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7KLV SDSHU H[DPLQHV WKH LVVXH RI PXOWLSOLFLW\ RI HTXLOLEULD LQ DOWHUQDWLQJ PRYH UHSHDWHG
JDPHV ZLWK WZR SOD\HUV� 6XFK JDPHV DUH FDQRQLFDO PRGHOV RI HQYLURQPHQWV ZLWK UHSHDWHG�
DV\QFKURQRXV FKRLFHV GXH WR LQHUWLD RU UHSODFHPHQW� :H IRFXV RXU DWWHQWLRQ RQ 0DUNRY
3HUIHFW HTXLOLEULD �03(�� 7KHVH DUH 3HUIHFW HTXLOLEULD LQ ZKLFK LQGLYLGXDOV FRQGLWLRQ WKHLU
DFWLRQV RQ SD\Rm�UHOHYDQW VWDWH YDULDEOHV� 2XU PDLQ UHVXOW LV WKDW WKH QXPEHU RI 0DUNRY
3HUIHFW HTXLOLEULD LV JHQHULFDOO\ nQLWH ZLWK UHVSHFW WR VWDJH JDPH SD\RmV� 7KLV KROGV GHVSLWH
WKH IDFW WKDW WKH VWRFKDVWLF JDPH UHSUHVHQWLRQ RI WKH DOWHUQDWLQJ PRYH UHSHDWHG JDPH LV ?QRQ�
JHQHULF� LQ WKH ODUJHU VSDFH RI VWDWH GHSHQGHQW SD\RmV� :H DOVR FRPSDUH WKH 03( WR QRQ�
0DUNRYLDQ HTXLOLEULD DQG WR WKH �WULYLDO� 03( RI VWDQGDUG UHSHDWHG JDPHV� 8QOLNH WKH ODWWHU�
LW LV RIWHQ WUXH ZKHQ PRYHV DUH DV\QFKURQRXV WKDW 3DUHWR LQIHULRU VWDJH JDPH HTXLOLEULXP
SD\RmV FDQQRW EH VXSSRUWHG LQ 03(� $OVR� 03( FDQ EH FRQVWUXFWHG WR VXSSRUW FRRSHUDWLRQ
LQ D 3ULVRQHU
V 'LOHPPD GHVSLWH OLPLWHG SRVVLELOLWLHV IRU FRQVWUXFWLQJ SXQLVKPHQWV�

-RXUQDO RI (FRQRPLF /LWHUDWXUH &ODVVLnFDWLRQ 1XPEHUV� &��� &���
.H\ZRUGV� UHSHDWHG JDPHV� DV\QFKURQRXV FKRLFH� WXUQ�WDNLQJ JDPHV� VWRFKDVWLF JDPHV� 0DUNRY
3HUIHFW HTXLOLEULD� JHQHULFLW\�

e'HSDUWPHQW RI (FRQRPLFV� 9LUJLQLD 3RO\WHFKQLF ,QVWLWXWH DQG 6WDWH 8QLYHUVLW\� %ODFNVEXUJ� 9$ �����
86$� 3KRQH� ����� ��������� H�PDLO� KDOOHU#YW�HGX

\'HSDUWPHQW RI (FRQRPLFV� *HRUJHWRZQ 8QLYHUVLW\� :DVKLQJWRQ '& ����� 86$� 3KRQH� ����� ���������
H�PDLO� ODJXQRIU#JXQHW�JHRUJHWRZQ�HGX�

]:H ZRXOG OLNH WR WKDQN� ZLWKRXW LPSOLFDWLQJ� 3UDMLW 'XWWD� 'DQLHO .DKQ� $QGUHZ 0F/HQQDQ� DQG
HVSHFLDOO\ $NLKLNR 0DWVXL IRU KHOSIXO FRQYHUVDWLRQV�
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,I D nQLWH DFWLRQ VWDJH JDPH LV LQnQLWHO\ UHSHDWHG� WKHQ WKH VWDQGDUG WKHRU\ RI UHSHDWHG

JDPHV KDV OLWWOH WR VD\ DERXW ZKDW ZLOO KDSSHQ� ,W LV ZHOO NQRZQ IURP WKH )RON 7KHRUHP

WKDW SD\RmV ZKLFK GRPLQDWH WKH PLQPD[ SD\Rm FDQ EH VXSSRUWHG DV 3HUIHFW HTXLOLEULD LI
�SOD\HUV DUH SDWLHQW HQRXJK�

$SDUW IURP WKH VWDQGDUG PRGHO RI UHSHDWHG SOD\� WKHUH DUH PDQ\ VHWWLQJV LQ ZKLFK SOD\HUV

PRYH VHTXHQWLDOO\ RU DV\QFKURQRXVO\� )RU H[DPSOH� FDSDFLW\ GHFLVLRQV LQ DQ ROLJRSROLVWLF

LQGXVWU\ ZKLFK LQYROYH VRPH LQHUWLD RU FRVWO\ XSJUDGLQJ DUH GLpFXOW WR V\QFKURQL]H� 0DVNLQ

DQG 7LUROH �����D� FRQVLGHU D PRGHO LQ ZKLFK HDFK nUP VHWV FDSDFLW\ JLYHQ WKH �WHPSRUDULO\�

n[HG FDSDFLW\ RI ULYDOV� $QRWKHU H[DPSOH RI DV\QFKURQRXV SOD\ DUH WKH ELUWK�GHDWK SURFHVVHV

LQ HYROXWLRQDU\ PRGHOV� ,Q VXFK PRGHOV� UHSODFHPHQW RFFXUV DW LQGHSHQGHQW� UDQGRP WLPHV

IRUFLQJ GHFLVLRQV DW WKH WLPH RI HQWU\ WR EH DV\QFKURQRXV�

)RU ZKDWHYHU UHDVRQ WKDW DV\QFKURQRXV SOD\ H[LVWV� LWV HmHFW LQ UHSHDWHG VLWXDWLRQV LV

VRPHWLPHV GLmHUHQW WKDQ LQ WKH VWDQGDUG PRGHO� /DJXQRm DQG 0DWVXL ������ VKRZ WKDW LQ

UHSHDWHG JDPHV ZLWK DV\QFKURQRXV FKRLFHV� LI WKH VWDJH JDPH LV RQH RI SXUH FRRUGLQDWLRQ�

L�H�� D JDPH LQ ZKLFK WKH SD\RmV WR DOO SOD\HUV LQ HDFK DFWLRQ SURnOH DUH LGHQWLFDO� WKHQ DQ

?$QWL�)RON 7KHRUHP� REWDLQV� 7KDW LV� WKHUH LV D XQLTXH SHUIHFW HTXLOLEULXP SD\Rm LI SOD\HUV

DUH VXpFLHQWO\ SDWLHQW� +RZHYHU� PRUH JHQHUDOO\ 'XWWD ������ SURYHV D )RON 7KHRUHP IRU
�VWRFKDVWLF JDPHV ZKHQ D IXOO GLPHQVLRQDOLW\ FRQGLWLRQ KROGV� 6LQFH VHTXHQWLDO PRYH JDPHV

KDYH VWRFKDVWLF JDPH UHSUHVHQWDWLRQV� 'XWWD
V UHVXOW VKRZV WKDW DV\QFKURQRXV WLPLQJ GRHV

QRW� E\ LWVHOI� W\SLFDOO\ UHGXFH WKH PXOWLSOLFLW\ RI HTXLOLEULD ZKHQ SOD\HUV DUH YHU\ SDWLHQW�

7KH SUHVHQW SDSHU UH�H[DPLQHV WKH PXOWLSOLFLW\ LVVXH LQ UHSHDWHG JDPHV ZLWK DV\QFKURQRXV

FKRLFHV� :H IRFXV RXU DWWHQWLRQ RQ WKRVH HTXLOLEULD ZKLFK DULVH ZKHQ SOD\HUV
 VWUDWHJLHV DUH

0DUNRYLDQ LQ WKH VHQVH WKDW� UDWKHU WKDQ FRQGLWLRQLQJ WKHLU EHKDYLRU RQ WKH HQWLUH REVHUYHG
�KLVWRU\� SOD\HUV FRQGLWLRQ RQO\ RQ SD\Rm�UHOHYDQW VWDWHV� :H H[DPLQH WKH WLPLQJ VWUXFWXUH

FRQVLGHUHG E\ 0DVNLQ DQG 7LUROH ������ ����D�E� DV D FDQRQLFDO PRGHO RI DV\QFKURQRXV

UHSHWLWLRQ� 7ZR SOD\HUV WDNH WXUQV PRYLQJ LQ D VWDWLRQDU\ HQYLURQPHQW� ,Q WXUQ�WDNLQJ

JDPHV� WKH QDWXUDO VWDWH YDULDEOH LV WKH PRYH RI RWKHU SOD\HU�V� LQ WKH SUHYLRXV SHULRG� ,Q

XVLQJ 0DUNRYLDQ VWUDWHJLHV� WKH SOD\HUV QHHG QRW FRRUGLQDWH WKHLU EHKDYLRU WR GHSHQG RQ WKH

SDVW� ,QGHHG� WKH\ QHHG QRW KDYH REVHUYHG WKH SDVW DW DOO� (DFK SOD\HU PHUHO\ QHHGV WR

NQRZ ?ZKHUH KH LV� LQ WKH JDPH� 7KLV UHTXLUHV RQO\ WKDW KH XQGHUVWDQG ZKDW DUH KLV IHDVLEOH

DFWLRQV DW DQ\ JLYHQ WLPH DQG ZKDW DUH WKHLU FRQVHTXHQFHV�

�6HH� IRU H[DPSOH� $EUHX ������� )XGHQEHUJ DQG 0DVNLQ ������� DQG $XPDQQ �������
�,Q 6WRFKDVWLF JDPHV WKH VWDJH JDPH HYROYHV DFFRUGLQJ WR D WUDQVLWLRQ IXQFWLRQ ZKLFK PDSV �SUREDELOLVWL�

FDOO\� WKH FXUUHQW VWDWH DQG DFWLRQ SURnOH LQWR QH[W SHULRG
V VWDWH�
�6HH )XGHQEHUJ DQG 0DVNLQ ������ IRU DQ DOWHUQDWLYH QRWLRQ RI 0DUNRYLDQ EHKDYLRU�
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2XU PDLQ UHVXOW LV WKDW WKH QXPEHU RI 0DUNRY 3HUIHFW (TXLOLEULD LQ WKLV JDPH _ ZLWK

WKH DEEUHYLDWLRQ 03( XVHG LQ WKH VHTXHO _ LV JHQHULFDOO\ nQLWH ZLWK UHVSHFW WR VWDJH JDPH

SD\RmV� :KDW LV XQXVXDO DERXW WKLV UHVXOW LV WKH OLPLWHG GHJUHH RI IUHHGRP RmHUHG E\ VWDJH

JDPH SD\RmV IRU JHQHULFLW\ DUJXPHQWV LQYROYLQJ G\QDPLF HTXLOLEULD� $V ZH REVHUYHG� WKH

DOWHUQDWLQJ PRYH UHSHDWHG JDPH LV D VWRFKDVWLF JDPH� +HQFH� D PRUH QDWXUDO FDQGLGDWH

IRU D JHQHULFLW\ DUJXPHQW LV WKH ODUJHU GLPHQVLRQDO VSDFH RI VWDWH�GHSHQGHQW SD\RmV� 7KH

SUREOHP LV WKDW WKH DOWHUQDWLQJ PRYH JDPH LV ?QRQ�JHQHULF� LQ WKLV ODUJHU VSDFH� ,Q IDFW� WKH

ODUJHVW GHJUHH RI IUHHGRP LV SUHFLVHO\ JLYHQ E\ WKH VSDFH RI VWDJH JDPH SD\RmV� DQG VR ZH DUH

UHVWULFWHG WR LW IRU SURYLQJ WKH UHVXOW�

7KH UHVXOW FRQWUDVWV ZLWK PRGHOV RI QRQ�0DUNRYLDQ VWUDWHJLHV� LQFOXGLQJ WKRVH ZLWK ORZ

FRPSOH[LW\� .DODL DQG 6WDQIRUG ������ VKRZ� IRU H[DPSOH� WKDW �LQ WKH VWDQGDUG UHSHDWHG

JDPH� DQ\ SHUIHFW HTXLOLEULXP FDQ EH DSSUR[LPDWHG E\ VWUDWHJLHV ZKLFK DUH nQLWHO\ FRPSOH[

LQ WKH VHQVH WKDW WKH\ DUH LPSOHPHQWDEOH E\ nQLWH�VWDWH DXWRPDWD� 2I FRXUVH� 0DUNRYLDQ

VWUDWHJLHV DUH WKHPVHOYHV VLPSOH DXWRPDWD� 7KH GLmHUHQFH LV WKDW WKH UHVWULFWLRQ WR 0DUNRYLDQ

VWUDWHJLHV UXOHV RXW WKH SRVVLELOLW\ WR H[WHQG PHPRU\� E\ XVLQJ VWDWHV RI WKH DXWRPDWRQ�

EH\RQG ZKDW LV HQFRGHG LQ WKH VWDWHV RI WKH JDPH� 6LQFH HYHQ RQH SHULRG RI SDVW KLVWRU\ FDQ

VXSSRUW D FRQWLQXXP RI HTXLOLEULD LQ VRPH JDPHV� RXU UHVXOW VXJJHVWV D VWULNLQJ GLVFRQWLQXLW\

EHWZHHQ 0DUNRYLDQ DQG QRQ�0DUNRYLDQ EHKDYLRU�

1DWXUDOO\� LQ WKH VWDQGDUG PRGHO RI UHSHDWHG SOD\� LI WKH SOD\HUV GR QRW XVH SDVW KLVWRU\

WKHQ RQO\ 1DVK HTXLOLEULD RI WKH VWDJH JDPH FDQ DULVH� ,Q WKDW FDVH� VLQFH WKH RQO\ 0DUNRYLDQ

VWUDWHJLHV DUH VWDJH JDPH VWUDWHJLHV� RQO\ 1DVK HTXLOLEULD RI WKH VWDJH JDPH DUH 0DUNRY

3HUIHFW LQ WKH VHQVH ZKLFK ZH GHVFULEHG� ,Q VXFK D FDVH� WKHUH LV D ZHOO NQRZQ UHVXOW RI

:LOVRQ ������ DQG +DUVDQ\L ������ ZKR VKRZ WKDW WKH QXPEHU RI 1DVK HTXLOLEULD LQ DQ\

QRUPDO IRUP �VWDJH JDPH� LV JHQHULFDOO\ nQLWH ZLWK UHVSHFW WR SD\RmV� +HQFH� LQ D WULYLDO

VHQVH� 0DUNRYLDQ HTXLOLEULD RI WKH VWDQGDUG PRGHO RI D UHSHDWHG JDPH DUH DOVR JHQHULFDOO\

nQLWH� DQG VR WKH GLVFRQWLQXLW\ GHVFULEHG DERYH H[LVWV LQ WKH VWDQGDUG PRGHO DV ZHOO�

<HW� WKH IDFW WKDW QRQWULYLDO VWDWH YDULDEOHV H[LVW LQ WKH DV\QFKURQRXV FKRLFH FDVH EXW QRW

LQ WKH VWDQGDUG PRGHO GRHV PDNH D VLJQLnFDQW GLmHUHQFH� :H VKRZ WKDW GHVSLWH WKH UHODWLYHO\

VPDOO QXPEHU RI HTXLOLEULD� 0DUNRYLDQ EHKDYLRU FDQ VXSSRUW FRRSHUDWLRQ LQ VRPH 3ULVRQHU
V

'LOHPPD JDPHV� ZKHUHDV LW UXOHV RXW 3DUHWR LQIHULRU 1DVK HTXLOLEULD LQ VRPH FRRUGLQDWLRQ

JDPHV� 7KHUHIRUH� ZKLOH WKH UHVWULFWLRQ WR 0DUNRY EHKDYLRU SDUHV GRZQ WKH HTXLOLEULXP VHW LQ

ERWK PRGHOV� VWDWHV YDULDEOHV LQ WKH DV\QFKURQRXV PRGHO DGPLW HQRXJK oH[LELOLW\ WR VXSSRUW

GHVLUDEOH RXWFRPHV ZKLFK FRXOG QRW DULVH LQ WKH VWDJH JDPH� DQG HOLPLQDWH VRPH XQGHVLUDEOH
�RXWFRPHV RI WKH VWDJH JDPH ZKLFK VWDQGDUG UHSHWLWLRQ FDQQRW SUHYHQW�

�$ UHFHQW UHVXOW E\ 'XWWD ������ HVWDEOLVKHV HpFLHQF\ RI 03( LQ VWRFKDVWLF JDPHV� +LV UHVXOW XWLOL]HV D
FRQGLWLRQ FDOOHG ?VWDWH V\PPHWU\� LQ ZKLFK DOO LQGLYLGXDOV HVVHQWLDOO\ UDQN WKH VWDWHV LQ WKH VDPH ZD\ �LQ
WKHLU SUHIHUHQFHV� XQGHU RSWLPDO EHKDYLRU� ([DPSOHV LQFOXGH FRPPRQ SRRO UHVRXUFH H[WUDFWLRQ SUREOHPV�
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7KLV SDSHU LV RUJDQL]HG DV IROORZV� 6HFWLRQ � LQWURGXFHV GHnQLWLRQV DQG QRWDWLRQ DQG

GHVFULEHV H[LVWLQJ UHVXOWV ZKLFK DUH UHOHYDQW IRU FRPSDULVRQ� 6HFWLRQ � GHPRQVWUDWHV GLI�

IHUHQFHV EHWZHHQ 0DUNRYLDQ DQG QRQ�0DUNRYLDQ HTXLOLEULD DQG EHWZHHQ V\QFKURQRXV DQG

DV\QFKURQRXV WLPLQJ� 7KUHH UHVXOWV IRU � d � VWDJH JDPHV DUH GHVFULEHG� 7KH nUVW GHPRQ�

VWUDWHV ZK\ WKH HTXLOLEULXP VHW LV JHQHULFDOO\ nQLWH LQ WKLV VSHFLDO FDVH� 7KH VHFRQG H[DPLQHV

FRRUGLQDWLRQ JDPHV DQG VKRZV WKDW VRPHWLPHV� 3DUHWR LQIHULRU 1DVK HTXLOLEULD RI WKH VWDJH

JDPH FDQQRW UHVXOW LQ 03(� 7KH WKLUG VKRZV WKDW VRPHWLPHV 03( FDQ EH FRQVWUXFWHG WR

VXSSRUW FRRSHUDWLRQ LQ D 3ULVRQHU
V 'LOHPPD GHVSLWH WKH OLPLWHG SRVVLELOLW\ IRU SXQLVKPHQWV�

6HFWLRQ � H[DPLQHV WKH ORJLF RI WKH PDLQ UHVXOW� SURYLGHV FRPPHQWV RQ FRQFHSWV RI JHQHULFLW\�

DQG nQDOO\ JLYHV WKH SURRI RI WKH PDLQ UHVXOW IRU JHQHUDO� WZR SOD\HU DOWHUQDWLQJ PRYH JDPHV�
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&RQVLGHU WKH DOWHUQDWLQJ PRYH JDPH RI ZKLFK VWDJH SD\Rm LV JLYHQ E\ *  K6 � 6 � X � X L� � � �

ZKHUH 6 � L  �� �� LV D nQLWH VHW RI DFWLRQV RI SOD\HU L� DQG� OHWWLQJ 6  6 d 6 � X � 6 � �L � � L

LV WKH XWLOLW\ IXQFWLRQ RI SOD\HU L� $OWHUQDWLYHO\� OHW 8 GHQRWH L
V 6 d � XWLOLW\ YHFWRU VR WKDWL

�68  X �V�� 7KHQ 8  �8 �8 � LV DQ HOHPHQW RI � � $EXVLQJ QRWDWLRQ D ELW� ZH ZLOO XVH 6LV L � � L

WR UHIHU WR ERWK WKH VHW DQG WKH FDUGLQDOLW\ RI WKH VHW RI L
V DFWLRQV LQ WKH VWDJH JDPH�

$IWHU WKH nUVW GHFLVLRQ QRGH� ZKLFK RFFXUV IRU DOO SOD\HUV DW WLPH ]HUR� WKH WZR SOD\HUV

DOWHUQDWHO\ KDYH FKDQFHV WR UHYLVH WKHLU DFWLRQV� $W WKH EHJLQQLQJ RI RGG SHULRGV� SOD\HU �

KDV D FKDQFH WR UHYLVH KLV DFWLRQ� ZKHUHDV DW WKH EHJLQQLQJ RI HYHQ SHULRGV SOD\HU � KDV D

FKDQFH WR UHYLVH KHU RZQ DFWLRQ� ,Q DQ RGG SHULRG� LI SOD\HU � WDNHV V DQG LI SOD\HU � WRRN V� �

LQ WKH SUHYLRXV SHULRG� WKHQ WKH UHDOL]HG SD\Rm RI WKLV SHULRG WR SOD\HU L  �� � LV X �V � V ��L � �

3D\RmV LQ HYHQ SHULRGV DUH VLPLODUO\ GHnQHG�

W W W/HW V  �V � V � GHQRWH WKH SURnOH RI DFWLRQV LQ SHULRG W� $V LQ RUGLQDU\ UHSHDWHG JDPHV�� �
3
� W WLQGLYLGXDOV VHHN WR PD[LPL]H WKH GLVFRXQWHG VXP ��bp�p X �V � JLYHQ FRPPRQ GLVFRXQWLW �

IDFWRU p� /HW + GHQRWH WKH VHW RI DOO KLVWRULHV HQGLQJ LQ RGG QXPEHUHG SHULRGV VR WKDW�

� � � �W��K � + LPSOLHV WKDW IRU VRPH W� K  �V � V � V � � � � � V �� 6LPLODUO\� + LV WKH VHW RI DOO� �

� � � �WKLVWRULHV HQGLQJ LQ HYHQ QXPEHUHG SHULRGV VR WKDW K � + LPSOLHV K  �V � V � V � � � � � V ���

W/HW +  + > + � $ VWDQGDUG QRWDWLRQ GHQRWHV WKH KLVWRU\ HQGLQJ LQ SHULRG W E\ K � $� �

VWUDWHJ\ IRU SOD\HU L  �� � LV D IXQFWLRQ I � + � c�6 � ZKHUH c�6 � GHQRWH WKH VHW RI PL[HGL M L L

VWUDWHJLHV RQ 6 � :H ZULWH I �V MK� WR GHQRWH WKH SUREDELOLW\ ZHLJKW DVVLJQHG V ZKHQ WKHL L L L

2XU UHVXOWV GLmHU� KRZHYHU� VLQFH WKH DOWHUQDWLQJ PRYH 3ULVRQHU
V 'LOHPPD LV DSSDUHQWO\ QRW VWDWH V\PPHWULF�
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FXUUHQW KLVWRU\ LV K�

7R GHnQH WKH SD\RmV� ZH QHHG RQH PRUH XVHIXO ELW RI QRWDWLRQ� /HW u GHQRWH DQ ?LQGLFDWRU�

RI WKH FXUUHQW PRYHU VR WKDW u�W�  � LI W LV RGG� DQG u�W�  � LI W LV HYHQ� *LYHQ I  �I � I ��� �

WSOD\HU L
V SD\Rm DIWHU KLVWRU\ K LV JLYHQ E\

� �
�; ;� �W W�~ W�~9 �I MK � s ��b p�( p I �V MK �X �V� ���� �L u�W�~� u�W�~� L

W�~~ � V
u�W�~�

ZKHUH WKH H[SHFWDWLRQ LV WDNHQ ZLWK UHVSHFW WR WKH GLVWULEXWLRQ LQGXFHG E\ WKH I �
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e e e e$ SHUIHFW HTXLOLEULXP I  �I � I � LV D VWUDWHJ\ SURnOH LQ ZKLFK IRU HDFK L  �� �� I LV D EHVW� � L
eUHVSRQVH WR I � M � L� DIWHU HYHU\ KLVWRU\ K � +� L�H��M

e e9 �I MK� w 9 �I � I MK�L L L M

IRU DQ\ RI SOD\HU L
V VWUDWHJLHV I � 1RZ OHWL

W p WP �K �  OLP LQI VXS9 �I MK �L L
p�� IM IL

p WZKHUH 9 GHQRWHV H[SOLFLW GHSHQGHQFH RQ GLVFRXQW IDFWRU p� 7KH SD\Rm P �K � GHQRWHV WKHLL
WORQJ UXQ PLQLPD[ SD\Rm IRU SOD\HU L JLYHQ KLVWRU\ K � /HW : GHQRWH WKH FRQYH[ KXOO RI

WWKH VWDJH JDPH SD\Rm YHFWRUV� DQG GHnQH WKH VHW RI IHDVLEOH SD\RmV JLYHQ K WKDW VWULFWO\

GRPLQDWH WKH ORQJ UXQ PLQLPD[ SD\Rm E\

nQ RnW W) �K �  Z � : n Z ! P �K �� L  �� �L L

$ UHVXOW RI 'XWWD ������ SURYHV D )RON 7KHRUHP IRU JHQHUDO VWRFKDVWLF JDPHV� ,Q RXU PRGHO�
WKH VKRZV WKDW DQ\ SD\Rm LQ ) �K � FDQ EH DUELWUDULO\ DSSUR[LPDWHG E\ SHUIHFW HTXLOLEULXP

SD\RmV IRU VXpFLHQWO\ SDWLHQW SOD\HUV LI WKH IHDVLEOH SD\RmV DQG WKH PLQLPD[ SD\RmV GR

QRW YDU\ DFURVV KLVWRULHV� DQG LI WKH JDPH VDWLVnHV D IXOO GLPHQVLRQDOLW\ UHTXLUHPHQW� 0RUH

SUHFLVHO\�

W WA�iLhi4 �'XWWD ������� 6XSSRVH WKDW IRU HDFK L  �� �� DQG DOO KLVWRULHV K � P �K �  PL L

W xDQG ) �K �  ) ZLWK GLP�) �  �� )RU DQ\ Z � ) DQG DQ\ q ! � WKHUH LV D p VXFK WKDW LI
W Wxp w p� WKHQ WKHUH H[LVWV D SHUIHFW HTXLOLEULXP I ZLWK 9 �I MK � p� ! Z b q� �K � +�L L
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7KH DSSOLFDWLRQ RI 'XWWD
V UHVXOW KHUH JHQHULFDOO\ UHVROYHV WKH PXOWLSOLFLW\ LVVXH ZKHQ DOO

SHUIHFW HTXLOLEULD RI WKH WXUQ�WDNLQJ JDPH DUH FRQVLGHUHG� +RZHYHU� ZH ZLOO UHVWULFW RXU DW�

WHQWLRQ WR WKH VSHFLDO FODVV RI VWUDWHJLHV NQRZQ DV 0DUNRYLDQ VWUDWHJLHV� 7KHVH DUH VWUDWHJLHV

WKDW GHSHQG RQO\ RQ SD\Rm UHOHYDQW LQIRUPDWLRQ� ,Q WKH DOWHUQDWLQJ PRYH JDPH WKH SD\Rm
Wb�UHOHYDQW VWDWH DW WLPH W LV WKH DFWLRQ V RI WKH SUHYLRXV PRYHU M DW WLPH Wb �� ,W ZLOO ODWHUM

