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Abstract

Gul [1989] introduces a non-cooperative bargaining procedure and claims
that the payoffs of the resulting efficient stationary subgame perfect equilib-
ria are close to the Shapley value of the underlying transferable utility game
(when the discount factor is close to 1). We exhibit here an example showing
that efficiency, even for strictly super-additive games, doesnot imply that all
meetings end in agreement. Thus efficiency does not suffice to get Gul’s
result. Journal of Economic LiteratureClassification Numbers: C71, C72,
C78, D4.

In a most interesting and important paper, Gul [1989] provides a bargaining

procedure leading to the Shapley [1953] value for games with transferable utility.1

The main result there (Theorem 1) states that the payoffs of efficient stationary

subgame perfect Nash equilibria are close to the Shapley value, when the discount

factor is close to 1.

The non-cooperative game proceeds as follows: At every period, there is a

meeting between two randomly chosen players: a “proposer”i and a “responder”

j. The proposer makes an offer to “buy out” the responder (for a certain amount);
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the responder may either accept or reject the offer. In the former case,j “leaves”

the game andi “represents”j in all subsequent periods. At the end of each period,

each player which is still in the game gets a payoff equal to the worth of the

coalition of players that he represents. LetQt denote the resulting partition of the

set of players at timet (i.e.,Qt := fMi
t : i is in the game at timetg; whereMi

t is the

set of all players represented byi at staget), then the sum of payoffs of all players

is

W�W(N;v;δ) := (1�δ)
∞

∑
t=0

∑
Mi

t2Qt

δtv(Mi
t);

where(N;v) is the given coalitional game andδ is the (common to all players)

discount factor.

A strategy profile (i.e., anN�tuple of strategies)σ is efficientif there is no

other strategy profileτ such that the expected sum of payoffs of all players is

higher forτ than forσ; that is,Eσ(W) = maxτ Eτ(W):

The underlying coalitional game(N;v) is assumed to bestrictly super-additive,

i.e.

v(L)+v(M)< v(L[M)

for all non-emptyL;M � N with L\M = /0.

Efficiency is used in Gul’s proof in order to guarantee that every meeting ends

in agreement. The intuition is that, by strict super-additivity, there will otherwise

be a loss in total utility.2

However, this is not so. Consider the following example(N;v1): There are 8

players,N := f1;2;3;4;5;6;7;8g:Each one of the last six players (3; :::;8) initially

owns one unit of a raw material (that yields no direct utility to any player). As for

the first two players, 1 and 2; each one owns a constant returns to scale technology

that transforms the raw material into utils, in the ratio 1-to-1. The coalitional

functionv1 is thus3

v1(S) =

8<
:

0; if S\f1;2g= /0;
jSj�1; if jS\f1;2gj= 1; and
jSj�2; if S� f1;2g;

2This is claimed without proof in Gul’s paper; it was considered to be clear and trivially true
(F. Gul, private communication, 1993).

3The gamev1 is super-additive but notstrictly super-additive; we will modify it slightly below.
Notation:jSj is the number of elements of the finite setS:
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for all S� N: Clearly, 1 and 2 are perfect substitutes. Moreover, putting them

together in the same coalition is the same as eliminating one of them:v1(S[

f1;2g)= v1(S[f1g)= v1(S[f2g) for anyS: Therefore, in a “meeting procedure”

where, at each step, two existing coalitions are chosen at random, it is easier for

the inputs (of players 3; ...;8) to find a matching “technology” (i.e., players 1;2)

if 1 and 2 are kept apart as long as possible. This way each one of the two has

a chance to form a separate productive coalition. In short, it is more efficient to

have two separate “factories” rather than one.

