independent of their pricing.
Given a common prior and full observability of actions and outcomes, firms have a
common posterior belief at all times, which is the natural state variable of a stochastic
differential game.

We characterize a class of (possibly mixed-strategy) Markov perfect equilibria (MPE)
that are payoff-symmetric, i.e. that give the same expected payoff to the firms. First,
we provide a necessary and sufficient condition for price matching to constitute an
MPE in pure strategies. If a price matching MPE exists, it is unique, prescribing the
same strategies as would be played by myopic firms. The reason for this is that, in our
linear framework, the marginal informational benefit generated by a deviation from



price matching is zero. In a symmetric pure-strategy equilibrium, therefore, the prices
chosen must coincide with the unique Nash equilibrium of the one-shot game where
firms merely try to maximize expected current profits. The interpretation of the nec-
essary and sufficient condition for a price matching MPE is that such an equilibrium
arises if and only if the value of information to firms is small at all beliefs.

The price matching MPE breaks down if the value of information is sufficiently high
at some beliefs. Then, any Markov perfect equilibrium must involve active learning
through price dispersion. We consider equilibria where firms achieve price dispersion by
playing mixed strategies. This allows us to maintain payoff symmetry, which simplifies
the construction of equilibria considerably. We show that expected payoffs are identical
across all these equilibria, and characterise the equilibrium value function as a solution
to a nonlinear two-point boundary value problem. As a consequence of the continuous-
time setup and the linear specification of demand curves in our model, only the first
and second moments of the price distribution matter. These moments are uniquely
determined in equilibrium. The average price is equal to the price prescribed by the
myopic strategy. The price variance increases in the value of information, and is positive
on an open interval of beliefs.

A mixed-strategy MPE induces the following dynamics. Suppose that the environ-
ment has been the same for some time, and the firms are close to subjective certainty
about it (implying that they charge the same price). Now, if the environment changes,
firms first learn about this passively through the background signal, while maintaining
zero price dispersion. Once they believe with sufficiently high probability that a change
has occurred, firms enter a phase of positive price dispersion, i.e. active learning. This
phase ends once they have become fairly certain of the change and charge identical
prices again.’

The interplay between the frequency of price dispersion episodes and their average
length leads to an interesting comparative statics result with respect to the instability
of the environment. Given a positive value of information, the incentive to create price
dispersion is highest in a fixed environment since none of the information acquired
ever becomes obsolete. In the long run, however, we will not see any price dispersion
in a fixed environment since beliefs will converge to the truth. For a low frequency of
changes in the environment, we observe occasional price dispersion. However, the state
of the environment tends to stay the same for quite long, so firms’s beliefs are close
to the true state most of the time, and the amount of time when firms create price
dispersion is rather small. As the frequency of changes in the environment increases,
there are two effects: first, it becomes harder for beliefs to track the true state, implying
that they stay more often in the open interval where firms create price dispersion;
second, firms value information less since it becomes obsolete faster, so the interval
where they are willing to create price dispersion shrinks. The first effect dominates for
low frequencies of a state change. Eventually the second effect takes over, until the
firms’” willingness to experiment dies off completely and the pure-strategy equilibrium
arises. Overall, we find a hump-shaped relationship between the instability of the

!These dynamics are reminiscent of Slade’s (1992) findings in her analysis of the Vancouver gasoline
market in the early Eighties.



environment and the fraction of time that price dispersion is observed.

In turn, the instability of the environment is closely related to the shape of the
frequency distribution of observed prices in the long run. In rather stable environ-
ments, this price distribution is strongly bimodal with most of the probability mass
concentrated at the two extremes of the equilibrium price range. As the environment
becomes less stable, more prices lie in an intermediate range, and the price distribution
eventually becomes unimodal with most of the probability mass concentrated in the
middle of the equilibrium price range. Thus, while both a high and a low frequency of
state changes are consistent with little observed price dispersion, these two cases are
clearly distinguished by the likelihood of seeing extreme prices.

We can formulate explicit conditions on the model parameters that govern whether
or not there will be price dispersion in equilibrium. Principally, price dispersion will
arise if and only if the firms’ products are perceived to be relatively close substitutes,
firms are relatively patient, the signals not too noisy, the background information rela-
tively imprecise, and the environment sufficiently stable. In fact, close substitutability
ensures a positive value of information, as Harrington (1995) pointed out, and the
remaining conditions then guarantee that the value of information is sufficiently high.

When firms randomize independently, they sometimes charge prices that are close
to each other but far off the myopic best response. Such a price pair is not very
informative, yet can be quite costly in terms of current revenues. Clearly, firms can
improve their payoffs if they have access to a public randomization device that allows
them to avoid costly miscoordination. We characterise a class of payoff-symmetric
correlated MPE with maximal payoff. We show that whenever the firms randomize
jointly at a given belief, they do so with perfect negative correlation: their prices are
equidistant from, and on opposite sides of, the myopic price. As with independent
randomization, firms engage in joint randomization only if the value of information
is sufficiently high. Joint randomization has a lower threshold since it yields a given
amount of information at a lower opportunity cost than independent randomization.
In fact, there is a range of model parameters where firms are willing to engage in joint
randomization, but not in independent randomization.

A large literature has derived equilibrium price dispersion as the result of producer
or consumer heterogeneity such as differences in production costs (Reinganum 1979),
store size and age (Burdett and Coles 1997), consumers’ search costs (Salop and Stiglitz
1976), their willingness to pay for the good (Diamond 1987), or the number of price
offers they receive (Burdett and Judd 1983). That learning can be a cause of price
dispersion in a perfectly symmetric setup seems to have been noted first by Slade
(1989) and Aghion, Espinoza and Jullien (1993). Harrington (1995) has investigated
how price dispersion caused by producer heterogeneity is affected by firms’ learning.
We follow these three papers in that we also consider a symmetric differentiated-goods
duopoly with linear demand and full observability of actions (prices) and outcomes
(quantities).?

20ther papers in the literature on duopoly learning and experimentation use different frameworks.
Mirman, Samuelson and Schlee (1994) investigate the case of homogeneous goods. Riordan (1985) and
Mirman, Samuelson and Urbano (1993) study signal jamming when only outcomes, but not actions,



In Slade’s (1989) infinite-horizon model, demand is subject to periodic, but infre-
quent, shocks. For sufficiently low discount rates and probabilities of a shock, she
constructs subgame e-perfect equilibria where each firm’s price depends linearly on the
rival’s price in the previous period, and where each shock triggers a learning phase of
price dispersion. Slade emphasizes the role of price-matching behavior in explaining
price wars as an equilibrium outcome; in fact, the “tit-for-tat” structure of intertempo-
ral reaction functions implies that both firms price more aggressively during learning
phases. In contrast, we wish to stress the experimentation trade-off that firms face. Im-
posing Markov perfection allows us to abstract from other aspects of infinitely repeated
interaction.

Aghion et al. (1993) consider a finite-horizon Hotelling model where two firms learn
about the (unknown but fixed) transportation cost for their good. They show existence
of a unique symmetric subgame-perfect equilibrium, which, in contrast to our results, is
always in mixed strategies. This difference is due to the specification of noise. In fact,
the noise in their model is uniformly distributed over a compact interval, which means
that firms either learn the truth in a given period, or do not learn anything at all. As
a consequence, price dispersion turns out to have first-order gains in terms of future
profits. Since firms set these gains against second order losses in current profits, they
always want to create price dispersion. In our framework, the noise has full support,
which means that firms always learn something when they create price dispersion, but
never learn everything. This implies that both gains and losses from price dispersion are
of second order, and allows the losses to dominate the gains sometimes. Our learning
model can thus explain both the emergence and the disappearance of price dispersion
over time.

Harrington (1995) studies a two-period model where symmetric firms are subject to
i.i.d. cost shocks before they set prices. He proves existence of a pure-strategy subgame
perfect equilibrium for sufficiently high discount rates. The main result is that, relative
to myopic behavior, firms increase first-period price dispersion when goods are seen as
highly substitutable, and reduce it when goods are perceived as highly differentiated.
Since the underlying economic forces in our model are the same as in Harrington’s,
his insight carries over to the equilibria that we construct. Removing within-period
cost asymmetries and using a continuous-time setting, however, we are able to derive
several new results. Most important, our framework allows us to address the dynamics
and long-run properties of price dispersion.

Several authors have emphasized informational externalities and the resulting inef-
ficiencies in experimentation and learning (Rob 1991, Caplin and Leahy 1993, Chamley
and Gale 1994, Bergemann and Véliméki 1996, Bolton and Harris 1999, and others).
While we also have an informational externality in our model (information is a public
good, so one firm can free-ride on the information gathered by the other), equilibrium
is inefficient not because of this externality, but because of imperfect competition. If
firms had no market power, information would be of no value to them, there would be
no need to experiment, and the informational externality would be completely irrele-

are observable. Fishman and Rob (1998) analyse the effects of competition on experimentation in a
reservation-price model with search costs.



vant. Firms would set price equal to their common marginal cost, which is the efficient
outcome. It is therefore of little interest to compare equilibrium experimentation with
socially efficient experimentation in our model. In fact, this comparison is trivial: there
is ‘excessive’ market experimentation whenever there is price dispersion.

