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Abstract

A seller with two objects faces a group of bidders who are subject to budget con-
straints. The objects have common values to all bidders, but need not be identical and
may be either complements or substitutes. In a simple complete information setting
we show: (1) if the objects are sold by means of a sequence of open ascending auc-
tions, then it is always optimal to sell the more valuable object first; (2) the sequential
auction yields more revenue than the simultaneous ascending auction used recently
by the FCC if the discrepancy in the values is large, or if there are significant com-
plementarities; (3) a hybrid simultaneous-sequential form is revenue superior to the
sequential auction; and (4) budget constraints arise endogenously.

1 Introduction

In the last few years governments in many parts of the world have aggressively sought to
privatize socially held assets. This wave of privatization has included the sale of industrial
enterprises in the former Soviet Union and Eastern Europe, the sale of public transporta-
tion systems in Britain and Scandinavia and the sale of radio spectra in the US. Both the
enormity and the obvious importance of these sales have naturally led to an examination
of how best to accomplish this task. Auctions have been proposed, and have frequently
been used, as time-honored, convenient and attractive mechanisms for such sales. This, in
turn, has led to a revival of interest in the theory of auctions, particularly those involving
multiple objects.

The magnitude of these privatization sales has meant that in many instances it is re-
alistic to consider that buyers may run up against liquidity or borrowing constraints. The

*We acknowledge research support from the C. V. Starr Center at NYU and the National Science Foun-
dation.



presence of these financial constraints introduces important differences into traditional auc-
tion theory. For instance, Pitchik and Schotter (1986) and Che and Gale (1996, 1998) have
shown that when bidders are subject to such constraints, the conclusion of the celebrated
revenue equivalence theorem no longer holds.

When multiple objects are auctioned in the presence of budget constraints, it may be
advantageous for a bidder to bid aggressively on one object with a view to raising the price
paid by his rival and depleting his budget so that the second object may then be obtained
at a lower price. In effect, a bidder may wish to “raise a rival’'s costs” in one market in
order to gain advantage in another. Thus, unlike in traditional auction theory, a particular
bidder’s payoff is affected by the price paid by a rival biddét.is important to note that
this effect comes into play only when several objects are sold.

Budget constraints seem to have played a significant role in the auctions for radio spec-
trum licenses conducted recently by the Federal Communications Commission (FCC) (see
McMillan (1994)). In particular, Salant (1997) writes that the assessment of rival bidders’
budget constraints was a primary component of the pre-bidding preparation of GTE’s bid-
ding team. Moreover, confirming that the kinds of considerations mentioned above played
a significant role, he describes the strategic advantages arising from bidding for licenses
of secondary importance so as to “make rivals spend more on some markets, leaving them
with less to spend in other markets,” (Salant (1997), p. 561).

In this paper we study a simple model in which two objects are sold to a group of
financially constrained biddefsOur model is one ofompletenformation: the values of
the objects and the budgets facing the bidders are all commonly known to all participants.
Without budget constraints, this setting would be too trivial to be of any interest. With
budget constraints, however, this “bare bones” structure turns out to be sufficiently rich to
capture and highlight a number of interesting issues. The model is very close to that studied
by Pitchik and Schotter (1988). Their experiments confirm that the strategic considerations
introduced by budget constraints play an important role in practice, as well as in theory.

Sequential Auctions and the Order of Sale Suppose that two precious paintings are
being auctioned sequentially, say in two successive English auctions. In a complete infor-
mation setting without budget constraints, whether painéinthe more valuable one, is
sold before or after paintinB does not affect the price that either fetches. ¢From the per-
spective of the seller, the order of sale is irrelevant. However, when buyers are financially
constrained the order of sale can affect the total revenue accruing to the seller. We show
below that if objecfA is more valuable than objeBt the revenue derived from selling them
sequentially in the ordekBis at least as large as the revenue from selling them in the order
BA (Proposition 1 below).

1This strategic linkage across goods is emphasized by Pitchik and Schotter (1986, 1988).

2In the first part of the paper we suppose that the constraints faced by the bidders are exogenously given,
possibly the result of liquidity or credit constraints. Later, we show that budget constraints may arise endoge-
nously .



Simultaneous Auctions An alternative auction design is to sell the objects by means
of two simultaneous auctions. This was the design favored by the FCC in the spectrum
auctions mentioned above, but to the best of our knowledge its theoretical properties have
not been studied. In our simple setting we are able to compare the revenue obtained from
the simultaneous auction with the optimal sequential auction when the objects are comple-
ments. We find that the optimal sequential auction outperforms the simultaneous auction
in terms of revenue when (a) the values of the two objects are substantially different; or
when (b) there are significant complementarities (Proposition 2).

We then introduce a hybrid auction form that combines essential elements from the
simultaneous and sequential forms. We show that this hybrid form is revenue superior to
the sequential form (Proposition 3).

Endogenous Budgets The FCC auction also serves to introduce the second main
theme of this paper: that budget constraints may amgenouslgs a result of rational
calculation on the part of bidders.

Some of the larger bidders in the FCC auction consisted of consortia of large telecom-
munication companies: WirelessCo (a consortium including Sprint and the three largest ca-
ble companies) and PCS PrimeCo (a consortium including NYNEX, Bell Atlantic and US
West). Other participants, bidding as individual companies (for example, GTE, Bell South
and PacTel), were themselves rather large local exchange carriers. In what sense were these
companies financially constrained? While some of the smaller companies could be said to
face constraints on borrowing or liquidity, this is less clear for these larger bidders. Indeed,
Salant (1997, p. 553) writes that the bidding team first assessed the values of licenses that
GTE was eligible to bid on and the “budget parametiterminedy GTE’s management
were in part based on these valuations.” [Emphasis added.] Thus it seems that for the larger
bidders the budget constraints were endogenously determined. The companies gave their
bidding teams instructions not to spend more than a specified amount.

We study below a simple model in which budget constraints are endogenously deter-
mined prior to the sale of the objects. In other words, the choice of a budget is itself a
strategic decision. Our main result is that budget constraimtaysarise : the resulting
game has an (essentially) unique equilibrium that involves constraints that bind (Proposi-
tion 4). Thus our model provides an explanation of how budget constrained bidding may
be the result of a conscious choice rather than the result of exogenous factors like liquidity
constraints or capital market imperfections.

Miscellaneous Results When multiple objects are sold, budget constraints can have
some unanticipated consequences. For example, a reserve price can raise the seller’s rev-
enue even though it is set at such a low level that it is never binding in equilibrium. Sim-
ilarly, there may be a trade-off between efficiency and revenue even though the setting is
one of complete information. In a separate section, we illustrate some of these phenomena
by means of examples.



Related Literature  An early discussion of some issues concerning budget constraints
and auctions is contained in Rothkopf (1977). His analysis is not game-theoretic, rather it
focuses on how the computation of best responses is affected by budget constraints.

Palfrey (1980) has studied the effects of budget constraints in a multiple object setting
with complete information. Specifically, he analyzes sealed-bid discriminatory (“pay as
you bid”) auctions and characterizes equilibrium in the two object, two bidder case. He
also points out difficulties when the number of objects or bidders is larger. In particular,
equilibrium may not exist and when it does, may not be unique.

Engelbrecht-Wiggans (1987) studies the different forms that financial constraints may
take. Bidders may be constrained to spend no more than a certain amount absolutely. Al-
ternatively, they may be constrained to spend no more than a certain amount on average.
Engelbrecht-Wiggans (1987) studies how these different forms affect the range of admis-
sible strategies and derives some equivalence relations.

Our work is closely related to two papers by Pitchik and Schotter (1986, 1988), which
also analyze sequential auctions with budget-constrained bidders. The basic setting and
modes of reasoning are the same. However, we extend their model and analysis in many
directions. We allow for more than two bidders and the possibility of synergies between
the objectss We also consider simultaneous open auctions. Another important difference
is that in our model (in Section 5 below) budgets may be determined endogenously. As
will become clear, our goals and the questions we ask are also quite different. Pitchik and
Schotter (1988), in particular, is focused towards deriving testable predictions of equilib-
rium bidding behavior which can then be measured against data from experiments.

Pitchik (1995) studies two-bidder sequential auctions of two objects when there is in-
complete information. Bidder types determine both valuations and budgets. She also stud-
ies how the sequence of sale affects both the total revenue and the prices of the individual
objects. We discuss the relationship of her results to ours in Sections 3 and 7 below.

Che and Gale (1996 and 1998) study single object auctions with budget constraints
under incomplete information. They show that even in the traditional setting with indepen-
dent private values and symmetric bidders, revenue equivalence between various auction
formats no longer holds. The second paper, Che and Gale (1998), provides conditions un-
der which the first price auction outperforms a second price auction in terms of revenue.
They also show how the use of lotteries and all-pay auctions can benefit the seller when
bidders are budget constraint.

Lewis and Sappington (1998) consider agency problems when agents have budget con-
straints, again showing that contracts that incorporate all-pay features may be advanta-
geous.

We emphasize that in the existing literature budget constraints are always taken to be
given exogenously.

The results described in the introduction are presented below. We have relegated all

3These extensions are not without consequences. In particular, as Pitchik and Schotter (1986) themselves
anticipate, some of their results are affected by the presence of additional bidders. See Section 3 below for
details.



formal proofs to an appendix.

