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,QVWLWXWLRQV ZKLFK DUH XVHG WR DOORFDWH SXEOLF UHVRXUFHV GLmHU ZLGHO\� ,Q VRPH HFRQRPLHV WKH

OLRQ
V VKDUH RI WKH UHVRXUFHV DUH DOORFDWHG WKURXJK GHFHQWUDOL]HG LQVWLWXWLRQV VXFK DV PDUNHWV

RU YROXQWDU\ SURYLVLRQ ZKHUHDV LQ RWKHU HFRQRPLHV WKH FHQWUDOL]HG SXEOLF VHFWRU DVVXPHV D

ODUJH UROH� 2IWHQ LW GRHV QRW VHHP WR EH WKH ?SXEOLF� QDWXUH RI WKH JRRG ZKLFK GHWHUPLQHV

ZKHWKHU RU QRW WKH JRRG LV SURYLGHG WKURXJK FHQWUDOL]HG RU GHFHQWUDOL]HG PHFKDQLVP� )LUH

SURWHFWLRQ� IRU H[DPSOH� LV FHQWUDOO\ IXQGHG WKURXJK ORFDO WD[HV LQ VRPH FRPPXQLWLHV� DQG

LV SURYLGHG E\ YROXQWDU\ PHDQV LQ RWKHUV� )XQGLQJ LQ VRPH FKXUFKHV WDNH SODFH WKURXJK

GRQDWLRQV� DQG LQ RWKHUV� PDQGDWRU\ PHPEHUVKLS IHHV DUH FROOHFWHG�

$V D VWHS WRZDUG XQGHUVWDQGLQJ WKHVH LQVWLWXWLRQV FRQVLGHU WKH IROORZLQJ VFHQDULR� $Q

LQGLYLGXDO PXVW FKRRVH WR OLYH LQ RQH RI VHYHUDO FRPPXQLWLHV� ,Q HDFK FRPPXQLW\ WKHUH LV D

ORFDO SXEOLF JRRG RU VHUYLFH VXFK DV SXEOLF HGXFDWLRQ RU nUH SURWHFWLRQ� ,Q RQH FRPPXQLW\

SURYLVLRQ RI WKH JRRG LV FHQWUDOO\ GHWHUPLQHG YLD D PDMRULW\ YRWH� ,Q DQRWKHU� SURYLVLRQ LV

FRPSOHWHO\ GHFHQWUDOL]HG VR WKDW WKH SXEOLF JRRG LV IXQGHG E\ YROXQWDU\ FRQWULEXWLRQV IURP

WKH FRPPXQLW\� :KHUH VKRXOG WKLV LQGLYLGXDO FKRRVH WR OLYH" ,I WKHUH DUH PDQ\ LQGLYLGXDOV

IDFLQJ WKHVH FKRLFHV� ZKLFK W\SH RI FRPPXQLW\� WKH RQH ZLWK FHQWUDOL]HG SURYLVRQ RU WKH RQH

ZLWK GHFHQWUDOL]HG SURYLVLRQ� LV OLNHO\ WR VWDQG XS WR PLJUDWRU\ SUHVVXUH" )LQDOO\� KRZ GRHV

WKH LQFRPH GLVWULEXWLRQ LQ VRFLHW\ DmHFW WKH DQVZHU"

7KLV SDSHU DGGUHVVHV WKHVH TXHVWLRQV LQ D PRGHO RI 7LHERXW�OLNH PLJUDWLRQ EHWZHHQ FRP�

PXQLWLHV WKDW XWLOL]H GLVWLQFW DOORFDWLRQ SURFHGXUHV IRU SXEOLF JRRGV� $JHQWV PDNH ORFDWLRQ

GHFLVLRQV RYHU FRPPXQLWLHV� 7KH ?FRPPXQLWLHV� PD\ EH QRQ�VSDWLDO HQWLWLHV VXFK DV VRFLDO

FOXEV RU UHOLJLRXV RUJDQL]DWLRQV� :H DOVR DEVWUDFW IURP H[SOLFLW PDUNHW SULFLQJ PHFKDQLVPV�

7KLV DOORZV XV WR IRFXV SXUHO\ RQ WKH GLmHUHQW FROOHFWLYH GHFLVLRQ UXOHV DV D VRUWLQJ GHYLFH
�EHWZHHQ ULFK DQG SRRU�

7R VLPSOLI\ WKH DQDO\VLV� WKHUH DUH WZR ORFDWLRQV HDFK ZLWK D GLVWLQFW PHFKDQLVPV IRU

DOORFDWLQJ SXEOLF JRRGV� 7KH nUVW ORFDWLRQV XVHV D FRPSOHWHO\ GHFHQWUDOL]HG SURFHGXUH LQ

ZKLFK FRQWULEXWLRQV WRZDUG D ORFDO� FROOHFWLYH JRRG DUH JLYHQ YROXQWDULO\ E\ WKH FLWL]HQU\ RU

PHPEHUVKLS RI WKH FRPPXQLW\� 7KH VHFRQG XVHV D FHQWUDOL]HG VFKHPH E\ ZKLFK LQGLYLGXDOV

DUH WD[HG SURSRUWLRQDWHO\ WR ZHDOWK ZLWK WKH WD[ UDWH GHWHUPLQHG E\ WKH PHGLDQ YRWHU�

(DFK PHFKDQLVP LV VDLG WR EH YLDEOH LI LQ HTXLOLEULXP DW OHDVW RQH LQGLYLGXDO ORFDWHV LQ WKH

�,Q WZR KLVWRULFDO H[DPSOHV ZKLFK ZH VXEVHTXHQWO\ H[DPLQH� WKHUH ZDV QR PHQWLRQ RI DQ\ H[SOLFLW SULFLQJ�

H�J� ODQG SULFHV� HQWU\ FRVWV� HWF� WR DFFRXQW IRU WKRVH SDUWLFXODU PRYHPHQWV EHWZHHQ FRPPXQLWLHV� 6HH

IRRWQRWH ��
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FRPPXQLW\ ZKLFK XWLOL]HV WKDW SURYLVLRQ PHFKDQLVP� :KLOH WKH ORFDWLRQV KHUH DUH H[RJHQRXV�

WKH YLDELOLW\ RI WKH LQVWLWXWLRQV ZKLFK VXSSRUW WKH FRPPXQLWLHV DUH QRW�

,QGLYLGXDOV GLmHU LQ ZHDOWK KROGLQJV� :H DUH LQWHUHVWHG LQ WKH HmHFW RI ZHDOWK GLVSHUVLRQ

RQ WKH VSDWLDO SDWWHUQV DFURVV FRPPXQLWLHV� 7KLV� LQ WXUQ� GHWHUPLQHV WKH YLDELOLW\ RI WKH

SURYLVLRQ LQVWLWXWLRQV� ,Q VRPH HTXLOLEULD� RQO\ RQH RU WKH RWKHU LQVWLWXWLRQ LV YLDEOH� :H DOVR

VKRZ WKDW ?LQWHULRU� HTXLOLEULD H[LVW IRU VRPH SDUDPHWHUV� 7KHVH HTXLOLEULD KDYH WKH SURS�

HUW\ WKDW ZHDOWK LV VWUDWLnHG DFURVV FRPPXQLWLHV� :KHQ WKLV RFFXUV ZH nQG WKDW ZHDOWKLHU

LQGLYLGXDOV WHQG WR SUHIHU PRUH YROXQWDU\ RYHU FRPSXOVRU\ FRQWULEXWLRQ� 3RRUHU LQGLYLGXDOV

WHQG WR SUHIHU WKH YRWLQJ PHFKDQLVP� 7KH UHDVRQ LV WKDW WKH EHQHnW IURP RYHUFRPLQJ IUHH

ULGLQJ ZLWK FRPSXOVRU\ FRQWULEXWLRQV PXVW EH ZHLJKHG DJDLQVW WKH ORVV IURP KDYLQJ SUHIHU�

HQFHV ZKLFK GLYHUJH IURP WKH PHGLDQ YRWHU� 7KLV ODWWHU FRVW WDNHV WKH IRUP RI QRQRSWLPDO

?VPRRWKLQJ� DFURVV FRQVXPSWLRQ JRRGV� )RU ZHDOWKLHU LQGLYLGXDOV� WKLV FRVW WHQGV WR EH

JUHDWHU VLQFH WKH ORVV RI FRQWURO RYHU RQH
V UHVRXUFHV LV JUHDWHU WKH ODUJHU LV RQH
V HQGRZPHQW

RI WKRVH UHVRXUFHV�

:H nQG WKDW HTXLOLEULD LQ ZKLFK ERWK WKH FHQWUDOL]HG DQG GHFHQWUDOL]HG FRPPXQLWLHV DUH

VLPXOWDQHRXVO\ YLDEOH VHHP WR UHTXLUH D QHJDWLYH WUDGHRm EHWZHHQ WKH ZHDOWK UDWLR RI WKH ULFK

WR WKH SRRU DQG WKH QXPHULFDO UDWLR RI ULFK WR SRRU LQ VRFLHW\� 7KDW LV� LI ERWK FRPPXQLWHV

DUH WR EH YLDEOH� WKHQ WKH KLJKHU LV WKH ZHDOWK RI WKH ULFK UHODWLYH WR WKH SRRU� WKH VPDOOHU FDQ

EH WKH UHODWLYH QXPEHUV RI ULFK WR SRRU LQ VRFLHW\� )RU GLmXVH GLVWULEXWLRQV� RU IRU XQLPRGDO

GLVWULEXWLRQV� RQO\ WKH WZR H[WUHPDO HTXLOLEULD LQ ZKLFK RQO\ RQH RU WKH RWKHU FRPPXQLW\

LV YLDEOH H[LVW� ,Q WKLV FDVH� GHVSLWH WKH SUHIHUHQFH RI RQH JURXS WR VHSDUDWH LWVHOI IURP WKH

RWKHU� WKH FRQFHQWUDWLRQ RI ZHDOWK LQ D VLQJOH FRPPXQLW\ PD\ EH ODUJH HQRXJK WR SUHYHQW

XQLODWHUDO GHSDUWXUHV� ,Q WKH FHQWUDOL]HG FRPPXQLW\ DQ LQGLYLGXDO ZKR
V SUHIHUHQFHV GLYHUJH

IURP WKH SLYRWDO YRWHU LV FRPSHQVDWHG E\ WKH DJJUHJDWLRQ RI ZHDOWK ZKLFK SURYLGHV PDVVLYH

TXDQWLW\ RI SXEOLF JRRGV� ,Q WKH GHFHQWUDOL]HG FRPPXQLW\� WKH DJJUHJDWH ZHDOWK LV DOVR ODUJH

HQRXJK WR RYHUFRPH GHSDUWXUHV�

7KH LQoXHQWLDO SDSHU RI 7LHERXW ������ LV DPRQJ WKH nUVW WR PRGHO KRZ LQGLYLGXDOV

?YRWH ZLWK WKHLU IHHW� WR GHWHUPLQH� LQGLUHFWO\� WKH W\SHV RI ORFDO SXEOLF WD[ DQG H[SHQGLWXUH

SROLFLHV� $ VPDOO VDPSOH RI WKLV OLWHUDWXUH LQFOXGHV *UHHQEHUJ ������� :RRGHUV ������� DQG

6FRWFKPHU DQG :RRGHUV ������� 7KH HmHFW RI 7LHERXW�OLNH PLJUDWLRQ RQ UHODWLYH SROLF\

RXWFRPHV EHWZHHQ FRPPXQLWLHV KDV EHHQ H[DPLQHG E\ (SSOH DQG 5RPHU ������� )HUQDQGH]

DQG 5RJHUVRQ ������� DQG %HDUVH ������� ,Q (SSOH DQG 5RPHU� LQGLYLGXDOV GLmHU E\ LQFRPH

DQG UHGLVWULEXWLRQ WDNHV WKH IRUP RI OXPS VXP WUDQVIHUV� 7KH OHYHO LQ HDFK FRPPXQLW\ LV

GHWHUPLQHG E\ D PDMRULW\ YRWH� )HUQDQGH] DQG 5RJHUVRQ H[DPLQH WKH HmHFW RI ORFDWLRQDO
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FKRLFH RQ IXQGLQJ IRU SXEOLF HGXFDWLRQ� +HUH� UHGLVWULEXWLRQ LV LQ NLQG� )LQDOO\� %HDUVH VWXGLHV

KRZ ORFDWLRQ LQ FULPLQDO DFWLYLW\ GHSHQGV RQ UHODWLYH ODZ HQIRUFHPHQW DFWLYLW\ LQ WKH FLW\ YV

WKH VXEXUEV� ,Q HDFK RI WKHVH SDSHUV� WKH HTXLOLEULXP VSDWLDO GLVWULEXWLRQ DFURVV FRPPXQLWLHV

LV FKDUDFWHUL]HG�

7KH GLmHUHQFH EHWZHHQ WKH SUHVHQW SDSHU DQG WKRVH FLWHG DERYH LV WKDW KHUH WKH SUHIHU�

HQFHV RI WKH FLWL]HQU\ DUH H[SOLFLWO\ DJJUHJDWHG XVLQJ VRPH NLQG RI LQVWLWXWLRQDO SURFHGXUH

ZKLFK GLmHUV DFURVV MXULVGLFWLRQV� (DFK SURFHGXUH KDV GLmHUHQW HTXLOLEULXP LPSOLFDWLRQV�

$ QXPEHU RI KLVWRULFDO HSLVRGHV VXJJHVW WKDW WKHVH LQVWLWXWLRQDO GLmHUHQFHV PDWWHUHG ZKHQ

LQGLYLGXDOV PDGH PLJUDWLRQ GHFLVLRQV� ([DPSOHV LQFOXGH WKH (QJOLVK PLJUDWLRQ WR 'XWFK

VFKRROV LQ WKH ��WK FHQWXU\ �VHH (E\ ������� DQG WKH %DEWLVW PRYHPHQW LQ &RORQLDO 9LUJLQLD

�VHH ,VDDF �������� ,Q HDFK RI WKHVH� ORFDWLRQDO VHOHFWLRQ WRZDUG SXEOLF SURYLVLRQ GUDVWLFDOO\
�VKUDQN SDUWLFLSDWLRQ LQ SULYDWH SURYLVLRQ�

2WKHU SDSHUV LQ ZKLFK 7LHERXW�VW\OH ORFDWLRQDO FKRLFH KDV EHHQ DSSOLHG WR WKH LVVXH RI

VHOHFWLRQ RI PHFKDQLVPV LQFOXGH &DSOLQ DQG 1DOHEXm ������ ����� ZKR H[DPLQH H[LVWHQFH

LVVXHV LQ D ULFK FODVV RI VWDWLF PRGHOV LQ ZKLFK FRPPXQLWLHV PD\ EH GLmHUHQWLDWHG E\ WKH

VRFLDO ZHOIDUH IXQFWLRQ XVHG WR GHWHUPLQH SROLF\ RXWFRPHV� DQG *HQVHPHU� +RQJ� DQG .HOO\

������� ZKR H[DPLQH WKH LPSOHPHQWDWLRQ RI D VRFLDO FKRLFH UXOH WKDW FDQ ZLWKVWDQG PLJUD�

WLRQ WRZDUG RWKHU UXOHV� '\QDPLF LVVXHV LQ 7LHERXW�OLNH VHOHFWLRQ RI DJJUHJDWLRQ SURFHGXUHV

LQFOXGH HYROXWLYH DSSURDFKHV RI /DJXQRm ������ DQG .ROOPDQ� 0LOOHU� DQG 3DJH ������� DQG

WKH SXEOLF JRRGV DSSURDFK RI *ORPP DQG /DJXQRm ������� 7KH ODVW LV WKH FRPSDQLRQ WR WKH

SUHVHQW SDSHU�

,Q 6HFWLRQ � ZH nUVW LQWURGXFH WKH PRGHO� WKH IXQGLQJ RXWFRPH ZLWKLQ HDFK UHJLRQ LV

FKDUDFWHUL]HG� 6HFWLRQ � FKDUDFWHUL]HV WKH VSDWLDO HTXLOLEULD DFURVV WKH WZR FRPPXQLWLHV� :H

DOVR H[DPLQH WKH WZR W\SH FDVH� GHULYLQJ ERXQGV RQ UHODWLYH ZHDOWK WR VKRZ WKDW LQWHULRU

HTXLOLEULD UHTXLUH D SRODUL]HG LQFRPH GLVWULEXWLRQ� 6HFWLRQ � JLYHV VRPH H[DPSOHV DQG H[�

WHQVLRQV� DQG H[SORUHV YDULRXV UDWLRQDOH IRU WKHVH UHVXOWV� )LQDOO\� WKH 6HFWLRQ � $SSHQGL[

FRQWDLQV WKH SURRIV�

�,Q WKH IRUPHU� DFFRUGLQJ WR VRPH HVWLPDWHV� DERXW ������ (QJOLVKPHQ WRRN XS UHVLGHQFH LQ +ROODQG

GXULQJ WKH VWD\ RI WKH SLOJULPV� SDLG WD[HV DQG WRRN DGYDQWDJH RI WKH FRPPRQ VFKRROV �VHH (E\ ������� S�

����� 7KH 'XWFK VFKRROV ZHUH FRPPRQ SURSHUW\ RI WKH SHRSOH DQG nQDQFHG E\ WKH PXQLFLSDOLWLHV� $W WKH

VDPH WLPH LQ (QJODQG WKH 3RRU /DZ RI ���� GHFODUHG WKDW HGXFDWLRQ ZDV D FKDULW\ DQG QRW D ULJKW� )RUPDO

VFKRROLQJ ZDV KHQFHIRUWK FDUULHG RXW E\ DQG ODUJH LQ D GHFHQWUDOL]HG IDVKLRQ LQ ZKLFK HDFK IDPLO\ WKDW FRXOG

DmRUG WR GR VR SURYLGHG HGXFDWLRQ IRU WKHLU RZQ FKLOGUHQ� ,Q WKH FDVH RI WKH ODWWHU� LQ WKH ����V LQ &RORQLDO

9LUJLQLD D ODUJH QXPEHU RI� W\SLFDOO\ SRRUHU� LQGLYLGXDOV OHIW WKH HVWDEOLVKHG &KXUFK RI (QJODQG ZKLFK UHOLHG

RQ YROXQWDU\ FRQWULEXWLRQV IURP LWV PHPEHUVKLS� 7KH\ MRLQHG WKH %DEWLVW PRYHPHQW ZKHUH GHFLVLRQV ZHUH

PDGH E\ XQDQLPLW\ DQG E\ ODWHU PDMRULW\ UXOH� 6HH ,VDDF ������� SS �������
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7KHUH LV D VRFLHW\ ,  I�� � � � QJ RI LQGLYLGXDOV� (DFK L � , LV GLVWLQJXLVKHG E\ D ZHDOWK

