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Abstract

The model of 2 � 2 coordination games in Kandori, Mailath, and Rob (1993) is extended
to allow for a mutation rate that is stochastic over time. The expected time the system
spends in the risk dominated equilibrium is systematically underestimated by the standard
model in Kandori, Mailath, and Rob (1993) when the latter model's (�xed) mutation rate
is equal to the expected mutation rate. A small population result corrects a minor omission
in Kandori, Mailath, and Rob (1993).
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1. Introduction.

The central message in both Kandori, Mailath, and Rob (1993) (henceforth KMR) and Young

(1993) (and in related model like Ellison (1993), Bergin and Lipman (1996) or Rhode and

Stegeman (1996)) is that noise in the form of mutations matters for the selection of one Nash

equilibrium among strict Nash equilibria. In this note the evolutionary process for 2 � 2

coordination games in KMR1 is extended to replace the constant mutation rate by a per-period

mutation rate that is small but stochastic over time. To be precise, in each time period the

mutation rate is a draw from a non-degenerate i.i.d. random variable with support on a subset

of a small bounded interval of non-negative numbers. A non-constant mutation rate is closer

to (economic) reality than a �xed mutation rate, since in the three interpretations of mutations

most frequently mentioned in the literature, namely experimentation, (computational) errors

in the implementation of an action and genetic mutation, are all three di�cult to reconcile with

the assumption that the mutation rate is constant, as already noted by Bergin and Lipman

(1996). Events outside of the model will cause economic subjects to experiment more, make

more mistakes or experience a higher rate of genetic mutation at certain times than at others.

We model such outside in�uence indirectly through the stochastic mutation rate.

Our main result states that in 2 � 2 coordination games the expected time the system

spends in the risk dominated equilibrium (the equilibrium with the smaller basin of attraction)

is systematically underestimated by the results of KMR when the constant mutation rate in the

latter model is set equal to the expected per-period mutation rate in our extended model. A

numerical example shows that the magnitude of the underestimation can be quite large. These

results are of importance for (economic) phenomena that can be modelled as coordination

games, e.g. for the macroeconomic literature on coordination failure (see e.g. Cooper and

John (1988)).

Our main result is derived for a su�ciently large population. However, we also investigate

small populations and �nd di�erent results. As a topic of related interest our analysis reveals

a minor mistake in the results reported in KMR and we provide the correct speci�cation.

In most of the literature, the mutation rate is taken to zero in the limit in order to state a

1It is not hard to make the same extension in the closely related model of Young (1993).
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clear result on the invariant distribution on the state space. Performing a similar exercise in

our extended model by letting the support of the stochastic mutation rate pile up at 0 in the

limit would yield the same invariant distribution as found in KMR. For that reason we omit

this routine exercise. Furthermore, in all of the proofs attention is restricted to the case in

which the Darwinian dynamics are the best reply dynamics. Subsequently, we argue that the

results holds for all Darwinian dynamics.

2. The Model.

In this note we use the framework of KMR, section 7. Speci�cally, we focus on the (�xed)

coordination game

1n2 s1 s2

s1 a; a 0; 0

s2 0; 0 1; 1

with a > 1; played repeatedly in a population consisting of N players. By zt 2 Z; Z =

f0; 1; : : : ; Ng; we denote the number of players adopting action s1 at time t: Thus zt = N;

denoted by E1 = (s1; s1) ; yields the risk dominant equilibrium at any play of the stage game

between two players from the population, while zt = 0; denoted by E2 = (s2; s2), yields the

risk dominated equilibrium. The population state z� = N+a�1
a+1

re�ects the (unstable) mixed

equilibrium. By the entier function [z�] ; we denote the largest integer smaller or equal to z�:

We focus on best reply deterministic dynamics given by

zt+1 = B (z) =

8><
>:

0; if zt < z�;

z�; if zt = z�;

N; if zt > z�:

As in KMR we add a stochastic component representing random mutation. The best reply

dynamics with random mutation enable us to model the process of switching between states

E1 and E2 as a two state Markov chain. We de�ne P (") to be the transition matrix of this

Markov chain; where " > 0 is the constant mutation rate. Now, the expected time spent in the

equilibrium E1 respectively E2 is given by 1
p(")

and 1
p0(")

, where

p (") =
NX

j=N�[z�]