2 The Model and an Example

There aren bidders with budgetg, >y, > y3 > ... > y, and two objectsiA andB. The value
derived from obtainind\ alone iV, while the value oB alone isVB, wherevA > VE > 0.
The value of the two objects as a bundle is denoted4R; which may be smaller or larger
thanVA+VEB. These known values are common to the bidders. It is convenient to write:

VAB=VALVE+a

wherea is thesynergyand this may be positive or negative or zero. When the synergy is
positive we say that the objects am@mplementsvhen the synergy is negative the objects
are substitutes We assume that > —V8, so that the marginal value of either object is
always positive.

An Example We begin with a simple example which illustrates the sorts of consid-
erations that arise in multiple object auctions with financially constrained bidders. The
example also shows that budget constraints may have an important impact even when these
constraints are relatively liberal.

Suppose that the objects are sold sequentially by means of two successive English auc-
tions and that there are three bidders with budgety, andys, respectively. There are
no synergiesq = 0), so the value of obtaining both objects is simply the sum of the two
values. In the absence of any budget constraints each object would, of course, fetch its full
value in an English auction and the seller would receive a total reverv-piv8.

Now consider the following parameter values:

Example 1 Values: VA = 50, VB = 40,VAB = 90. Budgets: y = 100, y» = 80, y3 = 20.

Observe that the budget constraints are fairly weak. In particular, bidder 1 is effectively
unconstrained sincg, > VA + VB, so that 1 can afford both objects at prices that equal
their respective values. Bidder 2 is constrainedyput VA > VB, and thus 2 can afford to
buy either object at a price equal to its value. Suppose that the objects are sold in the order
A followed byB.

In the second auction it is a weakly dominant strategy for each bidder to bid the mini-
mum of his remaining budget aP. If bidder 1 wins object in the first auction, then in
the second auction both bidders 1 and 2 will have residual budgets that &&.cEaus,B
will then sell forVB = 40 and the second auction will yield no surpllikerefore, it is dom-
inated for bidder 2 to drop out of the bidding fArbefore the price reaches 30bidder 1
wins A for 50, his net total gain will be OBidder 1 is better off letting 2 win the first object
for (just below) 50 and then winning the second object for (just ab@@) 50) = 30. The
total revenue to the seller is 80 and the full value of the objects is not realized.
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Equilibrium concept. A word on the equilibrium concept that we use is in order. In
the second auction, we suppose that no bidder plays a weakly dominated strategy. Thus, in
every subgame each player bids up to the minimum of the value of the object to him and
his current budget. These outcomes are taken as given in the first auction, and we look for
an equilibrium in undominated strategies in the resulting reduced game.

For formal reasons, it is necessary to assume that there is a smallest unit of currency
in which bids are made, say, one cent, although we do not keep precise track and in our
reasoning equate, say, $5.99 with $6. See Pitchik and Schotter (1986, 1988) for a similar
treatment.

3 Sequential Open Auctions and the Order of Sale

In this section we ask which order of sale is advantageous from the perspective of the seller.
It is instructive to begin with an example.

Example 2 Values: VA =50, VB = 39 VAB = 89, Budgets: y = 55, y», = 30, and y; = 20.

Sinceysz = 20, both objects sell for at least 20, so that, in particular, obgecannot
yield a surplus greater than 18hus, when the objects are sold in the ord®; bidder 1
would be willing to bid up tap? = 31 in the first auction whereas bidder 2’s budget is only
30. Bidder 1 winsA for 30, and then bidder 2 winB for y; — 30= 25. Total revenue in the
orderABis RAB = 55,

In the ordeBA, bidder 2 must bid up ttp)g = 25 in the first auction because if he drops
out before that bidder 1 will win both objects. At a price of 25, bidder 1 will drop out of
the bidding for good and then go on to win good in the second auction for a price of
20. Total revenue in the ord&A is RPA = 45 andRBA < RAB,

Notice that in both orders bidder 1 widsand bidder 2 wind3, and so the allocation
is the same. What matters, however, is that bidder 1 windistegood in the ordeAB,
whereas he wins theecondgood in the ordeBA. The seller is generally better off when
1 wins the first good. To see this, consider the simple two bidder cagé:> VB > y; >
y> > 0 andii) y; < 2y,. Assumptioni) implies that in the second auction a bidder will
be willing to bid up to his budget constraint, whil¢ implies that bidder 1 does not have
enough money to win both goods and so each bidder wins one good. Suppose Widder
the first good for a pric@. The second good will then sell fgr — p, so that total revenue
will be p+y; — p=Y;. Sincey; > y, the seller is better off if bidder 1 wins the first good.
Since, as one would expect, bidder 1 is more prone to win the first good in theAisder
than in the ordeBA, the orderABis better.

In the previous example each bidder wins exactly one object in each ordelygiace
2y». In the next example bidder 1 has enough money to outbid 2 on both objects.

Example 3 Values: VA = 60, VB = 40, VAB = 112 Budgets: y= 70, y, = 30, y3 = 5.



In the orderAB bidder 1 wins both objects, each for 30, and gains a net surplus of 52
The total revenue i®*B = 60. In the ordeBA bidder 1 is willing to winB for a price up
to 27. At that price, if 1 win® he will then go on to wirA for 30, yielding him a total
surplus of 550n the other hand, if he drops out at 27 he will wrior a price of 5, once
again resulting in a surplus of 5Since bidder 2 will lose both auctions if he loses the first,
2 is willing to bid up to 30 orB. However, 1 has no incentive to push 2 beyond a price of
27 since, in any case, he will not win the second obfeftdr less tharys = 5. Thus bidder
1 will drop out at 27. Bidder winé for 27 and Bidder 1 goes on to wikfor 5. The total
revenue is NoviRPA = 32. Once again, the revenue from the ordéis higher.

In this example bidder 1 wins both objects in the orABrand onlyA in the ordeBA
When he wins both objects each is sold for a pricg;oMWhen he wins only one, the price
of at least one of the objects is lower thgn Thus the seller is better off when bidder 1
wins both objects. Again, it can be argued that bidder 1 is more prone to win both when
the order isAB rather tharBA

Our first result shows that Examples 2 and 3 are instances of a general phendmenon.

Proposition 1 The revenue to the seller from selling the objects sequentially in the order
AB is at least as great as the revenue from selling them in the orddkddAome parameter
values, the inequality is strict.

In a related incomplete information setting, Pitchik (1995) also examines how the
seller's revenue is affected by the order of sale. In her model, each bidder is identified
by a one-dimensional “type” and both the valuations and the budgets are affine functions
of a bidder’s type. In addition, budgets are assumed to be at “intermediate” levels so that
in equilibrium each bidder wins exactly one object for all realizations of the types. Pitchik
(1995) then shows that the optimal order of sale depends on whether the “de facto valua-
tion” for the first object is an increasing or decreasing function of the type. Her results are
not directly comparable to Proposition 1 because hers is a private value setting and it is not
the case that a particular object, 8yis considered more valuable by all types.

More closely related is a result of Pitchik and Schotter (1986) and it is worthwhile to
compare this to Proposition 1. Lef* andg® be the prices oA andB, respectively, when
the order of sale iAB. Similarly, let p® andg® be the prices in the ord@A According
to Proposition 1p* + B > pB +¢*. Pitchik and Schotter (1986) show that when there are
only two bidders, the price of an object is higher the earlier it is sold in the sequence, that
is, p* > o andp® > gB. This result, however, does not hold generally when there are three
or more bidders.

What factors determine the order of sale in real-world auctions? There is some “psy-
chological” intuition that suggests that it may be advantageous to “warm up the room” with
some lower valued objects before bringing the auction to a climax with the more valuable

4For degenerate parameter values there may be more than one equilibrium revenue in a given order (for
instancey; = 30,y, = 10,VA = 20,VB = 10 with the ordeAB). We ignore these cases.

SSuppose&/” = 100, VB = 18; and budgets ang = 50, y, = 20, y3 = 4. In the orderAB, prices are
p” = 20 andg® = 18. In the ordeBA prices argp® = 16 andq® = 4. Thusp® < gB.
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masterpiece. But psychology also suggests that it may be preferable to sell more valuable
items first in order to establish “lively” bidding for the rest of the items (see Cassady (1967,
pp. 84-85) for a discussion of these tactics.) Budget constraints, on the other hand, intro-
duce pure economic considerations of the kind identified in this paper. Auction houses tend
to balance these various effeétés a concrete example, in an auction of eight paintings by
Paul GSzanne conducted by the auction house of Sotheby’s in November 1997, the prices
of the paintings, in order of sale, were as follows:

CEZANNE AUCTION
Painting A B C D E F G H
Price (in $ millions) $0.3 $1.0 $55 $1.1 $3.6 $59 $1.0 $0.7

Assuming that more valuable paintings go for higher prices, this does not reveal an
overall monotonic pattern, although the values do decline at thé @hé is not atypical of
the results from sales at Sotheby’s (see Cassady (1967, pp. 295-298), for other examples).

4 Simultaneous Ascending Auction

In the recent auction of radio spectrum licenses the FCC adopted a novel auction design
based on the recommendation of a group of economists. The licenses were sold using a
simultaneous ascending auctiofs in an English auction, there were multiple rounds of
bidding that continued until no bidder wished to raise the bid. All auctions were conducted
simultaneously and bidding on all objects remained open as long as there was bidding
activity on any one of them.

A primary reason for adopting this design was the presence of positive synergies be-
tween licenses in adjoining areas. While combination bids, that is, bids on bundles of
objects were not allowed, it was felt that the simultaneous nature of the auction would
allow bidders to assemble bundles that exploited the synergies in an efficient rhanner.