Continuous-time models of multi-agent Bayesian learning go back to Bolton and
Harris (1993), and have subsequently been used in Felli and Harris (1996) and Berge-
mann and Valimaki (1996, 1997). In these papers, experiments are indivisible in the
sense that agents cannot control the information content of the signals they receive. In
our model, the firms can finely tune the information content by adjusting their actions
slightly.®> Our specification of background information is the same as in Bolton and
Harris (1993), and we use the techniques of Keller and Rady (1999) to deal with a
changing environment. Finally, our approach to continuous-time randomization fol-
lows Harris (1993). To the best of our knowledge, the present paper constitutes the
first tractable application of continuous-time randomization to a game with continuous
action space.

The next section sets up the model. Section 2 describes the evolution of beliefs.
Section 3 introduces the benchmark of myopic behavior. Section 4 studies the circum-
stances under which price matching can be a Markov perfect equilibrium. Section 5
considers equilibria where firms achieve price dispersion by playing mixed strategies.
Section 6 provides an existence and characterization result for payoff-symmetric MPE.
Section 7 derives comparative statics for the value of information and price dispersion.
Section 8 studies joint randomization. Section 9 contains some concluding remarks.
Technical details and proofs are relegated to the Appendix.

1 The Model

We consider two firms, each producing a non-storable good in continuous time. There
are two possible states of demand for these goods, k = 0 or 1. If the current state is
k, and the prices currently charged by the two firms are p; and p,, then the expected
demand for the product of firm ¢ in this period is

q; = (J(pz‘,pj; k?) = max{a —bp; — ¢y, (pi —pj), 0}

where the intercept a, the slope b and the two possible substitutability parameters
¢y < c; are positive constants. Thus, the quantity that firm ¢ expects to sell is
decreasing in its own price p; and the price difference with its rival, p; — p;. This price
difference matters more in state 1, where consumers perceive the products as closer
substitutes. The quantity actually sold by each firm is the expected quantity plus some
noise term, specified below.

3Bolton and Harris (1999) give agents this capability by allowing them to allocate a fraction of
each instant to experimentation, which is isomorphic to randomization.

4This structure of expected demand is the same as in Harrington (1995). The Hotelling model in
Aghion, Espinoza and Jullien (1993) corresponds to the special case where b = 0.



The state changes according to a continuous time Markov process with the transi-
tion probabilities

PI'(kt+At =0 | kt = 0) =1- )\0At + O<At), PI'(kt+At =1 | kt = 0) = )\0At + O<At),

PI'(kt+At =0 | kt = 1) = )\1At -+ O(At), PI'(kt+At =1 | kt = 1) =1- )\1At + O<At)
where A\, > 0 (k= 0,1) are again known. In particular,
Pr(ks=kVse[t,t+At] | ke =Fk) = exp(—AAt).

During production, the firms know the parameters a,b and A\ (k = 0,1), but not the
state of demand; furthermore, the noise in actual quantities sold prevents them from
directly inferring the true state.

At each time ¢, the firms set non-negative prices p;; and ps; and observe the
resulting increments in total quantities sold,

dQi1: = q(pre,pas;ke)dt + ﬂUdZ1,t,
dQsr = q(pot,pra;ke)dt + ﬂUdZQ,ta

where (Z1, Z5) is a standard two-dimensional Wiener process independent of the process
k, and o > 0 is a constant known to the firms.?> These equations capture the idea that
consumers sometimes make mistakes or experience idiosyncratic taste shocks.

We assume that both firms observe each other’s prices and sales as well as their
own. Moreover, we assume that they both observe an additional background signal
about the degree of product differentiation,

VE e, dt + o dW,

where W is another standard Wiener process independent of the processes k and
(Z1,73), and & > 0 is a constant known to the firms. This background informa-
tion has the natural interpretation of what is freely available from consumer surveys,
trade magazines, and the like. The ratio \/£/o measures the strength of the public
signal. Thus, using the same noise parameter ¢ as in the equations for total quantities
sold is without loss of generality.

Each firm’s objective is to maximize the expected present value of its profit flow.
We assume that production has constant or linear marginal cost, normalized to zero
without loss of generality, so revenue equals profit. Firm ¢’s total payoff, expressed in
per-period terms, is then

E {/0 r e*r”tpiyt dQLt} = E{/o T €7Ttpz‘,t q(Pit, Djg; ) dt

°This is the continuous-time limit of the equations AQ1; = q(p1 ¢, poy; k) At + \/ﬁamgu and
AQ2t = q(pa.t,p1.65 k) At + \/QU\/EEQJ (t = 0,At,2At,...) with £;, ~ IIN(0,1). The factor v/2
in the noise terms is a normalization that will simplify some expressions later on.

6Technically, it will play a dual role. First, it will guarantee a process of posterior beliefs that is
regular on the open unit interval, i.e. that can reach every point with positive probability from any
current position. Second, it will ensure that the differential equations characterizing the firms’ value
functions are non-degenerate.



where r is the firms’ common discount rate. Implicit in this expectation is firms’
common initial belief about the degree of product differentiation, summarized by g,
the subjective probability that kg = 1.

Our assumption of mutual and full observability of prices and quantities implies
that the two firms’ posterior beliefs will be identical at all times. Since there is no
other intertemporal link in our model, the posterior belief is a natural state variable
for Markov perfect equilibria. We therefore focus on stationary strategies where the
price charged at time ¢ is a time-invariant deterministic function of 7, the subjective
probability that ks = 1. More precisely, a (pure) strategy is a Lebesgue measurable
mapping from the interval [0, 1] of possible beliefs to R .

For any belief 7,

R(m,pi,p;) = pi [(1 —m)q(pi, p;; 0) + mq(pi, py; 1)]

describes firm 4’s expected instantaneous revenue if prices this period are p; and p;.
Given two strategies p;(-) and py(-) and a common prior belief 7, therefore, we can
rewrite firm ¢’s total payoff as

E{/(;OO re 'R (7, pi(me), pj () dt| mo = 77}

using the law of iterated expectations. We will extend this framework to mixed strate-
gies later.

2 The Evolution of Beliefs

For the above specification of the quantities sold and the background signal, a slight
extension of the standard result in Liptser and Shiryayev (1977, Theorem 9.1) leads
to the following result. If the current belief is m and the firms charge prices p; and po,
respectively, then the change in beliefs dm over the next time interval of infinitesimal
length dt has mean \(r)dt and variance 7%(1 — 7)? S(p1, p2) 02 dt where

AMm)=(1—=m)Ag — 7N
and

S(p1,p2) = 2[a(p1.pa; 1) — q(p1,p2; 0))* + 2[a(p2, p1: 1) — q(pa, p1; 0)]* + (e1 — o).

The expression for the variance has two components. The first, 72(1 — 7)2, is a
measure of the diffuseness of the current belief. The second, S(pi, p2)/0?, is a signal-
to-noise ratio that incorporates firm 1’s sales, firms 2’s sales, and the background signal.
Firms control the informativeness of the quantity signals through their choice of prices:
the further the expected quantity in state 1 is apart from the expected quantity in state
0, the more firms learn about the current state, and the stronger is the corresponding
change of belief. If firms charge the same price, the state of demand k is irrelevant
to the quantities firms expect to sell, and the quantity signals become completely

7



uninformative. In this event, the background signal still provides some information.
The lower o (the level of noise in the system), and the higher ¢ (the quality of the
background information), the stronger will be the revision of beliefs for a given pair of
prices. The reaction of beliefs to new evidence also increases with the diffuseness of
the current belief, and is strongest at m = % For m =0 or 1, on the other hand, firms
are subjectively certain of the current state and ignore the signals they receive.

Firms also update because of the possibility that the state may change over the
next infinitesimal period of time. Given the current belief 7, they assign probability
1 — 7 to state 0, hence probability (1 — 7))\ to a transition from state 0 to state 1
over the next instant df; in the same way, they assign probability wA; to a transition
from state 1 to state 0. The first possibility increases the probability of being in state
1 after the time dt has elapsed, the second reduces it, and the combined effect leads
to the expected change A(m)dt. If at least one of the transition intensities Ao, A; is
nonzero, the linear function A is downward sloping and vanishes at the invariant belief

Ao
Ao+ A

™=

(This is simply the expected fraction of time spent in state 1.) We let A = Ao+ A; and
write

ANm)=—A(m—7).

This representation shows that state switching introduces mean reversion into the
evolution of beliefs. Throughout the paper, we shall fix an invariant belief 7 and use
the parameter A to measure the intensity of demand curve switches, and hence the
instability of the environment in which the firms operate.

3 Myopic Pricing

In preparation for the construction of Markov perfect equilibria, this section introduces
the benchmark of myopic behavior.

In a symmetric one-shot game with payoffs R(x, p;, p;) for fixed 7, the unique Nash
equilibrium is symmetric and has both firms set the price

a

p(m) = %+ o)

with ¢(m) = (1 — m)co + mey. This yields each firm the payoff

a?[b+ c(m)

") = e

The price p™ () would also be chosen in our dynamic setting with repeated interactions
and the possibility of learning if firms did not care about the future. We therefore call
p™ the myopic strategy and m the myopic payoff function.