 
N

j

!
"j (1� ")N�j and p0 (") =

NX
j=[z�]+1

 
N

j

!
"j (1� ")N�j

:
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The transition matrix P (") of this Markov chain is given by

P (") =

 
1� p (") p (")
p0 (") 1� p0 (")

!

and the stationary distribution, denoted by � (P (")) = (�1 (P (")) ; �2 (P ("))) ; only puts weight

on the two states E1 and E2: The weight on E1 respectively E2 is given by

�1 (P (")) =
p0 (")

p (") + p0 (")
and �2 (P (")) = 1� �1 (P (")) =

p (")

p (") + p0 (")
:

The innovative feature of our model lies in the assumption that the mutation rate "t at

time t is stochastic. At every time t; the mutation rate "t is a realization of a random variable

� with an arbitrary non-degenerate, discrete probability distribution �, which has its support

on a subset of [0; "], for some " > 0. Since every continuous probability distribution can be

approximated arbitrarily close by a discrete probability distribution there is no loss in generality

in using a discrete �.

The case of a stochastic mutation rate yields an inhomogeneous Markov chain, which can

be handled as follows. In every period, the dynamics consist of a compounded lottery. At

each time t; �rst a draw "t from � � � determines the mutation rate for period t, and next,

the mutation rate "t determines the transition probabilities p ("t) and p0 ("t) in the transition

matrix of the Markov chain. These two stochastic events can be compounded into a single

transition matrix IEP (�) ; � � �, where

IEP (�) =

 
1� IEp (�) IEp (�)
IEp0 (�) 1� IEp0 (�)

!
;

and IE (:) is the expectation operator. Therefore, the invariant distribution of our extended

model is the invariant probability distribution of the transition matrix IEP (�).

3. Results.

Our main result states an order on the following three numbers, namely �2(P (IE�)) is the

smallest number, �2(IEP (�)) is the largest number and IE�2(P (�)) lies in between these two

numbers. Since �2(IEP (�)) corresponds to the true invariant distribution the other two can be

regarded as (inexact) approximations of �2(IEP (�)). The number �2(P (IE�)) corresponds to

the standard model in KMR, where the constant mutation rate is taken equal to the per-period
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expected mutation rate IE� of the stochastic variable � � �. The main result shows that the

latter interpretation systematically underestimates the expected time the system spends in the

dominated equilibrium E2. The number IE�2(P (�)) refers to the standard KMR model with

the constant mutation rate "0 drawn randomly at time t = 0 and, once drawn, remaining

�xed at "0 over time. Then IE�2(P (�)) is the ex-ante (before drawing "0) expected probability

of being in E2 at an arbitrary time t far enough away from t = 0. This number is a better

approximation for �2(IEP (�)) than �2(P (IE�)). The order of these three numbers is the result

stated in the following theorem, which applies to relatively large populations.

Theorem 3.1. Let a > 1 + 2
N�3

for N odd and a > 1 + 4
N�4

for N even. Then there exists

an " > 0 such that �2(P (IE�)) < IE�2(P (�)) < �2(IEP (�)); where � is a random variable

with distribution �; with � an arbitrary non-degenerate discrete probability distribution with

support on a subset of [0; "].

Proof of the �rst inequality in Theorem 3.1.

In order to proof the �rst inequality, it su�ces to show that �2 (P (")) is convex in " and to

apply Jensen's inequality. Substituting p (") and p0 (") in �2 (P (")) yields

�2 (P (")) =

PN
j=N�[z�]

�N
j

�
"j (1� ")N�j

PN
j=N�[z�]

�N
j

�
"j (1� ")N�j +

PN
j=[z�]+1

�N
j

�
"j (1� ")N�j

:

By dividing both the numerator and the denominator by "[z
�]+1 (1� ")N�[z�]�1 we get

�2 (P (")) =

PN�[z�]�1

j=N�2[z�]�1

� N
j+[z�]+1

� �
"

(1�")

�j
PN�[z�]�1

j=N�2[z�]�1

� N
j+[z�]+1

� �
"

(1�")

�j
+
PN�[z�]�1

j=0

� N
j+[z�]+1

� �
"

(1�")

�j ;
which is equivalent to

�2 (P (")) =

PN�[z�]�1

j=N�2[z�]�1

� N
j+[z�]+1

� �
"