In this section we study a simple version of the simultaneous ascending auction when
budget constraints are present and there are positive synergies between the wbidits (
Specifically, we consider a simultaneous auction with the following rules:

1. There are multiple rounds of bidding conducted in the open.

6In private communication (Sotheby’s (1998)) a representative of Sotheby’s related to us various factors
that they consider in determining the order of sale. In particular, budget issues were explicitly mentioned.
Both of the behavioral concerns mentioned above also played a role. In some instances, there was a nat-
ural historical order associated with the items (paintings from an early period versus a later period) which
dominated all other considerations.

"Proposition 1 concerns two object auctions. Section 6 below contains an example (Example 11) of an
auction with more than two objects.

8See McMillan et al. (1997) and Cramton (1997) for both a description and the rationale underlying the
choice of the auction rules. Ausubel et al. (1997) use bidding data from the auction to confirm the presence
of positive geographic synergies.



2. In each round foeveryobject, a bidder either

(a) raises the previous high bid on the object; or
(b) does not announce a bid on the object.

3. At no time can the total of a bidder’s outstanding high bids exceed his budget.

4. The auction continues until, in two successive rouramsbject has had its bid raised.

Note that with these rules, a bidder who has been outbid on, say, ébgect first pur-
sue the bidding oB before deciding whether to continue further biddingfAnAllowing
for this possibility was an important feature of the FCC auction.

In the simultaneous auction, we look for Nash equilibria once (weakly) dominated
strategies have bedaterativelyremoved.

In a simple two-object setting with complementarities and budget constraints, we com-
pare the performance, in terms of both revenue and efficiency, of the simultaneous for-
mat outlined above with that of the sequential format of the previous section. While the
equilibrium of the sequential auction is almost always unique, it is not surprising that the
simultaneous auction often has multiple equilibria. Nevertheless, in some circumstances a
ranking of the auction methods is possible.

We begin with an example.

Example 4 Values: VA = 20, VB = 10, VAB = 30. Budgets: y =25, y, = 6, y3 = 1.

In the sequentiahB auction bidder 1 wins botA andB, each at a price of.6l'he total
revenue from the sequential auctigf® = 12.

One equilibrium of the sequential auction has the following bidding behavior (where
(b2, bP) denotes the bids of biddéobn A andB):

Round t 1 bids(1.01,5.99); 2 bids(0, 6); 3 bids(1,0)

No further bids are placed.

Notice that bidder 3 will always bid the price of both goods up to 1 so that bidder 1
can never wirA for less than 1. In the equilibrium, bidder 1 wiAdor (approximately) 1
bidder 2 winsB for (approximately) 6. Total reveni®'™ is (approximately) 7.

Now, observe that any strategy of bidder 1 that ever lets bidder 2 win objeatomi-
nated, since 1 can always witfor a surplus of at least 14f the price ofArises above 2, it
is dominated for 1 to use a strategy that results in him winning Ansince he can always
obtain both objects for a surplus of at least 18. Given this, it is (iteratively) dominated for
bidder 2 to bid above 2 oA in the first round. Neither 1 nor 2 will ever bid more than 2 on
objectA, and the revenue in th&B auction is greater than the revenueireryequilibrium
of the simultaneous auction.

9The FCC auction had an “activity rule” which precluded bidders from remaining dormant for too long.
Incorporating such a rule would not change the results of this section. Indeed, as can be seen from the proofs,
these results are robust to many rule modifications.
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At this point, a few words on rule #3 of the simultaneous auction, preventing a bidder
from exceeding his budget, may be in order. At first blush, it might appear that this rigs
things against the simultaneous auction. After all, in the equilibrium of the sequABtial
auction in Example 4, bidder 2 ends up bidding his entire budget on both goods and so, in a
sense, exceeds his budget. Note, however, that this type of behavior is also possible in the
simultaneous auction, and in exactly the same manner. For instance, (out of equilibrium)
bidder 2 could open with a bid of 6 on goddbe outbid on this good by, and then bid 6
on goodB. Note also that in the simultaneous auction bidder 2 never bids above 2 on good
A, an amount far below his budget. Finally, the next example will assuage any lingering
doubts as to whether our formulation rigs things against the simultaneous auction — for
some parameter values some equilibria of the simultaneous auction are revenue superior.

Example 5 Values: VA =9, VB =7 VAB = 16+ a wherea > 0. Budgets: y = 25, y, = 6.

When 0< a < 3, in the sequentighB auction bidder 2 win#é for 6, 1 winsB for 0 and
RAB = 6. In the simultaneous auction one equilibrium has bidding behavior:

Round t 2 bids(4,1.99— 2a)

Round It 1 bids(4.99+ a,2 - 3a)

Round IIt: 2 bids (5+ 3a, )

No further bids are placed. Bidder 1 wiBsfor 2 — %a, 2 winsA for 5+ %a and the
total revenud®M =7 — o > RAB,

These bids are supported in the following manner. Following 2’s opening drbumd
Il i) 1 bids (4.99+ 3a,2— 3a) if 2 opened with(b5,b8) = (4,1.99— 2a) in Round |
otherwiseii) 1 bids (5.99,b8 +0.01) if VA — b5 < VB — b8, and bids(b} +0.01,5.99) if
VA b2 > VB bB. Bidder 2's strategy ilRound Illis to just outbid bidder 1 on whichever
good is higher priced. Notice that attempting to win the lower priced good would cause
2 to lose both goods. Notice also that for any opening bid of play#rese continuation
strategies yield 1 the greatest surplus he could possibly obtain, given that 2 would not let
him win both goods for less than 12

When 3< a < 5, in the sequentiahB auction bidder 1 wins both goods and revenue
RAB = 12 In the simultaneous auction, since 1 can guarantee himself a surplus of at least
4+ a by winning both goods, it is (iteratively) dominated for 2 to open with a bid above
5—a on goodA, as this will induce 1 to take both goods. Bidder 1 recognizes this, and
neither bidder will ever bid above-5a on goodA. In any equilibrium of the simultaneous
auction, bidder 1 wins onlg for a pricep < 5—a. Thus, all equilibria of the simultaneous
auction have a total revenue of at most-1d < RAB,

Whena > 5 bidder 1 wins both objects in either auction and the two yield the same
revenue.

Thus, whereas some equilibria of the simultaneous auction are better than the equilib-
rium of the sequential auction when the synergies are small, this is no longer true when
the synergy increases (in fact, all equilibria of the simultaneous auction are strictly inferior
when 3< a < 5).
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SinceVAB > VA +VB anallocation is efficient only if both objects go to the same bidder.
Thus, when X a < 5 the sequentiahB is efficient whereas the simultaneous auction is
not.

As noted earlier, one motivation for adopting the simultaneous auction was the feeling
that it would be efficient in the presence of positive synergies. Example 5 casts some doubt
on this motivation'®

The reasoning in Examples 4 and 5 is general and it can be shown that:

e If bidder 1 wins only objeci or wins bothA andB in the sequentiahB auction,
then the revenue from the sequen#d auction is at least as great as the revenue
from any equilibrium of the simultaneous auction. (See Lemma 1 in the Appendix.)

The sufficient condition stated above concerns the equilibrium of the sequaBtial
auction and thus is not in terms of the primitives of the model. The next proposition restates
this in terms of the primitives. This proposition follows from the above bullet point, since
bidder 1 will want to win good\ whenVA is large compared tgB. Similarly, when the
synergya is large bidder 1 will want to win both objects.

Proposition 2 Suppose that A and B are complements. The revenue from the sequential AB
auction is no less than, and sometimes strictly greater than, that in any equilibrium of the
simultaneous auction if either (a)Ms large relative to \; or (b) the synergy parameter

a is large enough.

4.1 A Hybrid Form

Returning to Example 4, notice that the simultaneous auction results in each bidder winning
a single object: bidder 1 win& and bidder 2 win®. This is the same as the equilibrium
outcome of the sequentiBA auction. In effect, the simultaneous format allows the bidders
to allocate the objects among themselves in the more favorable (from their perspBative)
order.
Now consider a modification of the simultaneous auction with the following rules.
Rules 1 to 4 of the simultaneous format apply and in addition:

5. If there are two successive rounds with no increments in the bids, dbjesbld to
the current highest bidder and then the auctioB@ontinues.

This modification accomplishes two things. First, in a sense it ultimately imposes the
orderAB upon the bidders. Second, it prevents collusive equilibria where, for instance, in
the first round 1 bids one cent on goAd2 bids one cent on god8l, and they “agree” not
to place any further bids, where the agreement is supported by threats to resume “normal”
bidding if either player bids in the second round. We will refer to the auction using rules 1

101t should be emphasized, however, that there is complete information in our setting, whereas in the FCC
auction the designers had to take into account incomplete information.
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to 5 as thénybrid auction since it has elements of both the sequential and the simultaneous
formats.

Let us return to Example 4 under the hybrid rules. First, for the same reasons as in the
simultaneous auction, bidder 1 will wik OnceA is sold, however, now the auction &
re-opens and its price will be bid up toA&nticipating this, the players will bid the price of
Aupto 6 also. Thus, in this example, the unique equilibrium under the hybrid rules mimics
the equilibrium of theAB auction.

At this stage it may appear that the hybrid auction is revenue equivalent #&Bhe
auction. The following example (which is just Example 5 wigea 1) shows that, in fact,
it may out-perform the sequential auction.

Example 6 Values: VA =9, VB =7 VAB =17 Budgets: y = 25, y, = 6.

In the sequentiahB auction bidder 2 wing for 6 and 1 win$B for 0. The total revenue
from the sequential auctidR*® = 6.

One equilibrium of the hybrid auction has bidding behavior:

Round t 1 bids(5.99,2); 2 bids(4,1.99).

Round It 2 bids(6, -).

