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Abstract

This paper provides a theoretical foundation for Markov (perfect)
equilibria in repeated games with asynchronous moves that is based
on memory costs. We show that if players incur a “complexity cost”
which depends on the memory length required by their strategies, then
any strategy which is iteratively undominated is Markovian. Thus, ev-
ery Nash or perfect equilibrium is Markovian as well. We also provide
a dynamic learning rationale for this conclusion. Our result has inter-
esting implications for repeated asynchronous choice games where the
stage game is of common interest. If players are sufficiently patient,
iterated dominance ensures repeated play of the efficient stage-game
equilibrium if this equilibrium satisfies a risk-related condition that,
in a 2 x 2 game, is equivalent to risk-dominance.



1 Introduction

Markov equilibria occupy an important position in the theory of dynamic and
stochastic games. A large literature on a variety of topics ranging from indus-
trial organization (e.g. Beggs and Klemperer (1992)) to renewable resources
(e.g. Levhari and Mirman (1980)) restricts attention to Markov equilibria
— players are restricted to strategies which condition only on the payoff
relevant “state” variables, and are not allowed to condition upon payoff irrel-
evant events. There has however been little theoretical justification for such a
restriction.! Furthermore, in the case of standard repeated games, where the
“state” is constant over time (the simultaneous action stage game is fixed),
Markov equilibria are trivial and uninteresting, since they consist of repeated
play of the Nash equilibrium of the stage game. This contrasts sharply with
the “folk theorems” for these games (e.g. Fudenberg and Maskin (1986))
which show that a wide range of alternative behavior (and payoffs) may arise
in repeated game equilibria, under relatively mild conditions.

The first interesting example of Markov equilibria in a repeated game
context is due to Maskin & Tirole (1988a, 1988b), who studied a variety of
models of oligopolistic competition. They showed that if firms take their
decisions in an asynchronous manner and alternate in changing actions, the
Markov equilibria of the resulting game are non-trivial. For example, in the
price-setting context, phenomena such as the kinked demand curve and the
Edgeworth cycle may arise in Markov equilibrium, leading to firms’ profits
in equilibrium bounded well above Bertrand profits. This contrast between
Markov equilibrium outcomes of synchronous and asynchronous games is
striking. With asynchronous moves, a richer pattern of equilibrium (Markov)
behavior becomes possible since a player may react to her opponents’ cur-
rently fixed actions, that are payoff-relevant. Further developments of this
approach include Eaton and Engers (1990) and De Fraja (1993).2

The present paper provides a theoretical foundation for Markov equilib-
ria of repeated games with asynchronous moves that is based on (essentially
arbitrary) memory costs. We consider two-player repeated games with dis-
counting where players move in alternate periods. Players may condition
their actions upon payoff irrelevant past events, but we assume that such

LA recent attempt at such a justification may be found in Maskin and Tirole (1997),
to be discussed below.

2Jéhiel (1995) also analyzes alternating-move games, but from a “limited-forecast”
perspective.



conditioning is costly. Specifically, we suppose that players’ preferences over
alternative configurations respond both to payoffs and memory requirements,
i.e. they are increasing in payoffs for identical memory requirements, but de-
creasing in these requirements for equal induced payoffs. In principle, this
allows for either an scenario where complexity costs are conmeasurable with
payoffs or, alternatively, the oft-considered context where complexity costs
are lexicographically less important than stage-game payoffs. We shall focus
in the first scenario as our leading model, although we also analyze the latter
formulation to test of robustness of our conclusions.

The setup described defines a repeated game where, given a certain strat-
egy profile, a player’s overall payoff depends upon two factors: the discounted
sum of stage-game payoffs and memory costs. In this context, we show that
any strategy of a player that survives a process of the iterated elimination of
dominated strategies must be a Markov strategy. This result applies whether
we focus on the strategic form of the repeated game or perform the elimi-
nation process at each separate information set in the extensive form game.
This implies that every rationalizable strategy of the game (whether in its
strategic or extensive-form variants — cf. Bernheim (1984) and Pearce (1984))
is Markovian. A fortiori, therefore, it follows that every Nash or perfect equi-
librium of the repeated game with memory costs must be Markovian as well.
Since iterated dominance is a weak requirement of rationality, this also al-
lows us to provide a relatively strong justification for Markov strategies from
a social-learning perspective. In particular, it follows from an adaptation of
well-known results in the learning literature that any monotonic (evolution-
ary) system formalizing a general process of social learning will weed out all
non-Markovian strategies in the long run.

It is worth noting at this point that we obtain similar results regardless
of whether we require optimality only along the “equilibrium path” or after
each information set (i.e. including those which are not reached at equi-
librium). In either case, iteratively undominated strategies are Markovian.
Hence our approach yields robust results. This may be contrasted with the
pioneering work of Abreu and Rubinstein (1988), who introduce complexity
considerations in a repeated game context with simultaneous moves. They
focus on the Nash equilibrium concept, a certain strategy taken to be pre-
ferred to an alternative more complex one if both strategies yield the same
payoff against the opponent’s strategy on the equilibrium path. They showed
that this is enough to reduce quite substantially the wide range of Nash equi-
librium payoffs typically resulting from standard “folk theorems”. However,



Kalai and Neme (1992) subsequently showed that just “a little perfection”
(i.e. the requirement of equilibrium behavior at histories reached after only
one deviation) is sufficient to restore the usual folk-theorem conclusions in
this context.

The conclusions described are warranted only in repeated games where
players move asynchronously. With synchronous moves, it is easy to see that
memory considerations are not sufficient to rule out non-Markov equilibria.
In this sense, our analysis may be interpreted as providing theoretical justi-
fication for Markov equilibria precisely in those cases where these equilibria
may produce interesting behavior (recall our former discussion).

To underscore the latter point, our second objective of this paper is to
identify a wide enough family of games where the Markov condition displays
significant implications. As a first step in this direction, we focus on contexts
where the stage game is an arbitrary one of common interest (i.e. with an
action profile that Pareto dominates all others). The sharpest conclusions
occur when each player has only two actions (i.e. the 2 x 2 case). There,
we find that if the efficient action is (weakly) risk dominant for at least one
player (in the sense of Harsanyi-Selten (1988)) and players are sufficiently
patient, every (Markov) strategy profile that survives iterated extensive-form
dominance has players choosing the efficient action except possibly in the
first two periods. Thus, of course, the same must happen in every Perfect
equilibrium of the repeated game. In contrast, efficiency is not ensured at
equilibrium if the efficient action is risky for both players. For arbitrary (i.e.
larger) games of common interest, analogous conclusions are obtained but a
generalization of risk dominance beyond the 2 x 2 case is required.