(1�")

�j
2 �
PN�[z�]�1

j=N�2[z�]�1

� N
j+[z�]+1

� �
"

(1�")

�j
+
PN�2[z�]�2

j=0

� N
j+[z�]+1

� �
"

(1�")

�j :
We de�ne the terms C (") and D (") as

C (") =

N�2[z�]�2X
j=0

 
N

j + [z�] + 1

!�
"

(1� ")

�j
(3.1)

and

D (") =

N�[z�]�1X
j=N�2[z�]�1

 
N

j + [z�] + 1

!�
"

(1� ")

�j
(3.2)
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leading to �2 (P (")) =
D(")

C(")+2D(")
:

The second derivative of �2 (P (")) with respect to "; �
00

2 (P (")) ; is given by

fC (")D00 (")� C 00 (")D (")g fC (") + 2D (")g

fC (") + 2D (")g3
+

2 fC 0 (")D (")� C (")D0 (")g fC 0 (") + 2D0 (")g

fC (") + 2D (")g3
:

Explicit expressions for the derivatives C 0 (") ; C 00 (") ; D0 (") and D00 (") can be found in the

appendix. From these expressions we see that the denominator of �
00

2 (P (")) is strictly positive

for all " 2 (0; 1) and that the numerator of �
00

2 (P (")) is a higher order polynomial function of ":

Label the smallest positive root of the numerator of �
00

2 (P (")) as "1: If the polynomial has no

root larger than 0; we set "1 to 1: The function �
00

2 (P (")) is either positive or negative on the

whole interval (0; "1). To determine the sign of �
00

2 (P (")) on (0; "1) ; we distinguish the case N

even and the case N odd.

For N even, note that since [z�] < 1
2
N is always integer, N � 2 [z�] � 1 can only take the

values 1; 3; 5; : : : . The condition a > 1 + 4
N�4

guarantees that N � 2 [z�] � 1 > 1; and thus

that N � 2 [z�] � 1 � 3; ensuring that D (0) = D0 (0) = D00 (0) = 0; since the lowest power

of " in these polynomials is at least 1: Thus �
0

2 (P (")) and �
00

2 (P (")) are both 0 in " = 0:

Furthermore, we see that �2 (P (0)) = 0 and �2 (P (")) > 0 for " > 0; leading to the conclusion

�
0

2 (P (")) > 0 for small " > 0: Repeating this line of reasoning we conclude from �
0

2 (P (0)) = 0

and �
0

2 (P (")) > 0; for small " > 0; that �
00

2 (P (")) > 0 for small " > 0: Thus �
00

2 (P (")) is

positive on (0; "1) :

Now consider the case N odd. Note that since [z�] < 1
2
N is always integer, N � 2 [z�] � 1

can only take the values 0; 2; 4; : : : . Furthermore, the condition a > 1 + 2
N�3

guarantees

that N � 2 [z�] � 1 > 0; and thus that N � 2 [z�] � 1 � 2; ensuring that D (0) = D0 (0) = 0:

We now consider two cases, D00 (0) = 0; when N � 2 [z�] � 1 > 2 and D00 (0) > 0, when

N � 2 [z�]� 1 = 2: In the former case (D00 (0) = 0), the same argument used above for N even

ensures that �
00

2 (P (")) > 0 on (0; "2) ; for some "2 > 0:2 In the latter case (D00 (0) > 0), the

numerator of �
00

2 (P (")) is equal to C2 (")D00 (") > 0 in " = 0: By a continuity argument this

proves that �
00

2 (P (")) > 0 for all " 2 (0; "3) ; for some "3 > 0:

Thus �2 (P (")) is a convex function on (0; ") ; with " = min f"1; "2; "3g > 0: Applying

Jensen's inequality results in �2(P (IE�)) < IE�2(P (�)): 2

2The maximal "2 is the smallest positive root of �
00

2 (P (")) ; which will generically be di�erent from "1:
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Proof of the second inequality in Theorem 3.1.

In this proof we will �rst focus attention on a Bernoulli distribution �; i.e. Pr ("t = "high) =

�; Pr ("t = "low) = 1� �; "high; "low > 0: Subsequently we will argue that the obtained results

hold for all non-degenerate discrete probability distributions �.