No further bids are placed is sold to bidder 2 for 6B is sold to bidder 1 for 2The
total revenue from this equilibrium of the hybrid auctigff? = 8 > RAB,

This equilibrium is, in fact, revenue maximal. In every equilibrium 1 wins g8od
since he has more money than 2 once Bh&uction re-opens. Since 2 can never \Bin
he can be driven up to a price of 6 &nso that 1 will never let 2 wirA for less than 6
(Thus, 2 has no strategy that earns him a surplus greater than 2 and his strategy in the above
equilibrium is undominated)t is (iteratively) dominated for bidder 2 to bid more than 2
on B, since bidder 1 would then win both objects for a surplus of 5, rather than wirBonly
Bidder 1, recognizing this, will also not bid more than 2 on gdddn every equilibrium
of the hybrid game, 2 winé for 6 and 1 win<B for at most 2.

The above equilibrium yields more than the equilibrium of the sequential auction. In
fact, everyequilibrium of the hybrid auction yields at least as much as the equilibrium of
the sequential auctioft.

The improvement the hybrid displays in Examples 4 and 6 is completely general.

Proposition 3 Suppose that A and B are complements. The revenue from the hybrid auc-
tion is at least as great as that from the sequential AB auction.

Efficiency The hybrid auction dominates the sequential auction in terms of revénue.
We now turn to the question of efficiency.

Note that this result depends upon the fact that it is the auctidB fleat reopens, and not the auction for
A. Suppose sells first and the auction fék then reopens. In Example 4, every equilibria of this modified
auction is strictly worse than the sequential auction.

2proposition 2 implies that whewt” is large relative to/8 the hybrid is superior to the simultaneous
auction. When/A is small relative to/® some equilibria of the simultaneous auction are worse than all the
equilibria of the hybrid auction, but the sets may also overlap.
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Recall that since we are working in a model with common values the only possible
inefficiency is that each bidder is allocated one object when there are strictly positive syn-
ergies.

First, suppose that in the sequential auction the allocation is efficient, that is, both
objects are allocated to bidderThen the allocation in the hybrid auction is also efficient
(this follows from Proposition 3). Second, suppose that in the sequential auction bidder 1
wins onlyA. Then it must be that bidder 1's budget is insufficient to alsoBvikknder these
circumstances, in the hybrid auction bidder 2 will also not let bidder 1 win both objects.
Finally, suppose that in the sequential auction bidder 1 wins Bnljhen in the hybrid
auction, as in Example 6, it is dominated for bidder 2 to raise the pri&saf much that
bidder 1 is better off obtaining both objects and in every equilibrium of the hybrid auction
each bidder obtains one object, as in the sequential auction.

Thus the hybrid auction is equivalent to the sequential auction in terms of allocative
efficiency.

5 Endogenous Budget Constraints

In this section, we consider a model where the budgets are endogenously determined rather
than exogenously given. Suppose there are only two bidders and the objects are sold se-
quentially in some fixed order, eith&B or BA, that is announced in advance. Prior to the
auction, the bidders simultaneously choose budgeasmdy, which are commonly known
prior to the auction and remain fixed.

As a first step, consider a situation in which onlgiagleobject with common valug
is to be sold. Observe that there cannot be an equilibrium pair of bu@gsts such that
¥i <V andy; < V. Furthermore, it is dominated for any bidder to choose a buglgetv.
With a single object, commitments to “small” budgets cannot arise endogenously. Now
consider the following example:

Example 7 Values: VA = 10,VB = 6,VAB = 16.

In the first stage, bidders simultaneously choose their budgets. Next, the objects are
sold sequentially in the ordekB. First, observe that in equilibrium both bidders cannot
come with budgets exceedivf* + VB = 16. With budgety, > 16 andy, > 16, neither
bidder gets any surplus. If bidder 2 were instead to chggse 9.98, however, bidder 1
would let 2 win objectA for 9.98 and then wirB for free. Thus, if bidder 1 has a large
budget, bidder 2 prefers to come with a “small” budget. It may be verified that it is an
equilibrium for the bidders to choose (small) budgetg,of 11 andy, = 5 and for bidder
2 to then win the first object for 5 and bidder 1 the second for free. The choice of a budget
of 5 by 2 keeps bidder 1 indifferent between winniBgnd winning both objects, since
either outcome results in a surplus of@Given 1's budget of 1.1bidder 2 can do no better
than the surplus of 5 he gets from a budget.of 5
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Our main finding is that wittmultiple objects, ineveryequilibrium at least one bidder
chooses to be budget constrained. Moreover, equilibrium payoffs are essentially unique
and each good goes for less than its value. With multiple objects, commitments to “small”
budgets arise endogenously. Note that bidders choose small budgets even though there are
no additional transaction costs associated with choosing a larger budget. The latter may be
the case, for instance, if a bidder had to obtain a line of credit from a bank and more liberal
letters of credit had higher costs associated with them.

In a budget constrained equilibrium, at least one bidder cannot afford to buy both goods
at their full value. We call an equilibriurstrongly budget constraingtiat least one bidder
has a budget strictly less thff.

It is clear that if there are strong positive synergiasq very large), the two object
auction reduces to a “single” object auction in which the burkigs for sale. Thus, in
what follows, we assume that< VB, Our main result is:

Proposition 4 The two-bidder game with endogenous budgets has a pure strategy equilib-
rium. Every pure strategy equilibrium is strongly budget constrained and all the equilibria
are payoff equivalent (except for a relabelling of the bidders). Each good sells for less than
its value.

In order to gain some intuition as to why equilibria are strongly budget constrained,
suppose that the order of saleA8 and consider the special case whare- 0. In any
equilibrium of the game with endogenous budgets,(slgy/j) , each bidder must be getting
a positive surplus. This is because if biddesay, were to choose a budgetypt= VA_¢
one of two things may happen. ¥f > y;, then certainlyj will get a positive surplus. If
yj <V, (at worst) biddei will let bidder j win goodA for a price ofVA — ¢ in order to
obtain goodB for free (as in Example 7), since this is better fdhan either winningA
for VA —¢, or winning both objects. Hence, in equilibrium, each bidder has a positive
surplus and thus must be winning exactly one object. This means that at least one bidder
has a budget smaller thaff* +VE. Lemmas 5 and 6 in the Appendix provide an exact
characterization of the equilibrium and show that, in fact, at least one bidder is strongly
budget constrained. Proposition 4 then follows immediately.

Proposition 1 shows that in the game with endogenous budgets if the seller cannot
commit to an order of sale prior to the choice of budgets, the optimal ordd. By using
Lemmas 5 and 6 in the Appendix it is easy to verify that the same is true even if the seller
commits to an order of sale prior to the choice of budgets.

Flexible budgets We emphasize that Proposition 4 does not presuppose that the bud-
gets are binding commitments on the part of the bidders. To see this, suppose that the
participants in the auction are firms which send representatives with fixed budgets to bid
on their behalf. Let each firm supply its agent with a cellular phone so that, for the nominal
price of a phone call, the agent can call for extra funds at any time. Then the representa-
tives’ initial budgets are flexible and can be relaxed at any time. Nevertheless, Proposition
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4 continues to hold; the phones have no effect on the equilibrium outcome. Consider
Example 7. As discussed above, one equilibrium involves the firms dispatching their rep-
resentatives to the auction with budgets of 11 and 5. The presence of cellular phones does
not affect this (or any other) equilibrium. Given the equilibrium budgets and the (small)
cost of obtaining additional funds, neither representative will find it profitable to call for
more money after the first auction is over, or at any time during the two auctions. This
reasoning is general and is a consequence of the precise equilibrium budgets derived in
Lemmas 5 and 6.

Suppose there are three bidders instead of two. Then there are still strongly budget
constrained equilibria, although the uniqueness result does not hold.

As an example consider the case whgw* < VB andVAB = VA 1+ VB, Suppose the
order of sale iSAB. It may be verified that budget choices satisfying> VA + VB, y, =
VA — (VB - 2VA) andys; = $VA constitute an equilibrium in undominated strategies. In
the subgame following the budget selections, bidder 2 wins oBjéat y, and bidder 1
wins object B for y;. However, there are also other undominated equilibria. For example,
budgets satisfying, =y, = y5 > VA + VB constitute an equilibrium as well.

6 Miscellany

In this section we highlight, by means of a series of examples, some interesting phenomena
that arise in multiple-object budget constrained auctions.

Revenue-enhancing constraints Suppose there are two bidders axandB are sold
in the orderAB. Bidder 1 value#\ at 14 and at 3 Bidder 2 value#\ at 8 andB at 3 Thus,
we have:

Example 8 Values: \f* = 14, V2* = 8,V = VB = 3. Budgets: y= 13y, = 11.

Observe that for the purposes of this example we are departing from our assumption
that bidders have common values. In the absence of any budget consiraits for a
price of 8 andB sells for 3 The total revenue to the selleris.11

Now suppose thaf; = 13 andy, = 11. Bidder 1 wants to wirA at prices below 11
Bidder 2 wants to wirA at prices below 8but will force the price ofA up to 11 in order to
deplete 1's budget. This leaves bidder 1 with a remaining budget of 2 sB #wdiis for 2
Total revenue is now 13

Thus, in this example the seller actuabgnefitsfrom the fact that the bidders are
financially constrained, a phenomenon that is impossible when there is only a single object.

Even with multiple objects, budget constraints cannot increase revenue in a common
values setting, since then revenue in the unconstrained c¥€ei&/8, which is as large
as possible given that no bidder will buy an object for more than he values it (with no
synergies). When the buyers have differing valuations, however, the possibility of revenue-
enhancing constraints arises. We now give some simple sufficient conditions. These are
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essentially that the bidders’ valuationsBare similar but that their valuations afdiffer,
that the buyer’s incomes are close to each other, and that one player is constrained with
respect to his valuations.

