
2Q WKH (YROXWLRQ RI 3DUHWR 2SWLPDO %HKDYLRU

LQ 5HSHDWHG &RRUGLQDWLRQ 3UREOHPV

e5RJHU /DJXQRm

5HYLVHG� $SULO �� ����

7KLV SDSHU FKDUDFWHUL]HV WKH DV\PSWRWLF EHKDYLRU RI DQ RQJRLQJ VRFLHW\ IDFLQJ D UHSHDWHG
FRRUGLQDWLRQ SUREOHP� 7KLV VRFLHW\ KDV D FHUWDLQ GHPRJUDSKLF VWUXFWXUH� JHQHUDWLRQV RI
LQGLYLGXDOV DV\QFKURQRXVO\ VXSHUFHGH WKHLU ?SDUHQWV�� FUHDWLQJ DQ HQWU\�H[LW SURFHVV WKDW
DOORZV LQGLYLGXDOV ZLWK SRVVLEO\ GLmHUHQW EHOLHIV WR HQWHU VRFLHW\� $ VHOI FRQnUPLQJ HTXLOLEULXP
�6&(� EHOLHI SURFHVV GHVFULEHV DQ HYROXWLRQ RI EHOLHIV LQ WKLV VRFLHW\ FRQVLVWHQW ZLWK D VHOI
FRQnUPLQJ HTXLOLEULXP RI WKH UHSHDWHG JDPH� 'XH WR )XGHQEHUJ DQG /HYLQH ������� 6&( LV
ZHDNHU WKDQ 1DVK DV LW UHTXLUHV FRUUHFW IRUHFDVWV RI DQ LQGLYLGXDO RQO\ DORQJ WKH UHDOL]HG SDWK
GXULQJ WKH LQGLYLGXDO
V OLIHWLPH� 6LQFH LQGLYLGXDOV
 EHOLHIV RQ RXW�RI�HTXLOLEULXP EHKDYLRU PD\
YDU\� DQ 6&( EHOLHI SURFHVV PD\ DGPLW UDQGRP DQG KHWHURJHQHRXV IRUHFDVWV LQ WKH IRUP RI
PXWDWLRQV RI EHOLHIV DFURVV JHQHUDWLRQV DV QHZERUQ LQGLYLGXDOV HQWHU WKH V\VWHP�

7KH PDLQ UHVXOW VKRZV WKDW ZLWK EHOLHI PXWDWLRQ� IRU DQ\ UHSHDWHG FRRUGLQDWLRQ SUREOHP�
WKH 3DUHWR GRPLQDQW HTXLOLEUXP LV D JOREDOO\ DEVRUELQJ VWDWH RI WKH G\QDPLF SURFHVV� 7KLV
UHVXOW GRHV QRW LQYROYH HLWKHU RI WKH XVXDO DVVXPSWLRQV RI P\RSLD RU ODUJH LQHUWLD FRPPRQ
LQ HYROXWLRQDU\ PRGHOV� 1RU LV WKLV UHVXOW SRVVLEOH LI RQO\ 1DVK UDWKHU WKDQ VHOI FRQnUPLQJ
HTXLOLEULD DUH FRQVLGHUHG� -RXUQDO RI (FRQRPLF /LWHUDWXUH &ODVVLnFDWLRQ 1XPEHUV� &�� '��

e'HSDUWPHQW RI (FRQRPLFV� *HRUJHWRZQ 8QLYHUVLW\� :DVKLQJWRQ '&� ������ 86$� 3KRQH� ����� ���������
H�PDLO� ODJXQRIU#JXQHW�JHRUJHWRZQ�HGX� , ZLVK WR WKDQN VHPLQDU SDUWLFLSDQWV DW &DO 7HFK� 1RUWKZHVWHUQ�
5XWJHUV� 8QLYHUVLW\ RI 7H[DV� 608� 8&/$� :DVKLQJWRQ 8QLYHUVLW\� DQG WKH 0LGZHVW 0DWKHPDWLFDO (FR�
QRPLFV 0HHWLQJV DW 3HQQ 6WDWH IRU KHOSIXO GLVFXVVLRQV� , DP DOVR JUDWHIXO WR DQ DVVRFLDWH HGLWRU RI WKLV
MRXUQDO� WZR DQRQ\PRXV UHIHUHHV� /DUU\ %OXPH� (GGLH 'HNHO� 'DYLG /HYLQH� $NLKLNR 0DWVXL� :ROIJDQJ 3H�
VHQGRUIHU� %LOO =DPH� DQG HVSHFLDOO\ *HRUJH 0DLODWK IRU H[WHQVLYH FRPPHQWV DQG VXJJHVWLRQV� $OO HUURUV
UHPDLQ P\ RZQ�
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$ FRRUGLQDWLRQ SUREOHP LV GHVFULEHG E\ D VWDWLF JDPH ZLWK PXOWLSOH 1DVK HTXLOLEULD� RQH