We assume w.l.o.g. that "low = " > 0 and "high = (1 + �) "; � > 0: In table 3.1, we have

calculated IE�i (P (�)) = ��i (P (f1 + �g ")) + (1� �)�i (P (")) ; i = 1; 2; and �i (IEP (�)) =

�i (�P (f1 + �g ") + (1� �)P (")) ; i = 1; 2:

i IE�i(P (�)) �i(IEP (�))

1 �
p0((1+�)")

p((1+�)")+p0((1+�)")
+ (1� �) p0(")

p(")+p0(")
�p0(")��p0((1+�)")�p0(")

�p(")��p((1+�)")�p(")+�p0(")��p0((1+�)")�p0(")

2 �
p((1+�)")

p((1+�)")+p
0
((1+�)")

+ (1� �) p(")

p(")+p
0
(")

�p(")��p((1+�)")�p(")
�p(")��p((1+�)")�p(")+�p0(")��p0((1+�)")�p0(")

Table 3.1: The expressions IE�i (P (�)) and �i (IEP (�)) for i = 1; 2.

To show that

�
p ((1 + �) ")

p ((1 + �) ") + p
0
((1 + �) ")

+ (1� �)
p (")

p (") + p
0
(")

<
p (")� �p (") + �p ((1 + �) ")

p (")� �p (") + �p ((1 + �) ") + p0 (")� �p0 (") + �p0 ((1 + �) ")

we rewrite the LHS, resulting in

p (") p ((1 + �) ") + p (") p
0
((1 + �) ")

fp ((1 + �) ") + p
0 ((1 + �) ")g fp (") + p

0 (")g

<
p (")� �p (") + �p ((1 + �) ")

p (")� �p (") + �p ((1 + �) ") + p0 (")� �p0 (") + �p0 ((1 + �) ")
:

Since both numerators and denominators are positive, cross multiplication results in

n
p (") p ((1 + �) ") + p (") p

0

((1 + �) ")
o
�

�
p (")� �p (") + �p ((1 + �) ") + p0 (")� �p0 (") + �p0 ((1 + �) ")

	
<

n
p ((1 + �) ") + p

0

((1 + �) ")
on

p (") + p
0

(")
o
fp (")� �p (") + �p ((1 + �) ")g :

We substract the common term

p2 (") p ((1 + �) ")� �p (")2 p ((1 + �) ") + �p (") p2 ((1 + �) ") + p (") p ((1 + �) ") p0 (")

��p (") p ((1 + �) ") p0 (") + �p (") p ((1 + �) ") p0 ((1 + �) ") + p2 (") p
0

((1 + �) ")

��p2 (") p
0

((1 + �) ") + p (") p
0

((1 + �) ") p0 (")� �p (") p
0

((1 + �) ") p0 (")
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from both sides and get

n
p ((1 + �) ") + p

0

((1 + �) ")
on

�p (") p
0

((1 + �) ")
o

<
n
p ((1 + �) ") + p

0

((1 + �) ")
on

�p ((1 + �) ") p
0

(")
o
:

Thus, it remains to be shown that

�p (") p
0

((1 + �) ") < �p ((1 + �) ") p
0

(") : (3.3)

We divide by � > 0 and write down the Taylor expansion for small � around p
0
(") and p (")

p (")

�
p
0

(") + �
d

d"
p
0

(") +O
�
�2
��

< p
0

(")

�
p (") + �

d

d"
p (") +O

�
�2
��

:

Then we rewrite the expression disregarding the higher order term, deduct the common term

p (") p
0
(") and divide by �; resulting in p (") d

d"
p
0
(") < p

0
(") d

d"
p (") : We now write down these

terms explicitly and isolate the lowest orders of " on both sides. Furthermore we divide by the

common term and neglect all powers of 1� " � 1: This results in

([z�] + 1) "N � (N � [z�]� 1) "N+1 < (N � [z�]) "N � [z�] "N+1;

an inequality that is true for [z�] < N
2
� 1

2
(i.e. a > N�1

N�3
); since then N � [z�] > [z�] + 1 and

[z�] < N � [z�]� 1: Note that we do not need the restriction a > N
N�4

for N even in this proof.

Furthermore, note that we made use of the fact that " > 0 is small, resulting in an upperbound

"4 > 0 for the value of " for which this proof hold.