HQGRZPHQW ] � 7KH LQGLYLGXDOV DUH RUGHUHG VR WKDW ] � ] � c c c � ] � 7KH DJJUHJDWHL � � Q

3
LQFRPH LV JLYHQ E\ =  ] � 7KH SURnOH RI ZHDOWK OHYHOV� LQ DVFHQGLQJ RUGHU� LV JLYHQ E\LL�,

]  �] � � � � � ] ��� Q

$Q LQGLYLGXDO L
V SUHIHUHQFHV DUH JLYHQ E\ X�[ � < �� ZKHUH < LV WKH TXDQWLW\ RI D SXUHL

SXEOLF JRRG SURGXFHG� DQG [ FRQVXPSWLRQ RI D SULYDWH JRRG� 7KH DPRXQW RI WKH SULYDWHL

FRQWULEXWLRQ WR WKH SXEOLF JRRG IURP LQGLYLGXDO L LV JLYHQ E\ \  ] b [ � :H ZLOO VSHFLDOL]HL L L

WR VWDQGDUG &(6 SUHIHUHQFHV RI WKH IRUP�

�
�b} �b}X�[ � < �  >[ � < @� } ! �� ���L L�b }

,I } LV EHWZHHQ � DQG � WKHQ WKH WZR JRRGV DUH JURVV VXEVWLWXWHV ZLWK }  � \LHOGLQJ SHUIHFW

VXEVWLWXWHV� ,I } ! � WKHQ WKH SXEOLF DQG SULYDWH JRRG DUH FRPSOHPHQWDU\ JRRGV ZLWK } ��

JLYLQJ WKH OLPLWLQJ FDVH RI SHUIHFW FRPSOHPHQWV�

3
:H DVVXPH D VLPSOH OLQHDU WHFKQRORJ\ VR WKDW < LV SURGXFHG ZLWK DPRXQW \ RI WKHLL

SULYDWH JRRG FROOHFWHG IURP WKH SRSXODFH� /HW \  �\ � � � � \ � EH WKH SURnOH RI FRQWULEXWLRQV�� Q

(DFK RI Q LQGLYLGXDOV PD\ FKRRVH WR OLYH LQ RQH RI WZR FRPXQLWLHV� ,Q FRPPXQLW\ ' D

SXEOLF JRRG LV SURGXFHG ZLWK YROXQWDU\ FRQWULEXWLRQV IURP WKH PHPEHUVKLS� ,Q FRPPXQLW\

& WKH JRRG LV SURYLGHG E\ D VLPSOH SURSRUWLRQDO WD[ RQ ZHDOWK GHWHUPLQHG E\ D PDMRULW\
�YRWH� )RU HDFK FRPPXQLW\ OHW , t , GHQRWH WKH VHW RI LQGLYLGXDOV ORFDWHG LQ N  &�'�N

3
$JJUHJDWH LQFRPH LV JLYHQ E\ =  ] � DQG DJJUHJDWH FRQVXPSWLRQ RI WKH FROOHFWLYHN LL�,N

3
JRRG LV JLYHQ E\ <  \ IRU N &�'� 7R VLPSOLI\ QRWDWLRQ� ZH ZLOO XVH XSSHU EDUV� H�J��N LL�,N

x x=� < WR GHQRWH FRUUHVSRQGLQJ DJJUHJDWHV LQ WKH SULYDWH SURYLVLRQ FRPPXQLW\ '� DQG ZH ZLOO

XVH ORZHU EDUV� H�J�� =� < WR GHQRWH DJJUHJDWHV LQ WKH SXEOLF SURYLVLRQ FRPPXQLW\ &� )LQDOO\�
xOHW = DQG = GHQRWH� VD\� WKH DJJUHJDWH LQFRPH LQ WKH ' DQG & FRPPXQLWLHV� UHVS� ZKHQbL bL

LQGLYLGXDO L LV H[FOXGHG�

7KH SULYDWH DQG SXEOLF SURYLVLRQ PHFKDQLVPV DUH DV IROORZV� ,Q ORFDWLRQ ' DOO GHFLVLRQV

DUH FRPSOHWHO\ GHFHQWUDOL]HG DQG PDGH SULYDWHO\ DQG YROXQWDULO\� (DFK LQGLYLGXDO MRLQWO\
3xFRQVXPHV <  \ ZKHUH \ LV L
V YROXQWDU\ FRQWULEXWLRQ� /RFDWLRQ & LV DVVXPHG WRL LL�,'

�:KLOH RWKHU WD[ VFKHPHV PLJKW EH FRQVLGHUHG� WKH SURSRUWLRQDO WD[ LV D QDWXUDO nUVW VWHS VLQFH LW LV D

WUDFWDEOH LQFRPH�EDVHG WD[ ZKLFK� DV D FODVV� DUH FRPPRQO\ XVHG WR SD\ IRU SXEOLF JRRGV� ,Q 6HFWLRQ �� ZH

GLVFXVV H[WHQVLRQV RI WKH PRGHO WR OXPS VXP WD[HV�

�



FHQWUDOO\ DOORFDWH WKH QRQULYDOURXV JRRG YLD PDMRULW\ UXOH� :H DVVXPH WKDW D XQLIRUP WD[

UDWH� ~ � LV OHYLHG LQ FRPPXQLW\ & DQG GHWHUPLQHG E\ D PDMRULW\ YRWH� 6LQFH WKH JRRG LV

QRQULYDOURXV� HDFK LQGLYLGXDO L � , SD\V \  ~] DQG MRLQWO\ FRQVXPHV ~=� 6LQFH HDFK& L L

LQGLYLGXDO PD\ FKRRVH ZKLFK ORFDWLRQ WR EHORQJ WR� WKLV GHFLVLRQ� ZKHQ DJJUHJDWHG ZLWK

RWKHU LQGLYLGXDOV
 FKRLFHV RI ZKLFK FRPPXQLW\ OLYH GHWHUPLQHV ZKHWKHU RQH RU WKH RWKHU RU

ERWK SURYLVLRQ PHFKDQLVPV VXUYLYH�

2�� �h��@|i �hL��t�L?

7KH DQDO\VLV RI YROXQWDU\ SURYLVLRQ IROORZV %OXPH� %HUJVWURP� DQG 9DULDQ ������ ZKR FRQ�

VLGHU MXVW VXFK DQ LQVWLWXWLRQ ZLWK D SXEOLF JRRG� ,Q ORFDWLRQ ' ZLWK WKH SDUDPHWHUL]DWLRQ

LQ ��� WKH XWLOLW\ IRU SHUVRQ L PD\ EH UHZULWWHQ DV

K L�
�b} �b}x xX �[� < �  [ � < ���L L�b } K L�

�b} bL �b}x �] b \ � � �\ � < � � ���L L L
�b }

bLxZKHUH < LV WKH DPRXQW RI WKH SXEOLF JRRG SURYLGHG E\ WKH PHPEHUV RI FRPPXQLW\ ' RWKHU

WKDQ L� 7KH nUVW RUGHU FRQGLWLRQ IRU DQ LQWHULRU VROXWLRQ JLYHV

b} bL b}x�] b \ �  �< � \ �L L L

2WKHUZLVH� ZKHQ ] LV WRR ORZ ZH KDYH \  �� 7KLV JLYHV WKH VROXWLRQL L

bLx] b <L
\  PD[I�� J� ���L

�
bLx] � <L

[  PLQI] � J� ���L L
�

/HW . GHQRWH WKH VHW RI FRQWULEXWRUV LQ '� L�H�� WKRVH ZLWK \ ! �� 7KHQ� VXPPLQJ RYHUL

FRQWULEXWRUV \LHOGV

bLx x x x; ; ; ;] b < = � = b �. b ��<Lx<  \   b \  �L M
� � � �

L�, L�, L�, M� L' ' '

x6ROYLQJ IRU < JLYHV
x=x<  � ���

. � �

�



8VLQJ HTXDWLRQV ���� ���� DQG ��� WRJHWKHU JLYHV

x=
\  PD[I] b � �J� ���L L

. � �
x=

[  PLQI] � J� ���L L
. � �

x=,Q WKH VROXWLRQV ��� DQG ���� LI LQGLYLGXDO L
V HQGRZPHQW ] IDOOV EHORZ WKH ORZHU ERXQGL .��

WKHQ KH FRQVXPHV KLV HQGRZPHQW DQG ?IUHH ULGHV� FRPSOHWHO\ VLQFH \  �� ,I� KRZHYHU�L
x x= =L
V HQGRZPHQW LV KLJKHU WKDQ WKHQ L FRQWULEXWHV WKH GLmHUHQFH ] b � 7R FODULI\L.�� .��

WHUPLQRORJ\� ZH ZLOO GLVWLQJXLVK EHWZHHQ FRQWULEXWRUV �\ ! �� DQG IUHH ULGHUV �\  ���L L

x=2EVHUYH WKDW LV MXVW EHORZ WKH DYHUDJH FRQWULEXWLRQ RI WKRVH ZKR FRQWULEXWH� 6LQFH
.��

WKH ZHDOWK OHYHOV RI DOO FRQWULEXWRUV PXVW H[FHHG WKLV DSSUR[LPDWH FRQWULEXWRU DYHUDJH� WKHUH

FDQ RQO\ EH D QDUURZ EDQG RI ZHDOWK OHYHOV WKDW FDQ DFFRXQW IRU YROXQWDU\ SURYLVLRQ� 6LQFH
bLx=xWKH DPRXQW = LQFOXGHV L
V FRQWULEXWLRQ LI L LV D FRQWULEXWRU� L LV D FRQWULEXWRU Lm ] wL bL. ��3bL bLxZKHUH =  ] DQG . GHQRWHV WKH QXPEHU RI FRQWULEXWRUV H[FOXGLQJ SRVVLEO\MM�, QILJ'

LQGLYLGXDO L� 2EVHUYH WKDW LQGLYLGXDO L
V LQGLUHFW XWLOLW\ LQ WKH SULYDWH SURYLVLRQ FRPPXQLW\

LV WKHUHIRUH JLYHQ E\

� r s! �b}
bL bLx x! = �]� =L!� LI ] wLL bL�b} . �� . ��

9 �] � , �  ���L ' � wr s! �b}!
bL bLx x! �b}� = =� ] � LI ] �LbL bLL�b} . �� . ��

2�2 ��M*�U �hL��t�L?