RI ZKLFK \LHOGV HDFK SOD\HU KLV KLJKHVW SRVVLEOH SD\Rm LQ WKH JDPH� :LOO VRFLHWLHV VXFFHVV�

IXOO\ UHDFK DQG VXVWDLQ WKH RSWLPDO RXWFRPH LQ UHSHDWHG FRRUGLQDWLRQ SUREOHPV LQ WKH ORQJ

UXQ" 'HVSLWH WKH VLPSOH VWUXFWXUH RI FRRUGLQDWLRQ SUREOHPV� IRUPDO WKHRU\ KDV JHQHUDWHG QR

FRQVHQVXV RQ WKH TXHVWLRQ�

7KH PRVW FRPPRQ DSSURDFK WR DGGUHVV FRRUGLQDWLRQ LVVXHV LV DQ HTXLOLEULXP DSSURDFK�

%\ WKLV DSSURDFK� FRRUGLQDWLRQ LV UHDGLO\ DFKLHYHG DV D 1DVK HTXLOLEULXP RI WKH UHSHDWHG

JDPH� 7KH HTXLOLEULXP DSSURDFK UHTXLUHV WKDW DOO LQGLYLGXDOV FRUUHFWO\ DQWLFLSDWH� QRW MXVW

DFWXDO EHKDYLRU� EXW EHKDYLRUDO UHVSRQVHV WR VXFFHVVLYH OD\HUV RI FRXQWHUIDFWXDO HYHQWV DV ZHOO

�L�H� ZKDW KDSSHQV LI WKHUH LV D GHYLDWLRQ IURP WKH SUHGLFWHG RXWFRPH� DQG D GHYLDWLRQ WR

WKH SUHGLFWHG RXWFRPH RI WKH GHYLDWLRQ� DQG VR RQ�� )RU WKLV UHDVRQ� HTXLOLEULD RI UHSHDWHG

JDPHV DUH VRPHWLPHV LQWHUSUHWHG DV VRFLDO QRUPV WKDW DUH HQIRUFHG E\ FRPPRQO\ XQGHUVWRRG

?SXQLVKPHQWV� IRU GHYLDQW EHKDYLRU� 8QIRUWXQDWHO\� 1DVK HTXLOLEULXP PRGHOV RI UHSHDWHG

JDPHV KDYH OLWWOH SUHGLFWLYH FRQWHQW� (YHQ WKH VLPSOHVW JDPHV KDYH D ODUJH PXOWLSOLFLW\
�RI RXWFRPHV� )XUWKHUPRUH� WKH VRXUFH RI WKLV FRPPRQ XQGHUVWDQGLQJ� SDUWLFXODUO\ RQ