Given our convention that ¢y < ¢;, the functions p™ and m are strictly decreasing;
m is strictly concave on {7 : ¢(m) < b} and strictly convex on {m : ¢(m) > b}. The

8



monotonicity properties simply reflect the fact that competition becomes more intense
as the two products are seen as closer substitutes. The curvature properties of m are
the same as in Harrington (1995), so we briefly recap his discussion of the underly-
ing economic forces. As profits fall to zero when we approach the limiting case of
Bertrand competition (¢; — o0), the myopic payoff function has to become convex for
c¢() sufficiently large. When firms see their goods as highly substitutable, therefore,
they are risk-loving with respect to changes in beliefs, which means that the value of
information is positive. Conversely, when products are seen as highly differentiated,
firms behave like “local monopolists” and extract high profits from the buyers. Under
these circumstances, additional public information might be bad for both firms. While
each firm could improve its pricing decision holding the competitor’s price constant,
the competitor could in fact react to new information so aggressively as to make the
expected net effect on profits negative. This is exactly what happens in our linear
setup. For ¢(7) sufficiently small, the myopic payoff function is concave,” the firms are
risk-averse with respect to changes in beliefs, and the value of information is negative.

Harrington (1995) also spells out the implications of these findings for the firms’
behavior in a dynamic setup. If the duopolists perceive their goods as highly substi-
tutable and thus place a positive value on information, they have an incentive to make
market observations more informative. Therefore, they create at least as much price
dispersion as predicted by myopic profit maximization. Conversely, if the products
are perceived as highly differentiated, the negative value of information gives firms an
incentive to make market outcomes less informative, so they create at most as much
price dispersion as under myopic profit maximization.

In Harrington’s model, firms experience cost shocks in each period before producing.
Thus, the myopic equilibrium generically exhibits price dispersion, and it is feasible for
the firms to create strictly less dispersion than in the myopic benchmark. This is
impossible in our model, where there are no cost differences and the myopic strategies
imply price matching. A negative value of information will therefore always imply zero
price dispersion.

4 Price Matching

Our next aim is to show that in a Markov perfect equilibrium, price matching can only
occur at the myopic price, and only if the value of information is low.

Suppose we have an equilibrium where the firms employ the strategies pi,ps :
[0,1] = Ry. Let uf,uj : [0,1] — IR, be the corresponding equilibrium value functions,
ie.

i () = EUOOO re TR (ﬂ-t’p:(ﬂ't),pj(ﬂ't)) dt' o = w} .

"By the envelope theorem, the change in revenues for a small increase in 7 is the price p™(m)
times the number of units lost to the competitor firm, ¢(7)(p™)’ (7). Considering this revenue loss at
a higher belief 7, we see three changes: first, the price p™ () is lower, so units lost are less valuable;
second, the opponent’s price response (p™)’(7) is smaller; third, ¢(m) is higher. The effect of the first
two changes is to lower the loss in revenue, while the effect of the third is to increase it. For small
¢(m), the latter effect dominates, implying that m/(7) decreases.

9



Suppose the current belief is 7 and firm ¢ considers deviating to a price p; over the
next instant dt. Equilibrium requires that

ui(m) = max {7’ R(m, ps, p;(m)) dt + e "M E {uf(ﬁ + d7r)|7r,pi,p;k-(7r)H (1)

with the maximum achieved at p; = p; (7). The first term in the maximand on the
right-hand side is the expected current payoff, and the second term is the discounted
expected continuation value after setting the price p;. The equilibrium price achieves
the optimal trade-off between the two.

We approximate e "% by 1 — rdt and, granted sufficient regularity of u}, use Ito’s
lemma to expand E[u; (7 + dr )|, pi, pj(7)] as

ui (m) + () (m) Eldr|m, pi, pj (m)] + 5 (u])" () Var[dr|m, p;, pj (7)].
As Eldr|m, pi, pi(m)] = Mm) dt and Var[dr|m, p;, pi(7)] = 72(1 — 7)2 S(ps, pi (7)) o 2 dt,
the discounted expected continuation value is

(1= rdr) (w3 (x) + A(m) () (m) dt + S 72(1 = ) S(p,p3 () ()" () 0 2l

Substituting this into (1), cancelling u}(7) on either side and considering remaining
terms of order dt only, we obtain the following characterization of firm ¢’s value function
given firm j’s strategy:

(u?) () 4+ max {79(1 — )2 (u?)" () S(pi, (7))

r o2

r pi=0

; R(w,pi,p;fw))} ©)

This equation shows that a firm’s equilibrium value u}(7) has three components.
The first component, A(7) (u})'(7)/r, reflects changes in the environment. In fact,
A(m) indicates the magnitude and direction of the likely change in belief due to a
possible change in the underlying state of demand. This piece of information has the
shadow price (u})'(w)/r. The resulting contribution to the value function is positive
if the belief is expected to move in the direction which increases value. The next
term, (72(1 —m)*(uy)"(7)/(2r)) S(pi, p;(7))/0?, represents the value of information
extracted from the noisy signals available to the firm. Indeed, S(p;, p}())/o® provides
a measure for the information content of the signals obtained after setting the price
p;. This information is valued at the shadow price 72(1 — m)%(u})"(7)/(2r). The last
term, R(m,p;, pj(7)), represents the myopic payoff. The maximization on the right-
hand side of (2) indicates that in choosing its price, the firm optimally balances the
future benefits of information against short-term profits. Price p; is a best response for
firm ¢ at belief 7 if it achieves the maximum in (2).

Now suppose that the two firms charge the same price at the belief 7, i.e. pj(7) =
p3(m). Since the partial derivative of the signal-to-noise ratio with respect to either
firm’s price is zero in this situation, one firm’s price must be a myopic best response
to the other firm’s price, hence pi(7) = p5(m) = p™ (7).

Inserting these prices into (2), we see that at any belief where both firms charge
the myopic price, their value functions «} and u} must satisfy the ODE

()0 & = u(m) ~ A(myud () r — m(m) )
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with
7(7) = 72(1 — 7)* (c1 — c0)? /o>

If they adopt the myopic pricing strategy at all beliefs, then, by a standard result,
their common payoff function

u™(m) = E[/(;OO

is the unique solution of (3) subject to the boundary conditions

re "tm(m)dt| mo =7

u(0) = A(0)w'(0)/r = m(0), (4)
w(l) = A1) d'(1)/r = m(1). (5)

These conditions are obtained on letting 7 tend to 0 or 1 in (2) and using boundedness
of the second derivative together with the fact that 7(0) = 7(1) = 0. They have the
natural interpretation that under subjective certainty, optimal and myopic payoffs are
the same (up to the possibility of a state change).

The second-order condition for (2) is

(uf)" ()

() N

This means that the shadow price of information must be sufficiently low so that no
firm has an incentive to deviate from symmetric pricing and thereby generate additional
information. Multiplying through by &, the amount of information under myopic be-
havior, we can reinterpret condition (6) as stating that the value of information under
myopic behavior must be sufficiently low. By the ODE (3), this value of information
is uf(m) — A7) (wf) (m)/r — m(m), so (6) is equivalent to

i () = A7) () () /r — m(m) < [b+ (7)) €. (7)

This formulation will be more convenient to work with in the remainder of the paper.
We have the following result.

< b+ c(m). (6)

Theorem 4.1 If there exists a pure-strateqy Markov perfect equilibrium with price
matching at all beliefs, it is unique, with both firms using the myopic pricing strat-
eqy p" and achieving the equilibrium value u* = u™.

Such an equilibrium exists if and only if the value of information under myopic
behavior is sufficiently low, i.e. if and only if

u™(m) = X)) (™) (7)) /r —m(7) < [b+c(m)| € for all w. (8)

We have already shown necessity of the stated condition; the proof of sufficiency is
straightforward.

Condition (8) is formulated in terms of the payoff function «, which is not available
in closed form. It is therefore desirable to have conditions that are expressed directly
in terms of model parameters. Our next results provide such conditions.
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Proposition 4.1 Price matching at the myopic price is an equilibrium if the myopic
payoff function m is concave throughout (c; < b); or (r, A, o) is sufficiently far from
the origin in the Euclidean space IR3; or £ is sufficiently large.

The first condition covers the case where goods are highly differentiated in either
state of demand, so the myopic payoff function is concave at all beliefs, implying a
negative value of information throughout. Under these circumstances, it is clear that
neither firm has an incentive to deviate from the myopic strategy. For price dispersion
to arise at some beliefs, therefore, the duopolists’ goods must be sufficiently close
substitutes in at least one state of demand. But even when the value of information is
positive at some beliefs, it may still be too small to warrant a deviation from myopic
pricing. This is the content of the second condition. In fact, if the firms are too
impatient, if their competitive environment changes too frequently, or if the quantity
signals they receive are too noisy, then the firms will not gather information actively in
equilibrium. The third condition confirms the intuition that firms will not experiment
if they can rely on a very precise background signal.

The words “sufficiently far” in the second condition can be made more precise.
Given a myopic payoff function with a convex part, there are positive constants py and
¢ such that price matching is an equilibrium for all parameter combinations (r, A, o)
that satisfy the inequality o2 < r/pg+ A/ly. The proof of Proposition 4.1 shows how
such constants can be calculated explicitly in terms of the parameters of the demand
structure.