5HFDOO� WKDW LQ WKLV FRPPXQLW\� WKH SXEOLF JRRG LV DOORFDWHG YLD PDMRULW\ UXOH �PHGLDQ YRWHU��3
DQG = GHQRWHV WKH DJJUHJDWH HQGRZPHQW ] � /HW ~�]� V� WKH WD[ UDWH ZKLFK LV PRVWLL�,&

SUHIHUUHG E\ WKH PHGLDQ YRWHU� 7D[ UDWH ~�]� V� LV WKH UDWH WKDW ZRXOG SUHYDLO DJDLQVW DQ\

RWKHU LQ D PDMRULW\ YRWH� :H ZLOO RIWHQ GHQRWH WKLV PHGLDQ WD[ UDWH E\ ~ ZKHQ WKHUH LV QR

FRQIXVLRQ� )RU HDFK L�

\  ~= ����L

[  ��b ~�] ����L L

WKH SUHIHUHQFHV RI LQGLYLGXDO L RYHU WD[ UDWHV DUH WKHQ JLYHQ E\

K L�
�b} �b}X���b ~�] � ~=�  ���b ~�] � � �~=�L L

�b }

�



6WULFW FRQFDYLW\ RI X DQG FRQWLQXLW\ RI X LQ ~ JXDUDQWHHV WKDW HDFK LQGLYLGXDO KDV D XQLTXH

PRVW SUHIHUUHG WD[ UDWH DQG DOO SUHIHUHQFHV RYHU WD[ UDWHV DUH VLQJOH SHDNHG� $ VWDQGDUG

UHVXOW E\ %ODFN JXDUDQWHHV WKDW ZLWK VLQJOH SHDNHG SUHIHUHQFHV RYHU WD[ UDWHV D PDMRULW\

YRWLQJ RXWFRPH KDV D VROXWLRQ _ WKH PHGLDQ W\SH
V PRVW SUHIHUUHG WD[ UDWH� 0RQRWRQLFLW\

LQ ZHDOWK RI WKH PRVW SUHIHUUHG WD[ UDWH HQVXUHV WKDW WKH SHUVRQ ZLWK PHGLDQ ZHDOWK LV WKH

PHGLDQ YRWHU�

/HW ] GHQRWH WKH PHGLDQ LQFRPH RI WKRVH LQ , � 7KH PRVW SUHIHUUHG WD[ UDWH IRU WKLV&

LQGLYLGXDO LV JLYHQ E\
�

~�]� V�  ~  � ����
��b}� }� � �] =�

2EVHUYH WKDW ~ LV VWULFWO\ GHFUHDVLQJ LQ ] = ZKHQ } � >�� �� �[ DQG \ DUH JURVV VXEVWLWXWHV��

DQG LV VWULFWO\ LQFUHDVLQJ ZKHQ } ! � �[ DQG \ DUH FRPSOHPHQWV�� ,Q WKH FDVH RI VXEVWLWXWHV�

UHODWLYHO\ ZHDOWKLHU LQGLYLGXDOV GHVLUH ORZHU WD[HV� :KHQ WKH JRRGV DUH FRPSOHPHQWV WR

DQ LQGLYLGXDO� WKHQ WKH RSSRVLWH LV WUXH� 7KH LQGLUHFW XWLOLW\ WR L LQ WKH 3XEOLF 3URYLVLRQ

FRPPXQLW\ , LV&

K L�
�b} �b}: �] � , � s ���b ~�]� V��] � � �~�]� V�=� ����L L & L

�b }

ZKHUH ~�]� V� LQ ���� LV GHnQHG E\ �����

2�� ,^��*�Mh��4

e e$Q HTXLOLEULXP LQ WKLV HQYLURQPHQW LV D ORFDWLRQ SURnOH �V � ZKHUH V � I&�'J GHWHUPLQHVL�,L L

L
V RSWLPDO ORFDWLRQ GHFLVLRQ� :H QRZ FKDUDFWHUL]H WKH HTXLOLEULD LQ WKH VWDWLF PRGHO� *LYHQ

DQ HTXLOLEULXP �[� \� V� ZH ZLOO VD\ WKDW SXEOLF �UHVS�� SULYDWH� SURYLVLRQ LV YLDEOH LI WKH &

�UHVS�� '� UHJLRQ FRQWDLQV D QRQHPSW\ VHW RI LQGLYLGXDOV� ,Q DQ\ HTXLOLEULXP WKH IROORZLQJ

LQFHQWLYH FRQVWUDLQWV KROG�

9 �] � , � w : �] � , > ILJ� ����L ' L &

DQG

: �] � , � w 9 �] � , > IMJ� ����M & M '

ZKHUH ] LV WKH ZHDOWK RI D DUELWUDU\ LQGLYLGXDO L � '� ZKLOH ] LV WKH ZHDOWK RI DQ LQGLYLGXDOL M

LQ M � &� 7KH FRQVWUDLQWV ���� DQG ���� VLPSO\ VWDWH WKDW LQGLYLGXDO L DV D FXUUHQW PHPEHU

RI ' KDV QR LQFHQWLYH WR FKDQJH ORFDWLRQV WR &� /LNHZLVH� LQGLYLGXDO M KDV QR LQFHQWLYH WR

PRYH WR IURP & WR '�

�



7KH FRQVWUDLQWV ���� DQG ���� VKHG OLJKW RQ D EDVLF WUDGHRm LQ SXEOLF JRRGV SURYLVLRQ�

)LUVW� WKHUH LV D FRPPRQ LQWHUHVW SUREOHP RI RYHUFRPLQJ IUHH ULGLQJ ZKHQ SURYLVLRQ LV QRW

FRHUFLYH� 7R WKH H[WHQW WKDW LQGLYLGXDOV YDOXH SURYLVLRQ RI D SXEOLF JRRG� DOO PD\ SUHIHU WR

VXEPLW WR VRPH FRHUFLRQ JLYHQ LQGLYLGXDO LQFHQWLYHV LQ YROXQWDU\ SURYLVLRQ OHDG WR XQGHUSUR�

YLVLRQ RI WKH JRRG� +RZHYHU� HYHQ LI FRHUFLRQ VROYHV WKH IUHH ULGLQJ SUREOHP� LW LPSRVHV D

FRQoLFW RI LQWHUHVW SUREOHP VLQFH LQGLYLGXDOV ZLOO E\ QR PHDQV DJUHH RQ WKH DSSURSULDWH FRHU�

FLYH WD[ UDWH� 3XEOLF SURYLVLRQ EHWWHU VROYHV WKH FRPPRQ LQWHUHVW SUREOHP VLQFH LW RYHUFRPHV

IUHH ULGLQJ� 3ULYDWH SURYLVLRQ GHDOV EHWWHU ZLWK FRQoLFWV RI LQWHUHVW VLQFH LW GRHV QRW FRPSHO

DQ LQGLYLGXDO ZKR GLmHUV ZLGHO\ IURP WKH PHGLDQ YRWHU WR SD\ WD[HV WKDW DOORFDWH UHVRXUFHV

QRQRSWLPDOO\ DFURVV WKH WZR JRRGV IURP KLV SRLQW RI YLHZ� 7KH 7LHERXW PRGHO DOORZV HDFK

WR PDNH D SHUVRQDO FKRLFH GHSHQGLQJ RQ KRZ HDFK FRPPXQLW\ LV H[SHFWHG WR GHDO ZLWK WKHVH

WZR SUREOHPV� 7KH FRQVWUDLQWV ���� DQG ���� IRUP WKH EDVLV IRU SURYLQJ UHVXOWV RI WKH QH[W

6HFWLRQ�

� , �t|i?Ui @?_ ��@h@U|ih�3@|�L?

��� W?|ih�Lh @?_ �L?�?|ih�Lh ,^��*�Mh�@

:H ZLOO GLVWLQJXLVK EHWZHHQ WZR W\SHV RI HTXLOLEULD� (TXLOLEULD LQ ZKLFK LQGLYLGXDOV ORFDWH LQ

ERWK WKH & DQG ' ORFDWLRQV ZLOO EH UHIHUUHG WR DV LQWHULRU HTXLOLEULD� 7KH LQWHULRU HTXLOLEULD

DUH GLVWLQJXLVKHG IURP WKH WZR W\SHV LQ ZKLFK DOO LQGLYLGXDOV ORFDWH LQ HLWKHU WKH & RU WKH '

SURYLVLRQ FRPPXQLWLHV� :H nUVW FKDUDFWHUL]H FRQGLWLRQV XQGHU ZKLFK QRQLQWHULRU HTXLOLEULD

H[LVW�

�hLTLt�|�L? � �� $Q HTXLOLEULXP LQ ZKLFK DOO LQGLYLGXDOV ORFDWH LQ ' DOZD\V H[LVWV�

�� ,I } ! � �SXEOLF DQG SULYDWH JRRGV DUH FRPSOHPHQWV� WKHQ WKHUH LV DQ HTXLOLEULXP LQ

ZKLFK DOO LQGLYLGXDOV ORFDWH LQ &�

x= } ��b}��� ,I } � >�� �@ �SXEOLF DQG SULYDWH JRRGV DUH VXEVWLWXWHV� DQG ! � WKHQ WKHUH LV
]Q

DQ HTXLOLEULXP LQ ZKLFK DOO LQGLYLGXDOV ORFDWH LQ &�

)URP WKH 3URSRVLWLRQ� WKHUH LV DOZD\V DQ HTXLOEULXP LQ ZKLFK HYHU\RQH UHVLGHV LQ WKH
x=FRPPXQLW\ ZLWK SULYDWH SURYLVLRQ� 7KH FRQGLWLRQ ! ] LQGLFDWHV WKH H[LVWHQFH RI DQQ} ��b}��

HTXLOLEULXP LQ ZKLFK DOO ORFDWH LQ WKH RWKHU FRPPXQLW\ DV ZHOO� 6XFK D FRQGLWLRQ LV HQVXUHG

�



ZKHQ HLWKHU WKH SULYDWH DQG SXEOLF JRRGV DUH FORVH WR SHUIHFW VXEVWLWXWHV �} LV VPDOO� RU ZKHQ
x=QR LQGLYLGXDO LV H[FHVVLYHO\ ZHDOWK\ UHODWLYH WR WKH DJJUHJDWH � LV ODUJH�� ,I JRRGV DUH FORVH
]Q

VXEVWLWXWHV WKHQ WKH DELOLW\ RI WKH & FRPPXQLW\ WR RYHUFRPH WKH IUHH ULGHU SUREOHP RYHUULGHV
x=FRQFHUQV WKDW RQH LV WD[HG DW DQ XQGHVLUDEOH UDWH� ,I LV ODUJH HQRXJK WKHQ QR LQGLYLGXDO
V
]Q