FRXQWHUIDFWXDO HYHQWV� LV XQFOHDU�

7KLV SDSHU DGGUHVVHV WKH FRRUGLQDWLRQ TXHVWLRQ E\ H[DPLQLQJ WKH PHFKDQLFV RI DQ HTXLOLE�

ULXP SURFHVV WKDW DEDQGRQV VRPH DUJXDEO\ OHVV DWWUDFWLYH IHDWXUHV RI 1DVK HTXLOLEULXP� 7KH

SURFHVV LV DVVXPHG WR RSHUDWH LQ DQ RQJRLQJ VRFLHW\ WKDW IDFHV D UHSHDWHG JDPH RI FRPPRQ

LQWHUHVW� $ FRPPRQ LQWHUHVW JDPH� D WHUP LQWURGXFHG E\ $XPDQQ DQG 6RULQ ������� LV D

VWDJH JDPH LQ ZKLFK WKHUH LV D VWULFWO\ 3DUHWR GRPLQDQW SD\Rm SURnOH� 2XU PDLQ UHVXOW LV

WKDW IRU DQ\ FRPPRQ LQWHUHVW JDPH� WKH 3DUHWR GRPLQDQW HTXLOLEULXP LV WKH XQLTXH� JOREDOO\

DEVRUELQJ VWDWH RI WKLV SURFHVV LQ WKLV VHQVH� VWDUWLQJ IURP DQ\ VWUDWHJ\ SURnOH� WKHUH LV D

nQLWH UDQGRP VWRSSLQJ WLPH DW ZKLFK WKH SURFHVV VHWWOHV RQ WKH 3DUHWR GRPLQDQW HTXLOLEULXP

DQG QHYHU GHSDUWV WKHUHDIWHU�

6SHFLnFDOO\� ZH FRQVLGHU D PRGHO RI D UHSHDWHG JDPH� 8QOLNH WKH VWDQGDUG PRGHO� KRZ�

HYHU� WKHUH LV VRPH LQHUWLD LQ WKH GHFLVLRQV RSSRUWXQLWLHV RI WKH SOD\HUV� (DFK SHULRG� ZLWK

SRVLWLYH SUREDELOLW\ D JLYHQ SOD\HU PD\ EH XQDEOH WR FKDQJH KLV DFWLRQV� 0RUHRYHU� WKH

JDPH LV SOD\HG E\ DQ RQJRLQJ VRFLHW\ RI RYHUODSSLQJ JHQHUDWLRQV RI LQGLYLGXDOV� 3HULRGL�

FDOO\� LQGLYLGXDOV ?GLH� DQG DUH UHSODFHG ZLWK QHZ HQWUDQWV ZKR LQKHULW WKH VDPH SK\VLFDO

FKDUDFWHULVWLFV DV WKHLU ?SDUHQWV�� +RZHYHU� ELUWKV DQG GHDWKV DUH QRW REVHUYDEOH DFURVV GLI�

IHUHQW OLQHDJHV� 6LPLODU GHPRJUDSKLF VWUXFWXUHV DUH IRXQG LQ %OXPH ������� 0DWVXL DQG 5RE

�7KH FOHDUHVW H[SUHVVLRQ RI WKLV LGHD LV WKH )RON 7KHRUHP� 6HH� IRU H[DPSOH� )XGHQEHUJ DQG 0DVNLQ
�������
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������� DQG /DJXQRm DQG 0DWVXL ������� $OO LQGLYLGXDOV DUH IXOO\ UDWLRQDO LQ WKH VHQVH WKDW