Conversely, price matching will fail to be an equilibrium if products are perceived as
fairly close substitutes, firms are sufficiently patient, their competitive environment is
relatively stable, there is little noise, and the background information is of low quality.
We formalize this in the special case where the value of information is positive at all
non-degenerate beliefs.

Proposition 4.2 Suppose that m is convex throughout (co > b). Then, for any pa-
rameter combination (r,\, o) sufficiently close to the origin in IR® and & sufficiently
small, all Markov perfect equilibria involve experimentation, i.e. price dispersion.

More precisely, the proof in Appendix B constructs positive constants p;, ¢; and € such
that (8) is violated whenever ¢ > r/p; + A/¢; and & < &.

5 Price Dispersion

When condition (8) does not hold, any Markov perfect equilibrium must involve price
dispersion at some beliefs. We consider equilibria where firms achieve price dispersion
by playing mixed strategies. This allows us to maintain payoff symmetry (u} = u3),
which simplifies the construction of equilibria considerably.

A mized strategy is a Lebesgue measurable function from the state space [0, 1] to the
set of Borel probability measures on IR,. In the usual way, we can identify each pure
strategy with a mixed strategy that, at each belief, puts full probability mass on the
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action prescribed by the pure strategy. Note also that a mixed strategy can prescribe
a pure action at some beliefs while it requires randomization at others.

We interpret randomization in continuous time as the limit of more and more fre-
quent switching between pure strategies. In this limit, firms’ payoffs and the law of
motion of their beliefs can be calculated just by taking expectations over the distri-
bution of actions.® By the same arguments as in Section 4, therefore, the equilibrium
value functions v} and u} in a mixed-strategy MPE (py, py) must satisfy

ui(w) - 2 )
= w1 - pl BN bl )] )
= g}g%i {7.[_2<1 . 71_)2 (Ur);(ﬂ) E [S(p;f](ﬂ'))] L [R<7T7pi7]§j (71-))]} | (10)

with the maximum being achieved at any price p; in the support of p;(7).

To keep matters as simple as possible, we focus on interior equilibria where prices
and expected quantities are always positive, so that we can work in the truly linear part
of demand where expected sales in state k are ¢(p;, p;; k) = a — bp; — ¢ (pi — p;) > 0.
Thus, expected revenues at belief 7 are

R(m,pi,p;) = pila—bp; —c(7) (pi — pj)]
= m(n) = [b+ c(m)] (pi — p™(7))* + e(m) pi (p; — p™(x))  (11)

and the information content of the firms’ quantity and background signals simplifies to
S(pipy) = (e1 — o) [(p1 — p2)? + €] (12)

Using (11)-(12) and the notation 7(7) = (1 — 7)? (¢; — ¢g)?/0?, we see that the
maximization problem (10) is equivalent to maximizing

(ui)" ()

o (Pi — E[p;(m)])* —[btc(m)] (pi—p™ () *+c(m) pi (E[p; ()] —p™ (7)) (13)

7(m)
Now suppose that firm 1 randomizes, that is, Var[p;(7)] > 0. Then firm 1’s max-
imand (13), which is quadratic in the choice variable over the range compatible with
an interior equilibrium, achieves its global maximum in at least two different points,
hence must be constant over this range. This implies

(ui)"(m)

7(m) 2r

and E[ps(7)] = p"™ (7). Thus, for firm 1 to be willing to randomize over the range where
prices and expected quantities are positive, the shadow price of information must be at
the maximum level compatible with the existence of an interior equilibrium, and firm
2 must charge the myopic price on average.

=b+c¢(m) (14)

8See Appendix A for details.
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We do not know yet whether firm 2 randomizes as well, so we cannot conclude im-
mediately that firm 1 is also charging the myopic price on average. However, imposing
payoff symmetry (v} = u}), using (14) and simplifying, we see that firm 2 maximizes

(Elpr(m)] = p™ () {[b+ c(m)] (E[p1(m)] 4+ p™ (7)) = [2b + ¢(7)] p2}

when choosing its best response to firm 1’s price distribution. So E[p;(7)] = p"(n),
since otherwise firm 2 would have no best response in the range compatible with an
interior equilibrium.

By (11)—(12) and the fact that the average price charged by either firm equals
p™(m), equation (9) becomes

(uf)"(m)

r

(Var[pi(m)] + Var[p; (m)] + ) — [b+ ¢(m)[Var[ps(m)].  (15)

Payoff symmetry thus implies Var[py(7)] = Var[p;(7)], so firm 2 must randomize when-
ever firm 1 does. Moreover, (15) shows that the common price variance is

w(m) = () () (m)/r — m(7)
b+ c(m)

S

where u* is the common value function.
In a payoff-symmetric interior MPE, therefore, necessary conditions for randomiza-
tion at a belief 7 are
(w)"(r)

7(m) T b+ c(m) (16)

and

u'(m) = M) () (x) fr = m(7) > [b+ ()] €. (17)

We can again interpret the left-hand side of (17) as the equilibrium value of information.
Indeed, we can rewrite (15) as

w'(m) = 2 () — () (18)
= (0 0 a4+ ©) ~ (4ol - ) L) Vel

The first term on the right-hand side is the value of the information that firm ¢ acquires
from the background signal and firm j’s randomization (which is perfect substitute for
the background signal from firm i’s point of view). The second term represents firm
i’s net value of its own experimentation, which is zero by (16); indeed, the benefit of
deviating from the myopic price and thereby generating more information just equals
the corresponding loss in revenue. In other words, a firm never gains directly from
its own randomization; it only randomizes because this makes the other firm willing
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to randomize as well, and it is that randomization which provides information with a
positive net value. In summary;,

(") () = m(m) = [b+ c(m)] (Var[p(m)] + &)

measures firms’ equilibrium value of information at a belief 7 where they randomize.
Condition (17) can now be interpreted as stating that firms create price dispersion
only at beliefs where the value of information is sufficiently high, i.e. higher than the
value of background information, calculated at the highest shadow price compatible
with interior equilibrium.

6 Characterization of Equilibrium

We found that in a payoff-symmetric interior MPE, the value function u* satisfies

7(m)

(w)'(m) § = u*(w) —

2r r

(@) () = m(m) < [b+e(m)] €

at beliefs where firms charge identical (deterministic) prices, and

(WY (m)€ = b+ e(m) € < () — 2D

2r r

7(7)

(w") () — m(m)

at beliefs where they create (random) price dispersion. The equilibrium value function
is thus a solution to

7(7)

() € = G<7r, u(r) — 2 u'(w)) (19)

2r
where the right-hand side is given by the function
G(m,v) = min{v —m(x), [b+ c(m)] &} (20)

As before, the boundary conditions are (4)—(5). The following result is proved in
Appendix B.

Proposition 6.1 The boundary value problem consisting of the ODE (19) and the
boundary conditions (4)—(5) has a unique solution u' : [0,1] — IR,

We write PT for the set of all positive mixed strategies p with mean E [p(7)] = p™ ()
and variance

ut(m) — XN (M (7)) /Jr — m(7
Var[ﬁ(ﬁ)]:max{a (%) = A=)l (7)) <>_§} o

b+ c(m)

for 7 € [0,1]. We define T as the set of all pairs of mixed strategies (py,po) in PT x PT
with the property that the probability of the event {q(p:(7), p;(7); k) = 0 at some 7}
is zero for all it = 1,2, j #iand k=0, 1.
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We have already shown that any payoff-symmetric interior MPE lies in the set
Z. Conversely, any strategy profile in Z gives both firms the payoff function ' and
has the mutual best response property, hence constitutes an interior payoff-symmetric
MPE. To decide whether the set Z is empty or not, we have to ask whether a price
distribution with mean equal to the myopic price and variance prescribed by (21) can
be implemented on the open half axis IR, in a way that maintains positive expected
quantities.

Given a belief 7 and the required mean p™(7), the maximal variance that can
be achieved on IR, is p™(7)?, obtained from a binomial distribution which assigns
probability % to each of p = 0 and p = 2p™(w). By (21), therefore, the set PT is
non-empty if and only if

ul (1) = A7) (") () /r — m(7) < [b+ e(m)] (€ + p™(m)?) for all 7. (22)

Next, writing s(7) for the standard deviation corresponding to (21), we see that the
set Z is non-empty if and only if ¢(p™(7) + s(7), p™ (7)) — s(7); k) > 0, or a — bp™(7) —
[b+4 2¢ck]s(m) > 0, for all 7 and both £ = 0 and 1. Since ¢; > ¢, this is equivalent to
the condition that

a—bp"(m)  b+c(nm)
b+201 n b+201

s(m) < p"(m) =: K(m)p™ () (23)

at all beliefs. By (21), this translates into the requirement that
ul(m) — A7) (u') (7)) /r — m(m) < [b+ c(7)] (€ + r(m)*p™()?) for all 7. (24)

As k(m) < 1 everywhere, this condition is stronger than (22).
We summarise our findings in

Theorem 6.1 The set of all payoff-symmetric interior Markov perfect equilibria, T,
is non-empty if and only if condition (24) holds. The firms’ value function in any such
equilibrium is u* = u'.