SURYH XVHIXO WR GLVWLQJXLVK VWDWHV IURP DFWLRQV� DOWKRXJK WKH\ DUH LQ RQH�WR�RQH FRUUHVSRQ�

GHQFH� )RUPDOO\� D 0DUNRYLDQ VWUDWHJ\ FDQ EH H[SUHVVHG �DEXVLQJ QRWDWLRQ VRPHZKDW� DV

D VWUDWHJ\ I � 6 � c6 � :H XVH WKH QRWDWLRQ I �V MV � WR GHQRWH WKH SUREDELOLW\ WKDW ML M L M M L

DVVLJQV WR V JLYHQ WKDW WKH FXUUHQW VWDWH �WKH DFWLRQ WDNHQ E\ WKH SUHYLRXV PRYHU� LV V �M L

5HZULWLQJ WKH H[SUHVVLRQ IRU SD\RmV QRZ DV D IXQFWLRQ RI RQO\ WKH VWDWH UDWKHU WKDQ WKH

HQWLUH KLVWRU\ JLYHV IRU L  � WKH UHFXUVLYH H[SUHVVLRQ�

;
9 �I MV �  I �V MV � >��b p�X �V � V � � p9 �I MV �@ ���� L M M L � L M � M

VM

$ VLPLODU H[SUHVVLRQ IRU L  � LV REWDLQHG E\ VZLWFKLQJ VXEVFULSWV� $ 0DUNRY 3HUIHFW (TXL�

OLEULXP LV D SHUIHFW HTXLOLEULXP LQ ZKLFK WKH VWUDWHJLHV DUH 0DUNRYLDQ�

�([LVWHQFH RI 0DUNRY 3HUIHFW HTXLOLEULD LV D VWDQGDUG UHVXOW� 7KH PDLQ UHVXOW RI WKLV

SDSHU LV�

�6A�iLhi4 7KH VHW RI 03( LV D nQLWH VHW RQ D IXOO PHDVXUH VXEVHW RI 8 � � �

1RWLFH WKDW WKH FRQFOXVLRQ GRHV QRW GHSHQG RQ WKH GLVFRXQW IDFWRU� 7KH VHW RI 03(

LV nQLWH UHJDUGOHVV RI KRZ SDWLHQW DUH WKH SOD\HUV� 1DWXUDOO\� WKH SOD\HUV
 SDWLHQFH GRHV

GHWHUPLQH ZKLFK nQLWH VHW RI SD\RmV FDQ EH VXSSRUWHG�

$V IRU WKH SURRI� ZKLFK LV FRQWDLQHG LQ 6HFWLRQ �� WKHUH DUH WZR GLpFXOWLHV ZKLFK SUH�

YHQW D VWUDLJKWIRUZDUG DSSOLFDWLRQ RI +DUVDQ\L
V SURRI WR 0DUNRYLDQ HTXLOLEULD LQ UHSHDWHG

JDPHV ZLWK DV\QFKURQRXV FKRLFH� )LUVW� XQOLNH LQ QRUPDO IRUP JDPHV� VWUDWHJLHV GR QRW HQ�

WHU OLQHDUO\ LQ SD\RmV� 6LQFH SOD\HUV
 SD\RmV DUH H[SHFWHG GLVFRXQWHG VXPV RI VWDJH JDPH

SD\RmV� SOD\HUV
 SD\RmV DUH VKRZQ WR EH UDWLRQDO IXQFWLRQV RI 0DUNRYLDQ VWUDWHJLHV� 6HFRQG

DQG PRUH LPSRUWDQWO\� WKH ?JHQHULFLW\� LQ RXU UHVXOW UHIHUV WR WKH GLPHQVLRQ RI SD\RmV LQ

WKH VWDJH JDPH UDWKHU WKDQ LQ WKH VWRFKDVWLF JDPH� 7R VHH WKH GLmHUHQFH� FRQVLGHU WKH VWDJH

JDPH LQ )LJXUH � EHORZ�

�6HH� IRU H[DPSOH� )ULHGPDQ ������� )XGHQEHUJ DQG 7LUROH ������� RU /DJXQRm DQG 0DWVXL �������

�
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6�}�hi �

7KH VWRFKDVWLF JDPH UHSUHVHQWDWLRQ RI WKH �d � JDPH LQ )LJXUH � LV VHHQ EHORZ LQ )LJXUH

�� 7KH VWDWH VSDFH LV WKH VHW 6 >6 � ,I WKH FXUUHQW VWDWH LV V � IRU H[DPSOH� WKHQ WKLV PHDQV� � �

WKDW LQGLYLGXDO � PRYHG LQ WKH SUHYLRXV SHULRG DQG WRRN DFWLRQ V � 7KH DUURZV GHQRWH WKH�

WUDQVLWLRQ ODZV�

VWDWH  V VWDWH  V� �

�� � ��� � �� � �� ���
�� � ��� � ��� � ��� �

��
�	

� �VWDWH  V VWDWH  V� �

��� � �� � ��� � ��� ���
��� � �� � �� � �� �

6�}�hi 2

,I RQH ZHUH WR SURYH WKDW nQLWH VWDWH VWRFKDVWLF JDPHV KDYH JHQHULFDOO\ nQLWHO\ PDQ\

0DUNRYLDQ HTXLOLEULD� WKHQ WKH WHUP ?JHQHULFDOO\� ZRXOG UHDVRQDEO\ DSSO\ WR WKH VWDWH GH�
��SHQGHQW XWLOLWLHV� ,Q WKLV FDVH� ZH ZRXOG KDYH WR FRQVLGHU DOO SRVVLEOH SD\Rm YHFWRUV LQ �

VLQFH WKHUH � SRVVLEOH VWDJH JDPH SD\RmV� DQG � SRVVLEOH VWDWHV� +RZHYHU� WKH UHGXQGDQF\ LQ

SD\RmV LV FOHDU IURP )LJXUH �� WKH DOWHUQDWLQJ PRYH JDPH JLYHV QRW PRUH WKDQ � GHJUHHV RI

IUHHGRP� 7KDW LV WR VD\� WKH VWRFKDVWLF JDPH UHSUHVHQWDWLRQ RI UHSHDWHG DOWHUQDWLQJ PRYHV

ZLOO QRW EH D ?JHQHULF� VWRFKDVWLF JDPH� +HQFH� ZH DUH UHVWULFWHG WR FRQVLGHU YDULDWLRQV LQ
�WKH RULJLQDO VWDJH JDPH RQO\�

�(YHQ LI RQH DOORZV WKH VHW RI IHDVLEOH DFWLRQV WR YDU\ DFURVV VWDWHV� WKHUH ZLOO VWLOO EH VRPH UHGXQGDQF\ LQ

SD\RmV�

�
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,Q WKLV 6HFWLRQ ZH JLYH VRPH LQWXLWLRQ IRU WKH UHVXOW LQ WKH �d � VWDJH JDPH LQ )LJXUH �

DERYH� :H DOVR GHPRQVWUDWH KRZ 03( RI WKLV PRGHO GLmHU IURP� ��� 3HUIHFW HTXLOLEULD RI

WKH PRGHO� DQG ��� 03( RI WKH VWDQGDUG UHSHDWHG JDPH� )RU WKH nUVW FRPSDULVRQ� REVHUYH

WKDW LI WKH VWDJH JDPH DERYH VDWLVnHV 'XWWD
V GLPHQVLRQDOLW\ FRQGLWLRQ �ZKLFK LV PXFK ZHDNHU
�WKDQ KDYLQJ WKH SD\RmV VSDQQLQJ � �� WKHQ DQ\ LQGLYLGXDOO\ UDWLRQDO SD\Rm PD\ EH VKRZQ WR

EH VXSSRUWHG E\ D 3HUIHFW HTXLOLEULXP RI WKH WXUQ�WDNLQJ JDPH LI SOD\HUV DUH SDWLHQW HQRXJK�

)RU WKH VHFRQG FRPSDULVRQ� QRWH WKDW 1DVK HTXLOLEULD RI WKH VWDJH JDPH DUH �WULYLDO� 0DUNRY

3HUIHFW HTXLOLEULD RI WKH VWDQGDUG UHSHDWHG JDPH PRGHO�

1RZ FRPELQH WKH UHVWULFWLRQ WR 0DUNRYLDQ EHKDYLRU ZLWK D WXUQ�WDNLQJ UHSHWLWLRQ RI WKH

VWDJH JDPH� )L[ D VWUDWHJ\ SURnOH I DQG OHW n  I �'M'� GHQRWH WKH SUREDELOLW\ WKDWL L

HDFK SOD\HU SOD\V ' ZKHQHYHU WKH RWKHU GLG� /HW m  I �&M&� GHQRWH WKH SUREDELOLW\ WKDWL L

& LV SOD\HG E\ L DIWHU M FKRVH &� &OHDUO\� WKHUH DUH RQO\ nQLWHO\ PDQ\ ?SXUH VWUDWHJ\�

FRQnJXUDWLRQV� L�H�� nQLWHO\ PDQ\ FDVHV LQ ZKLFK m � I�� �J DQG n � I�� �J� +RZHYHU� WKLVL L

LV DOPRVW DOZD\V WUXH IRU PL[HG VWUDWHJLHV DV ZHOO�

��*@�4 � ([FHSW RQ D VHW RI SD\RmV �D � E � F � G � ZLWK PHDVXUH ]HUR LQ � � WKHUH DUH QR 03(L L L L

LQ ZKLFK SOD\HU L XVHV D VWULFWO\ PL[HG VWUDWHJ\� L�H�� WKHUH DUH QR 03( LQ ZKLFK � � m � �L

DQG � � n � ��L

7R VHH WKLV� OHW 9 GHQRWH WKH YDOXH RI SOD\HU L
V UDQGRPL]DWLRQ ZKHQ LW LV KLV WXUQ WRL&

PRYH DQG SOD\HU M FKRVH & LQ WKH SUHYLRXV SHULRG� /HW : GHQRWHV WKH YDOXH WR L ZKHQ LWL&

LV WKH RWKHU SOD\HU
V WXUQ WR PRYH DQG L FKRVH & SUHYLRXVO\� 'HnQH 9 DQG : VLPLODUO\�L' L'

8VLQJ WKH H[SUHVVLRQ IRU SD\RmV LQ ���� REVHUYH WKDW

9  m ���b p�D � p: � � ��b m � ���b p�G � p: � ���L& L L L& L L L'

DQG

9  n ���b p�F � p: � � ��b n � ���b p�E � p: � ���L' L L L' L L L&

,I� KRZHYHU� � � m � �� L�H�� L VWULFWO\ UDQGRPL]HV DIWHU M FKRVH &� WKHQ D VWDQGDUG SURSHUW\L

RI HTXLOLEULXP LV WKDW�

9  ��b p�D � p:  ��b p�G � p: � ���L& L L& L L'

�



VLQFH L PXVW EH LQGLmHUHQW EHWZHHQ & DQG ' LQ VWDWH &� 6LPLODUO\� LI � � n � �� L�H�� SOD\HUL

L VWULFWO\ UDQGRPL]HV DIWHU M FKRVH ' WKHQ

9  ��b p�F � p:  ��b p�E � p: � ���L' L L' L L&

+RZHYHU� HTXDWLRQV ��� DQG ��� DUH PXWXDOO\ FRQVLVWHQW RQO\ LI G � E  D � F � 7KH ��WXSOHL L L L

�RI SD\RmV IRU ZKLFK G � E  D � F VSDQV D ��GLPHQVLRQDO K\SHUSODQH LQ � �L L L L

,W FDQ DOVR EH VKRZQ WKDW WKH LQFRPSOHWHO\ PL[HG 03( DUH nQLWH LQ QXPEHU H[FHSW RQ
�QXOO VHWV LQ � � 2EVHUYH WKDW QRWKLQJ LQ WKH DERYH DUJXPHQW UHOLHV RQ WKH VSHFLnF VWUXFWXUH