WKH\ PD[LPL]H GLVFRXQWHG H[SHFWHG XWLOLW\ JLYHQ EHOLHIV DERXW WKH IXWXUH SDWK RI VRFLHWDO

EHKDYLRU�

'HVSLWH WKH RYHUODSSLQJ JHQHUDWLRQV VWUXFWXUH� LI 1DVK HTXLOLEULXP EHKDYLRU LV DVVXPHG�

WKHQ VWDQGDUG )RON 7KHRUHP W\SHV RI UHVXOWV VWLOO KROG VLQFH WKH HQYLURQPHQW LV VWDWLRQDU\

DQG HDFK LQGLYLGXDO
V OLIHWLPH LV VWRFKDVWLF LQ OHQJWK� :KDWHYHU SURFHVV GHWHUPLQHV WKH

EHOLHIV RI QHZ HQWUDQWV� WKHVH EHOLHIV PXVW EH SHUIHFWO\ FRUUHODWHG ZLWK WKRVH RI WKH FXUUHQWO\

OLYHG LQGLYLGXDOV ZKRVH EHOLHIV� LQ WXUQ� DUH DOZD\V FRUUHFW� +HQFH� LQ D 1DVK HTXLOLEULXP�

VXFFHVVIXO FRRUGLQDWLRQ LQ EHKDYLRU IROORZV IURP DVVXPHG SHUIHFW FRUUHODWLRQ LQ EHOLHIV�

7KH SUHVHQW SDSHU HPSKDVL]HV WKLV ?VWDWLVWLFDO YLHZ� RI HTXLOLEULXP DV D SURFHVV RQ EHOLHIV

DFURVV JHQHUDWLRQV� ,Q D 1DVK HTXLOLEULXP� WKH EHOLHI JHQHUDWLQJ SURFHVV LV D GHJHQHUDWH RQH�

,Q VWDQGDUG PRGHOV� ?FRRUGLQDWLRQ IDLOXUHV� DUH WKHQ URRWHG LQ WKH SHUIHFW WUDQVPLVLRQ RI

LQHpFLHQW QRUPV DFURVV WLPH� +RZHYHU� WKLV QHHG QRW EH WKH FDVH� :H H[DPLQH DQ DOWHUQDWLYH�

WKH VHOI FRQnUPLQJ HTXLOLEULXP FRQFHSW LQWURGXFHG E\ )XGHQEHUJ DQG /HYLQH �)/� �������

7KH VHOI FRQnUPLQJ FRQFHSW ZHDNHQV WKH 1DVK FRQFHSW E\ UHTXLULQJ RQO\ WKDW DOO LQGLYLGXDOV

PDNH FRUUHFW SUHGLFWLRQV DERXW WKH UHDOL]HG SDWK RI SOD\ ZKLOH WKH\ UHPDLQ LQ VRFLHW\� 8QOLNH

LQ D 1DVK HTXLOLEULXP� EHOLHIV DERXW RXW�RI�HTXLOLEULXP EHKDYLRU QHHG QRW EH FRUUHFW�

7KH VHOI FRQnUPLQJ HTXLOLEULXP DOWHUQDWLYH DGPLWV WKH SRVVLELOLW\ RI LPSHUIHFW FRUUHODWLRQ

RI EHOLHIV RI GLmHUHQW LQGLYLGXDOV� 7KLV DOORZV XV WR LQWURGXFH QRLVH RU PXWDWLRQ LQ WKH EHOLHI

SURFHVV RI QHZ HQWUDQWV� %HKDYLRU WKHQ HYROYHV RYHU WLPH GXH WR DFFXPXODWLRQ RI KHWHUR�

JHQHRXV EHOLHIV DFURVV JHQHUDWLRQV� :LWK DQ LQGHSHQGHQFH DQG D IXOO VXSSRUW DVVXPSWLRQ

RQ PXWDWLRQ� WKH WUDQVPLVLRQ RI H[LVWLQJ QRUPV DFURVV JHQHUDWLRQV LV ZHDN HQRXJK WR DOORZ

VRFLHW\ WR HVFDSH 3DUHWR LQIHULRU EHKDYLRU� (YHQWXDOO\� KRZHYHU� WKH HTXLOLEULXP UHTXLUHPHQW

DOORZV VXpFLHQW FRRUGLQDWLRQ WR SUHYHQW GHSDUWXUH IURP 3DUHWR VXSHULRU EHKDYLRU�

7R VHH KRZ WKLV ZRUNV� 6HFWLRQ � JLYHV DQ H[DPSOH LOOXVWUDWLQJ WKLV UHVXOW� ,W VKRZV KRZ

WKH VHOI FRQnUPLQJ FRQFHSW VWULNHV D EDODQFH EHWZHHQ WKH FRRUGLQDWLQJ UROH RI HTXLOLEULXP

RQ WKH RQH KDQG� DQG WKH ODWWLWXGH QHHGHG WR HVFDSH FRRUGLQDWLRQ IDLOXUHV RQ WKH RWKHU�

6HFWLRQ � GHVFULEHV WKH IRUPDO PRGHO� %RWK WKH GHPRJUDSKLF VWUXFWXUH DQG WKH FRQFHSW RI

D VHOI FRQnUPLQJ HTXLOLEULXP EHOLHI DUULYDO SURFHVV DUH GHVFULEHG� 6HFWLRQ � GHVFULEHV WKH

PXWDWLRQ DVVXPSWLRQV DQG VWDWHV WKH PDLQ UHVXOW� :H DOVR H[DPLQH ZKDW KDSSHQV ZKHQ WKH

FUXFLDO DVVXPSWLRQV RI WKH PRGHO DUH GURSSHG� 6HFWLRQ � UHODWHV WKH FXUUHQW SDSHU WR H[LVWLQJ

OLWHUDWXUH� )LQDOO\� 6HFWLRQ � SURYHV WKH PDLQ UHVXOW�
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7KH LPSRUWDQFH RI oH[LELOLW\ RI EHOLHIV LQ WKH HTXLOLEULXP FRQFHSW FDQ EH LOOXVWUDWHG LQ WKH

IROORZLQJ H[DPSOH� 7KH VLPSOH � d � JDPH EHORZ LV D FRRUGLQDWLRQ JDPH� 7KHUH DUH WZR
e e e3DUHWR UDQNHG 1DVK HTXLOLEULD� xV  �xV � xV � DQG V  �V � V �� 7KH SD\RmV DUH VSHFLnHG1 % 1 %