Our latter selection results are related to recent work by Lagunoff and
Matsui (1997). These authors focus on pure coordination games (where play-
ers obtain identical payoffs at every action profile) and show that, if players
are patient enough, the only equilibrium payoff of the repeated game is the
efficient one. Their result depends critically on the fact that a pure coor-
dination game has non-generic payoffs, as demonstrated by a recent paper
by Dutta (1995). Specifically, Dutta shows that, in any general stochastic
game where a full-dimensionality condition on the set of attainable payoffs
is satisfied, any individually-rational payoff can be supported at some equi-
librium. Of course, Dutta’s folk theorem applies to any infinitely repeated
game with asynchronous moves, and hence to the repeated common-interest
games considered in the present paper if memory considerations were absent.
Thus, as outlined above, our analysis demonstrates that memory consider-
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ations, arbitrarily large or small, can have powerful effects in reducing the
multiplicity of equilibria in generic scenarios.

The rest of the paper is organized as follows. Section 2 sets out our basic
model of asynchronous repeated games. Section 3 has our main result induc-
ing Markov strategies and Markov equilibria. Section 4 explores a general
model of social learning that leads to Markov behavior. Section 5 undertakes
an explicit consideration of lexicographic memory costs. Section 6 turns to
our selection results when the stage game has common-interests. Section 7
concludes.

2 The model

For expositional simplicity, we restrict our formal discussion to the case of
two player interaction. Time (i.e. the stage of play) is indexed discretely,
t =0,1,2,... At every ¢, each player takes an action s! € S;. Short-run (or
instantaneous) payoffs are given by stationary functions m; : S} X Sy — R,
indicating the payoff 7! = m;(s!, s) attained by each player i at .

At t = 0, players choose their actions s (i = 1,2) simultaneously.
Thereafter, they revise their actions in alternation: player 1 at odd peri-
ods t = 1,3,5,... and player 2 at even periods ¢t = 2,4,6, ... Once the game
reaches stage ¢, its prior history is given by the specification of past play
[(s9,59), (s}, 80), ..., (s8° 1, s51)]. This list of play contains redundancies de-
rived from the fact that each player can revise her action only every two
periods (consecutive strategy profiles can only differ in one of its two compo-
nents). Therefore, it will be convenient to rely on a more compact description
of histories based on the single specification, for each ¢ > 1, of the action
adopted by the player who is unable to revise it then. As explained above,
this action defines the state of the system, since it is the only payoff-relevant

information derived from prior history. Formally, it may be defined as follows:

w' = st iftiseven

sb if ¢ is odd.

If, for notational simplicity, we make w® = s%, any ¢-long history (¢t > 1) may
be fully specified through the list h* = (w7)!_,. The set of all such histories
may be partitioned into two subsets, H; and Hs, corresponding to the set of
histories h' (¢ > 1), where either it is the turn of player 1 (when ¢ is odd) or
2 (when ¢t is even) to revise her action. Denoting by h° the “empty history”



prevailing at ¢ = 0, the full set of histories after which either player 1 or 2
moves is respectively given by H; = Hy U {h°} and H, = H, U {h°}.

In the context described, a general strategy for player i is given by a
mapping f; : H; — A(S;) specifying the probability f;(h*)(s) with which
player 7 chooses each action s; € S; after every possible history A’ such
that it is her turn to move. Let F; denote the set of strategies of player
. As explained, we are interested in evaluating the memory requirements
of different strategies. To formalize this idea, we consider a sequence of
progressively richer subset of strategies for each player as follows. First, we
define the zero-memory strategies:

po_ [ e F B = @), B = @)y e Hy ot =] |
’ = fi(h) = fi(h")

Verbally, F} stands for the strategies of player ¢ which are only responsive to
the current state of the system, i.e. the fixed action to which her opponent is
committed from the previous period or empty (initial) history. As customary,
they are labelled Markov strategies.

As player i considers tailoring her action to (payoff-irrelevant) history of
progressively more protracted length, the following strategy subsets obtain
for each £k =1,2,...:

k= {fi € F: [h,t, B e H;, W™ = 0! s =0,1, k} = fi(h') = f,-(iﬁ’)}.

(1)
For each k = 1,2, ..., the respective strategy set FF¥ allows player i’s action
to depend on histories of length k. In particular, a strategy belonging to this
set, does not permit the player’s action to depend on history when the last
k observations are identical. If a certain strategy f; needs exactly k-period
memory to be carried out (i.e. fi € FF\FF™), we shall denote m(f;) = k.
On the other hand, if f; € F;\ U, FF, we make m(f;) = oo.

Given any strategy pair f = (f1, f2), we can uniquely define a probability
measure over resulting action paths. Denote by o'(f) € A(S;) x A(Ss) the
probability vector over players’ actions at ¢ induced by strategy profile f.
This allows us to define the expected discounted flow of stage payoffs for any
player ¢ as follows:



where E [-] stands for the expectation operator.

We are now ready to specify players’ preferences over strategy profiles in
F = F} x Fy, a typical element of which is denoted by f = (fi, f2). There
are three dimensions which we must take into account in specifying these
preferences. The first is the discounted sum of stage game payoffs which
accrue to the player along the path induced by f. The second is the memory
requirement of player i’s strategy, m(f;). The final dimension is the expected
discounted sum of stage game payoffs induced by f after arbitrary histories,
i.e. histories that may be reached only if one or both players deviate from f.
We shall define two different classes of preference relations, labelled 2V and
=P incorporating these dimensions in different ways.

The class =V incorporates only the first two dimensions, and does not
take into account payoffs after histories which are off the path induced by
f. This approach is hence similar to that adopted by Abreu and Rubinstein
(1988).

The second class of preference relations, =¥, also takes into account re-
peated game payoffs which arise after deviations from f. In particular, pref-
erences belonging to this class do not require that memory considerations are
infinitely more important than considerations of subgame perfection. This is
akin to the approach of Kalai and Neme (1992).

Player ¢’s binary preference relation »=; on the set F'is assumed reflexive,
transitive and complete. In addition, it will be assumed to belong either to
the class ZV or to the class 2. Formally, if it belongs to =V, it must verify
the following two axioms:

(N) Suppose that f, f € F satisfy both:

(1) Vi(f) = Vi(f);

(ii) m(f:) > m(fs). ~
Then, f %=, f. If, furthermore,(i) or/and (ii) apply strictly, f =; f.?

(C) There exists some v; € N such that:

3f; € F, Vi€ Fy(j #1),
7 Ea i) = Vi ;
e Fomlf) 2 vl = | 00 8 ey e g

Axiom (N) requires little explanation: if a strategy profile f is no worse
than another profile f , given a history h' on both of the following counts:

3As customary, f >=; f means: f =; f and =(f =; f).
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(i) discounted payoffs; (ii) memory costs, then f is weakly preferred to f;
furthermore, if f is also strictly better than f in one of those two respects,
it is also strictly preferred.

On the other hand, Axiom (C) states that there exists some sufficiently
high memory threshold v; for each player, such that any strategy with a
larger memory requirement is strictly dominated. This condition will be
met if, for example, the marginal memory cost of an additional period of
memory is strictly positive and bounded away from zero. However, it is
incompatible with those lexicographic preferences for which memory costs
are “infinitesimally less important” than stage payoffs. This case may be
addressed by a slight variation of our approach, as described in Section 5.