Equilibrium as in Theorem 6.1 does not impose any restrictions on price distribu-
tions beyond support, mean and variance. This is the combined effect of two modeling
choices: the linearity of expected demand, and the continuous-time framework with
Brownian noise. In the simplest possible mixed-strategy MPE, each firm flips a coin so
as to decide whether it will charge a price above or below the myopic price, and then
uses the expression (21) for the variance to calculate by how much it will deviate from
that price.

We have interior equilibria with price dispersion when the value of information
is high enough to violate condition (8), but small enough to respect condition (24).°
Given a myopic payoff function m that is not concave throughout, one can proceed as
in the proof of Proposition 4.1 and construct constants py and ¢, such that (24) holds

°Tt is possible to construct non-interior equilibria when condition (24) is violated. Such a construc-
tion is cumbersome without generating additional insights. We therefore do not present it here.
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whenever 02 < r/py+A/l5. In the case where the myopic payoff function m is convex
throughout, we see interior price-dispersion equilibria for all parameter combinations
(r, A\, 0,€) satisfying 7/p; + A/l < 072 < 1/py+ A/ly and € < £, where py, ¢1 and &
are the constants constructed in the proof of Proposition 4.2.

At beliefs close to subjective certainty, firms do not value information very highly,
hence will not create price dispersion. So, if we are to see price dispersion at all, it will
have to arise at ‘diffuse’ beliefs. This is made precise in the following result, which we
prove in Appendix B.

Proposition 6.2 In any equilibrium in I, the set of beliefs where firms create price
dispersion is either empty or an open interval |z, 7| with 0 < = <7 < 1.

As an illustration of an interior equilibrium with price dispersion, we have the
sample paths in Figure 1.1 The upper panel shows beliefs evolving over time!! and
the horizontal band between the dot-dash line is the interval of ‘diffuse’ beliefs from
the above proposition. Whenever beliefs traverse this band, the firms’ prices have a
positive standard deviation, shown in the lower panel. Thus, experimentation cycles
arise where periods of price dispersion, triggered by a change in the environment,
alternate with periods of price matching, once the firms learn enough about the new
state. (Of course, we see price dispersion occurring occasionally at other times, as the
firms are hit by short-term demand shocks or are pulled towards the invariant belief.)

7 Comparative Statics of Price Dispersion

Our next goal is to study how the occurrence of price dispersion varies with the ba-
sic model parameters. We start with an observation that follows immediately from
expression (21) for the price variance.

Proposition 7.1 FEquilibrium price dispersion is weakly increasing in the value of in-
formation, and strictly increasing at all beliefs where price dispersion is positive.

It is therefore enough to consider the comparative statics of the value of information.

Proposition 7.2 If m is convex throughout (co > b), then the value of information in
all equilibria in T decreases strictly in the firms’ discount rate, the noise intensity and,
for sufficiently small discount rates, the frequency of state switches.

These are the same comparative statics as in the single-agent problem of Keller and
Rady (1999), and they follow from a (somewhat simpler) version of the arguments
given there. We therefore omit the proof.

10Tn this and the subsequent figures at the end of the paper, the demand curve parameters are
a=>5.0,b=0.3, cgc = 0.5 and ¢; = 1.0; the discount rate is » = 0.1, the invariant belief is 7 = 0.5,
and the noise parameter is ¢ = 0.1. Only A, £ and the type of randomization vary across figures.

'The firms’ common prior is 7o = 0.75. The bold dashed line in either panel represents the true
state, the initial state being ko = 0.
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If the myopic payoff function is concave throughout, then the comparative statics
change direction: the equilibrium value of information (which is now negative) increases
in the discount rate, etc. Finally, if the myopic payoff function has a concave as well
as a convex part, we see comparative statics as in the proposition for beliefs close to
1, and the reverse for beliefs close to 0.

Numerical solutions suggest further comparative statics properties when the value of
information is positive throughout. For example, it appears that with regard to changes
in A, the restriction to small discount rates in Proposition 7.2 can be dropped. Figure 2
illustrates how the equilibrium value of information decreases as A increases. Firms’
price variance increases with the vertical distance between the value of information
curve and the threshold line [b+ ¢(7)] &, and is zero throughout for higher values of A.

An increase in the quality of background information seems to increase the value
of information, but since the threshold that triggers randomization shifts upward at
the same time, we find that price dispersion diminishes overall: firms randomize over a
smaller set of beliefs, and with lower variances.!? An extreme case of this is illustrated
in Figure 3, in which the higher value of £ leads to no dispersion (the higher value of
information curve is never above the higher threshold line for the higher value of &),
whereas the lower value of € leads to some dispersion (the lower value of information
curve is sometimes above the lower threshold line for the lower value of &).

Our next comparative statics result deals with the likelihood of observing price
dispersion at any given time (rather than at any given belief, as in the above propo-
sitions). The changing environment and the availability of background information
ensure that the process of firms’ posterior beliefs is ergodic, so the long-run fraction of
time that price dispersion is positive along any sample path can be calculated simply
as the probability of the event {m : Var[p(r)] > 0} under the invariant distribution of
the belief process. Given the firms’ strategies, we can characterize this invariant dis-
tribution using standard results from the theory of diffusion processes; see Appendix
C for details and Figure 4 for an illustration. We find that price dispersion is most
likely to be observed when the competitive environment is neither too stable nor too
variable. The proof of this result is also in Appendix C.

Proposition 7.3 Suppose that m is convex throughout (cq > b). For a sufficiently
small interest rate and precision of the background signal, the likelithood of price disper-
sion (under the stationary distribution induced by any equilibrium in I ) first increases,
but eventually decreases with the frequency of state switches.

In fact, as changes in the environment become more frequent, there are two effects:
first, it becomes harder for beliefs to track the true state, implying that they stay more
often in the open interval where firms create price dispersion; second, information

12Formally, the increase in the value of information corresponds to the encouragement effect de-
scribed by Bolton and Harris (1999), and the upward shift of the threshold to their free-rider effect.
The latter is easily explained: as background information becomes more reliable, the shadow price
of information falls, and there is less of a reason to incur the opportunity costs of experimentation
— it is cheaper to “free-ride” on the public signal. The first effect does not seem to have a natural
explanation in our model. In any case, the free-rider effect appears to dominate in equilibrium.
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decays faster, so the interval where firms are willing to create price dispersion shrinks.
The first effect dominates for low frequencies of a state change. Eventually the second
effect takes over, until the firms’ willingness to experiment dies off completely and the
pure-strategy equilibrium arises. An illustration of this result is given in Figure 5.

The shape of the long-run frequency distribution of observed prices also depends on
the stability of the environment. In rather stable environments, this price distribution
is strongly bimodal with most of the probability mass concentrated at the two extremes
of the equilibrium price range. As the environment becomes less stable, more prices
lie in an intermediate range, and the price distribution eventually becomes unimodal
with most of the probability mass concentrated in the middle of the equilibrium price
range. Thus, while both a high and a low frequency of state changes are consistent
with little observed price dispersion, these two cases are clearly distinguished by the
likelihood of seeing extreme prices.

8 Joint Randomization

So far, we have studied independent randomization by the two firms. Clearly, we
expect them to achieve better expected payoffs if they are able to coordinate their
pricing decisions via some public randomization device. In fact, such coordination will
allow them to avoid the main drawback of independent mixing, i.e. prices that are
close to each other, but away from the myopic price; such prices do not provide much
information, yet can be quite costly in terms of current revenue forgone.

A joint strategy is a Lebesgue measurable function from the state space [0, 1] to the
set of Borel probability measures on IR, x IR, , assigning a distribution over pairs of
prices to each belief. A joint strategy constitutes a correlated MPE if all price pairs
that are assigned by the public randomization device are mutually best responses.

Similar to our treatment of private randomization, we interpret joint randomiza-
tion as the limit of more and more frequent switching between pairs of pure strategies.
Again, firms’ payoffs and the law of motion of their beliefs can be calculated by tak-
ing expectations over the distribution of actions.!® As in Section 5, therefore, the
equilibrium functions u} and wj in a correlated MPE (p1, p2) must satisfy (9). In ad-
dition, the best response property requires any pair of prices (p1,p2) in the support of
(1 (), Bal)) to satisfy

*\ 1/ )
p; € arg I]r}ggi {7_‘_2(1 _ 7'(')2 (Ulgr(ﬂ') S(];Qp]) + R(ﬂ',p, p])} (25)
(1 = 1,2), striking the optimal balance between value of information and current

revenues.
We restrict our attention again to payoff-symmetric interior equilibria. By (11)-
(12), firm 4’s first-order condition for (25) thus reads

(w)"(m)

T(m) 5 (pi = ) = b+ e(m)] (s = (7)) + 3¢(m) (p; — p" (7)) = O

13See Appendix A for details.
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where v* is the common value function. Summing the two firms’ first-order conditions
leads immediately to p; +py = 2p™ (), so if p; # pa, the two prices must be equidistant
from, and on opposite sides of, the myopic price. Inserting this in the first-order
condition of either firm shows that the shadow price of information must be
T 20 + 3c(m

T () = 22360 (26)
whenever the support of (p1(7), po(7)) contains a pair of prices (p1,pe) with p; # po.
Since the right-hand side of (26) is strictly less than b+ ¢(7), we see in particular that
the second-order condition for (25) holds.