To capture these conditions simply, suppose¥fat VE=VEB VA > VA y =y, =y,
andV{A+VB >y > VA + VB Note that were budgets unconstraingd>(V;* +VB), the
total revenue would b¥s* +VB. With the given budgets, however, bidder 1 witgor
min{3 (V{*—VB+y),y}, bidder 2 winsB for max{3 (y— (V{* —VB)),0}, and the total
revenue i/ > V4 +VE.

Efficiency versus revenue Our next example illustrates that in determining the order
of sale there may be a trade-off between revenue and efficiency. Again, we depart from our
basic model and suppose that bidders have private vatues.

Example 9 Values: \f* =22, VP = 7; V' = 20, VB = 8. Budgets: y = 100, y, = 18
y3 = 2.

Efficiency dictates that objeét go to bidder 2 and obje@& to bidder 1

First, suppose the objects are auctioned in the oAdiThen bidder 2 win\ for 18
and bidder 1 win8 for 2. The total revenue to the seller is.Zlhe allocation is inefficient
even though the environment is one of complete information.

Next, suppose the order of saleB8. Then bidder 2 win® for 8. Bidder 1 winsA for
10. While the total revenue is only 1&e allocation is efficient.

Thus the ordeAB results in a higher revenue but the allocation is inefficient. In the
BAorder, the situation is reversed.

Reserve prices Reserve prices are frequently employed in auctions. Two straightfor-
ward explanations for their usage ajdat may be that the seller derives a positive value
from the object himself and the reserve price guarantees that it will not be sold below this
value andi) a reserve price can enhance revenues in circumstances where the reserve price
Is above second-highest valuation but the below highest.

In our setting a small reserve price may help the seller even if the seller has no value
for object and even though the reserve price is below the valuations of both bidders.

Example 10 Values: VA =10, VB = 4, VAB = 14, Budgets: y=9, y» = 6.5

The objects are sold in the ord&B. Suppose that the seller imposes a minimum selling
price ofr =1 onB (or on bothA andB). SinceB then yields a surplus of at mosttddder 1
will win A at a price of 6. Bidder 2 then win®B for y; — 6.5 = 2.5. Thus, the equilibrium
prices arep” = 6.5 andp® = 2.5, respectively. The total revenue with a reserve price of
r=1is9

B3In a single object auction, if the bidder who values the object the most is budget constrained, the equi-
librium allocation may be inefficient. See Maskin (1992) for a discussion of this issue and some remedies.
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Note that in equilibrium the reserve price is not binding. An observer presented with
the results of this auction would be tempted to conclude that the imposition of a reserve
price had proved irrelevant. Consider, however, the auction without the reserve price. In
equilibrium, bidder 2 wing\ for 6.5 and bidder 1 win8 for free. Total revenue is.b. Far
from being irrelevant, the reserve price increases revenue by an amount greater than the
reserve price itself!

Generally speaking, when there is uncertainty about the nature of the bidders, a reserve
price increases revenues in some instances at the cost of sometimes preventing a benefi-
cial trade from occurring. Example 10 shows that when there are budget constraints this
problem may be mitigated by the fact that a small reserve price can have a large effect on
revenue.

A non-binding reserve price can increase revenue in a variety of circumstances.

If bidder 1 does not have enough wealth to win both objegts<(2y,), then when
y1,¥2 < VAand 3, —y; < VA-VB <y, (as in the above example), a reserve priseich
thaty, — (VA—VB) < r <y — Yo will be non-binding and enhance revenue.

If bidder 1 has enough wealth to win both objegts¥$ 2y»), then whervVB > y, > \’7A
a reserve price such that $, — VA < r <y, has the same features.

More than two objects This paper has considered two-object auctions. The analysis
of auctions with more than two objects poses substantial difficulties, largely because of the
large variety of phenomena that can occur in the various subgames.

We conclude with an example with three obje&sB andC without synergies, and
two conjectures regarding such auctions.

Example 11 Values: VA = 45, VB = 42 vC = 18 Budgets: y = 21, y, = 15.

First, suppose the objects are sold in the oAREC by means of three English auctions.
In equilibrium, bidder 2 wing for p* = 12 and then bidder 1 wins boBandC, each at a
price of 3 Bidder 2 gets a surplus & — p* = 33. If bidder 2 were to drop out of the first
auction at a price of 12 then in the resultiB§ auction that constitutes the subgame, the
residual budgets would bg — p* = 9 andy, = 15, respectively. In this subgame, 2 would
win B for 9 and then 1 would wi for 6. Thus by dropping out of the first auction at,12
bidder 2’s surplus would be¢B — 9 = 33 which is the same as his surplus in equilibrium.
Bidder 1, on the other hand, is better off dropping out of the first auctiqr at 12 and
winning B andC. The total revenue from the sequen#BC auction,RABC = 18

Next, suppose that the objects are sold in the dBd&k In equilibrium, bidder 2 win®
for pB = 8 and then bidder 1 wins bo@andA, each at a price of. Bidder 2 gets a surplus
of VB — pB = 34 If he were to drop out at a price of 8 then in the resul@®yauction, the
residual budgets would lyg — p® = 13 andy, = 15, respectively. In this subgame, 1 would
win C for 2 and then 2 would wir for 11. Thus by dropping out of the first auction at 8
bidder 2’s surplus would b¢” — 11 = 34, which is the same as his surplus in equilibrium.
Bidder 1 is again better off dropping out of the first auctiop®t= 8 and winningC and
A
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Thus, the total revenue from the sequerB@lAauction,RECA = 22,

Example 11 shows that Proposition 1 does not generalize in a straightforward manner:
with three objects it is no longer the case that the optimal order of sale is always one in
which the values are declining. In the example, the oRBleAyields more revenue than
the orderABC (and in fact BCAis the revenue maximizing order).

We make two conjectures about multiple-object auctions.

First, we conjecture that it is not optimal to sell the least valuable ojécst.

Second, with three objects fix the (declining) valueBahdC and consider an increase
in the value ofA. We conjecture that whedis valuable enough, the optimal order of sale is
again one in which the values are declining. Note that for large engfighll bidders want
to win A. Therefore, ifAis sold first it goes to bidder 1 fgb regardless of the order of sale
of the subsequent objects. Since the pricA of unaffected by the subsequent ordering of
B andC, we can deduce from Proposition 1 that the orBCis superior to the ordekCB.

Thus, establishing this conjecture is equivalent to showing thaisfvaluable enough it
should be sold first.

Bundling and Combination Bids It is well-known that a monopoly seller may gain
by selling multiple products in bundles (see, for instance, Adams and Yellen (1976 )). Itis
easy to see that in our setting, however, bundling can only be detrimental. SedimgB
as a bundle in a single auction will fetch a priceygfas long as, < VAB). Selling them
separately may result in a higher revenue. In Example 2 the revenue from eitheABrder
or BAis higher than from a single bundled auction.

A related issue concerns the possibility that bidders may bid on combinations of ob-
jects. This possibility was considered by the designers of the FCC auction but ultimately
was not adopted. At least part of the reason was that, with a large number of objects,
the number of possible combination bids would become computationally unmanageable
(McMillan (1994)). In our model, allowing combination bids in the simultaneous auction
would be detrimental in terms of revenue, largely for the same reasons that bundling would
be detrimental.

7 Incomplete Information

In this paper we have considered@nplete informatiomodel of multiple object auctions
with budget constraints. In this section, we introduce an incomplete information version of
the model. Our purpose is not to study the incomplete information model in detail; rather
it is to indicate the issues that arise and to link the model to existing auction theory.

As before, the values of the two objeci”? andVB, are common and commonly
known. Suppose, for the sake of simplicity, that there are only two bidders, 1 and 2, with
privatelyknown budgety; andy,, respectively. Specifically, suppose that the budgets are
identically and independently distributed according to the distribution fun&tidius, in

18



this model, the incomplete information pertains to the budgets and not the Values.

Does the order of sal&B still produce more revenue than the or8&? The basic intu-
ition behind this result in the complete information model of Section 2 is that the wealthier
bidder 1 is more prone to win the first good in the ord&than in the ordeBA. The seller
is generally better off when 1 wins the first good and soABerder is superior to thBA
order.

This basic intuition would appear to still hold when there is incomplete information.
Confirming this, however, presents substantial technical difficulties. Suppose that in the
symmetric incomplete information model outlined above there is a symmetric equilibrium
bidding functionf (y). Then it is very unlikely tha will be an increasing function. The
reason for this is already apparent in the complete information model: in many cases it is
the bidder with less wealth (bidder 2) who wins the first object (in Example 3, for instance).
Thus one should not expect that the symmetric bidding striegyhe incomplete infor-
mation setting will be monotonically increasing and standard differential equation tech-
niques used to determine equilibrium strategies do not work.

Pitchik (1995) provides sufficient conditions under which there is an increasing equi-
librium in which, regardless of the auction order, the wealthier bidder always wins the first
object and the poorer bidder then wins the second for the residual budget of the (initially)
wealthier bidder. She shows that in these circumstances, the order of sale does not affect
total revenue. Under these circumstances, the order of sale is irrelevant in our complete
information setting as well, confirming that at least in one simple case the results general-
ize. A general extension to include the cases where the order of sale matters is hampered
by the need to consider non-monotonic equilibria. The accompanying technical difficulties
are well-known in the literature on auctions.