Note that our axioms are quite weak and, in particular, do not completely
specify the preference relation, i.e. they are consistent with a wide range of
possible players’ preferences. For a simple example, consider a memory cost
function ¢; : F; — R, where ¢;(f;) = ((m(f;)) for some increasing unbounded
real function ((-). Then, for some A € (0,1), we may define each preference
>, as follows:

Vi, FEF, [z [ M)+ (L= Nalf) = AVilf) + 1=\ alf).

The second class of preferences, =, allow us incorporate considerations

of perfection, i.e. the requirement of optimality after every possible history.
Abusing previous notation, denote by V;(f, ') the continuation payoff earned
by player i after history h* when the strategy profile is f. Preferences in =¥
continue to satisfy (C) but, instead of (N), they are assumed to verify the
following alternative axiom:

(P) Suppose that f, f € F satisfy both:
(i) Vi(£,h') = Vi(f, '), ¥h' € H;
(ii) m(f;) = m(fi).
Then, f »=; f. If, furthermore, at least one of the following applies:
(a) 3 h € H:Vi(f,ht) > Vi(f, ht);
(b) m(f) ke m( fi)
then, f >; f

The essence of axiom (P) is that a player can be ensured to prefer one
strategy profile to another only if the former does better in payoff terms than
the latter after all histories, including those which are not reached when the



strategy profile is played. In other words, a player may prefer to use a
strategy with a longer memory requirement even if there is lower memory
strategy which does as well in the absence of any deviations, provided the
former does better in the event of some deviations.

Let 2 = Z¥NUZN. The generality of our main results derive from the fact
that they apply to any preference relation »=; in the class = and, moreover,
only rely on dominance criteria.. Specifically, it will be enough to focus
on those strategy profiles that survive an iterative elimination of dominated
strategies in terms of some preference ’=; in =. This implies, in particular,
that the resulting strategies are only required to be rationalizable within =,
in the sense of Bernheim (1984) and Pearce (1984).

Of course, since our selection results only require rationalizability, they
also hold if we use the standard Nash equilibrium concept for any pair of
players’ preferences »=; in the class =. However, observe that if these pref-
erences belong to the class =, the induced equilibrium embodies notions
of perfection, whereas it does not if preferences belong to the class ZV. To
emphasize this distinction, the corresponding equilibrium will be labelled
Perfect® Equilibrium or Nash* Equilibrium when the class of preferences is
restricted accordingly.

Definition 1 Given any pair of preferences (=1, %=2) € Z%, a strategy profile
= (f,f5) € F is an Equilibrium if, for each i = 1,2 and any f; € F;,
we have f* = (fi, f}), j # i If each =€ ZN (i = 1,2), f* is called a
Nash* Equilibrium (N*E). If each =€ = (i = 1,2),.f* is called a Perfect*
Equilibrium (P*E).

It is worth noting that the notion of a P*FE' is neither stronger nor weaker
than the notion of a N*E.* It is obviously not weaker since the latter may pre-
scribe sub-optimal behavior at unreached information sets. It is not stronger,
since in the case of P*E, memory considerations are invoked only if the al-
ternative strategy does as well after all histories (see Kalai and Neme (1992)
for a further discussion, in a related context).Our preferred solution concept
is P*E. However, our results are quite similar irrespective of the solution
concept we employ. As explained in the introduction, this stands in contrast
with the existing literature which introduces complexity costs in repeated
games (Abreu and Rubinstein (1988), Kalai and Neme (1992)).

“More precisely, it is possible that f* be an equilibrium for some 3=;€ = but not an
equilibrium for some 3=,€ =F. Similarly, it is possible that f* be an equilibrium for some

;€ EF but not an equilibrium for some 3,€ =V.
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3 Main results

First of all, we establish that only Markov strategies survive an iterative
elimination of dominated strategies if players preferences belong to = i.e.
they are the only iteratively undominated strategies within =.

Theorem 1 Consider any alternating-move game as described above with
players’ preferences =; belonging to the class =. Let f; be a rationalizable
strategy. Then, f; € F?.

Proof. First, we introduce some notation. Given preferences =€ =, let
Bi(f;) stand for the set of player i’s strategies that are a best response (in
terms of ’=;) to any given opponent’s strategy f; € Fj. Correspondingly,
associated to any subset D; C F}, let

ﬁz(D]) = {fz e F;: Hf] c Dj s.t. fz € ﬂl(f])}

Finally, for every D; C F}, we extend previous notation and define m(D,) =
max {m(f;) : f; € D,}, possibly equal to oo if the set in question is un-
bounded.

With this notation in hand, the main steps of the proof are a consequence
of the following two claims.

Claim 1 For each i,j = 1,2 (i # j), m(5i(F})) < v;.

Claim 2 For each 4,5 = 1,2 (¢ # j), [D; C F}, m(D;) > 1] = m(Bi(D,)) <
m(D;).

Claim 1 is a direct consequence of Axiom (C). To prove Claim 2, assume
for the sake of contradiction that there are some i,5 = 1,2 (i # j) with
D; C F; and m(D;) > 0 but m(3;(D,)) > m(D,). First, we can rule out that
m(B;(D;)) > m(D;) since, by a direct adaptation of a standard argument in
dynamic programming, player j need not make her choice depend on longer
histories than her opponent in order to maximize her discounted flow of stage
payoffs. Thus, since memory is costly (by either (N) or (P)), she will not do
SO, i.e. m(ﬁZ(D])) < m(D])

Suppose then that m(0;(D;)) = m(D;) = k and let fF € f;(fF) with
fi € Dj and m(f7) = k. We now argue that, in this case, there is an
alternative strategy f; # f7 such that f; € FF™' (i.e. m(f;) <k —1) and

Vi(f*, ) = V}((fi, f7), h') for every h' € H;. (2)
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In view of (N) or (P), this obviously contradicts that f* € 3;(D;).
To construct such a strategy f;, proceed as follows. First, identify all pair
of histories h* = (w™)t_,, h* = (&7)¢_, € H;such that

7=07
W=t Vs=0,1,...,k— 1, (3)

and then write k' RAY, interpreting R as a binary relation on the set of his-
tories. On the other hand, identify all those histories h' such that there is no
other hY # h' for which (3) applies and denote by H the set of all those his-
tories. Then, for any pair h', h' € H, write h* P b, again interpreting P as
a trivial binary relation. Define the binary relation R* = RU P. This relation
is obviously reflexive, symmetric, and transitive. Therefore, it partitions the
set of all histories H = H; U H, into equivalence classes. Clearly, one equiva-
lence class is H. On the other hand, we have the set of equivalence classes Q
including all those ) C H induced by R. Associated to every ) € Q, denote
by s(@) any particular (arbitrarily chosen) action with the property:

It € Q s.t. s(Q) = fr(h') and (4)

Then, define the strategy f; as follows:

~

L) =@ M eQ Qe
= f*(nt) ifhte H.