Given condition (26), a pair of non-negative prices (p1,p2) has the mutual best
response property if and only if p; + py = 2p™ (7). This means that p;(7) and po(7)
must be perfectly negatively correlated: Var[p,(m)] = Var[py(7)] = —Cov[py(7), p2(7)].

By (9) and the symmetry of S(-,-) in its two arguments, payoff Symmotry re-
quires that the firms earn the same expected current revenues: E [R(7, p1(7), pa(7))] =
E [R(m, po(7), p1(7))]. Given that Var[pi(7)] = Var[ps(m)] and E[p1(7)] + E [pa(7)] =
2p™ (), it is straightforward to show that this implies E [p(7)] = E[po(7)] = p™ (7).
We can thus cast public randomization as the observation of a real random varlabl
5(m) with mean zero, the assigned prices being pi(7) = p™(7) + 6(m) and py(m) =
p () — ().

Note that a lower shadow price of information is necessary for joint randomization
than for independent randomization. This is due to the fact that joint randomization
yields a higher net benefit. Indeed, using (11)-(12), we can rewrite equation (9) for
firm 1 in the following way:

() = 2 () — ()
- T;:) (u*)"(m) (Var[pe(7)] + &) — <[b + ¢(r)] — Té:) (u*)//(ﬂ_)) Var [y ()]
—9 <¥ (u*)"(zr) — @) Cov[p (), po(m)]. (27)

The first two terms on the right-hand side of (27) are formally the same as in equa-
tion (18). The first term is again the value of the information that firm 1 acquires
from the background signal and directly from firm 2’s randomization. The second
term represents firm 1’s net value of its own experimentation. By (26), this is neg-
ative; using the fact that the assigned prices are p™(7) £ ) (7), we see that it equals
—[2b+c(m)] Var[6(n)] /4. The third term is specific to joint randomization and captures
firm 1’s net value of coordinating with firm 2. Since the assigned prices are perfectly
negatively correlated, this term equals [2b + ¢(m)] Var[6(7)]/2. Thus, the net loss in-
curred by deviating from the myopic price is doubly offset by the net benefit derived
from coordinating with the other firm.
Combined with (26), equation (27) shows that the common variance of firms’ price
distributions is
u*(m) — Nm) (w*) (7)/r —m(mw)  2b+ 3e(m)
b+ c(m) 4[b + c(m)]

¢
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Therefore, a necessary condition for joint randomization at a belief 7 is
w*(m) — M) (u*) (7)) /r — m(m) > [2b+ 3¢(m)] £ /4. (28)

As before, we can interpret the left-hand side as the equilibrium value of information,
so condition (28) states again that firms create price dispersion only at beliefs where
the value of information is sufficiently high.

The construction of payoff-symmetric correlated Markov perfect equilibria now par-
allels the development in Section 6. The equilibrium value function «* will solve the

ODE
7(7)

2r

W) € = H<7r, u(r) — 2 u'(n’)) (29)

r

where the right-hand side is given by the function
H(m,v) = min{v — m(7), [2b+ 3c(m)]&/4}. (30)
As before, the boundary conditions are (4)—(5).

Proposition 8.1 The boundary value problem consisting of the ODE (29) and the
boundary conditions (4)—(5) has a unique solution u* : [0,1] — Ry, and u* > ul.

The existence and uniqueness result is proved exactly as Proposition 6.1. The
comparison result follows easily from the fact that the right-hand sides of the relevant
ODEs satisfy H < G.

Let J denote the set of all joint strategies (p1, ps) with the following properties: (i)
p1 and py have mean p™(w) and variance

ur(m) — M) (ub) (7)) /r — m() ~ 2b+ 3c(m) }
b+ c(m) 4[b + ¢()]

max {O,

at all m; (i) pi(m) + pao(m) = 2p™(w) at all 7; (ii) py and po are positive; (iii) the
probability of the event {q(p;(7),p;(7); k) = 0 at some 7} is zero for all ¢ = 1,2, j # 4
and k= 0,1. Arguing as in Section 6, we see that J is non-empty if and only if

ul(m) = \(7) (u") (1) /r—m(7) < [2b+3c(7)] €/4+[b+c(n)|r(m)*p™ (7)? for all 7, (31)

where the function s is defined in equation (23).
We have the following result.

Theorem 8.1 All joint strategies in the set J are correlated Markov perfect equilibria
of the dynamic duopoly game. The firms’ value function in all these equilibria is u* =
ut, and this is the mazximum expected payoff that firms can achieve in any payoff-
symmetric interior correlated MPE.

That these joint strategies are equilibria is clear from the arguments given above. In
any payoff-symmetric interior correlated MPE outside 7, firms must use independent
randomization or even the myopic strategy at some beliefs where an equilibrium in
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J would prescribe joint randomization. The corresponding value function « is thus a
solution of an ODE whose right-hand side is given by a ‘mixture’ of the functions G
and H. Since H < (G, it must be the case that H is less than or equal to this mixture,
so the argument used to derive the comparison result of Proposition 8.1 also shows that
u? dominates @. Of course, this is intuitively clear since any element of independent
randomization brings with it harmful miscoordination.

Similar to independent randomization, only the first and second moments of a joint
strategy are pinned down in equilibrium. In particular, the observation of a public coin
flip is sufficient for the firms to coordinate: they can use the outcome to determine
which firm will charge above the myopic price and which below, and then deviate from
the myopic price by a distance that generates the required price variance.

We have uf = u™ and J = {(p™, p™)} if and only if

u™(m) — X)) (u™) (7)) /r — m(r) < [2b+4 3e(m)]€/4 for all 7, (32)

so firms will not engage in joint randomization when the value of information resulting
from the myopic strategies is sufficiently low. Condition (32) is tighter than its coun-
terpart (8), reflecting once more the fact that joint randomization is more beneficial
than independent randomization.

Exploiting the similarity of the relevant differential equations, we can derive coun-
terparts of Propositions 4.1-4.2 (sufficient conditions for price matching and price dis-
persion), Proposition 6.2 (if firms create price dispersion, they do so over an open
interval of beliefs) and the comparative statics of Section 7 for the correlated equilib-
ria in J."* The same intuitions apply. One also shows easily that there is a range of
model parameters where firms engage in joint randomization at some beliefs, but not in
independent randomization. This is illustrated in Figure 6, in which independent ran-
domization leads to no dispersion (the lower value of information curve is never above
the higher threshold line [b + ¢(7)] £), whereas joint randomization leads to some dis-
persion (the higher value of information curve is sometimes above the lower threshold

line [2b + 3¢(m)]€/4).

9 Concluding Remarks

We considered a symmetric differentiated-goods duopoly which evolves over an infinite
horizon in continuous time. Firms are uncertain about their competitive environment
and can learn actively about it by creating price dispersion. We characterized all payoff-
symmetric interior MPE with the firms’ common posterior belief as the state variable.
We showed that these equilibria can be of two types, and provided sufficient conditions
for either type. If the value of information is low, a pure-strategy no-experimentation
equilibrium arises: firms behave as if they were myopic, and charge the static duopoly
price corresponding to their current assessment of the competitive environment. If the
value of information is high, firms use mixed strategies (randomizing either indepen-
dently or jointly) to create price dispersion and thus increase the information content

14We just have to replace u' by u* and b+ ¢(m) by [2b+ 3c¢(m)]/4 at all occurrences.
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of the signals which they observe. In such an equilibrium, the duopoly goes through ex-
perimentation cycles where periods of price dispersion (which are triggered by a change
in the environment) are alternating with periods of price symmetry (which begin once
the firms have learnt enough about the new state). The likelihood of observing price
dispersion at any given time is highest when the environment changes sufficiently often,
but not too frequently.

The tractability of our model is due to a combination of several modeling choices:
the assumption that there are only two possible states of demand; the linearity of
expected demand curves; and the continuous-time framework with Brownian noise.
While each of these assumptions simplifies the analysis of the model considerably,
none of them affects our main results on the dynamics of the value of information and
price dispersion.

The presence of background information in our model gives rise to an equilibrium
process of posterior beliefs that is regular on the open unit interval, i.e. that can reach
any point in this interval with positive probability irrespective of the current position.
Without background information, this is no longer true: either the invariant belief 7
lies outside the range where the price variance is positive, and the belief converges to
7; or 7 lies inside the range of positive variance, and the process of beliefs is eventually
confined to this range. In the former case, price dispersion disappears for good after
some time. In the latter case, price dispersion will continue uninterrupted forever. In
either case, the firms track the true state poorly in the sense that their belief will be
bounded away from the true state at all times. If we also let the frequency of state
switches go to zero, our Markov perfect equilibria produce an extreme form of error
persistence as identified originally by Rothschild (1974) and McLennan (1984). In fact,
a non-degenerate prior belief at which the price variance is zero will not be updated
at all, while a belief inside the range of positive variance will converge to one of the
boundaries of this range. In either case, beliefs cannot converge to the truth.