8 Conclusion

The presence of budget constraints introduces several considerations into multi-object auc-
tions. The bidders’ strategic calculations are altered as they have a motivation to deplete
the budgets of their rivals. On the other side of the market, the seller now desires that
the wealthiest bidder win the first auction. The interaction of these two factors leads to
phenomena such as the seller’s preference for selling the more valuable good first and the
possibility of a non-binding reserve price increasing revenue.

We have analyzed auctions in which bidders do not have enough resources to purchase
all the items for sale at their full value. Traditionally, auction theory not only assumes that
bidders have unlimited budgets but also that the price a bidder is willing to pay for one
object is independent of the amount of money he has spent on other objects. In more fa-

This is a special case of the model studied by Pitchik (1995) in which both values and budgets are
privately known.

BFor instance, supposé® = 30, VB = 20 and the budgets are drawn from a uniform distribution on
[10,11]. It can be shown that in the ord&B there is no symmetric increasing equilibrium in the first auction.
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miliar terms, the traditional analysis of auctions precludes the presence of income effects.
A moment’s reflection will convince the reader of the implausibility of this assumption in
many, if not most, settings. Consider, for instance, a sequential auction of numerous valu-
able paintings. The absence of income effects implies that a bidder’s subsequent behavior
will be identical whether he wins the first painting auctioned off for one million dollars
or somehow wins it for free. More concretely, in the recent auction of National Football
League television broadcasting rights, CBS won the right to broadcast AFC games for eight
years for four billion dollars and effectively did not enter the subsequent competition for
Monday Night Football. Undoubtedly, the fact that CBS won the AFC games lowered its
valuation of Monday Night Football. Nonetheless, would CBS’ bidding behavior on Mon-
day Night Football really have been the same if it had managed to pay only one hundred
million dollars for the AFC contract?

Positing budget constraints in multi-object auctions can be viewed as allowing for in-
come effects, albeit in a very particular way. From this perspective, our analysis is a step
towards a more general consideration of auctions with income effects.

A Appendix

This appendix collects various formal proofs.

A.1 Equilibrium Bidding Behavior

We first study some features of equilibrium bidding behavior when the two objects are sold
sequentially by means of open ascending auctions. The basic analysis is similar to that in
Pitchik and Schotter (1988) but is complicated by the presence of more than two bidders
and the possibility of synergies.

Fori=1,2 andj =3-1i, let  (W,z;Wj,z;) be bidderi’s equilibrium payoff in an
English auction for a single object when bidderalues the object aM and has a bud-
get ofz, whereas biddej values the object &, and has a budget @f. (Of course, the
payoff 15 (W, z;W;,z;) depends on bidder 3's inconzg as well, but we fixzz = y3 and
economize on notation by suppressing the dependentearfz;.) The functionstg de-
termine equilibrium payoffs in the second auctiv.differs fromW,; when the synergy is
non-zero.

Note thati) 15 (W, z;Wj, ;) is non-decreasing W andz; ii) 1 (W, z; W, z) is non-
increasing iW; andz;; andiii ) if min {W, z } < min{W;, z; } then biddef loses the auction
and sorg (W, z;W,,z) = 0.

In what follows, we denote blythe object that is sold in the first auction andlbyhe
object that is sold in the second auction. Thus, for example, if the objects are sold in the
orderABthenl = Aandll =B.

Define:

B =sup{p: (V' =p)+1 (V' +a,yi— V' yj) > 1 (VI yi V! oy —p) )
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For anyp < p!, the left hand side of the inequality is biddér payoff if he wins the first
auction atp and the right hand side is biddes payoff if he drops out of the first auction
at p and as a result, biddgmwins the first auction ap.1® Of course, ifp < y3 then even if
bidderi were to drop out of the first auction pf bidder 3 would bid the price that bidder
| pays up toys. Define:

P = max{p},ys} .
The following properties of will be useful below.
Property 1 p* > pB.

This is quite intuitive and just says that each bidder is willing to bid more for the first
object when it isA than when it isB.

Property 2 Eitherp, < p, <V' orp; >p,>V".

The second property delineates two cases. If each bidder wins one object then bidder 2
is willing to bid higher for the first object than bidderThis is because bidder 1's residual
budget in the second auction after winning the first is greater than bidder 2’s in similar
circumstances. Thus, the surplus from winning just the second object is less for bidder 2
than for bidder 1and so 2 is willing to bid higher on the first. In the second case, since
the players want to bid abo# they must be planning to win both goods (hence 0).

Since, after winning the first good, 1 would have more money left over to bid on the second
good than would 2 in the same position, 1 is willing to bid higher. Note that in Example 4,
bidder 1 wins goodA (and B). When 1 wins the first good fqu' in a sequential auction,

it is because 2 runs up against his budget constraint. Thus, 1 can never be forced to pay
more thanp' for good! and it is a short step to see that the sequential auction is revenue
maximizing.

(Formal proofs of these properties are omitted but available from the authors.)

Define

pi=min{Pyyi}. (1)
Property 1 then implies that:
p* > pf. (2)

If p! > ys, bidderi will never drop out of the bidding for objettat prices belowp!.
Bidder 3 will always bid the price df up toys. If bidder 1 stops bidding belows, bidder
2 will stay in to winl atys, since otherwise he will not win either object. We have,

1. If p'1 < p'z, bidder 2 wins object. Bidder 1 (or bidder 3) forces the price in the first
auction up to mif{ p,, max{p},y>—Yys}} and bidder 2 pays that price. Note that
at prices beyonqb'l, bidder 1 does not want to win objelgtand is bidding only to
deplete 2's income. At prices aboyg— y3 there is no incentive to further deplete
2's income since the price of objeldtwill not fall below ys in any case.

16The supremum is well defined singe= 0 satisfies the inequality and so the set is not empty. Further-
more,p = V' + max{a, 0} is an upper bound of the set.
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2. If p| > p), bidder 1 wins object. From Property 2, it/! > p} thenp, =y,. In that

case, bidder 2 runs up against his budget constraint even though he would like to

continue bidding higher, and thbglder 1 wins object Ifor p, = y,. If V! < p} then
even if 1 wins object at a price be|0V\p|1, he still has enough money left over to
win objectll. Therefore, 2 has no incentive to try and push the price be}ngrmhd

1 wins object for pb.

3. If p| = p) theneither bidderl or bidder2 wins object Ifor p}, = p).
The equilibrium price of objedt can thus be written as:
p' =min{p), max{p},y2—ys}}. (3)

Sincep® > pB, we havep” > pB, that is, the equilibrium price of the first object in the
orderABis at least as high as in the ord&A

A.2 Proof of Proposition 1

We break up the proof into three separate claims. To shorten the proof, we restrict our

attention to the casg >y, > ys, VB > y3. We also assume thgg < VA+ VB, since the
reverse inequality is the trivial unconstrained case.

Definea, = max{a,0} anda_ = min{a,0}. ObjectX is worth at mosV* + o, and
at leastv* +a_.

Proof. We break up the proof into three separate claims.

CcLAIM 1:If bidder 1 wins only object B in the order BAhen the revenue from order AB
is at least as large as that from BA

Notice that since each bidder wins one object epfhs VEB.

Since bidder 1 win® in the ordeBA it must be thap? > p5.

If p? > pg, bidder 1 wins objecB for y,. However, bidder 1 would rather drop out at
y» and win objectA for y3 in the second auction than win only objéftor y,. Therefore,
it must be thapf = pS = pB < y,.

Suppose® = VB. Since in this case bidder 1 would just as soon Biior a surplus of
0 as drop out ap = VB, it must be thay, — VB > VA anda > 0, so thaty, > VA +VB and
the total revenue " + V8 in the ordeiBAand at least this much in the ord&B.

Supposep? = p§ = p® < VB. If p < y3, then bidder 2 winsB for y3, so we must
have p2 > y3 and sopP = p2. From the definition ofp?, for i = 1,2, VB — pB = VvA
max{min{VA+a_,y,—p®},ys}. Sincey; > y,, max{min{VA+a_,yi—p®},ys} =
min{VA-+a_,ys}. But sincep® > y; andV” > VB we cannot have/® — p8 = VA —y;,
so this case is ruled out. Thus? = VB4 a_ and the price of the second objecM$ +
a_. SinceVA+a_ <y — pBwe havey; > (VA+a_) + (VB+a_), and in the ordeAB
revenue is at leagVA+a_) + (VB +a_). O
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CLAIM 2: If bidder 1 wins only object A in the order BAhen the revenue from the order
AB is at least as large as that from the order.BA
If one bidder wins both objects in the ord&B, then total revenue is

min{max{VA, min{VA+ o4, Yo —VB}} ,yz} +min{VE y,},

whereas if bidder 1 wind alone, the total revenue is at most i, y, } + min{VE,y,} .
Therefore, suppose that in both orders each bidder wins one object.

In the ordeBA, bidder 1 pays makmin{V®-+a,y, — p®},ys} for A.

If bidder 1 paysv”+a_ for A in the orderBA, theny, — (VB+a_) > (VA+a_).
Sincey; > », in both orders total revenue (¢ +a_) + (VB+a_). In the orderAB, if
B sells forVB + a_ then bidder 2 must have bid the price Arup to min{VA+ a,,yz}
and revenue is mifiVA+a_,y,} + (VB+a_). In the orderBA, objectA can be bid up to
at most mifVA+a_,y,}, so that revenue is at moft B +a_) + min{VA+a_,y,}.