SUHIHUUHG WD[ UDWH GLmHUV WKDW PXFK IURP WKH PHGLDQ YRWHU
V�

3URSRVLWLRQ � VKRZV WKDW D ?ZHDOWK HmHFW� FDQ RYHUFRPH HLWKHU WKH FRPPRQ LQWHUHVW

SUREOHP LQ ' RU WKH FRQoLFW RI LQWHUHVW SUREOHP LQ &� 6SHFLnFDOO\� DFFRUGLQJ WR WKH ZHDOWK

HmHFW� VRPHRQH ZLOO QRW PRYH IURP D ODUJH FRPPXQLW\ WR D VPDOO RQH HYHQ LI WKH VPDOO

RQH LV PRUH FORVHO\ DOLJQHG ZLWK WKH LQGLYLGXDO
V SUHIHUHQFHV� (YHQ LI WKH VPDOO FRPPXQLW\

VROYHV� VD\� WKH FRPPRQ LQWHUHVW SUREOHP ZLWK WD[ UDWHV PRVW SUHIHUUHG E\ WKH LQGLYLGXDO�

LWV DJJUHJDWH ZHDOWK LV WRR ORZ WR RmHU DQ DWWUDFWLRQ� 7KH SURRI LQYROYHV D VWUDLJKWIRUZDUG

PDQLSXODWLRQ RI LQFHQWLYH FRQVWUDLQWV LQ ���� DQG ����� :H OHDYH WKH UHPDLQLQJ GHWDLOV� ZKLFK

FRQVLVWV PRVWO\ RI WKH DOJHEUD GHULYHG IURP WKHVH LQFHQWLYH FRQVWUDLQWV� WR WKH $SSHQGL[�

�hLTLt�|�L? 2 6XSSRVH WKDW V LV DQ LQWHULRU HTXLOLEULXP ORFDWLRQDO SURnOH� 7KHQ�

�� 7KHUH LV VRPH A] VXFK WKDW DOO WKRVH ZLWK ZHDOWK ] � A] EHORQJ WR WKH & FRPPXQLW\� ZKLOH

DOO WKRVH ZLWK ZHDOWK ] w A] EHORQJ WR WKH ' FRPPXQLW\�

PD[I] � L�&JL �b}�� � �b � �
PLQI] � M�'JM

%\ WKLV 3URSRVLWLRQ� LQWHULRU HTXLOLEULD H[LVW RQO\ LI WKH\ KDYH WKH SURSHUW\ WKDW ULFKHU

LQGLYLGXDOV XWLOL]H SULYDWH SURYLVLRQ� ZKLOH SRRUHU LQGLYLGXDOV XWLOL]H SXEOLF SURYLVLRQ� DQG

WKDW WKH VSUHDG EHWZHHQ WKRVH LQ & DQG WKRVH LQ ' LV VXpFLHQWO\ JUHDW� $JDLQ� WKH GHWDLOV

RI WKH SURRI DUH LQ WKH $SSHQGL[�

%\ WKH UHVXOWV DERYH� WKH RQO\ SRVVLEOH LQWHULRU HTXLOEULXP LV RQH LQ ZKLFK DOO LQGLYLGXDOV

ULFKHU WKDQ VRPH WKUHVKROG OHYHO ORFDWH WR WKH ' FRPPXQLW\ ZKLOH DOO WKRVH SRRUHU WKDQ WKH

WKUHVKROG SUHIHU SXEOLF FRPPXQLW\� :H OHDYH WKH TXHVWLRQ RI H[LVWHQFH WR 6HFWLRQ ��� ZKHUH

WKH FDVH RI WZR LQFRPH W\SHV LV H[DPLQHG�

��2 A�i OL4L}i?iL�t �LT�*@|�L? �@ti

7KLV FDVH RI KRPRJHQHRXV LQGLYLGXDOV LV DQ LPSRUWDQW VSHFLDO FDVH VLQFH LW ZLOO DOORZ XV WR

LVRODWH WKH HmHFW RI ZHDOWK KHWHURJHQHLW\ LQ RXU VXEVHTXHQW UHVXOWV� ,Q WKLV FDVH� WKH ORFDWLRQ

�



SUREOHP LV UHGXFHG WR D FRRUGLQDWLRQ SUREOHP VLQFH QR FRQoLFW RI LQWHUHVW DULVHV EHWZHHQ

YRWHUV LQ UHJLRQ &� 7R VHH WKLV� nUVW REVHUYH IURP 3URSRVLWLRQ � WKDW QR LQWHULRU HTXLOLEULXP

H[LVWV� DQG WKDW ERWK W\SHV RI WKH H[WUHPDO HTXLOLEULD �HYHU\RQH OFRDWHV LQ ' RU HYHU\RQH

ORFDWHV LQ &� H[LVW� :H FRPSDUH WKH SD\RmV RI HYHU\RQH LQ & YV HYHU\RQH LQ '�

/HW M,M  Q� ,Q '� HDFK FRQWULEXWHV WKH VDPH DPRXQW DQG UHFHLYHV

] � = QbL �b} �b}9 �]� , �  �� �  �� �] �'
Q� � Q� �

ZKLOH HDFK LQ & UHFHLYHV

�b} �b}: �]� , �  >��b ~�]@ � >~Q]@ �&

�}b�� }ZKHUH ~  � �� � Q �� 8VLQJ ���� : FDQ EH UHZULWWHQ DV

� ��b}t u � }�b}] ]Q
�

�}b�� } �}b�� }Q � � Q � �

)URP WKHVH SD\RmV LW WXUQV RXW WKDW : w 9 Lm

t u
�b}r s� � Q

�b} �}b�� }Q � � Q w ����
�b } �b } Q� �

)RU } ! � LW LV HDV\ WR FKHFN WKDW WKH LQHTXDOLW\ LQ ���� KROGV VWULFWO\� )RU }  � �&REE�

'RXJODV XWLOLW\� FRQGLWLRQ ���� KROGV ZLWK HTXDOLW\� )RU } � � ZH YHULI\ WKDW ���� KROGV ZKHQ

Q w �� +HQFH� ZH KDYH�

�hLTLt�|�L? � /HW ]  ] IRU DOO L� M � ,� 7KHQ DQ HTXLOLEULXP LQ ZKLFK HYHU\RQH ORFDWHVL M

LQ & H[LVWV DQG 3DUHWR GRPLQDWHV WKH ' HTXLOLEULXP IRU DOPRVW HYHU\ }�

��� A�i A�L A)Tit �@ti

:H DUH LQWHUHVWHG LQ KRZ LQFRPH GLVWULEXWLRQ LQoXHQFHV WKH W\SH RI HTXLOLEULXP� ,Q SDUWLFXODU

ZH ZRXOG OLNH WR NQRZ ZKDW NLQG RI ZHDOWK VWUDWLnFDWLRQ HPHUJHV LQ DQ LQWHULRU HTXLOLEULXP"

:H FRQVLGHU WKLV TXHVWLRQ IRU WKH FDVH LQ ZKLFK WKHUH DUH WZR W\SHV� ULFK DQG SRRU� 7KH

ZHDOWK RI WKH ULFK LV JLYHQ E\ ] � 7KH ZHDOWK RI WKH SRRU LV GHQRWHG ] � ] � /HW U GHQRWH+ / +

WKH QXPEHU RI ULFK� ZKLOH S LV WKH QXPEHU RI SRRU� %\ 3URSRVLWLRQ � DQ\ LQWHULRU HTXLOLEULXP

ZLOO EH FRPSOHWHO\ VWUDWLnHG� DOO WKH SRRU UHVLGH LQ FHQWUDOL]HG FRPPXQLW\ & ZKLOH WKH ULFK

UHVLGH LQ WKH GHFHQWUDOL]HG FRPPXQLW\ '�

��



7R FKDUDFWHUL]H WKHVH HTXLOLEULD ZH GHULYH nUVW WKH PHGLDQ YRWHU
V WD[ UDWH ZKHQ DOO WKH

SRRU ORFDWH LQ &� 7KLV LV JLYHQ E\

�
~  � ����

��b}� }� � �� S�

7KHQ WKH LQGLUHFW XWLOLW\ RI WKH ULFK LQ ORFDWLRQ ' DQG WKH SRRU LQ ORFDWLRQ & DUH� UHVS��

t u
�b}� U

9 �] � , �  ] ����+ ' +
�b } U � �K r s L}�

�b} �}b�� } �b}: �] � , �  S � � S ] � ����/ & /�b }

$V IRU LQFHQWLYH FRQWUDLQWV� RQH FDQ YHULI\ WKDW QR ULFK LQGLYLGXDO ZLOO PLJUDWH WR & LI

t u
�b} K L� U �

�b} � �b} �b} ��b} �b}] ! ��b ~ � ] � ~ �] � S] � ����+ /+ +�b } U � � �b }

�ZKHUH ~ � WKH QHZ WD[ UDWH LI WKH ULFK LQGLYLGXDOV MRLQV &� LV JLYHQ E\

�
�~  � ����]/ ��b}� }� � � �

] �S]+ /

2Q WKH RWKHU KDQG� QR LQGLYLGXDO ZLOO PRYH IURP & WR ' LI� �t u�b}K r s L}� � U�b} �}b�� } �b} �b}S � � S ] ! ] � ] � ����+/ /�b } �b } U � �

$Q XSSHU ERXQG DQG ORZHU ERXQG IRU WKH UDWLR RI WKH SRRU
V ZHDOWK WR WKDW RI WKH ULFK�

]  ] � FDQ EH GHWHUPLQHG E\ WKH LQFHQWLYH FRQWUDLQWV ���� DQG ���� XQGHU WZR UHDVRQDEOH/ +

UFRQGLWLRQV� 7KH nUVW LV WKDW ] � ] ZKLFK LV WKH FDVH ZKHQ D SRRU LQGLYLGXDO ZRXOG IUHH/ +U��

ULGH LQ FRPPXQLW\ '� 7KLV LQHTXDOLW\ LV HDVLO\ YHULnHG IRU ODUJH HQRXJK U� WKRXJK W\SLFDOO\ U
Sb�QHHG QRW EH DOO WKDW ODUJH� 7KH VHFRQG LV WKDW ] � ] ZKLFK DJDLQ HDVLO\ KROGV IRU ODUJH/ +S

S� :H QRZ VWDWH WKH ERXQGV IRUPDOO\�

Sb� U�hLTLt�|�L? e )L[ VWULFWO\ SRVLWLYH YDOXHV RI U DQG S� ,I ] � ] DQG ] � ] � WKHQ/ + / +S U��

DQ LQWHULRU HTXLOLEULXP H[LVWV LI WKH UDWLR RI SRRU WR ULFK LQFRPH ]  ] VDWLVnHV/ +

K r s L
b� ��b}�}U �b} �}b�� }S � � S b �

U � �
]/ �����
]+� �t u�b}� U ���}b�� } �b} b��b}�  }� � �� � S � b S b
S U � � S

��



e #�tU�tt�L?