We have focused on payoff-symmetric equilibria, i.e. equilibria where price disper-
sion is created through randomization. Asymmetric pure-strategy MPE would imply
the same experimentation cycles as we have described here. Such equilibria, however,
would be more complicated to analyse because of the need to solve a pair of coupled
second-order differential equations for the firms’ value functions.

The restriction to payoff-symmetric equilibria allows us in particular to derive an-
alytical comparative statics. While our main focus in this paper has been on price
dispersion, our methods also yield comparative statics results for equilibrium payoffs.
We can show that each firm’s payoff is strictly decreasing in the discount rate and
the noise intensity, and strictly increasing in the quality of background information.
Numerically, we find that the gains from a given increase in background information
are non-monotonic in the parameter A: they are small for very low frequencies of
state switching, increase with A over some range, and become smaller again as the
environment becomes very unstable. This suggests that, at the margin, background
information is most valuable when the environment is variable (so the information has
a role in detecting a change of demand conditions more rapidly), but not too variable
(so there is enough time to exploit improved knowledge of demand conditions between
state switches).

23



The firms in our model are assumed to compete in prices, which are strategic
complements. Again, our findings are not affected by this assumption. One can easily
rewrite the expected demand structure with quantities as the decision variables, and
then let the Brownian noise operate on realized prices. This situation with strategic
substitutes implies the same dynamics of dispersion in the firms’ actions as the scenario
that we analyse in the paper.

It is straightforward to extend the model to an arbitrary number of firms each of
which is learning about the sensitivity of its own demand to the average price charged
by its competitors. In the absence of a fully-fledged model of (stochastic) consumer
behavior, however, one has to rely on ad hoc assumptions when it comes to specifying
how the demand structure and the noise that affects it vary with the number of firms.
As the “reduced-form” approach adopted in this paper does not seem to permit any
robust comparisons between oligopolies with different numbers of firms, we have only
presented the two-firm case.

Appendix

A Randomization

While defining mixed strategies is straightforward, it is not obvious how randomization should be
interpreted in continuous time. We use a time-alternation approach, viewing randomization as the
limit of more and more frequent switching between pure strategies over time.'?

By Skorohod’s theorem, we can associate with any mixed strategy p a Lebesgue xBorel measurable
function P : [0,1] x [0,1] — IR+ such that for any m, the distribution of p(m) is the same as that of
P(w,3) where ¢ is uniformly distributed on the unit interval. That is, we can associate with p a
parameterized family of pure strategies such that a uniform distribution over these strategies induces
the same distribution over a player’s actions at each belief as the mixed strategy p.

Time alternation can now be introduced as follows. Players start with a common prior 79 and
initial values y; € [0,1] (: = 1,2). Player ¢ employs the pure strategy P(-,y;) until he is given the
opportunity to revise the strategy by drawing a new y; from the uniform distribution on [0, 1]. He uses
the corresponding pure strategy until he is again called to revise it, and so on. Opportunities to revise
the strategy arrive according to a Poisson process with intensity x;; these processes are independent
across players. On letting x; and k9 tend to oo, one can show that the game converges to a limit
game with the following properties: if the firms employ the mixed strategies p; and po, then (i) firm ¢
obtains expected flow revenues E [R(my, p;(7¢), pj(m¢))] where E denotes the expectation with respect
to the distribution of p; () and pa(m;); (ii) the change in belief dm; has mean A(m;) dt and variance
7(m¢) E [(p1(m¢) — Pa(me))? + €] dt. In the time-alternation limit, therefore, the firms’ payoffs and the
law of motion of their beliefs are obtained simply by taking expectations over the mixed strategies.

This defines a limiting game in the sense of a mapping from mixed strategies into payoffs, but not a
limiting outcome, i.e. process of prices. In fact, the attempt to construct a limiting price process runs
into the usual problems of dealing with a continuum of random variables. For our purposes, however,
this is of no consequence. First, the time-alternation limit still gives us a well-defined process for the
state variable, which will be enough to formulate results on the emergence and long-run frequency of
price dispersion. Second, there always exists a well-defined price process for any pair of finite arrival
rates (K1, ka), so results based on the properties of the limiting belief process can easily be interpreted
in terms of price processes for sufficiently large ;.

5 Harris (1993) contrasts this with a state-alternation approach where players use the state itself
as a randomizing device. The rest of this appendix follows Harris (1993, Section 10.1).
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For joint randomization, we associate with any joint strategy (pi1,p2) a LebesguexBorel mea-
surable function P : [0,1] x [0,1] — IRy x R4 such that for any m, the distribution of price pairs
(p1(m), p2(m)) is the same as that of P(m, §) where § is again uniformly distributed on the unit interval.
The corresponding time-alternation limit is obtained by drawing values y at random times and letting
the arrival rate of these times tend to infinity.

B Various Proofs
In preparation for the proofs of Propositions 4.1 and 4.2, we define
" () = u™ (7)) — Nx) (™) (7) /7 (B.1)

on [0,1] and

_7(l=m) (-7

9(m) = T + 1—m

on |0, 1[. Arguing as in Keller and Rady (1999, Section 4.4), one shows easily that v™ is the unique
solution of the ODE

@ V(M) E=rv(r) —m(m)] + A {2g(7r) [v(m) — m(m)] + (7 — ) [V (7) — m'(7r)]} (B.2)
subject to the boundary conditions v™(0) = m(0) and v™ (1) = m(1).
Define m(m) = m(m) + [b + ¢(m)] € on [0, 1], so that (8) is equivalent to v™ < rn.

PROOF OF PROPOSITION 4.1: If m is concave, then the left-hand side of (B.2) with v = m is
negative, while the right-hand side is zero. This means that m is a supersolution of (B.2) on ]0,1[. A
standard argument shows that the difference v™ — m cannot attain a positive maximum in the open
unit interval. Since v™ — m vanishes at 7 = 0 and 1, we have v < m on [0, 1], implying (8).

Next, note that the function  is a supersolution of (B.2) if

7(m)
2
The coefficient of r on the right-hand side of this inequality is clearly positive, and the same can be

shown for the coefficient of A. Now, suppose that m is not concave throughout, and let # = min{rx :
¢(m) > b}. Define the positive constants

m" () <rb+c(m)] + A {2g(7r) [b+c(m)]+ (m—7)(c1 — co)} for 0 <m < 1. (B.3)

_ 1 (e1 — co)?m2(1 — )2m/" (m)
pPo = 3 glgff bF o) ,
en)27m2(1 — )2
lo = Lmax (1 —co)*m(1 =) m () '
2w 29(7) [b+ e(m)] + (1 — 7) (1 — o)

Whenever 02 < r/pg + A/lo, we then have (B.3), hence v™ < 1 by the same argument as in the
previous paragraph.

Finally, we can find K > 0 such that the constant function v = K is another supersolution of
(B.2), implying v™ < K. For sufficiently large &, we then have K < th, hence v™ < 1. [ |

PROOF OF PROPOSITION 4.2: Define mi(nr) = (1 — ) m(0) 4+ mm(1) on [0,1], and set £ = min{¢ >
0 :7m(m) > m(r) for all w}. Fix &€ < &, so m(mw) > m(r) for some 7. Choose a strictly convex function
m : [0,1] — IR with the following properties: m = m on [0, 7] and [r,,1] with 0 < 7, < 7, < 1;
m > m on |y, m[; m(w) > m(n) for some m; m has a continuous first derivative on [0,1] and a
continuous second derivative on [1,0] — {m¢, 7, }. (Such a function exists because of the assumption
made on &; one has to choose m close enough to 7.) Note that m is a subsolution of (B.2) if

7(7)
2

m(m) € > r[m(r) —m(m)] + A {2(](7?) [m(m) — m(m)] + (7 — 7) [m/ () — m'(ﬂ)]} for 0 <m < 1.
(B.4)
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Define the positive constants

2.2 2,11
_ 1 . (e =) T (L —m)*m" ()
rno= ab - m(r) —m(m)

b= 3¢ MaX,,>r>r, 129(7) [m(r) — m(m)] + (71 — 7) [/ (7) — m/ (7))}

b

Ming, >r>r, (1 — co)?m2 (1 — 7)2m/ ()

Whenever 072 > r/p; + A/f1, we then have (B.4), hence v™ > m; in particular, v™(r) > m(m) for
some 7, so (8) does not hold. |

PROOF OF PROPOSITION 6.1: If condition (8) holds, existence is trivial: we can simply take uf = u™.
Suppose therefore that (8) does not hold. We can then find positive constants K and L such that the
functions 7 = K and u = u™ — L satisfy

u(r) — A(m) o () /r < () < T(w) = M) () /r

on [0,1]. Tt is easy to see that % is a supersolution of the ODE (19), and u a subsolution, i.e.

T 3 (m) € < G, () — AT ()

and
7(m)

2r

W ()€ = G, ulm) — Am) (m)/7).
Moreover, we have

u(0) — A(0) @' (0)/r > m(0), u(1) = A1) @' (1)/r > m(1),
u(0) = MO W (O)/r <m(0),  u(l) — MV &(1)/r < m(1)

Now fix € > 0 such that A(e) > 0> A(1 —¢) and

u(e) = Xe)u'(e)/r >m(e), u(l—e€) —AX1—e)T(1—¢€)/r>m(l—e¢),
u(e) — A(e) v (€)/r < m(e), wl—e) = AX1—e)u/'(1—¢€)/r <m(l—c¢).