A simple induction argument now shows that the inequality holds for all non-degenerate

discrete probability distributions� with support on a subset of the interval [0; "5] ; where "5 > 0

is an upperbound that can be from an expression similar to (3.3) for any speci�c distribution.

We conclude the proof with the remark that the " in the Theorem is the minimum of the

upperbounds mentioned in the proof, thus " = mini "i: 2

Corollary 3.2. Let a > 1 + 2
N�3

for N odd and a > 1 + 4
N�4

for N even. Then there exists

an " > 0 such that �1(P (IE�)) > IE�1(P (�)) > �1(IEP (�)); where � is a random variable

with distribution �; with � an arbitrary non-degenerate discrete probability distribution with

support on a subset of [0; "].
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Driving the proof is the result that the probability of switches between the two equilibria

is higher than in the �xed mutation rate model, i.e. IEp(�) > p(IE�) and IEp0(�) > p0(IE�); and

that the probability of a switch from E1 to E2 increases faster than the probability of a switch

from E2 to E1. Furthermore, it is clear from the proof that the expected time spent in the

risk dominated equilibrium grows more than linear in the probability mass that is put on high

mutation rate. Note however, that �2 (") �
1
2
for all " 2 [0; 1] :

In order to obtain some insight in the magnitude of the underestimation, we consider the

example a = 2; N = 10 and Pr("t =
1
50
) = Pr("t =

1
200

) = 1
2
: Then IE� = 1

80
and

�2(P (IE�)) = 1: 15 � 10�6 and �2(IEP (�)) = 4: 76 � 10�6:

Thus, �2(IEP (�)) is roughly 315% larger than �2(P (IE�)); showing a rather severe underesti-

mation of the time spent in E2 when IE� is taken as the mutation rate in the standard KMR

framework.

The above results only holds for su�ciently large populations. At this point we take a

further look at 1 < a � 1 + 4
N�4

; i.e. N � 2 [z�]� 1 = 1; for N even and at 1 < a � 1 + 2
N�3

;

i.e. N � 2 [z�] � 1 = 0; for N odd. From the restriction on a and limN!1 1 + 4
N�4

=

limN!1 1 + 2
N�3

= 1 it is clear that for a �xed a; the following results only hold for small N

and thus that they are only useful in relatively small populations. The following proposition

states that for small populations, �2(P (IE�)) is a better (but still inaccurate) approximation

of �2(IEP (�)) than IE�2(P (�)) is.

Proposition 3.3. For N even, let a 2

�
1; 1 + 4

N�4

i
, i.e. N � 2 [z�] � 1 = 1: Then there

exists an " > 0 such that IE�2(P (�)) < �2(P (IE�)) < �2(IEP (�)); where � is a random variable

with distribution �; with � an arbitrary non-degenerate discrete probability distribution with

support on a subset of [0; "].

Proof of the �rst inequality of Proposition 3.3.

Restricting a 2
�
1; 1 + 4

N�4

i
is equivalent to requiring that z� 2

h
1
2
N � 1; 1

2
N
�
: Since 1

2
N�1 is

an integer for N even, this means that [z�] = 1
2
N�1 and thus that N�2 [z�]�1 = 1: This leads
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to C (") =
� N
[z�]+1

�
=
� N
1

2
N

�
; being a constant for all " 2 [0; 1] : Thus �2 (P (")) =

D(")

( N1
2
N
)+2D(")

and

lim
"#0

�
00

2 (P (")) =

� N
1

2
N

�
D00 (0)� 4 [D0 (0)]2� N

1

2
N

�2 =

� N
1

2
N

�
� 2
h� N

1

2
N+1

�
+
� N
1

2
N+2

�i
� 4

� N
1

2
N+1

�2
� N
1

2
N

�2 :

We focus on the numerator
� N
1

2
N

�
� 2
n� N

1

2
N+1

�
+
� N
1

2
N+2

�o
� 4

� N
1

2
N+1

�2
which is equal to

(N !)2�
1
2
N + 1

�
!
�
1
2
N
�
!
�
1
2
N � 1

�
!
�
1
2
N � 2

�
!
�

8<
: 2

1
2
N
�
1
2
N � 1

� +
2�

1
2
N + 2

�
� 1
2
N
�

4�
1
2
N + 1

��
1
2
N � 1

�
9=
; :