2EVHUYH WKDW WKH XSSHU ERXQG LQ ���� LV GHWHUPLQHG E\ ����� L�H�� WKH LQFHQWLYH RI WKH ULFK

LQ '� 7KH ORZHU ERXQG LV GHWHUPLQHG E\ WKH LQFHQWLYHV RI WKH SRRU LQ & ZKLFK LV JLYHQ E\

LQHTXDOLW\ ����� 7R JLYH DQ LQGLFDWLRQ RI KRZ VWULQJHQW DUH WKH ERXQGV JLYHQ LQ ����� WKH VHULHV

RI JUDSKV LQ )LJXUHV � DQG � GLVSOD\ WKH XSSHU DQG ORZHU ERXQGV RI WKH ZHDOWK UDWLR ]  ]+ /

DV D IXQFWLRQ RI } IRU YDOXHV RI S DQG U� 7KH UHJLRQ ZKHUH LQWHULRU HTXLOLEULD H[LVW _ L�H��

ZKHUH WKH XSSHU ERXQG H[FHHGV WKH ORZHU ERXQG LV LQGLFDWHG ZLWK ?(� ZKHUHDV QRQH[LVWHQFH

LV LQGLFDWHG ZLWK ?1(�� ([LVWHQFH KROGV RQO\ IRU YDOXHV RI } EHWZHHQ � DQG �� L�H�� WKH FDVH

RI VXEVWLWXWDELOLW\ EHWZHHQ SULYDWH DQG SXEOLF JRRG� ,Q )LJXUH � WKH QXPEHU RI ULFK LV KHOG

n[HG DW U  ��� ZKLOH WKH QXPEHU RI SRRU YDULHV� ,Q )LJXUH � ZH OHW S  U DQG YDU\ WKH WZR

WRJHWKHU LQ RUGHU WR H[DPLQH VFDOH HmHFWV� 7KH WUDGHRm EHWZHHQ WKH UHODWLYH QXPEHUV RI ULFK

DQG SRRU DQG WKH ZHDOWK UDWLR LV VWULNLQJ� ,Q ERWK nJXUHV� IRU FRPSDUDEOH QXPEHU RI ULFK

DQG SRRU WKH DGPLVVLEOH ZHDOWK UDWLR LV YHU\ VPDOO� 0RUH JHQHUDOO\� IRU LQWHULRU HTXLOLEULXP

WR H[LVW VHHPV WR UHTXLUH D SRODUL]HG LQFRPH GLVWULEXWLRQ LQ WKH VHQVH WKDW WKH UDWLR ]  ] LV/ +

YHU\ VPDOO ZKHQHYHU S LV ODUJH�

>)LJXUHV � DQG � KHUH@

2QH H[SODQDWLRQ IRU ZKDW LV KDSSHQLQJ LV WKDW ZKHQ LQGLYLGXDOV LQ & DUH H[WUHPHO\

SRRU UHODWLYH WR WKHLU FRXQWHUSDUWV LQ '� WKH\ PXVW EH VXpFLHQWO\ QXPHURXV VR WKDW WKH\

JHQHUDWH HQRXJK RI WKH SXEOLF JRRG WKRXJK FXPSXOVRU\ WD[DWLRQ WR SUHYHQW HDFK PHPEHU

IURP OHDYLQJ DQG IUHH ULGLQJ LQ WKH ' FRPPXQLW\� 7KH �LQGLUHFW� SUHIHUHQFHV RI WKH ULFK DUH

WKHQ VXpFLHQWO\ GLmHUHQW WR SUHYHQW WKHP IURP MRLQLQJ WKH SRRU� :KLOH WKLV H[SODQDWLRQ LV

FRUUHFW� LW FDQQRW� E\ LWVHOI DFFRXQW IRU WKH H[WUHPHO\ VPDOO DGPLVVDEOH ZHDOWK UDWLRV� 7KRVH

FRPH IURP WKH LQFHQWLYH FRQVWUDLQW RI WKH ULFK ZKLFK� UHFDOO� GHWHUPLQHV WKH XSSHU ERXQG LQ

����� 7KLV PHDQV WKDW LI ]  ] LV ODUJH HQRXJK WKHQ WKH ULFK SUHIHU WR PRYH WR & WR WDNH/ +

DGYDQWDJH RI WKH SXEOLF JRRG�

&RQVLGHU� IRU H[DPSOH� WKH SDUDPHWHUV }  � �� U  ����� S  ����� ]  ������ DQG+

]  �� ZKLFK FDQ EH YHULnHG WR VXSSRUW D VWUDWLnHG HTXLOLEULXP� )RU WKHVH SDUDPHWHUV� WKH/

WD[ UDWH FKRVHQ E\ WKH SRRU LQ & LV YLUWXDOO\ XQLW\� 7KLV PHDQV WKDW WKH DPRXQW RI SXEOLF

JRRG SURYLGHG LV FORVH WR ������ WKH DJJUHJDWH LQFRPH RI &� 1RZ REVHUYH WKDW WKH WRWDO OHYHO

RI SXEOLF JRRG LQ WKH SULYDWH SURYLVLRQ UHJLRQ ' QHYHU H[FHHGV ] GXH WR IUHH ULGLQJ� +HQFH�+

HYHQ WKRXJK WKH DJJUHJDWH LQFRPH LV FRQVLGHUDEO\ JUHDWHU LQ ' WKDQ LQ &� QR SRRU LQGLYLGXDO

��



ZRXOG MRLQ VLQFH WKH DFWXDO DPRXQW RI SXEOLF JRRG SURYLGHG GXH WR IUHH ULGLQJ LV OHVV WKDQ

������ OHVV WKDQ WKH DPRXQW SURYLGHG LQ &� 0RUHRYHU� QR ULFK SHUVRQ ZLVKHV WR PRYH WR

& VLQFH WKH SXEOLF DQG SULYDWH JRRGV DUH LPSHUIHFW VXEVWLWXWHV DQG DOPRVW DOO KLV SULYDWH

ZHDOWK ZRXOG EH WD[HG DZD\ LQ &� +RZHYHU� VXSSRVH WKDW ]  ����� 7KHQ WKH VWUDWLnHG/

HTXLOLEULXP LV GHVWUR\HG VLQFH WKH ULFK KDYH DQ LQFHQWLYH WR PRYH LQWR WKH QHLJKERUKRRG RI

WKH SRRU� 7KLV GLmHUV IURP PLJUDWLRQ PRGHOV LQ ZKLFK WD[DWLRQ LV IRU SXUHO\ UHGLVWULEXWLYH

SXUSRVHV �H�J�� VHH (SSOH DQG 5RPHU �������� 7KHUH� WD[DWLRQ UHGLVWULEXWHV D IUDFWLRQ RI
] �S]+ /SHU FDSLWD ZHDOWK � DQG LW LV WKH SRRU ZKR WKHQ FKDVH WKH ULFK ZKLFK GHVWUR\V LQWHULRU
S��

HTXLOLEULD�

1RWLFH WKDW WKH DJJUHJDWH TXDQWLW\ RI SXEOLF JRRG LV JUHDWHU LQ WKH SRRU FRPPXQLW\ WKDQ

LQ WKH ULFK RQH� 7KLV LV QRW RQO\ GXH WR VROYLQJ WKH IUHH ULGHU SUREOHP� EXW DOVR GXH WR

WKH VKHHU VL]H RI WKH SRRU FRPPXQLW\� $V DQ H[DPSOH� SXEOLF WUDQVSRUWDWLRQ LQ LQQHU FLWLHV

W\SLFDOO\ H[FHHGV WKDW LQ ULFKHU DQG VPDOOHU VXEXUEV� $V DQRWKHU H[DPSOH� LQ ,VDDF
V ������

GLVFXVVLRQ RI WKH %DEWLVW PRYHPHQW LQ &RORQLDO 9LUJLQLD� WKH SRRU GHIHFWHG IURP WKH ZHDOWK\
�&KXUFK RI (QJODQG SUHFLVHO\ EHFDXVH UHOLJLRXV VHUYLFHV ZHUH XQGHUIXQGHG�

,Q WKH SUHVHQW PRGHO� LW LV QRW RQO\ WKH GLmHUHQFH EHWZHHQ UHGLVWULEXWLRQ DQG SXEOLF JRRGV

SURYLVLRQ ZKLFK PDWWHUV� EXW LW LV DOVR WKH LQVWLWXWLRQDO GLmHUHQFHV DV ZHOO� 7KH LQVWLWXWLRQDO

GLmHUHQFHV FUHDWH D WUDGHRm IRU HDFK DJHQW EHWZHHQ WKH FRPPRQ LQWHUHVW �FRRUGLQDWLRQ�

SUREOHP LQ ' DQG WKH FRQoLFW RI LQWHUHVW SUREOHP LQ &� ,QWHUHVWLQJO\� ZKLOH RQH PLJKW

WKLQN WKDW WKH FRPPRQ LQWHUHVW SUREOHP IDYRUV WKH SRRU VLQFH WKH\ KDYH WKH OHDVW WR ORVH

IURP IUHH ULGLQJ� LW DFWXDOO\ IDYRUV WKH ULFK VLQFH WKH\ DUH PRVW FDSDEOH RI VHOI nQDQFLQJ

LQ WKH SUHVHQFH RI IUHH ULGLQJ� 2Q WKH RWKHU KDQG� WKH FRQoLFW RI LQWHUHVW SUREOHP LQ &

FOHDUO\ IDYRUV WKH SRRU VLQFH GHSDUWXUHV IURP RQH
V RSWLPDO PL[ RI SULYDWH DQG SXEOLF JRRGV

DUH OHVV KDUPIXO WR D SRRU SHUVRQ� 6LQFH RQO\ XQLODWHUDO GHYLDWLRQV IURP HTXLOLEULXP DUH

FRQVLGHUHG� WKH FRPPRQ LQWHUHVW SUREOHP LQ ' LV VHYHUH HQRXJK WR NHHS RXW DQ\ VLQJOH SRRU

SHUVRQ� ZKLOH WKH FRQoLFW RI LQWHUHVW SUREOHP LQ & LV VHYHUH HQRXJK WR NHHS RXW DQ\ VLQJOH
�ULFK SHUVRQ� %\ ZD\ RI FRPSDULVRQ� D FRPSDQLRQ SDSHU �*ORPP DQG /DJXQRm �������

ORRNV DW WKH G\QDPLFV RI WKLV PRGHO ZKHQ ORQJ�OLYHG LQGLYLGXDOV
 ORFDWLRQ GHFLVLRQV DUH PDGH

UHSHDWHGO\ DQG DV\QFKURQRXVO\� 7KHUH� WKH SRVVLELOLW\ WKDW RQH
V PRYH PD\ EH D SDUW RI D

FXPXODWLYH SURFHVV HVWDEOLVKHV WKDW RQH RU WKH RWKHU FRPPXQLW\ �DQG LWV DVVRFLDWHG SURYLVLRQ

SURFHVV� LV XQLTXHO\ YLDEOH LQ WKH ORQJ UXQ GHVSLWH WKH PXOWLSOLFLW\ RI HTXLOLEULD LQ WKH VWDWLF

�6HH ,VDDF ������� SS �������
�%XFKDQRQ DQG 7XOORFN ������ GHULYH DQ RSWLPDO YRWLQJ UXOH DV RQH WKDW EDODQFHV WKHVH WZR LQFHQWLYH

SUREOHPV� 7KH GLmHUHQFH KHUH LV WKDW WKH SUHVHQW FRQWULEXWLRQ DOORZV WKH SDUWLFLSDQWV WKHPVHOYHV WR PDNH

SHUVRQDO GHFLVLRQV EHWZHHQ WKH PHFKDQLVPV EDVHG RQ WKLV WUDGH Rm�

��



ORFDWLRQ JDPH� 7KH UHDVRQ LV WKDW WKH LQWHUWHPSRUDO LQWHUDFWLRQ RYHUFRPHV WKH LQDELOLW\ IRU

PXOWLODWHUDO GHSDUWXUH LQ WKH SUHVHQW PRGHO�

,W LV ZRUWK DVNLQJ KRZ VHQVLWLYH LV WKH UHVXOWV DQG LQWXLWLRQ WR FHUWDLQ DVVXPSWLRQV RI WKH

PRGHO� 2QH XVHIXO H[WHQVLRQ LV WR H[DPLQH SURSHUWLHV RI HTXLOLEULD XQGHU PHDQ�SUHVHUYLQJ

VSUHDGV LQ WKH ZHDOWK GLVWULEXWLRQ� )RU LQVWDQFH� JLYHQ WKH SDUDPHWULF H[DPSOH DERYH� FRQ�

VLGHU D UHODWLYHO\ VPDOO PHDQ�SUHVHUYLQJ VSUHDG RI WKH GLVWULEXWLRQ RI SRRU� :H NHHS WKH

LQFRPHV RI WKH ULFK n[HG� 6XSSRVH WKDW DPRQJ WKH SRRU� ��� LQGLYLGXDOV KDYH DQ LQFRPH

RI �� ��� KDYH LQFRPH RI �� ��� KDYH LQFRPH ��� ��� KDYH LQFRPH ��� DQG ��� KDYH LQ�

FRPH ��� ,Q WKLV JURXS DYHUDJH LQFRPH LV VWLOO �� VR WKDW WKLV LV D PHDQ SUHVHUYLQJ VSUHDG

RI WKH GHJHQHUDWH GLVWULEXWLRQ LQ ZKLFK DOO ���� LQGLYLGXDOV KDYH LQFRPH RI ��� 7KHUH UH�

PDLQ ���� ULFK LQGLYLGXDOV ZLWK LQFRPH ������ 6WDUWLQJ ZLWK WKH VWUDWLnHG ORFDWLRQ SURnOH

LQ ZKLFK ULFK DUH LQ ' DQG SRRU DUH LQ &� LW LV HDV\ WR VHH WKDW WKLV SURnOH UHPDLQV DQ

HTXLOLEULXP� (DFK SRRU LQGLYLGXDO ZRXOG IUHH ULGH ZHUH KH PRYH WR '� +LV LQFHQWLYH FRQ�
� � ����� � � � � �VWUDLQW LV >�� b ~�] @ � >~�����@ � ] � � ������ ZKHUH WKH PHGLDQ YRWHU
V WD[L L ����

UDWH DSSUR[LPDWHO\ RQH� 7KLV LQHTXDOLW\ UHTXLUHV WKDW ] ! ��� ZKLFK KROGV LQ RXU H[DP�L

SOH� 7KLV VPDOO SHUWXUEDWLRQ DERYH LQ WKH LQFRPH GLVWULEXWLRQ OHDYHV WKH LQWHULRU HTXLOLEULXP

XQDmHFWHG� :KLOH ODUJHU SHUWXUEDWLRQV FDQ EH FRQVWUXFWHG ZKLFK GHVWUR\V WKH VWUDWLnHG

HTXLOLEULXP� WKHUH LV DW OHDVW D QHLJKERUKRRG RI WKHVH SDUDPHWHUV LQ ZKLFK WKH VWUDWLnHG

HTXLOLEULXP UHPDLQV�

$QRWKHU H[WHQVLRQ WR H[DPLQH RWKHU WD[ VFKHPHV LQ WKH FHQWUDOL]HG FRPPXQLW\� :KLOH

WKH TXDOLWDWLYH IHDWXUHV RI HTXLOLEULD DUH XQOLNHO\ WR FKDQJH XQGHU D PLOGO\ SURJUHVVLYH LQFRPH

WD[ �VXFK DV LQ WKH 8�6��� LQWHULRU HTXLOLEULD PD\ EH KDUGHU WR FRPH E\ XQGHU D KHDG WD[�

6LQFH KHDG WD[HV GR QRW SXQLVK WKH ULFK DV PXFK DV LQFRPH WD[HV �UHODWLYH WR WKH SRRU�� WKH

FRQoLFW RI LQWHUHVW SUREOHP LQ & LV PLWLJDWHG WR DQ H[WHQW�

,QGHHG LQ D ULFKHU PRGHO WKDW DOORZV IRU DQ LQVWLWXWLRQDO UHVSRQVH� RQH PLJKW H[SHFW WKDW

FRPPXQLWLHV FKDQJH WKHLU WD[ VFKHPHV DV D ZD\ WR DWWUDFW D ODUJHU WD[ EDVH� +RZHYHU� WKLV LV

QRW VR FOHDU� 6XSSRVH� IRU H[DPSOH� WKDW FLWL]HQV LQ & FDQ YRWH RQ D OLQHDU WD[ V\VWHP� 7KLV

LQFOXGHV SURJUHVVLYH� UHJUHVVLYH� DV ZHOO DV oDW WD[ VFKHPHV� 2QH PLJKW FRQMHFWXUH WKDW WKH

PHGLDQ YRWHU ZRXOG� LI KH FRXOG� FRPPLW WR D UHJUHVVLYH WD[ LQ RUGHU WR DWWUDFW ULFK LQWR WKH

FRPPXQLW\� +RZHYHU� VLQFH WD[DWLRQ GHFLVLRQV DUH PDGH VXEVHTXHQW WR PLJUDWLRQ� WKH PHGLDQ

YRWHU
V LQFHQWLYHV DUH GLmHUHQW� 7KH PHGLDQ YRWHU ZRXOG JHQHUDOO\ SUHIHU D SURJUHVVLYH WD[

VFKHGXOH LQ RUGHU WR H[SURSULDWH WKH ZHDOWK RI WKH ULFK WR nQDQFH WKH SXEOLF JRRG� +HQFH� D

��



�UHJUHVVLYH WD[ PD\ ZHOO EH RSWLPDO� EXW LW LV QRW QHFHVVDULO\ WLPH FRQVLVWHQW�

)LQDOO\� WKH SUHVHQW ZRUN FRQVLGHUV RQO\ SXUH SXEOLF JRRGV� 7KHUH LV DQ HVWDEOLVKHG

OLWHUDWXUH ZKLFK KDV H[DPLQHG YDULRXV W\SHV RI SURYLVLRQ SURFHGXUHV IRU SXEOLF JRRGV LQ

LVRODWLRQ IURP RWKHU SURFHGXUHV� %HUJVWURP� %OXPH� DQG 9DULDQ ������� IRU LQVWDQFH� H[DPLQH

SULYDWH SURYLVLRQ RI D SXEOLF JRRG� 7KH\ SURYLGH D IDLUO\ FRPSOHWH FKDUDFWHUL]DWLRQ ZKLFK

PD\ EH FRPSDUHG GLUHFWO\ ZLWK HVWDEOLVKHG UHVXOWV VKRZLQJ WKH HpFLHQF\ RI PDMRULW\ YRWLQJ
��VHH %HUJVWURP �������� :H DQWLFLSDWH WKDW ZKHQ SURYLVLRQ RI SULYDWH JRRGV LQ D VSDWLDO