By construction, fz € FF7'. On the other hand, to see that we must also
have (2), consider any Q € Q and any h! € Q for which f; and f differ,
ie. fr(h') # s(Q) = fi(h). By (4), there exists some history h" such that
fr(hY) = s(Q). Since ff € F¥ and k' < k (j # ), it follows that

£ s(Q) = f(R", s(Q))

and, therefore, if s(Q) is an optimal action for player i after history A’ it
must also be optimal after history h'. (Note that ! and h' only differ in
payoff-irrelevant details that, moreover, will be ignored by both players in
subsequent periods since their strategies rely on at most k-length memories.)
Hence (2) results, which completes the proof of Claim 2.

To complete the proof of the Theorem, we simply need to recall the
concept of rationalizable strategies (Bernheim (1984) and Pearce (1984)).
Construct a sequence of subsets {D;’}g‘;o for each ¢ = 1, 2, as follows: First,
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D? = F;, i = 1,2. Then, for each ¢ = 1,2, ..., we make D} = ﬂ(Dgil). The
set of rationalizable strategies for each player ¢ is given by R; = (1,2, DI Tt is
immediate to see that, in view of Claims 1 and 2, R; C F}, which completes
the proof. M

Theorem 1 obviously ensures that every N*E of the repeated game is
Markovian, as is every P*E. That is, we have the following Corollary.

Corollary 1 Consider any alternating-move game as described above with
players’ preferences belonging to =V (resp. =Z). If f* = (f;,f3) is a N°E
(resp. P*E), then f; € F? for eachi=1,2, .

In view of this Corollary, the question arises of whether a N*E, or a P*E,
can be guaranteed to exist in our context. A positive answer to this question
is established by the following result.

Theorem 2 Consider any alternating-move game as described above with
players’ preferences =; belonging to the class Z. An equilibrium f* = (f7, f5)
always erists.

Proof. First, notice that any Markov Perfect Equilibrium (MPE) of the
game — a PE that involves strategies in F} for each player ¢ (cf. Maskin &
Tirole (1988a, b). — is both a P*E and a N*E. In view of Definition 1, this
follows directly from Axioms (N), (P), and (C).

Thus, it is enough to prove existence of some MPE. Here, we rely on a
slight adaptation of an argument put forward by Fudenberg & Tirole (1991,
Theorem 13.1, p. 504). On the one hand, note that the (Markov) state
space of the game is finite: it coincides with Q = S} U Sy U {h°}, each state
interpreted as either the action adopted by the player who is unable to revise
in the current period or the empty (initial) history. Therefore, one may
define an instrumental finite game in strategic form where players choose
one of their respective Markov strategies. For each pair of these strategies,
payoffs are identified with the discounted payoffs induced by the respective
7i(+), when the initial state is chosen through any given probability measure
over {2 with full support. (Thus, unlike in the original game, the initial
history need not be h°.) Since the constructed games is finite, it has a Nash
equilibrium, that is easily seen to define a MPE of the original dynamic
game. To confirm it, two are the essential observations to be made. First, if
every state is chosen with positive probability as the initial state, then the

12



equilibrium strategies are evaluated after every (“Markov”) history. Second,
if the opponent chooses a Markov strategy, there is a best response to it that
is itself Markov. This completes the proof. M

Thus, memory considerations have a striking implication in asynchronous
choice games: any equilibrium must be in Markov strategies. This result is
robust to whether we use the Nash equilibrium criterion (N*E) or require
perfection (P*E). As explained, this robustness sharply contrasts with the
existing literature on strategic complexity with simultaneous moves (recall
our former discussion of Abreu and Rubinstein (1988) as compared to Kalai
and Neme (1992)).

It is important to understand that asynchronicity of choice plays a crit-
ical role in our result. For, in simultaneous move repeated games, memory
considerations do not imply Markov strategies. This is a subject of our on-
going research, and beyond the scope of the present paper. However, it may
be useful to sketch an illustration, in the context of the repeated Prison-
ers’ Dilemma with simultaneous moves. Assume that players preferences are
given by an element of 2. More specifically, assume that the cost of one
period memory is small relative to the payoff benefit from responding opti-
mally at histories which arise from a single deviation from the equilibrium
path. Consider the following strategy which requires one period memory.
Play C at t = 1 or if the action profile at t — 1 was (C,C). Play D oth-
erwise. It is clear that if both players play this strategy, this constitutes
a P*E which supports the play of (C,C) in every period, provided that §
is sufficiently large. However, the only Markov Perfect Equilibrium of this
repeated simultaneous-move game is one where the players choose D every
period irrespectively of history.?

It is well known that Markov Perfect Equilibria in asynchronous-move
games span a relatively narrow range of outcomes. (Recall, for example, the
analysis by Maskin and Tirole (1988a, 1988b).of dynamic oligopoly, summa-
rized in the Introduction.) Thus, in this sense, Corollary 1 may be viewed
as having potentially strong “anti-folk” implications that contrast with the
general folk theorem proven by Dutta (1995) for general stochastic games in
the absence of complexity considerations. (Note that any repeated game with
asynchronous moves can be formulated as a stochastic game). As advanced,

®Sabourian (1991, 1997) provides variants of the folk theorem for repeated games with
bounded memory.
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the anti-folk theorem implications of our result will be further explored in
Section 6, within the context of general games of common interest.

4 Learning to play Markov strategies

Under preference axioms set out above, the strong conclusion of Theorem 1
may be used to provide a sharp social-learning rationale for Markov strate-
gies. For concreteness, we shall pursue here an evolutionary approach that re-
flects a process of social-learning in a large-population and random-matching
context. Alternatively, we could approach the issue in what Fudenberg &
Levine (1998) call a fixed-player framework, where a variety of alternative
learning models (e.g. fictitious play or some of its generalizations®) would
lead to similar conclusions.

Suppose that we have two large (continuum) populations of equal mea-
sure, 1 and 2, whose respective members are randomly matched in pairs every
“learning period” to play a repeated game with asynchronous moves as de-
scribed. At the end of every such period, any pair of matched players with
strategy profile (f1, f2) receive respective von Neuman-Morgensten payoffs
U1 (f1, f2) and 19(f1, fo). Here, the functions ;(-) are supposed to reflect
“inclusive” payoffs, i.e. they embody both discounted payoffs and memory
costs. In particular, the preferences »=; induced by each ;(-):

(f1, f2) =i (f1L f2) € Wi fr, f2) = i f1, f) (5)

are assumed to satisfy Axioms (C) and (N) (or (P)) above.

For analytical tractability, suppose that the set of admissible strategies in
each population is finite (although sufficiently “rich”, as detailed below). For
each population 7, denote by Y; the set of such admissible strategies. Further-
more, let ©; = A(Y;) stand for the set of possible population configurations,
a typical 0; € ©; specifying the frequency 6;(f;) of individuals in population
© who adopt any given strategy f; € Y;.