RI WKH VWDJH JDPH� 7KH OLQHDULW\ RI WKH V\VWHP VKRZQ LQ HTXDWLRQV ��� DQG ��� DOORZV XV

WR VLPSO\ FRPSDUH HTXDWLRQV DQG XQNQRZQV� ,Q WKH JHQHUDO FDVH� ZH ORVH WKH OLQHDULW\ LQ

VWUDWHJLHV EXW UHWDLQ OLQHDULW\ LQ VWDJH SD\RmV� 7KH IROORZLQJ WZR FODLPV PDNH RWKHU XVHIXO

FRPSDULVRQV WR WKH VWDQGDUG V\QFKURQRXV PRGHO RI UHSHWLWLRQ�

�*@�4 2 6XSSRVH WKDW WKH JDPH LV D FRRUGLQDWLRQ JDPH� L�H�� D ! G DQG F ! E IRU HDFK L�L L L L

6XSSRVH IXUWKHU WKDW D ! F VR WKDW �&�&� LV WKH 3DUHWR VXSHULRU 1DVK HTXLOLEULXP� 7KHQ�L L

LI E ! G IRU HDFK L� DQG LI SOD\HUV DUH VXpFLHQWO\ SDWLHQW� WKHQ WKH 1DVK HTXLOLEULXP �'�'�L L

FDQQRW FRPSULVH DQ\ 03( RI WKH UHSHDWHG WXUQ�WDNLQJ JDPH�

7KH DUJXPHQW IRU WKLV FODLP JRHV DV IROORZV� 6XSSRVH� E\ FRQWUDGLFWLRQ� WKDW �'�'� LV

VXSSRUWHG E\ D 03(� )LUVW� ZH PXVW KDYH n  I �'M'�  � IRU ERWK L  �� �� 7KHQ 9  FL L L' L

DQG

9  m >��b p�D � p: @ � ��b m �>��b p�G � pF @� DQG ���L& L L L& L L L

:  m >��b p�D � p9 @ � ��b m �>��b p�E � pF @� ���L& M L L& M L L

$OVR� WKH LQFHQWLYH FRQVWUDLQW WR FKRRVH ' UHTXLUHV

F w ��b p�E � p: � ���L L L&

1H[W QRWLFH WKDW m � � PXVW KROG IRU ERWK L� )RU RWKHUZLVH� VRPH SOD\HU DOZD\V KDV D EHVWL

UHVSRQVH WR UHPDLQ LQ �&�&� E\ FKRRVLQJ m  � LI WKH RWKHU SOD\HU GRHV VR� %XW WKHQ �'�'�L

FDQQRW EH UHDFKHG IURP �&�&� ZKLFK LV D FRQWUDGLFWLRQ� ,I � ! m ! � IRU VRPH L WKHQ LWL

IROORZV IURP WKH HTXLOLEULXP FRQGLWLRQ WKDW

��b p�D � p:  ��b p�G � pFL L& L L

ZKLFK� FRPELQHG ZLWK ��� JLYHV D � F � G � E ZKLFK LV FOHDUO\ D FRQWUDGLFWLRQ� )LQDOO\�L L L L

VXSSRVH WKDW m  � IRU ERWK L� 7KHQL

9  ��b p�G � pF � DQG ����L& L L

:  ��b p�E � pF ����L& L L

�



%XW VLQFH E ! G � LW IROORZV WKDW : ! 9 � +RZHYHU� VLQFH 9 � ��b p�D � p: � SOD\HUL L L& L& L& L L&

L FRXOG DFKLHYH D VWULFWO\ KLJKHU SD\Rm E\ FKRRVLQJ m  � WKDQ E\ FKRRVLQJ m  �� +HQFH�L L

m  �� L  �� � FDQQRW FRPSULVH D 03(� $V ZH KDYH H[KDXVWHG DOO FDVHV LQ ZKLFK �'�'�L

PLJKW SRVVLEO\ FRPSULVH D 03(� LW FDQQRW RFFXU�

�*@�4 � 6XSSRVH WKDW WKH JDPH LV D 3ULVRQHU
V 'LOHPPD JDPH� L�H�� G ! D ! F ! E IRUL L L L

HDFK L� ,I D � F ! E � G IRU HDFK L� WKHQ IRU VXpFLHQWO\ SDWLHQW SOD\HUV WKH SURnOH �&�&�L L L L

FRPSULVHV VRPH 03(�

7R SURYH &ODLP �� ZH FRQVWUXFW WKH IROORZLQJ VWUDWHJ\� /HW m  � IRU ERWK L� (DFK SOD\HUL

FKRRVHV & IRU VXUH ZKHQ WKH RWKHU FKRVH & SUHYLRXVO\� )RU HDFK L DQG HDFK M � L� OHW

�F � G �b �D � E �L L L L
n  M

�D � G �b �F � E �L L L L

,W LV HDV\ WR YHULI\ WKDW � � n � � IRU HDFK M VR WKDW HDFK SOD\HU FKRRVHV D PL[HG VWUDWHJ\M

ZKHQ WKH RWKHU FKRVH ' ODVW SHULRG� 7R YHULI\ WKDW WKLV 0DUNRYLDQ VWUDWHJ\ LV DQ 03(� ZH

YHULI\ WKDW LW VDWLVnHV WKH WKUHH FRQGLWLRQV ZKLFK FKDUDFWHUL]H 03( FRQYHUJLQJ JOREDOO\ WR

�&�&��

D ! ��b p�G � p: ����L L L'

9  ��b p�F � p:  ��b p�E � pD ����L' L L' L

:  n >��b p�F � p9 @ � ��b n �>��b p�G � pD@ ����L' M L L' M L

7KH nUVW LQHTXDOLW\ GHnQHV WKH LQFHQWLYH FRQVWUDLQW WR UHPDLQ LQ �&�&� RQFH LW LV UHDFKHG�

7KH VHFRQG LV WKH HTXDOLW\ FRQVWUDLQW IRU XVLQJ D PL[HG VWUDWHJ\ n � 7KH ODVW LV WKH SD\RmL

DIWHU FKRRVLQJ ' ZKHQ WKH RWKHU SOD\HU ZLOO XVH KLV PL[HG VWUDWHJ\ n � ,I D � F ! E � GM L L L L

WKHQ DOO WKUHH FRQGLWLRQV DUH VDWLVnHG IRU WKH 03( ZKLFK ZH FRQVWUXFWHG�

e �@�? +it�*|G |�i wL}�U @?_ |�i �hLLu

e�� �@h!L� Ah@?t�|�L?t

7R WDNH DGYDQWDJH RI WKH � d � LQWXLWLRQ� DQ DOWHUQDWLYH WR WKH H[SUHVVLRQ ��� IRU SD\RmV

ZLOO SURYH PRUH FRQYHQLHQW� 2EVHUYH WKDW DQ\ 0DUNRYLDQ SURnOH I PD\ EH H[SUHVVHG DV D
L0DUNRY FKDLQ RQ WKH VSDFH RI SURnOHV 6� /HW 3 � L  �� � GHQRWH DQ 6 d 6 WUDQVLWLRQ PDWUL[I

� �LQ ZKLFK I �V MV � GHQRWHV WKH HOHPHQW FRUUHVSRQGLQJ WR URZ V DQG FROXPQ V � 7KH URZV DUHL ML

WKHQ LQGH[HG E\ WKH FXUUHQW VWDWHV� ZKLOH WKH FROXPQV DUH LQGH[HG E\ VXEVHTXHQW VWDWHV� )RU

�



HDFK SURnOH AV GHnQH WKH VHW RI SOD\HU L
V DGMDFHQW VWDWHV RI AV E\�

nQ Rn
d �AV� s V � 6n AV  VL M M

,Q ZRUGV� WKH DGMDFHQW VWDWHV DUH WKRVH WKDW FDQ UHDFK V E\ SOD\HU L
V XQLODWHUDO GHFLVLRQ�
� � L&OHDUO\ V � d �V � Lm V � d �V�� ,W LV FOHDU WKDW LI 3 LV DQ\ WUDQVLWLRQ PDWUL[ GHULYHG IURPL L I

�D VWUDWHJ\ I � WKHQ IRU DQ\ WZR DGMDFHQW SURnOHV V� V ZH PXVW KDYH IRU DQ\ FROXPQ RI WKHL

�PDWUL[ WKDW WKH HQWULHV FRUUHVSRQGLQJ WR WKH WZR URZV V DQG V DUH HTXDO�

$V DQ H[DPSOH� VXSSRVH WKDW LQ WKH VWDJH JDPH DERYH LQ )LJXUH �� ERWK SOD\HUV FKRRVH D

GHWHUPLQLVWLF 0DUNRYLDQ VWUDWHJ\ LQ ZKLFK HDFK SOD\HU FKRRVHV & JLYHQ WKDW WKH RWKHU FKRVH

&� SOD\HU ,, FKRRVHV ' DIWHU , FKRVH '� DQG SOD\HU , FKRRVHV & DIWHU ,, FKRVH '� ,Q WKLV FDVH�

WKH 0DUNRY FKDLQ PD\ EH H[SUHVVHG DV WKH DUURZV RI D GLUHFWHG JUDSK DV VHHQ LQ )LJXUH �D

EHORZ� 7KH FRUUHVSRQGLQJ WUDQVLWLRQ PDWUL[ IRU HDFK SOD\HU LV JLYHQ E\ )LJXUH �E�

D � D � E � E� � � �
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G � G � F � F� � � �

6�}�hi e@
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6�}�hi eM

�/HW { GHQRWH DQ\ � d 6 GLVWULEXWLRQ RI LQLWLDO SURnOHV V  V � /HW {�V� GHQRWH WKH YDOXH

RI WKH VWK FRPSRQHQW RI {� DQG OHW { GHQRWH WKH SDUWLFXODU �'LUDF RU XQLW� YHFWRU ZKLFKV

DVVLJQV � WR FRPSRQHQW { �V� DQG � HOVHZKHUH� 7KHQ L
V SD\Rm RI DQ\ 0DUNRYLDQ SURnOH IV

ZKHQ LW LV L
V WXUQ WR PRYH JLYHQ M
V FKRLFH RI V LQ WKH SUHYLRXV SHULRG LV JLYHQ E\�M� �
�;