PRGHO LV WKH LVVXH� WKH EHQHnW RI RYHUFRPLQJ WKH IUHH ULGHU SUREOHP GLVVLSDWHV� DQG VR SXEOLF

SURYLVLRQ LV PRUH GLpFXOW WR VXSSRUW� 8VKHU ������ DQG %HVOH\ DQG &RDWH ������ H[DPLQH

PRGHOV ZLWK SULYDWH JRRGV LQ ZKLFK LQGLYLGXDOV FDQ FKRRVH �DOEHLW� QRW E\ PLJUDWLRQ� EHWZHHQ

WKH SULYDWH DQG SXEOLF VHFWRUV� 8VKHU� IRU H[DPSOH� nQGV WKDW ZLWK YRWLQJ� WKH SUREDELOLW\

RI SXEOLF SURYLVLRQ LV ODUJHU WKH ODUJHU LV LQFRPH LQHTXDOLW\� 7KH UHDVRQ LV WKDW WKH PRWLYH

IRU UHGLVWULEXWLRQ ULVHV ZLWK LQHTXDOLW\� )RU WKLV UHDVRQ� ZH VXVSHFW WKDW LQ RXU PRGHO� ZKHQ

FRQJHVWLRQ �DQ LPSXUH SXEOLF JRRG� SOD\V D UROH� WKHUH LV D VWURQJ PRWLYH IRU WKH ULFK WR HmHFW

DQ LQVWLWXWLRQDO UHVSRQVH WR NHHS RXW WKH SRRU�

D �TTi?_� 

ThLLu Lu �hLTLt�|�L? � 7R VHH WKDW DOO LQGLYLGXDOV LQ ' DOZD\V FRQVWLWXWHV DQ HTXLOLEULXP�

REVHUYH WKDW LI DQ LQGLYLGXDO L ZLWK ZHDOWK ] PRYHV DORQH WR &� WKHQ KH LV WKH RQO\ PHPEHU

LQ WKDW FRPPXQLW\ DQG VR KLV PRVW SUHIHUUHG WD[ UDWH LV ~  � �� +HQFH� KH ZLOO RQO\ OHDYH

' LI� DV D FRQWULEXWRU LQ '�

� ��b} }x� = � ] �
bL L �b}� ] � ����L�b } . � � �b }
bL

x,QHTXDOLW\ ���� PD\ EH UHZULWWHQ DV ��=  . � � ] ZKLFK VWDWHV WKDW L
V ZHDOWK H[FHHGV
bL bL

WZLFH WKH DYHUDJH ZHDOWK RI WKH UHPDLQLQJ FRQWULEXWRUV� +RZHYHU� LW PXVW KROG WKDW DQ

LQGLYLGXDO ZLWK WKH DYHUDJH ZHDOWK RI WKH UHPDLQLQJ FRQWULEXWRUV� =  . � PXVW KLPVHOI EH
bL bL

= �]
bLD FRQWULEXWRU� 7KHUHIRUH� ZH PXVW KDYH =  . w ZKLFK UHGXFHV WR ��=  . � w ]

bL bL bL bL. ��
bL

�&DSOLQ DQG 1DOHEXm ������ DOORZ WKH SRVVLELOLW\ RI SUHFRPPLWPHQW LQ D VLPLODU PRGHO� 7KH\ HVWDEOLVK

H[LVWHQFH EXW GR QRW GLVFXVV PDQ\ RWKHU TXDOLWDWLYH IHDWXUHV RI WKH PRGHO�
�0RUH JHQHUDOO\� WKHUH LV D ODUJH IRUPDO OLWHUDWXUH RQ SXEOLF SURYLVLRQ YLD YRWLQJ� 6HH /DmRQW ������ IRU

UHIHUHQFHV�

��



WKHUHE\ FRQWUDGLFWLQJ ����� $ IUHH ULGHU LQ ' ZLOO OHDYH Lm

� ��b} }x� = � ] �bL L�b} �b}>] � @ � ] � ����L�b } . � � �b }bL

7KLV FRQGLWLRQ LV WUXH LI DQG RQO\ LI

� ��b}x= � ]bL L � ��b}�}� �� b �� ] �L
. � �bL

x= �]
bL L)RU DQ\ } ! � WKLV FRQWUDGLFWV WKH FRQGLWLRQ ] � ZKLFK LV UHTXLUHG LI L LV D IUHH ULGHU�L . ��
bL

7R VKRZ SDUW ��� RI WKH 3URSRVLWLRQ� REVHUYH WKDW LI HYHU\RQH ORFDWHV LQ & WKHQ WKLV LV DQ

HTXLOLEULXP Lm K L
} �b} �b} �b}� ] � ���b ~�]� � �~=� � ����

=/HW P  � 2EVHUYH WKDW IURP ���� LW IROORZV WKDW HYHU\RQH ORFDWLQJ LQ & LV DQ
PD[I]� ]�&J

HTXLOLEULXP LI
}� � �b} �b}� ���b ~�� � �P~� � ����

�b } �b }

1RZ REVHUYH WKDW WKH ULJKW VLGH RI ���� LV VWULFWO\ FRQFDYH LQ ~ � :KHQ � � } � � WKHQ ~ YDULHV

EHWZHHQ � � DQG �� 7KHUHIRUH� WKH ULJKW VLGH RI ���� LV PLQLPL]HG DW HLWKHU ~  � RU ~  � ��
�b} } �b},I ~  � � WKHQ ���� EHFRPHV � � P ZKLOH LI ~  � WKHQ ���� EHFRPHV � � P � 7DNLQJ

} �b}WKH PRUH VWULQJHQW FRQGLWLRQ ~  � ZH KDYH VKRZQ WKDW LI � � P WKHQ QR LQGLYLGXDO ZLOO

OHDYH WKH & FRPPXQLW\� :KHQ } ! � WKHQ ~ YDULHV EHWZHHQ � DQG � �� 7KHUHIRUH� WKH ULJKW

VLGH RI ���� LV PLQLPL]HG DW HLWKHU ~  � RU ~  � �� ,Q WKH ODWWHU FDVH ZH KDYH WKDW � � P
}ZKLFK LV DOZD\V WUXH DQG VR QR RQH OHDYHV &� ,I ~  � ZH KDYH � ! � ZKLFK DJDLQ DOZD\V

KROGV� (

ThLLu Lu �hLTLt�|�L? 2 :H nUVW VKRZ SDUW ��� RI WKH UHVXOW� *LYHQ DQ LQWHULRU HTXLOEULXP

�[� \� V� VXSSRVH E\ FRQWUDGLFWLRQ WKDW WKH LQWHULRU HTXLOLEULXP KDV WKH SURSHUW\ WKDW ] LV D�

LQ ' DQG ] � ] ZLWK ] LQ &� 7KH LQFHQWLYH FRQVWUDLQWV DUH WKHQ JLYHQ E\� � �

9 �] � , � w: �] � , > I] J� ����� ' � & �

DQG

: �] � , � w 9 �] � , > I] J� ����� & � ' �

,W FDQ HDVLO\ EH VKRZQ WKDW 9 �] � , >I] J� ! 9 �] � , �� 7KDW LV� D ZHDOWKLHU PHPEHU FDQQRW� ' � � '

GR ZRUVH WKDQ WKH H[LVWLQJ SD\Rm ZLWKRXW WKDW LQGLYLGXDO� 7KLV� WRJHWKHU ZLWK ���� DQG �����

��



�LPSOLHV WKDW : �] � , � w: �] � , > I] J�� /HW ~ GHQRWH WKH WD[ UDWH DVVRFLDWHG ZLWK WKH &� & � & �

��HTXLOLEULXP� DQG ~ GHQRWH WKH WD[ UDWH LQ , > I] J� 8VLQJ WKH GHnQLWLRQ RI : LQ ����� WKH& �

LQHTXDOLW\ : �] � , � w: �] � , > I] J� LPSOLHV�� & � & �

�b}� �b} �b} ��b} �� �b} �b} ���b} �b}��b ~ � ] � ~ = w ��b ~ � ] � ~ �= � ] � ������ �

� ��2EVHUYH IURP WKH GHnQLWLRQ RI ~ DQG ~ LQ ����� WKDW

]�] � ]��� �~ ! ~ Lm �
= � ] =�

ZKHUH ]�] � GHQRWHV WKH PHGLDQ ZHDOWK DIWHU WKH LQGLYLGXDO ZLWK ] MRLQV &� 7KHUH DUH WZR� �

FDVHV WR FRQVLGHU� )LUVW� VXSSRVH WKDW ] DOZD\V EULQJV GRZQ WKH PHGLDQ� L�H�� ]�] � � ]�� �

�� �7KHQ WD[ UDWH ~ LV SUHIHUUHG E\ ] WR WKH UDWH ~ � 7KLV PHDQV WKDW�

�� �b} �b} ���b} �b} � �b} �b} ��b} �b}��b ~ � ] � ~ �= � ] � ! ��b ~ � ] � ~ �= � ] � � ����� �� �

6XSSRVH RQ WKH RWKHU KDQG WKDW ] LQFUHDVHV WKH PHGLDQ E\ MRLQLQJ &� L�H�� ]�] � ! ]� 7KHQ� �

��LW PXVW EH WKH FDVH WKDW LQGLYLGXDO ZLWK LQFRPH ] SUHIHUV WKH QHZ UDWH ~ WR WKH RULJLQDO�

�UDWH ~ VLQFH ] ! ] � ,Q WKLV FDVH ZH KDYH� �

�b} �b}�� �b} �b} ���b} � �b} �b} ��b}��b ~ � ] � ~ = ! ��b ~ � ] � ~ = � ����� �

7KHUHIRUH� LQ HLWKHU WKH FDVH RI ���� WRJHWKHU ZLWK ���� RU WKH FDVH RI ���� WRJHWKHU ZLWK ����
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