This argument fits well Gul’s pairwise meeting procedure. Indeed, it turns out

thatif 1 and2 meet in the first round(which happens with probability 1=28), then

it is more efficientthat this meeting shouldnot end in agreement. It is better to

wait for the next round, where there is a high probability (of 27=28) that they

will not meet again. This increases the chance that 1 and 2 will be able to form

separate coalitions (with the other players) before they eventually meet again—

which increases the total payoff. A precise computation4 shows that:

� For any strategy profileσ where all meetings end in agreement

Eσ(W(N;v1;δ)) =
3
7

δ+
51
98

δ2
+

9
14

δ3
+

198
245

δ4
+

36
35

δ5
+

9
7

δ6
+

9
7

δ7
: (1)

� For any strategy profileτ where all meetings end in agreement, except for

first round meetings between 1 and 2

Eτ(W(N;v1;δ)) =
3
7

δ+
103
196

δ2
+

5333
8232

δ3
+

955
1176

δ4
+

3529
3430

δ5 (2)

+
937
735

δ6
+

727
588

δ7
+

9
196

δ8
:

It may now be checked thatEτ(W(N;v1;δ)) > Eσ(W(N;v1;δ)) for all 0 <

δ < 1: The strict inequality is preserved if we modifyv1 slightly so as to make

it strictly super-additive. Specifically, letε > 0 and definev2 := v1+ εv0, where

v0(S) := jSj2 for all S: The gamev2 is strictly super-additive (sincev0 is such),

and satisfies

Eτ(W(N;v2;δ))> Eσ(W(N;v2;δ)) for all δ 2 (δ0;1); (3)

4See the Appendix.
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wheneverε > 0 is chosen appropriately small.5

We conclude with a number of remarks:

1. The example was generated as follows: For any game with at most 4 play-

ers, it can be shown thatσ Pareto dominatesτ: For 5 players, the difference

∆ := Eτ(W)�Eσ(W) is a linear combination of the worthsv(S); with those

coalitionsSthat contain exactly one of 1 and 2 having positive coefficients,

and the other coalitions—that contain neither 1 nor 2; or contain both—

having negative coefficients. In order to make the difference∆ positive, one

therefore takes the worths of the first kind of coalitions as large as possible,

and the worths of the others as small as possible. Together with super-

additivity, it leads to the gamev1: It then turns out thatτ Pareto dominatesσ
for all δ in a neighborhood of 0 (specifically:δ 2 (0;δ0) whereδ0 � 0:37).

Finally, to get the same result also forδ close to 1; we need to increase the

number of players to 8:

2. We do not claim thatτ is efficient (only thatσ is not). In particular, if 1 and

2 meet in the first as well as in the second round, then of course they should

not agree in the second round either (actually, they should not agree as long

as the partition is still the trivial partition into singletons).

3. The statement in Gul’s paper refers to equilibrium points. The example

above does not rule out the possibility that efficient stationary subgame per-

fect equilibria entail agreement at every meeting. (But at this point there is

neither a proof nor any intuitive reason why this should be so.)

4. The results in Gul’s paper thus need to be restated, replacing “efficient” by

“such that all meetings end in agreement”.

A Appendix

Let N = f1;2; :::;ng be the set of players: The computations proceed as follows:

Denote byA the event that 1 and 2 meet in the first round, and writeE(W) =

5Precisely: For everyδ0 > 0 there existsε0 � ε0(δ0)> 0 such that (3) is satisfied by any game
v2 = v1+ εv0 with ε 2 [0;ε0); see the Appendix.
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E(WjA)P(A)+E(WjAC)P(AC), whereAC is the complement ofA; note that the

probabilityP(A) of A is 1=
�n

2

�
. The second term is the same for bothσ andτ: As

for the first term,

Eτ(W(N;v;δ)jA) = (1�δ) ∑
i2N

v(i)+δEσ(W(N;v;δ)) and

Eσ(W(N;v;δ)jA) = (1�δ) ∑
i2N

v(i)+δEσ(W(N12;v;δ));

whereN12 := ff1;2g;3;4; :::;ng:Thus, denoting∆(v) :=Eτ(W(N;v;δ)�Eσ(W(N;v;δ);we

get

∆(v) = δ
1�n
2

� (Eσ(W(N;v;δ))�Eσ(W(N12;v;δ))) :