To determine the sign of this expression we look at the part in brackets

2
1
2
N
�
1
2
N � 1

� +
2�

1
2
N + 2

�
�
1
2
N
�

4�
1
2
N + 1

��
1
2
N � 1

� =
�16

(N + 2) (N + 4)N
< 0; 8N 2 IN:

Thus we have that �
00

2 (P (0)) < 0 and by a continuity argument thus �
00

2 (P (")) < 0; " 2 (0; "1) ;

for some "1 > 0:3 Applying Jensen's inequality to the concave function �2 (P (")) results in the

�rst part of the proposition. 2

Proof of the second inequality of Proposition 3.3.

Restricting a 2
�
1; 1 + 4

N�4

i
is equivalent to requiring that [z�] = 1

2
N � 1: Under this condi-

tion we �rst prove that �2(P (IE�)) < �2(IEP (�)) for � a random variable with a Bernoulli

distribution �; i.e. Pr ("t = (1 + �) ") = �; Pr ("t = ") = 1 � �; � > 0. For such �;

�2(P (IE�)) < �2(IEP (�)) yields

p (��"+ ")

p (��"+ ") + p
0
(��"+ ")

<
p (")� �p (") + �p ((1 + �) ")

p (")� �p (") + �p ((1 + �) ") + p0 (")� �p0 (") + �p0 ((1 + �) ")
:

Since both the numerators and denominators are strictly positive, cross multiplying does not

alter the sign and we obtain

p (��"+ ")
�
p (")� �p (") + �p ((1 + �) ") + p0 (")� �p0 (") + �p0 ((1 + �) ")

	
<

n
p (��"+ ") + p

0

(��"+ ")
o
fp (")� �p (") + �p ((1 + �) ")g :

When we expand this expression and deduct the common (positive) term p (") p (��"+ ") �

�p (") p (��" + ") + �p ((1 + �) ") p (��"+ ") from both sides of the inequality and then re-

arrange the terms, we get

p (��"+ ")
�
p0 (")� �p0 (") + �p0 ((1 + �) ")

	
< p

0

(��"+ ") fp (")� �p (") + �p ((1 + �) ")g :

3The maximal value for "1 is the smallest positive root of the numerator of �
00

2 (P (")) or 1 in case �
00

2 (P ("))
has no root larger than 0:
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Now, we use the explicit expressions for p (") and p0 (") and, since " is small, we focus on the

lowest power of " on both sides of the inequality sign. We replace all terms 1� " � 1 by 1 and

divide by
� N
[z�]+1

�� N
N�[z�]

�
and get

"[z
�]+1 (��"+ ")N�[z�]

� �"[z
�]+1 (��"+ ")N�[z�] + � (1 + �)[z

�]+1 "[z
�]+1 (��"+ ")N�[z�]

< "N�[z�] (��"+ ")[z
�]+1

� �"N�[z�] (��" + ")[z
�]+1 + � (1 + �)N�[z�] "N�[z�] (��"+ ")[z

�]+1 :

We now divide both sides by the common term4 (��+ 1)[z
�]+1 "N�1, resulting in

(��+ 1)N�2[z�]�1
� � (��+ 1)N�2[z�]�1 + � (1 + �)[z

�]+1 (��+ 1)N�2[z�]�1 < 1� �+ � (1 + �)N�[z�] :

since [z�] = 1
2
N � 1; this expression reduces to

(��+ 1)
n
1� �+ � (1 + �)

N

2

o
< 1� �+ � (1 + �)

N

2
+1 :

Although (��+ 1) (1� �) > 1� �; the second terms on both sides compensate this, as follows

(��+ 1) (1� �)� (1� �) < � (1 + �)
N

2
+1
� � (1 + �)

N

2 (��+ 1)

which, after some rewriting, gives

�� (1� �) < (1 + �)
N

2 �� (1� �) , 1 < (1 + �)
N

2 ;

a true statement for any � > 0 and N 2 IN+. Thus, we have proven the result for " 2 (0; "2) ;

for some small "2 > 0; and a Bernoulli distribution �: An induction argument su�ces to show

that it holds for any random variable � with a non-degenerate discrete probability distribu-

tion � with support on a subset of [0; "3] for some small "3 > 0. Finally, in Proposition 3.3,

" = minf"1; "2; "3g : 2

The following proposition states the result for small populations with an odd number of

agents. Then all three numbers coincide and are equal to a half.