We can find a positive constant C' such that
|G(m, up — A(m)uy/r)| < C(1+ |uql)

for all m € [e,1 — €], up € [u(n),w(w)] and u; € IR. Since

/ 5 ds = o0
s 1+s

for all > 0, this implies that the ODE (19) satisfies Nagumo’s condition!® on [¢, 1 — €] relative to u,
u. By Bernfeld and Lakshmikantham (1974, Theorem 1.5.4), there is a solution u : [¢,1 — €] — IR of
(19) such that u < v <7 and

u(e) — Xe) v’ (€)/r = m(e), w(l—€) = A1 —e)u'(1 —e)/r=m(1 —¢).

Finally, consider a sequence uy : [€g, 1 — €] — IR of such solutions for small positive numbers
(ék)k=1,2,... converging monotonically to 0. By Bernfeld and Lakshmikantham (1974, Theorem 1.4.1),
there is an Ny > 0 such that |u/| < Nj on [eg, 1 — €] for any solution of (19) lying between u and @ on
this interval. Thus for any fixed integer K > 1 and all k > K, uy is a solution satisfying u < up <7
and |uj,| < Ng on [ex,1 — €x], so the sequences (ug)r>x and (u),)r>x are both uniformly bounded
and equicontinuous on that interval. Employing the standard diagonalization argument, we obtain a

16See Bernfeld and Lakshmikantham (1974, page 25).
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subsequence which converges uniformly on all compact subintervals of ]0, 1[ to a solution u! with the
desired properties.

As to uniqueness, suppose that there are two such solutions, u' and uf, and that uf — u* has a
positive maximum. As uf(0) — A(0) (u!)/(0)/r = v (0) — A(0) (u*)'(0)/r and A(0) > 0, this maximum
cannot be attained at m = 0. In fact, u'(0) > «*(0) implies (u)’(0) > (u*)’(0) while a maximum
would require (u)’(0) < (u*)’(0). A similar argument rules out a maximum of uf —u# at 7 = 1.
The maximum must therefore be attained in the interior of the unit interval, say at my. This requires
ul(mo) > uk(mg), (ul)(mo) = (ut)(mo) and (ul)”(m) < (u?)”(mo), hence, by weak monotonicity of G
in its second argument,

0 = T (0t (rg) — (u)(mo)] €
= G(mo, ul(mo) — A(mo)(ul)'(m0)/7) — G(mo, ut(mo) — A(mo)(ut) (m0)/7)
> 0.

So the maximum is in fact attained at a point where G is constant in its second argument, i.e.

7(mo)

7—(770) " _
) (o) = T

(ut)" (o) = b + (o).

Now let 7 = inf {7 > m : u¥(m) — A(w)(ut)'(7)/r < m(r)}; this is well-defined and smaller than
1 because of the boundary condition at the right end of the unit interval. The difference uf — u?

is constant on [mg, 7], and we have in particular uf (%) > u* (%), (ul) (%) = (u})'(%) and (ul)” (%) =
(u?)”(#). Immediately to the right of %, we have

ut () — M) (ub) (7)) /r < () < ul(m) — M) (ul) () /7

and therefore

() sy oy Tlm)
o (u)"(m) <b+e(m) = o

(ul)"(x).

This implies that uf — «* is strictly increasing immediately to the right of # — which contradicts our
assumption that this difference is maximal in 9. We conclude that uf < u! on the entire unit interval.
The converse inequality, uf > u¥, follows by symmetry. |

For the proof of Proposition 6.2, we define
vl (7) = ul(m) = M(m) (ul)' () /. (B.5)
It is straightforward to see that vf = v™ if and only if uf = w™. If vT % v™, then

7(7)
2

@' (m)=r[b+c(m)] + A {QQ(W) b+ c(m)]+ (m—7)(c1 — (:0)} (B.6)
on the set {7 : vf(m) > m(m)}. In view of this, it will be convenient to use the following notation:

F(m) =7 [b+c(m)] + A{20(m) [+ o(m)] + (7 = 7)(e1 = o) |-

PROOF OF PROPOSITION 6.2: Let m = inf{m : vf(7) > m(m)} and T = sup{m : vi(7) > m(m)}.
Suppose that there is a belief my strictly between m and 7 such that vf(mg) < m(m). Then there
exist beliefs m; < 7 < w3 in |z, 7T[ such that the function vl — 17 has positive local maxima at
7 and 73, and a non-positive local minimum at 7. In particular, we have v'(m) > s(m;) and
(vh) (7)) < 1’ (my) = m” (71), hence

7(m)m’ (7)) /2 > (7)) (1) (711) /2 = F(my).
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The same inequality holds at 73. On the other hand, we have v'(my) < m(mg), (v1) (m2) = 1/ (m2) =
m!(ma) + (¢1 — ¢o) € and (v1)"(m2) > m” (my) = m' (m3), hence

7(me)m/ (m2) /2 < T(Wg‘)(vT)”(Wg)/Q |
= (7’ [vT(mg) — m(m2)] + A {29(7@) [vT (m9) — m(m)] + (mo — @)[(v") (m2) — m’(7r2)}}) /€
S F(?TQ).

This is the desired contradiction since {m : 7(mw)m/ (w)/2 > F(m)} and {mw: 7(m)m/ (7)/2 > F(7)}
are intervals, the latter being the interior of the former, hence containing 75 of necessity. In fact, as
the function ¢ is strictly convex, so is F', and tedious but straightforward algebra reveals that the
function 7 — 7(m) m”(w)/2 is quasiconcave on the set {7 : m’(m) > 0}. [

C Stationary Distribution

In all the Markov perfect equilibria of Theorem 6.1, the process of posterior beliefs is a diffusion whose
increment dr has mean A\(7) dt and variance 7(m)(2Var[p(m)] 4 &) dt with Var[p(m)] given by equation
(21). According to Karlin and Taylor (1981, p. 221), the stationary density of this process, if it exists,
has the form

() = p(m)[CLS(m) + Co

where

() = !
M S @Varp(m)] + €)
and -
S(m) = /1/2 s(z) dx
with

e ™ 2\ (x) .
S(W) - © p{ /% T(T)(Qval[ﬁ(T)] +E) d*’} .

A stationary density exists if it is possible to find constants C; and C5 such that (7)) > 0 on ]0, 1]
and fol P(m)dm = 1.
Near the boundaries of the unit interval, Var[p(m)] vanishes, and we have

S(W)ocexp{ 20°A [ﬁ+1_ﬁ+(1—27~r)lnlﬂ H

(r—co)2 | 1—7 -7

As we let 7 tend to 0, 7(m) decreases like 72, s(m) grows like 7 with positive constants K
and L, so 7(m)s(m) — oo and p(m) — 0. The product p(m)S(m) behaves like the function f(mw) =

Lo K _ 1/2
_p2-K, L/Trfw/ +KoL/x

KeL/‘I\'
dx. The integral in this expression satisfies

1/2 o
- ~ 2
/ aXel/T dr > / eXel/® dr > n? min{zXe/ . 1 <2 <714 1%} = 7 (n 4 1)K el/THT),
JT ™

so f(m) < —(1+m)Ke L/0+m) for 1 close to 0. This shows that limsup,_, u(m)S(r) < 0. To insure
that 1 (7) remains non-negative, therefore, we must have C; < 0. Conducting the same analysis at
the other end of the unit interval, one shows liminf,_ u(7)S(7w) > 0, and hence Cy > 0. Thus, the

stationary density is ¢(7) = Cop(m) with Cp =1/ ([-01 p(m)dr.

PROOF OF PROPOSITION 7.3: Given sufficiently small r and &, Propositions 4.2 and 7.2 imply the
existence of a cutoff level A such that the interval of beliefs where Var[p(m)] > 0 is non-empty if
and only if 0 < A < A. Let |m, m,.[ be this interval when A = 0. As A increases from 0 to A, the
interval shrinks monotonically to the empty set, while the probability mass assigned to |m, 7,.[ by the
stationary distribution increases monotonically from its lower bound 0.
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Figure 1: Sample paths for ¢

The dashed line indicates the state switches. In the upper panel, the horizontal band between the
dot-dash lines indicates the dispersion region. In the lower panel, the markers indicate the

standard deviation of the firms’ prices.
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Figure 2: Value of information for ¢

The straight line is the threshold [b + c(n)] ¢.

— A(m)(u")'()/r—m(x) for the different values of A.

(7)

t

The curves are the graphs of u
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Figure 3: Value of information for ¢

& for the two values of &.
"'(x)/r-m(x) for the two values of &.

|

The straight lines are the thresholds [b + c(r)

- Am)(u

(7)

t

The curves are the graphs of u
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distribution of posterior beliefs) as a function of A;
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independent versus joint randomization

Figure 6: Value of information for &

&/4.
m(n) [independent randomization],

)'(m)/r—m(n) [joint randomization].

]

) (m)/r

()~ A() (u'

A(z) (u

The two straight lines are the thresholds [b + ¢(x)] ¢ and [2b + 3c(n)

The lower curve is the graph of u
the upper curve that of u*(x)