If bidder 1 pays ma*yz— pB,y3} for A in the orderBA, then the total revenue is
pB + max{yz— pB,yg}. If bidder i wins only A in the orderAB total revenue ip* +
max{y; — p*,y3} . Sincep® < p* andy, <, revenue is at least as large in the ord&
as in the ordeBA [

cLAaIM 3: If bidder 1 wins both objects when the order is BiAhen the revenue from the
order AB is the same as that from the order.BA
The total revenue when bidder 1 wins both objects in the dBdes:

RPA= min {max{VB, min {VB + 0,y —VA} } ,yz} +min {VA, yz} (4)
and the total revenue when bidder 1 wins both objects in the dvBés:
RAB — min{max{VA, min{VA+a+,y2—VB}} ,yz} +min{VE y,}. (5)
Itis easy to verify that /A +VB+a_ >y, then eitheRBA=RAB =y, or RFA=RAB =
min{VA y,} + min{VB y,}. f VA+VB Lo, <y, thenRRA=RAB=VA+VB1a,.
The gain to bidder 1 from dropping out of the first auction in the oBfeat the pricep®
is, by definition,y (VA, y,VAFa,ys — pB) . Similarly, the gain to bidder 1 from dropping

out of the first auction in the ordéB at the pricep” is Ty (VA,y1;VA+a,y, — pB).
It can be argued that

m (VA yiVA+a,ys— pB) > 1 (VE,yivB+ 0y - pt). (6)
The fact that bidder 1 wins both objects in the orBé&rimplies that

VALVE Lo —RA>m (VAvyl;VA+ o,z — pB)

LA formal proof of this step is available from the authors.
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and so
VALVE 4o R > 1y (VB y1 VB 4oy, — )

so that bidder 1 would rather win both objects in the oiBalso.
Hence the revenue in both orders is the same.

Claims 1 to 3 complete the prodll

A.3 Proofs of Propositions 2 and 3

We begin by establishing two results that show revenue ranking of the sequential auction
versus the simultaneous auction depends on the equilibrium outcome of the sequential
auction.

Lemma 1 Supposex > 0. If bidder 1 wins only object A or wins both A and B in the
sequential AB auction, then the revenue from the sequential AB auction is at least as great
as the revenue from any equilibrium of the simultaneous auction.

Proof. First, suppose bidder 1 wins both objects in the sequeABahuction. Then the
total revenue is:

RAB = min{max{VA, min{VA+ a,yo —VB}} ,yz} +min{VE y,}

min{VA y,} + min{V8y,} if y, <VA+VB
RAB _ A \/B A_ \/B
=< Y if VA+VPE <y, <VA4VE+a
VA+VELa. if VALVB Lo <y,

If y, <VA+VB, then the revenue in the simultaneous auction cannot be greater than
RAB . This is because it is dominated for bidder 1 to let bidder 2 wins both objects and thus,
in neither auction will bidder 2 bid above the value. Similarlyyf+V8+a < y,, then
RABis maximal.

We show thaR*B is also maximal whev” + VB <y, <VA4+ VB a. Suppose not.
Then there is an equilibrium of the simultaneous auction in which the total revenue exceeds
y> >VA+ VB, Thus one of the bidders, sayrust be winning both objects. The most that
bidder 2 could bid o\ is y, — VB and the most he could bid @isy, —VA. First, suppose
that in the first round, bidder 2 is bidding less théf on some objecK. Then bidder 1
could bidy, —V* on the other object, win it at that price and then Wirfor VX. Next,
suppose that in the first round bidder 2 is biddifg> VA on objectA andg® > VB on
objectB. But now bidder 1 can bid (slightly abovg)— g on objectA and (slightly above)
g® on objectB. This will cause bidder 2 to drop out of both auctions and thus bidder 1 will
win both auctions for a total of,. In either case the total revenue in the simultaneous
auction does not excessd.
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Thus, we have shown that if bidder 1 wins both objects in the sequéialiction the
revenue from the simultaneous auction cannot be greateRan

Next, suppose that bidder 1 wins omyin the sequentiahB auction. We now show
that each bidder’s surplus in the simultaneous auction must be at least as large as that in the
sequential auction.

Suppose bidder 1 opens the simultaneous auction with a bjef* dér A and 0 for
B. If p* =y, then 1 wins good thereby obtaining a surplus at least as large as in the
sequential auction. I <y, thenVA — pA =VB —min{VB,y;} andy; > y; — p*, or
else 2 would have bid beyorgf* in the sequential auction. Therefore, if 2 pushes the bid
beyondp” in the simultaneous auction, 1 can drop out of the biddingdfand win good
B for min{VB,yg}. In both cases, bidder 1 guarantees himself a surplus at least as large as
his surplus in the sequential auction.

Suppose bidder 2 opens the simultaneous auction with a pfl fufr A and 0 forB. If
bidder 1 lets 2 winA for this price, then 2’s surplus/” — p? is at least as large as in the
sequential auction. If bidder 2 does not wArthen he can wirB at a price not exceeding
that in the sequential auction since by outbidding bidder 2 didder 1's residual budget
is smaller.

Since each bidder’s surplus in the simultaneous auction is at least as large as in the
sequential auction, the revenue cannot be larger.

Thus we have shown that when bidder 1 wins only objeictthe sequentiahB auction
the revenue from the simultaneous auction is no greaterRN&n

This completes the prool

Proof of Proposition 2

We first show that the sequential auction is revenue superior if (a) holds.

Fix VB. For large enough'”, VA —y, > VB —y5 and bidder 1 prefers winningyin the
orderABto winning onlyB. From Lemma 1RAB > RSIM,

We now show that the sequential auction is revenue superior if (b) holds and that as
increases from 0 the inequality may strict for equilibria of the simultaneous auction.

Suppose; > 2y,, and that whem = 0, 1 wins only one good in th&B auction. Lef
satisfy

VALVEB Lo — 2y, =VB _ys.

For alla > @ bidder 1 wins both goods in th&B auction andR*® =y, + min{VB,y,}.
Letd solve:
VA+VB+6—2y2 :VA—yg.

Suppose thali > a > @. In one equilibrium of the simultaneous auction, in the first
round 2 bids/, on goodB and 1 bids (just belowy), on goodB and (just abovey; on good
A . 2 cannot profitably deviate and win goAdsincea > @ so that 1 prefers winning both
goods to winning3 for y,. Bidder 1 cannot profitably deviate by winning both goods since
a > a. Letpsolve
VALVB a2y, =VA—D.
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Note thatp < y». If the price of goodA ever rises abovp in the simultaneous auction, then
1 will win both goods since this is better than winning eitAdor p or B for y3. Therefore,
itis dominated for 2 to bid aboveon A and every equilibrium of the simultaneous auction
earns no more thap+min{VE,y,} <y, +min{VB y,} = R&.

If bidder 1 wins both goods in th&B auction whera = 0, he will still win both goods
whena > 0, and from Lemma 1 th&B auction is always at least as good as the simulta-
neous auctions

Proof of Proposition 3

The proposition follows from Lemmas 2 and 3 below.

Lemma 2 Supposex > 0. If bidder 1 wins only object A or wins both A and B in the
sequential AB auction, then the revenue from the sequential AB auction is the same as that
in the hybrid auction.

Proof. Suppose player 1 wins only A fg*. Then bidder 1’s surplus in th&B game is
VA—pA>VEB_min{VB max{y,— p” ys} } and bidder 2's surplus 16® —min {V® max{y; — p,ys} } ,
whereVA— p” > VB —min{VB max{y; — p*,ys} } . Given that the hybrid auction is fol-
lowed by an auction foB once the bidding stops, neither player will follow a strategy
which involves dropping out of the bidding fé at a pricep < p®, since this yields at
mostVE — min{V® max{y, — p,ys}} <VA - p* <VA— p. On the other hand, neither
player will bid more thatp” for A either, or else he would have done so in the sequential
auction. ThusA will also sell forp” in the hybrid auction and the revenue will be the same
as in the hybrid auction.

Similarly, if 1 wins A for PA in the AB game, and then goes on to viras well, A will
again sell foP” in the hybrid game and revenues will be the sallle.

Lemma 3 Supposex > 0. If bidder 1 wins only object B in the sequential AB auction,
then the revenue from the sequential AB auction is no greater than the revenue from any
equilibrium of the hybrid auction.

Proof. First, consider the sequenti&B auction.
Since bidder 1 wins onlf in the sequentiahB auction,p} < p5 and bidder 2 win#\

for min{ p5,max{y, —ys, p}} }.
If y, > VA+VB anda > 0 then both objects would have been won by the same bidder
and thus eithey, <VA+VBora =0.

1. If a = 0 andy, > VA+VB thenp” = VA, pB = VB andR*® = VA 4+ VB, which is
maximal in this case. i, = VA + VB then, fora > 0, againR*8 = VA +VB.

2. If y, < VA+VB, thenp® < VB and the total revenue
RA® = min { P2, max{yz — Y3, p@} }
+ max{yz —min { P5, max{yz —ya, p@} } ,yg} .
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(@) If pf > vz — s, then min{ p5, max{y, —ys, p}'} } = p7 and sincev® > y; >
y2 — P} we haveRAB = pf} +ys.

(b) If p} < y2—ys then min{ p5, max{y, —ys, p}'} } = min{p,y>—ys}. So the
total revenue ifR°B < ys.

Now consider the hybrid auction:

1. If a =0 andy, > VA+VE then the object that is sold second goes for its value and
therefore so does the first aR8™=VA+VE. If a > 0 andy, =V*+VP® then again
total revenue in the simultaneous auctio¥" = VA + VB, In both of these cases,

R3|m RAB

2. If y, < VA+VB and bidder 1 wins both objects, then revenues are{ifhy,} +
min{V&,y,} which are maximal. So suppose each bidder wins one object.