Proposition 3.4. For N odd, let a 2
�
1; 1 + 2

N�3

i
, i.e. N � 2 [z�]� 1 = 0. Then it holds that

�2(P (IE�)) = IE�2(P (�)) = �2(IEP (�)) =
1
2
; where � is a random variable with distribution �;

with � an arbitrary non-degenerate discrete probability distribution with support on a subset

of [0; 1].

4(��+ 1)[z
�]+1 is the lowest power of (��+ 1) ; since [z�] + 1 = 1

2
N and N � [z�] = 1

2
N + 1
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Proof.

Restricting a 2
�
1; 1 + 2

N�3

i
is equivalent to requiring that z� 2

h
1
2
N �

1
2
; 1
2
N
�
: Since 1

2
N �

1
2

is an integer for N odd, this means that [z�] = 1
2
N �

1
2
and thus that N � 2 [z�]� 1 = 0: This

results in C (") = 0 for all " 2 [0; 1] ; what comes down to lim"#0 �2 (P (")) = lim""1 �2 (P (")) =

�2 (P (")) =
D(")

C(")+2D(")
= 1

2
8" 2 (0; 1) : 2

Since the result of Proposition 3.4 also applies to �xed mutation rate " = IE�; our result

is di�erent from KMR's Theorem 3. The explanation is that [z�] = 1
2
N � 1

2
implies that

the assertion in KMR's proof of their Theorem 3, that there will always exist an integer �;

z� < � � 1
2
N is incorrect. For [z�] = 1

2
N� 1

2
; it takes the same number of mutations to upset the

e�cient equilibrium E1; as it takes to upset E2: A symmetry argument leads to the conclusion

that, for [z�] = 1
2
N �

1
2
; the invariant distribution in KMR should be � = (�1; �2) =

�
1
2
; 1
2

�
.

Thus, the above result shows that the restriction to even N in KMR does have an impact,

thereby contradicting the assertion in Rhode and Stegeman (1996) that it does not.

In order to show the di�erent regions in the (a;N) plane, we present �gure 3.1 for N even.

For N odd, the �gure looks very similar to this �gure. From the �gure we see that for either

N large or a large, we are in the region where Theorem 3.1 applies. Only for small N and a

not too large, we are in the region where Propositions 3.3 and 3.4 are applicable.

Figure 3.1: The di�erent regions in the (a;N) plane for N even.

To obtain some insight in the magnitude of the maximum value of the upperbound " in

Theorem 3.1, we present the value for "1 in the proof of the Theorem in table 3.2 (to be precise,
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Proposition 3.3 applies to the case N = 10 and a = 1:5). For di�erent combinations (a;N);

it presents [z�] and "1: From this table we see that "1 is far away from 0; indicating that the

Nna 1:5 2 5

10 4; 1: 31 3; 0: 58 2; 0: 69

20 8; 0: 51 7; 0: 57 4; 0: 73

100 40; 0:57 33; 0:64 17; 0:81

Table 3.2: The values for [z�] (1st entry) and the values for "1 (2nd entry) as a function of N

and a.

interval [0; "1] is large. Furthermore we note that, for the cases where Theorem 3.1 applies, the

value of "1 is increasing in a:

An upperbound for the second inequality in Theorem 3.1 ("4 resp. "5) can be derived from

solving equation (3.3) if � is a Bernoulli distribution and from solving an expression similar to

(3.3) for a general non-degenerate discrete probability distribution �.

4. Concluding Remarks.

Thus far we have shown that, given that the payo� from the risk dominant equilibrium is

su�ciently high, or, equivalently, when the population N is su�ciently large, the expected time

the evolutionary system with best reply dynamics and a stochastic mutation rate spends in the

risk dominated equilibrium is systematically underestimated when one calculates this time in

the conventional way by assuming a �xed mutation rate that is equal to the expected mutation

rate. The crucial feature in reaching this conclusion is the minimum number of mutations

needed in order to escape the basin of attraction of an equilibrium (the cost minimizing i-

trees, i = 0; N), as is the case in KMR and Young (1993). Since this minimum number of

mutations does not change if we assume Darwinian dynamics instead of best reply dynamics as

the deterministic component of the dynamics, our results go through for general deterministic