VR DV WR HPSKDVL]H WKDW WKH IROORZLQJ LQWXLWLRQ LV QRW VSHFLnF WR D ?QRQJHQHULF� FRPPRQ

LQWHUHVW JDPH�

%RE

eV xV%%

e1HG V �� � �� �1

xV �� � �� �1

)LJXUH �

$VVXPH DQ LQnQLWHO\ UHSHDWHG JDPH ZLWK SDWLHQW SOD\HUV� +RZHYHU� VXSSRVH WKDW WKHUH LV

VRPH LQHUWLD VR WKDW HDFK SHULRG WKHUH LV VRPH VPDOO SUREDELOLW\ WKDW D SOD\HU FDQQRW FKDQJH

KLV EHKDYLRU� /HW 1HG DQG %RE GHQRWH WKH LQGLYLGXDOV DOLYH DW D WLPH W LQ ZKLFK WKH FXUUHQW�

SURnOH LV xV  �xV � xV �� 6XSSRVH WKDW ERWK EHOLHYH WKDW xV LV SHUPDQHQW� L�H�� HDFK EHOLHYHV1 %

WKDW WKH RWKHU ZLOO NHHS KLV FXUUHQW DFWLRQ IRUHYHU� 7KHVH EHOLHIV DUH FRQVLVWHQW ZLWK ERWK

1DVK DQG VHOI FRQnUPLQJ HTXLOLEULXP�

1RZ VXSSRVH D VWRFKDVWLF RYHUODSSLQJ JHQHUDWLRQV VWUXFWXUH� ZKHUHE\ HDFK SHULRG WKHUH

LV D VPDOO EXW VWDWLRQDU\ SUREDELOLW\ WKDW RQH RI WKH WZR SOD\HUV LV UHSODFHG� +RZHYHU� WKHVH

UHSODFHPHQWV DUH XQREVHUYHG E\ WKH RWKHU SOD\HU� 2QH LQWHUSUHWDWLRQ LV WKDW ?%RE� DQG

?1HG� DUH WZR nUPV� 7KH PDQDJHUV RI HDFK nUP FKDQJH SHULRGLFDOO\� EXW QR RQH LQ nUP

L SUHFLVHO\ REVHUYHV WKH LGHQWLW\ RI WKH PDQDJHU RU GHFLVLRQ PDNHU LQ nUP M� /HW 1HG -U�

DQG %RE -U� GHQRWH ERWK LQGLYLGXDOV
 VXFFHVVRUV� 6XSSRVH WKDW %RE LV UHSODFHG E\ %RE -U�

DW WLPH W ZKR LV ERUQ ZLWK WKH EHOLHI WKDW WKH 1HG
V UHSODFHPHQW� 1HG -U�� ZLOO LQLWLDWH D�

eVZLWFK WRZDUG WKH 3DUHWR VXSHULRU HTXLOLEULXP V � %RE -U� EHOLHYHV WKDW LI KH DWWHPSWV WR
eSUHHPSW WKLV VZLWFK E\ FKDQJLQJ KLV RZQ DFWLRQ WR V � QR RQH ZLOO IROORZ KLP� %RE -U�
V%

eEHVW UHVSRQVH XQGHU WKLV EHOLHI LV WR NHHS KLV FXUUHQW DFWLRQ XQWLO KH VHHV D VZLWFK WRZDUG V �

6LQFH 1HG DQG %RE -U ERWK NHHS WKHLU FXUUHQW DFWLRQ xV ZKLOH WKH\ IDFH HDFK RWKHU� HDFK RQH
V

SUHGLFWLRQ RI WKH RWKHU
V EHKDYLRU LV FRUUHFW� )RU WKLV UHDVRQ� WKH VFHQDULR LV FRQVLVWHQW ZLWK

VHOI FRQnUPLQJ HTXLOLEULXP�

+RZHYHU� WKLV VFHQDULR LV LQFRQVLVWHQW ZLWK 1DVK HTXLOLEULXP� 7KH UHDVRQ LV WKDW LI 1HG
eZHUH WR GHIHFW WR V � %RE -U� ZRXOG WKHQ LQIHU WKDW 1HG -U� KDG UHSODFHG 1HG DQG VR %RE -U�1

eZLOO VXEVHTXHQWO\ VZLWFK WR V � %XW LI WKLV VZLWFK LV FRUUHFWO\ DQWLFLSDWHG E\ 1HG� DV UHTXLUHG1
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LQ D 1DVK HTXLOLEULXP� WKHQ 1HG ZRXOG FHUWDLQO\ GHIHFW WR WKH GRPLQDQW HTXLOLEULXP� 7KLV
ePHDQV WKDW 1HG
V RULJLQDO EHOLHI WKDW %RE
V OLQHDJH UHPDLQ XQFRQGLWLRQDOO\ DW V IRUHYHU LV%