(@) If pA >y, — Y3, then by definition ofp, both bidders prefer winning objeét
for pA to winning object for y3 >y, — p7' . Since bidder 3 will not leB sell
for less tharyz, RS™M > pf +ys.

(b) If p@ < Yo —Va, let] be the first object to sell in the simultaneous auctiprits
selling price, and letdenote the bidder that wis The second objectl, sells
forg' =min{Vv", max{yJ q.ys}}. If ql =V thenq =y, andRsM >y,
If d'' = max{y; —d',ys}, thenR¥m=q' + max{yJ a.ys} >y

This completes the prool

A.4  Proof of Proposition 4

We first establish some properties of any equilibrium of the game with endogenous budgets.

Lemma 4 In any equilibrium with budget§y;,y;), wherey; <y;:
(a) each bidder wins exactly one object X, for a price less thar\d_;
(b) bidder j wins the second object; and
(c) the first object sells foy;.

Proof. (a) We show that for small enougha choice of; =V'+a_ —¢, earnsj a positive
surplus in the auction subgame, for any valugioff V! +a_ —& >y, j can win object
I.If V! +a_ —¢e<y; at worsti will let j win | for V! + a_ —¢, since this will yieldi
a surplus oV!', while winning only| would nete —a_ < V' for small enougte, and
winning both objects would net
VIV ra— (v +a —€) —min{V" V' +a_ —¢}
= (V'+e—a )+ (a-min{V"' V' +a_—¢})
< V!
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for small enouglz.

(b) From (a) we know that is winning exactly one object for less thaf +a_ .
Supposg; <Y; andi is winning the first object. Sincg <'y; andys = 0, if i likes winning
objectl atp' at least as much as dropping out and winning the second opjacist strictly
prefer winningl. Sincej concedes to i, it must be that he is at his budget constraint so
thatp' = y;- Now, j would be better off choosing a slightly bigger budget to miadigher
spend more on the object, or concede him, contradicting the fact th@y;,y;) constitute
equilibrium budget choices. Therefoienust be winning the second object (and without
loss of generality, can be assumed to be winning the second objectywhe;). This
establishes the claim.

(c) From (b) we know thaf wins|. Let p' denote the price paid by bidd¢for | and
suppose thap' < ¥;- On the one hand, is willing to bid up to p'. On the other hand, since
from (a) the price of the second object is less thifln- a_, if bidderi is not pushing any
higher thanp' it must be that he cannot. Thusmust be just indifferent between winning
| at a pricep' and winningll at a price(y; — p'). Therefore,

Vi-p' =v'—(y.-p). (7)

But if instead,j chose a budget; > V' +V'", i would bid up to mifV',y;} on the first
object andj would earnV'!" — (y, — min{V',y;}) on the secondwhich is more than (7).
Therefore,p' =y;. W

In proving Proposition 4, we consider the case of substitutes (Lemma 5 below) and
complements (Lemma 6) separately.

A.4.1 Substitutes

Lemma 5 Supposer < 0. The budgetsy,,y;) and the pricegp',p'" ) constitute an equi-
librium outcome of the game with endogenous budgets if:

y, >V V! p=Vv-Vl :

%Ij_:vl vl gn —0 it 3V! =V + 30
yizVi Vi +da p=3(Viva) oo _yn
Vj:%(V'Jra) p'=0 2V Vi

All equilibria result in the same payoffs (except for a relabelling of the bidders).

Proof. Considering the two cases separately, we first verify thay;) constitute equilib-
rium budget choices.

Case 1:3V' > V!" + Ja. Given budgety; > V' —V!' andy; =V' -V itis an equilibrium
outcome of the auction subgame for bidgéo win | for a price ofv' —V'! and for bidder
i to win 11 for free. The equilibrium payoff of biddgris V!' and that of is alsoV''.
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Now, supposg;, > V' —V!!'_If bidder j # i wins both objects then his payoff is less
than

VAV fa) — (V=) —min vV v
= 2" ta-—min{v" v' v}

and for either realization of the minimum, this is no greater t8n If j wins only the
second object his payoff is at mogt . Finally, i will not let j win the first object alone
for less tharv! —V!'. Thus, bidderj cannot profitably deviate if; > V' —V!'. Similarly,
if y; =V' -V bidderi cannot profitably deviate.

Case 2:3V' <V'" + a. With budgetsy; > 3V' +V!" + 3a andy; = 3 (V' +a), itis an
equilibrium outcome of the auction subgame for bidgey win | for a price of% (V' + 0()
and for bidder to win Il for free. The equilibrium payoff of bidderis V'' and that of
bidderj is 3V' — 3a.

Suppose; > 2v!' +V!' + 3a. If bidder j chooses &; < 3 (V! +a), theni will win
both objects. Therefore, suppose that- 3 (V' +a). If j wins| and onlyl then he pays
at least} (V' +a) . (This is because biddécan force the price up t§ (V' + a) whenj’s
budget is% (V' +0() , andi can still force the price to at least this level whgmbudget is
larger.) If bidderj wins onlyll then he pays at least

. . 1 1
minfV" +a,y,— (V' +a)} > min{V" +a,v" + 50— éV'}

n, 1o 1
= V' + 20( 2V
sincea > —V' and so his net gain is no greater theM' — Ja. Bidder j can win both
objects only ifar = 0 and this then nets him 0 singe> max{V',v"'}. Thusy; = 5 (V' + a)
is a best response to agy> 1V' + V! + 3a.

Supposg; = % (VI +0() and bidder chooses §; #V;. If i wins both objects it must
be thata = 0 and then he pays a total of;2= V' for a net gain o'", which is his
equilibrium payoff. If he wins only, then this is a profitable deviation onlylifs obtained
at a price below/' —V!" < 2v! + Za. Buti cannot obtairl at such a price, since bidder
J would continue to raise the bid. Finallyjs already winning!| for a price of O Thus
¥ > 3V' +V!' + 3a is a best response 1.

Thus, we have shown that in both casgsy;) as specified are equilibrium budget
choices. The fact that in each case the equilibrium payoffs are the same from all such
equilibria is immediate.

Supposey;,y;) are equilibrium budget choices with <'y;. Now, sincej is not choos-
ing a budgey; <y;, it must be the case that doing so causes him to not win ohjsgtce
if he still won | it would perforce be at a price belayy, and from Lemma 4 (c), this is
better for him. Thus, in the subgame with budggtsy;) either :
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(i) there is an equilibrium such that biddewins the first object instead of the second,
or
(i) there is an equilibrium such that biddewins both objects.

cLAIM 1: (i) holds only if 3V! > V! + o and y; = V' — V!l

If any choice ofy; <y; causes to win the first object instead of the second, it must
be that whenj chooses a budget df, bidderi is just indifferent between winning
and winningl. Hence, V' = V' —y; or equivalentlyy; = V' — V' and by construction
yi >y =Vvi-vih

Since bidder does not prefer to win both objects rather than justve have:

Vi
0

Vi4v! o —y; —min{v'y;} <
a+V! —min{Vv!" v -V <
If VIl <v! V! thena < 0 implies thatV' >V!" + Za. If VI > V! — V! then again
3V! > V! + 2a. Thus in either case we have the necessary conditiorgthat V! + Za.
This establishes the claiml

CLAIM 2: (i) holds only if V! <V!' 4+ Jaand y; =3 (V' +a).
If any choice ofy; <'y; causes to win both objects instead of the second, it must be
that whenj chooses a budget f, bidderi is just indifferent between winning and

winning both objects. Henc¥,! =V' + V! 4+ a —2y;, or equivalently,
V=V 4V ta—g; —min{V" y;}

Now there are two cases to consider.
Ify, > V", theny; =Vv! -V + o and thus
1 T

2V >V 20(.

Since by choosing § large enough, biddarcould have won objedt at a price of
Vi =V!' -V 4 q, it must be that this is no better than winning obj#cfor free. Thus
VIt >v!— (v —v! +a) or equivalently, thatt > 0. Since we have assumad 0 this
can only happen it = 0. But then this is the same as the case considered in Claim 1.

Ify; <V theny; = 3 (V' +a).

Since by choosing § large enough, biddarcould have won objedt at a price of
yj = %(V' +0(), it must be that this is no better than winning obj#ctfor free. Thus

VIl > vl — 2o or equivalently,

1 1
v <Vl 4 Zq.
2V SV 5

This establishes the claiml
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Now suppos&y;,y;) are equilibrium budget choices.

If V! > V! 4 1a, then from Claim 2(ii) cannot hold. Since at least one(of or (ii)
must hold,(i) must hold and then from Claim g; =V' —V'!.

If V! < V" + Za then from Claim 1{i) cannot hold. Again, since at least one(df
or (i) must hold,(ii) must hold and then from Claim ¢; = 3 (V' +a).

If 2v! =V!' + Ja then either(i) or (ii) may hold. In either case, Claims 1 and 2 imply
thaty; =V' -V = 3 (V' +a).

The prices are then determined by Lemma 4 and this implies that the payoffs are unique.
|

A.4.2 Complements

Lemma 6 Suppose > 0. The budgetsy,,y;) and the pricegp',p'"') constitute an equi-
librium outcome of the game with endogenous budgets if and only if:

yi >V'+2a pP=V-Vlta a0 i1
y=V' -V +a p'=0 T3V 2V - 30
g > v vl 4 3q —p|:%(vl+a) 1 N1
= (V' +a) p' =0 T2V <Vi—z0

All equilibria result in the same payoffs (except for a relabelling of the bidders).

The formal proof of Lemma 6 is similar to that of Lemma 5 and is omitted for the sake
of brevity. It is available from the authors.
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