The state space of the learning process is © = ©; x O,, a typical element
denoted by 6 = (01, 6,). Social learning is modelled as a dynamic process on
the space © with a law of motion of the following form:

O (f) = 0 ®ilfs0Y) (=125 fi € V), ©)

6See, for example, Milgrom & Roberts (1991), Fudenberg & Kreps (1993), or Kaniovski
& Young (1995).

14



for some Lipschitz-continuous functions ®;(-), where ¢ € {0, 1,2, ...} indexes
learning periods. Since the state space © must be invariant under this dy-
namics, one must have that, for all 0 € ©, i = 1,2, X r.cy. 0i(fi) ®i(fi;0) = 1

Naturally, we want to impose some conditions on the functions ®;( f;; 69)
suitably formalizing the idea that (6) represents a social learning process.
In recent evolutionary literature, a common such requirement is labelled
payoff monotonicity (cf. Nachbar (1990)). As adapted to the present case,
it postulates that for all i,5 = 1,2 (i # j), fi, fl € Y;, 6 € O, the following
condition should hold:

Oi(fi;0) > i(fi;0) = D ilfi, £3) 0;(fi) = Dol fi, ;) 0;(fp).  (7)

fi€Y; fi€Yj

Of course, in view of (6), the key implication of (7) is that any strategy
whose average payoff is higher than some other alternative one will grow at
a faster rate (or shrink more slowly) than the latter. This is a rather weak
requirement, consistent with a wide variety of specific formulations of social
learning (e.g. inter-agent imitation).” A particular well-known instance of
a payoff-monotonic system is given by Replicator Dynamics (RD), which is
formulated as follows:

O (fi;0) = 1+04{ > vilfi, ;) 05(f;) — D 0i(f) [Z @/)i(f,-’,fj)%(fj)] },

fi€Y; fley; fi€Yj
(8)
where o > 0 is a constant determining the speed of adjustment.

As advanced, to obtain interesting long-run conclusions we must require
that the set of admissible strategies be sufficiently rich. Depending on the
generality demanded from the evolutionary system, two alternative possibil-
ities will be considered in this respect. The first one, labelled (PS) below,
simply states that the set of admissible strategies for each population must
include all those pure strategies with memory requirements up to some large
enough level (in particular, this set must include pure strategies whose mem-
ory demands are so large that, in view of (C), they will never be used).

(PS) Let F; = {f; : H; — S;} denote the set of pure strategies of population
i. Foreach i =1,2,Y; D {fi € F; : m(f;) > v;}, where v; is as in (C).

"We refer the reader to some of the recent monographs on Evolutionary Game Theory
(e.g. Weibull (1995) or Samuelson (1997)) for an elaboration on these matters
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The above condition only requires that each Y; should include all pure
strategies that are below a certain high enough level of complexity. This is
enough for our purposes if we restrict our consideration to some relatively
narrow family of evolutionary systems (e.g. the RD). However, if we enlarge
the range of the analysis to other payoff-monotonic systems, we may need
to include some mixed strategies in the admissible set. To address this issue
precisely, we now introduce some additional notation.

Assume player i’s preferences satisfy (5), and let f; € F; be any non-
Markovian strategy for population i. Then, m(f;) = k for some k € N and it
follows from previous analysis (cf. the proof of Theorem 1) that f; ¢ 3;(Fy),
i.e. f; is not a best response to opponent’s strategies that involve memory
requirements smaller or equal than those of f;. By a standard argument
establishing the coincidence of rationalizability and iterated dominance in
bilateral games (cf. Pearce (1984)), fi ¢ 0;(F}) implies that there exists

some f! € F} (in fact, we must have f! € FF for some k' < k) such that
Gi(f 1) > wilhi fp), Vf; € Ff.

That is, f; is (strictly) dominated by f/ if player j’s strategies are restricted
to lie in F.

Given any f; € F;, denote by D(f;) the set of strategies in F; which
dominate f; when player j’s strategies are restricted to lie in F]m(fi). As
explained, D(f;) # () whenever f; ¢ F?, i.e. as long as f; is not Markovian.
We now formulate an alternative richness condition on the set of admissible
strategies as follows:

(DS) For each population i = 1,2,

[fi €Yi, D(f;) £ 0] = D(fi)NY; #0.

Building upon each of the two previous richness conditions, (PS) and
(DS), we have the following two results.

Theorem 3 Suppose that the evolutionary system (6) satisfies (8) — i.e. it
is the Replicator Dynamics — with the set of admissible strategies verifying
(PS) and payoffs satisfying (5) for preferences =; € Z. Then, if the initial
conditions of the system 6° € int(0©), there exists some a > 0 such that, if
a < a, limg o 02(f;) =0 for all f; ¢ F?,i=1,2.
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Theorem 4 Suppose that the evolutionary system (6) satisfies (7) — i.e. it
is payoff-monotonic — with the set of admissible strategies verifying (DS) and
payoffs satisfying (5) for preferences =; € =. Then, if the initial conditions
of the system 0° € int(0), lim, o 02(f;) = 0 for all f; & FP, i =1,2.

The proof of the previous two results follows from an application of stan-
dard arguments in Evolutionary Game Theory (see e.g. Weibull (1995)). By
way of illustration, we only outline a proof of the latter one.

Proof of Theorem 4 (sketch). Suppose, for the sake of contradiction,
that 6° € int(©) but there exists a strategy f; € ¥; with m(f;) > 0 whose
long-run frequency satisfies limsup, ., 07(fi) > 0. Let f; be the strategy

displaying this feature whose memory requirements m( fz) is maximum in
the two populations. By Condition (DS) and the continuity of each ®;(-),
there is some f/ € Y; and ¢ € N such that, for all ¢ > ¢,

S wilfl 1) 085 = X Wil fi £3) 03(F) > (9)

fi€Y; [i €Y

We now argue that this implies lim, ., #7(f;) = 0. For suppose otherwise.
Then, using (6), we may write:

gqﬂ(ﬁ)—gﬁl(f) q (f!- 99
bi(f)  0U(f)) ;i (fi;07) — ®:(f156%)

or, rearranging terms:

00 (f)/04(f) 9q+1(f)/9q+1( D . ®i(fi;0%) — (1 6%)
gret(f)/0(f)  0e(fi)/09(f]) () /04(fD)
(7

) and (9), implies:

that, using (6) again, as well

o)) |, Bl 0)
o) )

0< -1<(¢< 1.

Hence we conclude that

()
< 7 —
R 01(f7) ~ e =0

a contradiction. MW



Theorem 4 indicates that, under condition (DS), every payoff-monotonic
process of social learning will have the fraction of players relying on non-
Markovian strategies in each population i, 3,40 04(f;), vanish in the long
run. Of course, this does not imply that they must learn to play some
(Markovian) equilibrium. However, this will happen if the repeated game
is, for example, dominance solvable (i.e. has a unique strategy profile that
survives iterated elimination of dominated strategies and, therefore, is the
unique rationalizable profile). In fact, a context of this type will be encoun-
tered in Section 6 where the analysis focuses on asynchronous repeated games
of common interest.