M M�W L W L9 �I MV �  { c ��b p�p >3 c 3 @ c 3 c >, � p3 @ c 8 ����L M V LI I I I

W �

ZKHUH , LV WKH 6d6 LGHQWLW\ PDWUL[� { LV WKH LQLWLDO GLVWULEXWLRQ SODFLQJ XQLW PDVV RQ LQLWLDOV

VWDWH V� DQG 8 GHQRWHV WKH 6 d � YHFWRU RI XWLOLWLHV RYHU SURnOHV V � 6� /HWL

��
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M M�W L W LL$  ��b p�p >3 c 3 @ c 3 c >, � p3 @I I II I

W � ����
M M� L b� L ��b p�>, b p �3 c 3 �@ c 3 c >, � p3 @I II I

M M� L b� � LZKHUH WKH LQYHUVH >,bp �3 c3 �@ H[LVWV EHFDXVH >,bp �3 c3 �@ LV D PDWUL[ ZLWK D VWULFWO\I II I

GRPLQDQW GLDJRQDO� (TXDWLRQ ���� FDQ QRZ EH UHZULWWHQ DV

L9 �I MV �  { c$ c 8 � ����L M V LI

)URP ���� LW LV FOHDU WKDW DOWKRXJK WKH G\QDPLF SD\Rm LV QRW PXOWLOLQHDU LQ VWUDWHJ\ SURnOHV� I �

LW LV OLQHDU LQ VWDJH JDPH SD\RmV 8 � 7KH SURRI RI WKH PDLQ UHVXOW XWLOL]HV WKLV NH\ REVHUYDWLRQ�L

,W IROORZV WKHQ WKDW D FHUWDLQ -DFRELDQ PDWUL[ GHULYHG IURP WKH nUVW RUGHU FRQGLWLRQV RI ���� LV

OLQHDU LQ VWDJH JDPH SD\RmV� $IWHU n[LQJ VXSSRUWV �FDUULHUV� DQG QRUPDOL]DWLRQV RI 0DUNRYLDQ

SURnOHV DQG QDUURZLQJ WKH GRPDLQ RI VWDJH JDPH SD\Rm PDWULFHV nUVW WR VPDOO QHLJKERUKRRGV

DQG IXUWKHU WR VHFWLRQV RI WKRVH� ZH DUULYH DW D ORFDO DQG ORZHU�GLPHQVLRQDO JHQHULFLW\ UHVXOW�

XVLQJ WKH ,PSOLFLW )XQFWLRQ 7KHRUHP DQG 6DUG
V 7KHRUHP� $SSOLFDWLRQ RI )XELQL
V 7KHRUHP

KHOSV OLIW WKH UHVXOW WR KLJKHU GLPHQVLRQV� $ FRXQWDELOLW\ DUJXPHQW WXUQV WKH ORFDO UHVXOW

LQWR D JOREDO RQH� :KLOH WKH FRQFOXVLRQ RI 6DUG
V 7KHRUHP LV DERXW UHJXODU YDOXHV� LW FDQ EH

FRQYHUWHG LQWR D VWDWHPHQW DERXW ORFDOO\ LVRODWHG SRLQWV ZKLFK� FRPELQHG ZLWK FRPSDFWQHVV�

\LHOGV nQLWHQHVV� 7KH SRVVLEOH FR�H[LVWHQFH RI 03( ZLWK GLmHUHQW FDUULHUV FRPSOLFDWHV� EXW

GRHV QRW LQYDOLGDWH WKH DUJXPHQW�

e�2 Bi?ih�U�|)

)RU WKH UHVXOW� ZH DGRSW WKH VWDQGDUG PHDVXUH�WKHRUHWLFDO QRWLRQ RI JHQHULFLW\ LQ D (XFOLGHDQ

VSDFH RU D VXLWDEOH VXEVHW WKHUHRI� 7KH WHUP JHQHULF LV PHDQW WR FDSWXUH WKH IDFW WKDW D

SURSHUW\ KROGV ?IRU DOPRVW DOO SDUDPHWHUV�� 0RUH IRUPDOO\� D SURSHUW\ LV FDOOHG JHQHULF IRU

D IDPLO\ RI PRGHOV LQGH[HG E\ SDUDPHWHUV E � % LI WKH SURSHUW\ KROGV IRU D JHQHULF VXEVHW

$ RI %� 7KHUH DUH WZR QRWLRQV RI JHQHULFLW\� RQH LV PHDVXUH�WKHRUHWLF� DQG WKH RWKHU LV

WRSRORJLFDO� 7KH VWDQGDUG QRWLRQ RI JHQHULFLW\ LQ WKH PHDVXUH�WKHRUHWLFDO VHQVH DVVXPHV WKDW
C C C% LV D PHDVXUDEOH VXEVHW RI D (XFOLGHDQ VSDFH � ZLWK w �%� ! � ZKHUH w LV /HEHVJXH

CPHDVXUH RQ � � 7KHQ D PHDVXUDEOH VXEVHW $ RI % LV FRQVLGHUHG JHQHULF UHODWLYH WR %�
CLI w �%Q$�  �� 7KLV GHnQLWLRQ JHQHUDOL]HV WR RWKHU VSDFHV % HQGRZHG ZLWK D FDQRQLFDO

PHDVXUH� +RZHYHU� WKH VSDFH % PD\ ODFN D FDQRQLFDO PHDVXUH RU� DW OHDVW� LW PD\ EH GLpFXOW

WR DJUHH RQ RQH�

$Q DOWHUQDWLYH LV D WRSRORJLFDO QRWLRQ RI JHQHULFLW\ SURYLGHG WKDW % LV D WRSRORJLFDO VSDFH�

,Q WKH WRSRORJLFDO FRQWH[W� $ | % LV FDOOHG JHQHULF� LI $ LV RSHQ DQG GHQVH UHODWLYH WR %� 7KH
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TXHVWLRQ RI ZKDW FRQVWLWXWHV D QDWXUDO WRSRORJ\ IRU WKH HFRQRPLF PRGHO PD\ EH UHVSRQGHG

WR LQ SDUW E\ SUDJPDWLVP� 6HH +LOGHQEUDQG ������ S� ��� DQG *UDQGPRQW HW DO� �������

6LQFH� LQ RXU FDVH� % LV D (XFOLGHDQ VSDFH� ERWK FRQFHSWV RI JHQHULFLW\ DUH DSSOLFDEOH�
�%XW DV D UXOH� WKH\ GR QRW FRLQFLGH� :H WKHUHIRUH RSW IRU WKH PHDVXUH�WKHRUHWLF QRWLRQ ZLWK

/HEHVJXH PHDVXUH DV WKH FDQRQLFDO PHDVXUH� LQ WKH WUDGLWLRQ RI +DUVDQ\L ������� :LOVRQ

������� DQG RWKHUV� :KHWKHU WKH 7KHRUHP ZRXOG JR WKURXJK DV ZHOO ZKHQ WKH WRSRORJLFDO

QRWLRQ ZHUH XVHG� LV DQ RSHQ TXHVWLRQ� )RU PRUH RQ JHQHULFLW\ QRWLRQV� VHH 0DV�&ROHOO �������

e�� A�i �hLLu

L5HFDOO IURP HTXDWLRQ ���� WKDW WKH SD\Rm IRU L  �� �� LV JLYHQ E\ 9 �I MV �  { c$ c 8 ZKHUHL M V LI
L �$ LV GHVFULEHG LQ HTXDWLRQ ����� 2EYLRXVO\� WKH ULJKW�KDQG VLGH RI ���� LV & LQ WKH SDLUI

�I�8 �� 1H[W OHW XV H[KLELW VRPH RI WKH nUVW RUGHU FRQGLWLRQV IRU PD[LPL]DWLRQ RI �����L

ewi44@ � $ QHFHVVDU\ FRQGLWLRQ IRU I WR EH DQ 03( LV WKDW

n
e n#9 �I MV �L M nn  �� ����3n#I �V MV �L L M I �W MV � �L L M

eKROGV IRU HDFK �V � V � DQG HDFK L IRU ZKLFK � � I �V MV � � ��L M L ML

�hLLu &OHDU E\ FRQVWUXFWLRQ RI 9 � (L

:H IROORZ +DUVDQ\L ������ DQG SDUWLWLRQ WKH VHW ) ZLWK UHVSHFW WR FDUULHUV RU VXSSRUWV�

7KH FDUULHU RI I � ) LV GHnQHG DV WKH VHW & �I �  IV � 6 � I �V MV � ! �J� $ MRLQW 0DUNRYL L L L L L M

VWUDWHJ\ I  �I � I � � ) KDV FDUULHU &�I�  �& �I �� & �I ���� � � � � �

8QWLO IXUWKHU QRWLFH� ZH VKDOO FRQVLGHU VHYHUDO FDVHV GLVWLQJXLVKHG E\ FDUULHUV� 6R OHW XV

n[ VRPH FDUULHU &  �& �& � DQG GHQRWH E\ ) �&�  ) �& �d ) �& � WKH VHW RI I � ) ZLWK� � � � � �

FDUULHU &� I � ) �&� LI DQG RQO\ LI &  &�I��

�)RU H[DPSOH� WKH VHW RI UDWLRQDO QXPEHUV LQ %  >�� �@ KDV /HEHVTXH PHDVXUH ]HUR� 7KHUHIRUH� WKH VHW $
RI LUUDWLRQDO QXPEHUV LQ % LV D PHDVXUH�WKHRUHWLFDOO\ JHQHULF VXEVHW RI %� 7KLV LPSOLHV WKDW $ LV GHQVH LQ %�
<HW� $ IDLOV WR EH RSHQ LQ % DQG� KHQFH� LV QRW D WRSRORJLFDOO\ JHQHULF VXEVHW RI % VWULFWX VHQVX� +RZHYHU� $ LV
D UHVLGXDO VXEVHW RI %� 2Q WKH RWKHU KDQG� DQ RSHQ DQG GHQVH VXEVHW RI % QHHG QRW EH PHDVXUH�WKHRUHWLFDOO\
JHQHULF� $ VHW H[KLELWLQJ WKHVH IHDWXUHV FDQ EH REWDLQHG WKURXJK D &DQWRU�OLNH FRQVWUXFWLRQ� &I� ([DPSOH
��� LQ *LOOHV� HW DO� �������
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0RUHRYHU� IRU HDFK L DQG V � 6 � ZH n[ VRPH DFWLRQ G�V � � 6 IRU SOD\HU L VDWLVI\LQJM M M L