Darwinian dynamics.
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A. Explicit Expressions for the Derivatives of C (") and D (") :

Di�erentiating (3.1) with respect to ", using d
d"

�
j+1

(1�")2

�
"

(1�")

�j�
= 2(j+1)

(1�")3

�
"

(1�")

�j
+ j(j+1)

(1�")4

�
"

(1�")

�j�1
;

j � 1; yieldsC 0 (") =
PN�2[z�]�2

j=1

� N
j+[z�]+1

� j

(1�")2

�
"

(1�")

�j�1
=
PN�2[z�]�3

j=0

� N
j+[z�]+2

� j+1

(1�")2

�
"

(1�")

�j
and

C 00 (") =
� N
[z�]+2

�
2

(1�")3
+
PN�2[z�]�3

j=1

� N
j+[z�]+2

��2(j+1)

(1�")3

�
"

(1�")

�j
+ j(j+1)

(1�")4

�
"

(1�")

�j�1
�
=
� N
[z�]+2

�
2

(1�")3
+

PN�2[z�]�4
j=0

� N
j+[z�]+3

� �2(j+2)

(1�")3

�
"

(1�")

�j+1
+ (j+1)(j+2)

(1�")4

�
"

(1�")

�j�
:

Similarly, di�erentiating (3.2) with respect to " yieldsD0 (") =
PN�[z�]�2

j=N�2[z�]�2

� N
j+[z�]+2

� j+1

(1�")2

�
"

(1�")

�j
and D00 (") =

PN�[z�]�3

j=N�2[z�]�3

� N
j+[z�]+3

�� 2(j+2)

(1�")3

�
"

(1�")

�j+1
+ (j+1)(j+2)

(1�")4

�
"

(1�")

�j�
.

From these expressions and limj!0 lim"!0

�
"

(1�")

�j
= lim"!0 limj!0

�
"

(1�")

�j
= 1; we see

that

C (0) =
� N
[z�]+1

�
; when N � 2 [z�]� 2 � 0; i.e. when N � 2 [z�] � 1 � 1; and C (") = 0 for all

" 2 [0; 1] ; when N � 2 [z�]� 1 < 1;

C 0 (0) =
� N
[z�]+2

�
; when N � 2 [z�]� 3 � 0; i.e. when N � 2 [z�]� 2 � 1; and C 0 (0) = 0; when

N � 2 [z�]� 3 < 0;

C 00 (0) = 2
� N
[z�]+2

�
+ 2

� N
[z�]+3

�
when N � 2 [z�] � 4 � 0; i.e. when N � 2 [z�] � 3 � 1; and

C 00 (0) = 2
� N
[z�]+2

�
; when C 0 (0) > 0; i.e. when N � 2 [z�] � 2 � 1; and C 00 (0) = 0; when

N � 2 [z�]� 2 < 1:

Similarly, we see that D (0) = 0; when N�2 [z�]�1 � 1; D0 (0) = 0; when N�2 [z�]�2 � 1;

and D00 (0) = 0; when N � 2 [z�] � 3 � 1:Therefore, �02 (0) =
C(0)D0(0)�D(0)C0(0)

[C(0)+2D(0)]2
is equal to 0

whenever N � 2 [z�]� 2 � 1:
When N �2 [z�]�1 = 1; the derivative D0 (") sums from j = 0 and consequently D00 (") be-

comes
� N
[z�]+2

�
2

(1�")3
+
PN�[z�]�2

j=1

� N
j+[z�]+2

�� 2(j+1)

(1�")3

�
"

(1�")

�j
+ j(j+1)

(1�")4

�
"

(1�")

�j�1
�
=
� N
[z�]+2

�
2

(1�")3
+

PN�[z�]�3
j=0

� N
j+[z�]+3

�� 2(j+2)

(1�")3

�
"

(1�")

�j+1
+ (j+1)(j+2)

(1�")4

�
"

(1�")

�j�
: Thus, whenN�2 [z�]�1 = 1; it

follows that D0 (0) =
� N
[z�]+2

�
=
� N
1

2
N+1

�
and D00 (0) = 2

� N
[z�]+2

�
+2
� N
[z�]+3

�
= 2

� N
1

2
N+1

�
+2
� N
1

2
N+2

�
:
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