5 Lexicographic preferences

In the game-theoretic literature with complexity costs, it is often postulated
that these costs are of only subsidiary importance when compared to dis-
counted stage payoffs. This heuristic idea is typically formalized by means of
the so-called lezicographic preferences (cf. Abreu & Rubinstein (1988)). In
our context, this kind of preferences may be characterized by the following
axiom:

(L) Given any h* € H;, let f, f € F satisfy one of the following:
(1) Vi(f) > Vi(f) 5
(it) Vi(f) = Vi(f) and m(f;) < m(f).
Then, f; >=; f. Otherwise, f >=; f;.

As explained above, (L) is inconsistent with Axiom (C) — cf. Section 2.
Therefore, we cannot apply Theorem 1 to conclude that every iteratively un-
dominated strategy is Markovian. However, if we focus on N*E, the weaker
conclusion of Corollary 1 obtains for lexicographic preferences if we also pos-
tulate the following condition:

(B) There exist some u; (i = 1,2) such that the set of admissible strategies
is given by F; = {f; € F; : m(f;) < u;} where, possibly, u; = cc.

The above condition postulates that all admissible strategies involve finite

(possibly unbounded) memory requirements. To see that this condition has
the claimed implications, assume that both (B) and (L) hold and let f* =
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(ff, f5) be a N*E of the game. Suppose w.l.o.g. that, say, m(f) > m(fs). If

m(fy) > 0, a direct application of the argument used in the proof of Theorem
1 implies that player 1 can match the payoff achieved by fi against f3 with
an alternative strategy fi such that m(f;) < m(f;). Therefore, f{ cannot be
a best response to f;, which is obviously a contradiction. We may conclude
therefore that if f* = (ff, f5) is a N*E, it must involve f € F? for each
i=1,2.

Now suppose that Condition (B) is strengthened as follows:

(B)" There exist some ﬁmte u; (i = 1,2) such that the set of admissible
strategies is given by F; = {f; € F; : m(f;) < u;}.

The above axiom imposes directly on the set of admissible strategies the
boundedness condition induced by (C) on the (unrestricted) set of undom-
inated strategies. Thus, it is immediate to verify that, relying again on
the logic underlying Theorem 1, it follows that, under both (L) and (B)',
all (admissible) strategies that survive an iterative elimination of dominated
strategies are Markovian. Moreover, since (L) obviously implies (C), (B) and
(L) also lead to the long-run conclusion concerning payoff-monotonic learn-
ing process contained in Theorem 4. In this respect, the role of (B) is merely
to justify the contemplated restriction to a finitely dimensional dynamical
system (cf. Footnote 77).

For limitations of space, the discussion in this section has abstracted from
considerations of perfection (i.e. preferences have been assumed to not take
into account payoffs which accrue after unreached histories). However, it is
clear that the arguments presented here also apply if we take into account
such considerations.

6 An application: common interest games

There is a large literature which considers dynamic games and focuses on
Markov equilibria. Examples include Maskin and Tirole (1988a, 1988b) and
Eaton and Engers (1990). Theorem 1 provides a justification for this focus,
in the context where players move asynchronously. We now consider an ap-
plication to the question of equilibrium selection. The recent game theoretic
literature has focused on the question of equilibrium selection in such games,
using an evolutionary approach. In a repeated game context, the folk theo-
rem implies that there are no such selection results. However, we show that
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asynchronous moves in conjunction with our assumption that players seek to
economize on the memory required to implement a strategy gives us strong
selection results.

Our first result shows the possibility of efficient outcomes and applies to
arbitrary two-player common interest games. Consider a two-player game G
with action sets S1 = {s11, S12, .-y S1m }, S2 = {S21, S22, -+, S2n }-

Definition 2 G is of common interest if there exists an action profile, say
(s11, S21), which strictly Pareto-dominates all other profiles, i.e. ¥i = 1,2, V(s1, s2) €
S = Sl X 52,

V(51,52) # (511,521), 7Tz'(«911,«921) > 7T¢(81,52)-

Let s* = (511, s21) denote the efficient action profile and let 7} denote the
payoff of player 7 at this profile. Our focus in upon the conditions under which
the efficient outcome is uniquely selected if players preferences belong to =F,
use iteratively undominated strategies, and are patient. As a preliminary to
this, we show first that there always exists a MPE (and therefore a P*E)
where this outcome is played in every period.

Proposition 1 Consider an alternating move game where the stage game
has common interests, and any 6 < 1. There exists a P*E, f which induces
the paths of play, (8¢, 84)52, with 8¢ = s;1 for each i = 1,2, and all t > 0.

Proof. We show the existence of a MPE where the action profile s! =

(511, 521) is played in every period. Let ; = S, be the state space for player
1, and let Q, = S) be the state space for player 2. Let F? be the set of all
Markov strategies which play s;; in the initial period and whenever the state
is Sj1 l.e.:

Fio ={fi€ Fio : fi(ho) = fi(sj1) = si}

We show first that if f; € FJO, then player ¢ has a Markov best response
to this which belongs to F}. To see this, observe that if the state is either the
initial state or s;;, player ¢ obtains a payoff of 7 in every period by playing
a strategy in F?. Since 7} is the maximal payoff in the game, this ensures
that some strategy in F}’ is a best response to any strategy in F}.

To show existence of a MPE, restrict each player i to strategies in F.
By the same argument as in theorem 2, this restricted game has a MPE.
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This is also a MPE of the unrestricted game, since for any strategy f; in the
complement of F?, there exists a strategy in F? and agrees with f! at all
states except s;j; and the initial state, and is hence weakly better than f; .
|

Remark 1 Observe that this proof also applies if s is only weakly Pareto-
efficient, i.e. the inequality in definition of common interest is weak.

We now consider the conditions under which the efficient equilibrium is
selected. We dub the condition which ensures efficient equilibrium selection
Generalized Bilateral Risk Dominance (GBRD) which is defined as follows:

i € {1,2} : Vs, 5ir € Siy Vsju, 550 €55 (J =3— 1),
Ti(8i1, 851) (81, Sju) TTi(Sigs Sju) = TiSir, $51)+Ti(Sirs Sju) +Ti(Sigy Sju)-
Note that if we choose sj, = s;,, the above condition becomes:
di e {1,2}:Vs; €55, Vsj €5 (j =3— 1),
mi(si1, Sj1) + mi(Si1, Sju) = Ti(Sir, Sj1) + Ti(Sir, Sju),

that is labelled Bilateral Risk Dominance (BRD). Obviously, GBRD is a
generalization of BRD.