�G�V �� V � � & � /HW '  I�G�V �� V � � V � 6 J GHQRWH WKH VHW RI ?QRUPDOL]LQJ� SURnOHV IRUM M L L M M M M

SOD\HU L� )XUWKHU VHW 5  & Q' � 1RWLFH WKHQ WKDW WKH FDVH 5  � DQG 5  � LPSOLHV WKDWL L L � �

I LV D SXUH VWUDWHJ\ IRU HDFK L� )RU DQ\ XWLOLW\ YHFWRU 8 � WKH JDPH KDV D nQLWH QXPEHU RIL

HTXLOLEULD LQ SXUH VWUDWHJLHV� VLQFH WKHUH DUH RQO\ nQLWHO\ PDQ\ SXUH VWUDWHJ\ SURnOHV� 7KH

VSHFLDO FDVH 5 � �� 5  � ZLWK L� M FDQ EH GHDOW ZLWK LQ D ZD\ DQDORJRXV WR WKH WUHDWPHQWL M

RI WKH FDVH ZKHUH ERWK VHWV DUH QRQ�HPSW\� 6R OHW XV SURFHHG XQGHU WKH DVVXPSWLRQ WKDW

5 � �� 5 � ��� �

2EVHUYH WKDW WKHUH DUH DW PRVW �6 HTXDWLRQV RI WKH IRUP ���� DERYH� :H QRZ VKRZ WKDW

���� FDQ EH UHSODFHG E\ D V\VWHP RI DOJHEUDLF HTXDWLRQV WKDW KDYH WR KROG IRU DQ\ 03(�

9DU\LQJ V � 6 IRU M � L� L  �� �� ZH SLQ GRZQ 6 � 6 QRUPDOL]LQJ HTXDWLRQV VDWLVI\LQJM M � �

;
I �G�V �MV �  �b I �V MV �� G�V � � 6 � V � 6 � M � L� L  �� �� ����L M M L L M M L M M

V � G�V �L M

:H FDQ WKHQ H[SUHVV WKH UHPDLQLQJ �6 b 6 b 6 HTXDWLRQV DV� �

I �V MV �I �G�V �MV � �{ c% �V MV � c 8 �  � ����L L M L M M V I L M L

ZKHUH �V � V �  � ' DQG % �V MV � LV WKH 6 d 6 PDWUL[ GHnQHG E\L M L I L M

K L# L% �V MV �  $I L M I#I �V MV �L L M K L# M M� L b� L ��b p�>, b p 3 c 3 @ c 3 c >, � p3 @I II I#I �V MV �L L M� � �
L#3IM M� L b� ��b p� >, b p 3 c 3 @ c c >, � p3 @I I I#I �V MV �L L M

M� L b� ����b >, b p 3 c 3 @ cI I� � �
L#3I M M M� � L b� Lc bp c 3 c >, b p 3 c 3 @ c 3 c >, � p3 @I I I I I#I �V MV �L L M

L#3IM� L b� ��b p�>, b p 3 c 3 @ c > @I I #I �V MV �L L MK L
M M M� � L b� Lc , � p 3 c >, b p 3 c 3 @ c 3 c >, � p3 @�I I I I I

6LQFH I �V MV � ! � IRU HYHU\ �V � V � � ' � WKHQ IRU DQ\ �V � V ��� ' � HLWKHU I �V MV �  � RUL L M L M L L M L L L M

� � I �V MV � � �� +HQFH E\ ����� DOO RI WKH �6 b 6 b 6 HTXDWLRQV ���� KDYH WR EH VDWLVnHGL L M � �

DW DQ 03(� &RPELQHG ZLWK WKH 6 � 6 QRUPDOL]LQJ HTXDWLRQV ����� D WRWDO RI �6 HTXDWLRQV� �
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UHVXOWV�

L#3
I L,Q WKH GHnQLWLRQ RI % �V MV �� GHQRWHV WKH HQWU\ E\ HQWU\ GHULYDWLYH RI 3 ZLWKI L M I#I �V MV �L L M

L#3
IUHVSHFW WR I �V MV �� ,W WXUQV RXW WKDW LV D 6d6 PDWUL[ WKDW DVVLJQV D � WR WKH HQWULHVL L M #I �V MV �L L M

L �LQ 3 LQ FROXPQ V  �V � V � LQ ZKLFK WKH URZ SURnOHV V DUH DGMDFHQW WR SURnOH V� L�H�� WKRVHL MI
� �URZV V LQ ZKLFK V � d �V�� ,W DOVR DVVLJQV D b� WR HQWULHV RI FROXPQ �G�V �� V � ZKLFK DUHL M M

DGMDFHQW WR SURnOH V �ZKLFK DUH DOVR� E\ FRQVWUXFWLRQ� DGMDFHQW WR SURnOH �G�V �� V ��� =HURVM M

RFFXU HYHU\ZKHUH HOVH LQ WKH PDWUL[� +HQFH� WKLV PDWUL[ KDV WKH IRUP�

� �
� � c c c c c c c c c � �� �� �� �� � c c c c c c c c c � �� �� �� �� � � c c c � b� �� �� �� �� � � c c c � b� �� �L � �#3 � � � � � �I � � � � � �� � � � � � � �� �#I �V MV � � �L L M � �� � � c c c � b� �� �� �� �� � c c c c c c c c c � �� �� �� � � � � �� �� � � � � �� �� � � � � �� �
� � c c c c c c c c c � �

6�}�hi D

$IWHU n[LQJ FDUULHUV DQG QRUPDOL]DWLRQV� RQO\ YDULDWLRQ LQ WKH 5 �FRPSRQHQWV RI I PDW�L L

e e e 5 �5 5 5 e� � � �WHUV� /HW )  ) d ) EH DQ RSHQ VXEVHW RI �  � d � VXFK WKDW ) FRQWDLQV� �

WKH FRUUHVSRQGLQJ ORZHU�GLPHQVLRQDO MRLQW VWUDWHJ\ VSDFH DQG DOO I �UHODWHG WHUPV LQ ���� _
�6 �6 e ee���� DUH ZHOO GHnQHG� )XUWKHUPRUH� OHW � EH GHFRPSRVHG LQWR �  � d � ZKHUH

e 5 5 e e e e� ��  � d � ZLWK HOHPHQWV 8  �8 �8 � ZKHUH 8  �8 � IRU L  �� � DQGLV V�5� � L L

ee 6Q5 6Q5 ee ee ee ee� ��  � d � ZLWK HOHPHQWV 8  �8 �8 � ZKHUH 8  �8 � IRU L  �� ��LV V �5� � L L

e �6 e1RZ GHnQH WKH PDSSLQJ 0 � ) d � � � E\ 0�I�8�  �0 �I�8��LV V �V �V ��5 �L ���L M L

ZKHUH

0 �I�8�  I �V MV �I �G�V �MV ��{ c% �V MV � c 8 � ����LV L L M L M M V I L M L

HTXDOV WKH H[SUHVVLRQ LQ �����
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ewi44@ 2 )RU DQ\ JLYHQ XWLOLW\ YHFWRU 8  �8 �8 �� OHW b EH WKH VHW RI VROXWLRQV I � )� � 8 �&

WR WKH HTXDWLRQV ����� ZLWK V � 5 � L  �� �� 7KHQ�L

�� I � b LI DQG RQO\ LI 0�I�8�  ��8 �&

�� LI I UHSUHVHQWV DQ 03( ZLWK FDUULHU &� WKHQ I � b �8 �&

�hLLu 6WDWHPHQW � LV DQ LPPHGLDWH FRQVHTXHQFH RI WKH GHnQLWLRQ RI b DQG 0 � 7KH8 �&

DUJXPHQW IRU VWDWHPHQW � KDV EHHQ SURYLGHG LPPHGLDWHO\ DIWHU HTXDWLRQ ����� (

&OHDUO\� 0 LV D VPRRWK PDSSLQJ� 1H[W� OHW ' 0�I�8� GHQRWH WKH -DFRELDQ PDWUL[ ZLWK8

UHVSHFW WR 8 � 7KLV -DFRELDQ KDV WKH IRUP�

� �
- >��@ �8� �

' 0�I�8�  � �8

� - >��@8

6�}�hi S

+HUH� - >LM@ GHQRWHV WKH 5 d 6 EORFN RI SDUWLDOV8 L

#0 �I�8� #>I �V MV �I �G�V �MV �{ c% �V MV � c 8 @LV L L M L M M V I L M L � � M  �� �� V � 6� V � 5 ����L
� �#8 #8MV MV

2EVHUYH WKDW LI M � L� WKHQ WKH EORFN - >LM@ KDV ]HUR HQWULHV HYHU\ZKHUH� 1RWLFH WKDW HDFK8

HQWU\ LQ - >LL@ DVVXPHV WKH IRUP8

#0 �I�8�LV
� I �V MV �I �G�V �MV �{ c% �V MV � c 8 Q� ����L L M L M M V I L M L V

�#8LV

� �� � �� �ZKHUH V  �V � V � � 5 DQG 8 Q�  �8 � � � LV REWDLQHG IURP WKH XWLOLW\ YHFWRU 8 E\L M L L V LV V V � V L

�VHWWLQJ WKH V �WK FRPSRQHQW HTXDO WR ��

6wi44@ � )RU HDFK L� WKHUH H[LVWV : t � ZLWK WKH IROORZLQJ SURSHUWLHV�L

�� : LV RSHQ DQG LWV FRPSOHPHQW KDV PHDVXUH ]HUR�L
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�� LI D SDLU �I�8� VDWLVnHV 8 � : �L L