At this point we use MAPLE:

####

# strategy profiles:

# sigma = 'always agreement'

# tau = 'no agreement between 1,2 in first round'

# EW(v,Q) := expected sum of payoffs starting from

# partition Q for sigma

# total(v,Q) := contribution to EW of Q in the

# current round, together with all future rounds

# (recursively), up to (and not including)

# the grand coalition

# sumv(v,Q) := sum of v(S) over S in partition Q

# n := number of players

# single(n) := {{1},{2}, ... , {n}}

# double(n) := {{1,2},{3},{4},...,{n}}

# DEW(n,v) := difference between tau and sigma

# when positive: counterexample!

####

sumv := proc(v, Q) local S, result; option remember;

result := 0;

for S in Q do result := result + v(S) od;

result;
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end;

####

total := proc(v, Q) local result, i, j, c, Q1;

option remember;

if nops(Q) = 1 then RETURN(0) fi;

result := sumv(v, Q);

c := delta*2/(nops(Q)*(nops(Q) - 1));

for i to nops(Q) - 1 do

for j from i + 1 to nops(Q) do

Q1 := (Q minus {op(i,Q),op(j,Q)})

union {op(i,Q) union op(j,Q)};

result := result + c*total(v, Q1);

od; od;

result;

end;

####

EW := (v, Q) -> (1 - delta)*(total(v, Q)

+ v(`union`(op(Q)))*sum(delta^t,t=nops(Q)-1..infinity));

####

single := n -> {{i} $ i=1..n};

double := n -> single(n) minus {{1},{2}} union {{1,2}};

DEW := (n, v) ->

(EW(v,single(n)) - EW(v,double(n)))*delta*2/(n*(n-1));

####

# the games v1 and v0

####

v1 := proc(S) local m; option remember;

m:=nops (S intersect {1,2});

if m = 0 then 0 else nops(S)-m fi;

end;

v0 := S -> nops(S)^2;

####

for n from 3 to 8 do
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'E[sigma](W(v[1]))' = EW(v1, single(n));

'E[tau](W(v[1]))' = EW(v1, single(n)) + DEW(n, v1);

'E[tau](W(v[1]))-E[sigma](W(v[1]))' = DEW(n, v1);

'E[tau](W(v[0]))-E[sigma](W(v[0]))' = DEW(n, v0);

od;

####

Forn= 8; this yields the formulas (1) and (2). The difference∆(v1)=Eτ(W(N;v1;δ))�
Eσ(W(N;v1;δ)) equals

∆(v1) = δ2
(1�δ)

�
1

196
+

83
8332

δ+
24

1715
δ2

+
1
70

δ3
+

1
294

δ4�
9

196
δ5
�
:

The polynomialp(δ) in the square brackets[ ] has one root between 1 (where it

is positive) and 2 (where it is negative), which is moreover its unique non-negative

root (by Descartes’ Rule of Signs). Therefore there isc> 0 such thatp(δ)� c for

all6 δ 2 [0;1]. Hence∆(v1)� cδ2
(1�δ)> 0 for all δ 2 (0;1):

Considering nowv0; we get∆(v0) = �δ(1� δ)(35+ 45δ + 60δ2
+ 84δ3

+

126δ4
+210δ5

+420δ6
)=490, which is��2δ(1�δ) for all δ 2 [0;1]: This yields

for v2 := v1+ εv0

∆(v2)� cδ2
(1�δ)�2εδ(1�δ) = δ(1�δ)(cδ�2ε) :

To make this difference positive for allδ 2 (δ0;1); takeε < cδ0=2:

6A precise computation shows that we may takec= 13=13720 (the minimal value ofp in the
interval[0;1] is at 1).
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