Lemma 1 Let GBRD be satisfied and let players players preferences belong
to EF. Then, at the state w; = s;1, any Markov strategy for player i which
15 undominated requires this player to choose action s;; at this state, for any
belief about the strategy (pure or mized) that i believes that player j is playing.

Proof. Let o; be any Markov strategy of player i, which plays an action
different from s;; at the state w! = s;;. Let 0, be an arbitrary pure strategy
of player j. We shall show that for any o, there exists a strategy of player
i, 0, which strictly dominates o;. We construct o] as follows: o) chooses the
action s;; at the state w! = s;;. In period t + 2, o} (wi*?) = 0y(sj1) Vwi T2, i.e.
o! chooses the same actions at ¢+ 2 (independently of the state w!*?) that o;
plays at the state s;;, but two periods later. In subsequent periods, o} chooses
the same actions as o;. Notice that o] involves a “two-step” deviation from
0;.
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Let 0; choose s;, # s;1 (with positive probability) at w; = s;1, and suppose
that the pure strategy o; chooses action s;, at w; = s;1 and s, at w; = s,
The continuation payoff from playing o; at w; = s;; is given by

Vi(oi, 053 851) = mi(Sir, Sj1) + 07 (8ir, Sj) + 527Ti(81q, Siv) + 53‘71((01', 03 Siq)

where f/i((ai,aj; siq) denotes the continuation payoff to i when it is j's
turn to move and the state is w; = s;4. The continuation payoff from playing
o, at w; = sj; is given by

Vi(ol, 053 851) = mi(si1, 851) + 0mi(8i1, Sju) + 6°7i(Sig, 85u) + 6°Vi((01, 053 Sig)

Clearly, GBRD implies that V;(o},0j;s51) > Vi(oi,04;851) if § is suffi-
ciently close to 1. Observe further that the strategy o! which we have con-
structed does not depend upon o, i.e. o; dominates o; independently of the
Markov pure strategy played by j. Hence o] dominates o; even when j plays
any mixed Markov strategy. B

We now show that GBRD ensures play of the efficient equilibrium by an
iteration of strict dominance arguments. To this end, consider the following
claims:

1. If player ¢ plays a Markov strategy which plays s;; at w; = s, then it
is strictly optimal for player j to play s;; at w; = s;,. By doing so, j
earns a payoff of 7;(s;1, s;j1), which is his maximal payoff in the game,
whereas by choosing any different action, j earns strictly less.

2. If player 4 plays a Markov strategy which plays s;; at w; = s;1, then it
is strictly optimal for player j to play s;; at every state except possibly
the initial null state. Let w; = s;,, so that the payoff to player i from
the candidate strategy is given by (1 — 8)m;(si1, sju) + 0mi(Si, 551). Let
sir 7 si1 be any other action for ¢, and let s;, be the action taken
by 7 when ¢ plays s;.. Hence a one-step deviation from the candidate
strategy yields a payoff of (1 — 0)m;(sir, sju) + 0(1 — 8)mi(Sir, Sju) +
6*mi(si1, Sjv) + 0°mi (i1, $51). GBRD implies that the one-step deviation
payoff is strictly less if ¢ is sufficiently close to 1.

These claims establish that player ¢ plays s;; in the first period ¢ where
he moves alone, i.e. either t =1 (if i = 1) or at ¢t = 2 (if i = 2). Furthermore,
once ¢ does this, j also plays sj; thereafter. We have therefore proved the
following proposition.
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Proposition 2 Consider any alternating-move game where the stage game
s a common interest game which satisfies GBRD, and players preferences
belong to ZF. Then, there exists some &y < 1 such that, if 6 > &y, every f*
which is iteratively undominated induces a path of play (st, s)2, such that
s = s for each i =1,2, and all t > 3.

To illustrate this selection result, consider the following 2 x 2 common
interest game, with payoffs given by the following table:

521 522
S11 | A1, Q2 dl, Co Table 1
S12 | C1, ds bl; by

For i € {1,2},we assume a; > ¢;, b; > d;, and a; > b; . In other words,
st = (s11,891) and s* = (s19, 592) are strict Nash equilibria, and s' is the
Pareto-efficient one.

In a 2 x 2 game, it is easily verified that GBRD is equivalent to BRD.
Hence the above game satisfies GBRD if there is at least one player, ¢, such
that this player’s first action, s;1, is weakly preferred to her other action
S;2, given that player ¢ expects player j to play both his actions with equal
probability, i.e. if a; + d; < ¢; + b;. Hence the above proposition shows at
if the efficient action is a “safe action” for at least one player, and players
are patient and have preferences belonging to =F, then it must be played
if players use iteratively undominated strategies. Our selection criterion is
closely related to the notion of risk-dominance in the sense of Harsanyi and
Selten (1988). In particular, if s' is not risk-dominated, this is sufficient to
ensure that it is uniquely selected (this is also a necessary condition if the
stage game is symmetric).

The intuition for this result is as follows. Suppose that the game satisfies
BRD so that s;; is a safe action for player ¢. Then player ¢ will play s;; at the
state w; = sj1, no matter what pure Markov strategy j plays. Indeed, this is
so even if j plays the action sj, at every state. In this case, ¢ cannot avoid a
transition to the inferior equilibrium s%. However, if s;; is a safe strategy, i
prefers that j initiate the transition, and hence will not initiate the transition
himself. If 7 initiates such a transition, his payoff over the next two periods
is ¢; + 0b;, whereas he lets j initiate the transition, his payoff is s;; +dd;, and
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the latter is strictly greater for any ¢ if s;; is a safe strategy.® Given that
¢ will not initiate the transition, neither will j, and this suffices to ensure
that the action profile s' is absorbing. This in turn implies that if players
are playing the inefficient equilibrium, at least one of them will be willing
to initiate a transition to the efficient one, secure in the knowledge that the
other player will follow.

If BRD is not satisfied, i.e. if s;; is the more risky action for both play-
ers, this argument does not follow. In this case, there is a Markov Perfect
Equilibrium where each player 7,7 € {1, 2}, plays the inefficient action, s;,
at all states. In this case, if the state is w; = s;1, player ¢ prefers to initiate
the transition to s? himself; the difference in payoff from this, as compared
to letting j initiate the transition is given by

6(bl — dz) — (Sil — Ci)

which is strictly positive for ¢ sufficiently close to 1 if s;; is more risky. Given
this, it is also optimal for both players to play the action profile s? in the
first period.

Proposition 3 Consider any alternating-move coordination game as de-
scribed above, and assume that s;; + d; < b; + ¢; for every i = 1,2. If 6
is sufficiently large, there exists a P*E, f, which induces the path of play,
(84, 85)92,, with §¢ = B for each i = 1,2, and all t > 0.