WKHQ - >LL@ KDV IXOO URZ UDQN 5 �8 L

�hLLu 5HFDOO WKDW HQWULHV RI - >LL@ DUH JLYHQ E\ HTXDWLRQ ����� 6LQFH IRU V � 5 �8 L

I �V MV �I �F�V �MV � ! � ZH WHPSRUDULO\ GURS WKLV FRQVWDQW LQ WKH FKDUDFWHUL]DWLRQ RI - >LL@�L L M L M M 8
L#3M I� L b�

� ��/HW e �L� GHQRWH WKH �d6 URZ YHFWRU { c >,b p 3 c3 @ c > @� 1RZ OHW D GHQRWH DQV V V VI I #I �V MV �L L M
L3 #3M M I� L b� �W L WHQWU\ LQ PDWUL[ >, b p 3 c3 @  p �3 c3 � � *LYHQ WKH IRUP WDNHQ E\ PDWUL[WI II I #I �V MV �L L M

LQ )LJXUH � RQH FDQ YHULI\ WKDW

� �
; ;# $

� �e �L�  �� � � � � �� D � � � � � � ��b D � �� � � � � � ����V V V V V
� �V �d �V� V �d �V�L L

ZLWK SRWHQWLDO QRQ]HUR HQWULHV LQ WKH VWK DQG WKH �G�V �� V �WK SRVLWLRQ�M M

3
� � ��:H DVVHUW WKDW D � �� 7R VHH ZK\� REVHUYH WKDW WKH HQWULHV D DUH QRQQHJDWLYH� V V V VV �d �V�L

VLQFH WKH\ DUH GLVFRXQWHG VXPV DQG SURGXFWV RI SUREDELOLW\ QXPEHUV� 0RUHRYHU� D ! � VLQFHVV3 M� �W L WWKH nUVW WHUP LQ WKH VXP p �3 c3 � LV WKH LGHQWLW\ PDWUL[ ,� )LQDOO\� UHFDOO WKDW d �V�LW � I I
�LV WKH VHW RI SURnOHV V UHDFKHG E\ SOD\HU L
V XQLODWHUDO GHSDUWXUH IURP V LQ WKH VWDJH JDPH�3

e
�DQG VR V � d�V� WULYLDOO\� +HQFH� D � �� 6WULFWO\ VSHDNLQJ� I � ) DOORZV IRU� V VV �d �V�L

eVOLJKWO\ QHJDWLYH FRPSRQHQWV� +RZHYHU� FKRRVLQJ ) VPDOO HQRXJK NHHSV WKHVH GHYLDWLRQV
MLVXpFLHQWO\ VPDOO VR WKDW ZH FDQ WUHDW 3 DQG 3 DV LI WKH\ ZHUH VWRFKDVWLF PDWULFHV�I I

3
7KHUHIRUH� DQ\ OLQHDU FRPELQDWLRQ w e �L� IRU D QRQ]HUR ZHLJKW YHFWRU w  �w � FDQQRWV V VV

7EH WKH ]HUR YHFWRU� 7KLV PHDQV WKDW WKH 5 d 6 PDWUL[ e�L� s >e �L�@ KDV IXOO URZ UDQNL V V�5L

RI 5 �L

1RZ VLQFH K L K Lb�M M M� � L b� L � L, � p 3 >, b p 3 c 3 @ c 3  , b p 3 c 3 �I I I I I I

LW IROORZV WKDW - >LL@ LV JLYHQ E\8

K Lb�M M� L x- >LL@  ��b p�e�L� c , b p 3 c 3 c >, � p3 @ c 8 � ����8 LII I

� 7x xZKHUH� UH�LQGH[LQJ WKH YHFWRU 8 LI QHFHVVDU\� 8 LV D 6 d 6 PDWUL[ 8 s >8 Q� @ ZLWK WKHL L L L V

IRUP
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� 8 8 c c c 8L� L� L�� �� �� �� �8 � 8 c c c 8L� L� L�� �� �� ��x � �� � �8  �� �L � �� �� �� ��� � �� ��� �� �� �
8 c c c c c c 8 �L6 L6

6�}�hi .

K Lb�M� L1RZ REVHUYH - >LL@ LQ HTXDWLRQ ����� &OHDUO\� VLQFH , b p 3 c 3 LV LQYHUWLEOH LW PXVW8 II
MKDYH IXOO UDQN RI 6� $OVR� VLQFH >, � p3 @ KDV D GRPLQDQW GLDJRQDO� LW LV LQYHUWLEOH DQGI

WKHUHIRUH KDV IXOO UDQN RI 6� 1RZ GHnQH

6 x:  I8 � � � 8 KDV IXOO UDQN RI 6JL L L

:H QRZ SURYH WKH nUVW SDUW RI WKH /HPPD ZKLFK LV

63DUW �� : LV DQ RSHQ VHW RI IXOO PHDVXUH LQ � �L

x7R VKRZ WKLV� ZH EHJLQ E\ HVWDEOLVKLQJ VRPH QHFHVVDU\ FRQGLWLRQV IRU VLQJXODULW\ RI 8 �L
:H WKHQ VKRZ WKDW WKHVH FRQGLWLRQV GR QRW KROG RQ DQ RSHQ VHW RI 8 KDYLQJ IXOO PHDVXUH LQL

6� �

x x x x x:ULWH 8  �8 � � � � �8 �� 1RWH WKDW 8  8 Q� � 6XSSRVH 8 LV VLQJXODU� 7KHQ WKHUHL L� L6 LV L V L

H[LVW w � � � � � w � � VXFK WKDW �w � � � � � w �� � DQG� 6 � 6

;
xw 8  �� ����N LN

N

/LQH E\ OLQH� ���� DPRXQWV WR

;
��b 8 � c w � 8 c w  � ����LN N LN M

M

IRU N  �� � � � � 6� 7KHUH DUH WZR FDVHV WR EH GLVWLQJXLVKHG�

3
&DVH �� w  �� &RQVHTXHQWO\� IRU DOO N� ���� UHGXFHV WR �� b 8 �w  �� 1RZ IRUM LN NM

VRPH N� w � � DQG� WKHUHIRUH� 8  � RUN LN
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68  �8 � � � � �8 � � + s I[ � � � [  �J�L L� L6 N N

3
&DVH �� w � �� 7KHQ ���� UXOHV RXW 8  �� &RQVLGHU 8 � �� 7KHQ� w  � �M LN LN NM

8  �� :H FRQVLGHU WZR VXEFDVHV�LN

3
6XEFDVH �$� w � � DQG 8  � IRU DOO N�M LNM

6x x7KHQ WKH URZV RI 8 IRUP D EDVLV RI � DQG 8 LV QRQ�VLQJXODU�L L

3
6XEFDVH �%� w � � DQG 8 � � IRU VRPH N�M LNM

)RU DQ\ VXFK N� 8 � � DQG w � �� 7KLV WRJHWKHU ZLWK ���� LPSOLHVLN N

w � �� ����bN

3
ZKHUH w s w � DQGbN MM� N

8  bw  w � ����LN N bN

%XW ���� DQG ���� DOVR KROG IRU 8  ��LN

6x1RZ REVHUYH WKDW WKH VHW RI 8 ZLWK M8 M  � LV� E\ FRQWLQXLW\� D FORVHG VXEVHW RI � �L L

6+HQFH� : LV DQ RSHQ VXEVHW RI � �L

x$OVR REVHUYH WKDW LI 8 LV VLQJXODU� HLWKHU &DVH � RU 6XEFDVH �% REWDLQV� ,Q &DVH �� 8L L

OLHV LQ
6>

+  + �N
N �

WKH XQLRQ RI WKH K\SHUSODQHV + RI GLPHQVLRQ 6 b �� +HQFH� + LV D VHW RI PHDVXUH ]HUR LQN

6� � ,Q 6XEFDVH �%� WKH ULJKW�KDQG VLGH RI ���� LV KRPRJHQHRXV RI GHJUHH ]HUR ZLWK UHVSHFW3
WR WKH TXDOLI\LQJ ZHLJKWV w  �w � � � � � w �� 1RUPDOL]LQJ w  � DOORZV WR UHFRYHU WKH w� 6 M NM

IURP ���� DQG ���� DV IROORZV� IRU HDFK N� ���� FDQ EH UHZULWWHQ

8 c ��b w �  bw �LN N N

8QGHU WKH FRQGLWLRQV RI 6XEFDVH �%� WKLV HTXDWLRQ FDQ EH VROYHG IRU w � \LHOGLQJN

8LN
w  b � ����N

�b 8LN

&RPELQLQJ ���� DQG ���� LPSOLHV

r s3
8LN� ��b w N� 6b6 �b8LN8  b  3L6 8LNwb6 N� 6 �b8LN
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+HQFH 6XEFDVH �% LV FRQWDLQHG LQ WKH JUDSK * RI D PHDVXUDEOH IXQFWLRQ ZKRVH GRPDLQ LV D
6b�PHDVXUDEOH VXEVHW RI � DQG ZKRVH UDQJH LV �� %\ )XELQL
V 7KHRUHP� VXFK D JUDSK LV D
6VHW RI PHDVXUH ]HUR LQ � �

6:H KDYH VKRZQ H[LVWHQFH RI D VHW *>+ RI /HEHVJXH PHDVXUH ]HUR LQ � ZLWK WKH SURSHUW\
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