Proof. We show that the pure strategy profile given by an initial choice of s
and the Markov strategies (s12, 512) and (Sa2, S22) are a MPE if § is sufficiently
large. The optimality of s;5 when the state is s;; has been verified in the text.
If the state is s, the equilibrium strategy yields b; in every period, whereas
a one-step deviation to s;; yields d; for two periods followed by b; thereafter,
which is strictly less. Finally, the initial choice of s;5 is also optimal given
that player j is playing s;,. W

We also provide an example to show that bilateral risk dominance is not
sufficient to ensure efficiency. l.e. if we have game with only two pure strategy
Nash equilibria, s = (s11, $91) and s? = (s12, $22) where the Pareto-efficient
equilibrium s! risk dominates s?, this is not sufficient to rule out a P*E where

8In either event his payoffs after 2 periods are b; in every period. Note that we have
factored out the normalization factor (1 — 0) in the discussion in the text.
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s? is played in every period. Although the third action s;3 may be strictly
dominated for both players, s;; may be a better response to s;3 than s;; is,
and this may ensure that a player does not want to always play s;; when the
state is s;;. Consider the following symmetric game with payoffs given by the
matrix below

Sj1 Sj2 S43
Si1 Qi1 Giz2 413
Si2  d21 A2 A3
Si3  A31  G32  A33

Assume that s' = (511, 891) and s? = (s91, S92) are strict Nash equilibria,
where s' Pareto-dominates and risk-dominates s%i.e. a;; > as and aj; +
Q12 > Qo1 + a29. Assume that:

1. azi + asx + age > a1 + a3 + ags
2. a3 +agz > as + ax

3. age + ags > azp + ass

Note that assumption (1) above ensures that GBRD is not satisfied.
Consider the following Markov strategy for player i :

f(w) _ { Si2 if Wi 7£ Sj1

Si3 if Wi = Sj51

We now show that f = (fi, f2) is a MPE. To verify this, observe that
assumption (1) above ensures that playing s;3 is better than playing s;; at
the state w; = s;1, while assumption (2) ensures that playing s;3 is better
than playing s;; at this state. Assumption (3) ensures that playing s; is
better than playing s;3 when w; = s;3, while assumption (1) also ensures
that playing s;; is not optimal at this state. Finally, these assumptions in
conjunction with the fact that s? is a strict Nash equilibrium also ensure that
it is optimal to play s;» at w; = s;0.”

9 After the first version of this paper was completed, we came across the work of Haller
and Lagunoff (1997), who analyze Markov perfect equilibria in asynchronous choice games.
The focus of this paper is quite different from ours — whilst we are concerned with providing
a foundation for MPE, they show that the set of MPE is generically finite. However, they
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7 Conclusion

The main objective of this paper has been to provide a theoretical rationale
for Markov equilibria in repeated games with asynchronous moves (Theo-
rem 1). Although the restriction to Markov equilibria has been ubiquitous
in applications, there has hitherto been relatively little in terms of theoreti-
cal justification for this assumption. An important exception is Maskin and
Tirole (1997). Their main purpose is to develop and refine the notion of
Markov perfect equilibrium in a large class of dynamic games, and to show
that concept is robust to small perturbations in payoffs. They also provide a
learning framework to justify MPE. Players are drawn from a large popula-
tion and randomly matched to play a dynamic game. In between the plays
of the dynamic game, each player observes the information partition of the
other players. Players also have the option to increase (but not to decrease)
the complexity of their strategies, as measured by the extent of history de-
pendence. Each increase in complexity incurs a cost, which is sunk. Maskin
and Tirole show that if players are sufficiently patient, they will prefer to
start with simple strategies, since this allows them the option to upgrade
subsequently. Since all players start with Markov strategies, this option is
never used.

In comparison with Maskin and Tirole’s results, the rationale for Markov
equilibrium offered in this paper is more modest, and applies only to asyn-
chronous move games. For such games however, our rationale is a robust
one — if players economize on memory, any equilibrium, whether Nash or
subgame perfect, is necessarily in Markov strategies. Our formal argument
requires the iterative elimination of strictly dominated strategies, and hence
one may also construct a fairly general learning process,'® which ensures that
only Markov strategies are played.

Our approach to measuring strategic complexity bears comparision with
the literature on finite automata, as exemplified by Kalai and Stanford

also have an efficient equilibrium selection result for 2 x 2 common interest games. Their
selection result is weaker than Proposition 2 in several respects. First, it relies on an
equilibrium notion (MPE) rather than iterated dominance. Second, it applies only to
2 x 2 games. Third, the payoff condition contemplated is also stronger — they require that
dy > ¢; and dy > ¢ (cf. Table 1), whereas we only demand that a; +d; > b; + ¢; for some
i (recall that a; > b;, since s! is taken to be the efficient equilibrium).

Tn particular, players can be allowed to both upgrade or downgrade the memory
requirements of their strategies.
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(1988), Abreu and Rubinstien (1988), Lipman and Srivastava (1990) and
Kalai and Neme (1992). While complexity considerations are acknowledged
to be important, it seems to us that there is no universally accepted mea-
sure of strategic complexity. In particular, one obtains radically different
results depending upon whether one uses the number of states measure (as
in Abreu-Rubinstein) or if one also takes into account the transitions between
states (as in Lipman-Srivastava). One also obtains radically different results
depending upon whether considerations of subgame perfection are incorpo-
rated or not. In defense of our approach, we would like to point out that
any finite memory strategy is also finitely complex, in terms of the number
of states measure. On the other hand, the converse is not true — a finitely
complex strategy may require infinite memory. Roughly speaking, given a
set, of possible histories, H, the strategic complexity of a strategy f; is given
by size of the coarsest partition of H such that f; is measurable with respect
to this partition. In making this partition, one is unrestricted — in partic-
ular, two histories which differ only in terms of actions taken very far back
in the past, could be in different elements of the partition. Hence a strategy
with a limited number of states can require large memory. To illustrate, let
the stage game be the prisoners’ dilemma. Consider the behavior induced
by the grim-trigger strategy on two equal length histories h and A’. In both
these histories, players have played C' in every period except period one. In
period one, both players have played C' under history h, whereas one player
has played D under h'. The grim-trigger strategy outputs different actions
at these two histories, irrespective of the length of these histories, and hence
requires unbounded memory. In our view, memory is also costly and it is in-
teresting to investigate the consequences of players economizing on memory.
Our results are robust — we obtain similar results regardless of whether we
consider Nash or subgame perfect equilibria.We refer the reader to the inter-
esting paper of Dow (1991) which investigates the implications of memory
constraints in the context of search.

The second contribution of this paper has been to show that incorporat-
ing memory considerations leads to efficient equilibrium selection in a class
of common interest games (Proposition 2). The risk dominance criterion and
generalizations of it are found to play an important role, as in the evolu-
tionary literature. For simplicity, our discussion has been concerned with a
simple setup involving only two players who move in alternation. However,
it is straightforward to verify that the argument underlying our main theo-
rem (theorem 1) extends to any context involving a finite number of players
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who (almost surely) never receive a simultaneous opportunity to revise their
actions. On the other hand, the efficiency result established by Proposition
2 is bound to apply under much more restrictive circumstances.
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