PLVIRUHFDVW� 7KH GLmHUHQFH EHWZHHQ 1DVK DQG VHOI FRQnUPLQJ HTXLOLEULXP RFFXUV EHFDXVH

1HG
V LQFRUUHFW IRUHFDVW RFFXUV RQO\ RQ WKH RXW�RI�HTXLOLEULXP HYHQW WKDW KH KLPVHOI VZLWFKHV
eWR V ZKLFK� JLYHQ KLV EHOLHIV� KH ZRXOG QHYHU GR� 6HOI FRQnUPLQJ HTXLOLEULXP EHOLHIV DGPLW1

WKLV SRVVLELOLW\� 1DVK GRHV QRW�

7R FRQWLQXH� OHW W EH WKH WLPH DW ZKLFK 1HG LV UHSODFHG E\ 1HG -U� 6LQFH %RE -U� UHPDLQV�

DOLYH DW DQ\ JLYHQ IXWXUH WLPH ZLWK SRVLWLYH SUREDELOLW\� 1HG -U
V EHOLHIV PXVW EH FRQVLVWHQW

ZLWK WKH LQ�HTXLOLEULXP SUHGLFWLRQ RI %RE -U� 6SHFLnFDOO\� 1HG -U�
V EHOLHI PXVW EH VXFK WKDW
eKH DQWLFLSDWHV WKDW KLV VZLWFK WR V LQGXFHV DQ LPPHGLDWH VLPLODU VZLWFK E\ %RE -U� *LYHQ1

WKLV EHOLHI� LI WKH SUREDELOLW\ RI LQHUWLD LV VPDOO DQG LQGLYLGXDOV DUH SDWLHQW HQRXJK� WKHQ 1HG
e-U�
V EHVW UHVSRQVH LV LQGHHG WR VZLWFK WR V � 7KLV HQWLUH VFHQDULR� VNHWFKHG LQ WKH WDEOH1

EHORZ� FRQVWLWXWHV D VHOI FRQnUPLQJ HTXLOLEULXP RI WKH UHSHDWHG JDPH�

,QGLYLGXDO 7LPH 1HZERUQ
V EHOLHI

%RE 1HG W ?xV IRUHYHU��

e%RE -U� 1HG W ?IxV � V J RQO\ DIWHU 1HG LV UHSODFHG��

e%RE -U� 1HG -U� W ?IxV � V J DW WKH QH[W GHFLVLRQ SRLQW��

7DEOH �

6R IDU� WKH H[DPSOH RXWOLQHV KRZ QHZ EHOLHI DUULYDOV FDQ FUHDWH D VHOI FRQnUPLQJ HTXOLEULXP

WUDQVLWLRQ WR WKH GRPLQDQW HTXLOLEULXP� GHVSLWH EHOLHIV IURP WKH LQLWLDO FRKRUW ZKLFK DUH

LQFRQVLVWHQW ZLWK VXFK D WUDQVLWLRQ� 7KLV WUDQVLWLRQ� ZLWK WKH LQLWLDO EHOLHIV RI %RE DQG 1HG�

LV QRW SRVVLEOH LQ DQ\ 1DVK HTXLOLEULXP�

e1RZ VXSSRVH ZH VWDUW ZLWK V � 6XEVWLWXWLQJ WKH WZR SURnOHV LQ 7DEOH �� FDQ WKH VDPH
eVHTXHQFH RI EHOLHIV JHQHUDWH DQ HTXLOLEULXP WUDQVLWLRQ IURP V WR xV" ,Q IDFW� LW FDQQRW�

e e6LQFH V LV WKH 3DUHWR GRPLQDQW SD\Rm� QR LQGLYLGXDO ZLOO GHSDUW IURP V XQOHVV KH

DQWLFLSDWHV WKDW KLV IDLOXUH WR GR VR ZLOO OHDG WR D ?SXQLVKPHQW� SKDVH� ,Q WKH SXQLVKPHQW

SKDVH� LQGLYLGXDOV ZLOO PRYH WR VRPH LQIHULRU SURnOH�V� IRU VRPH OHQJWK RI WLPH� )DLOXUHV WR

IROORZ WKH SXQLVKPHQW VWUDWHJ\ LV IROORZHG E\ H[WHQGHG SXQLVKPHQW SKDVHV� DQG VR RQ� %XW

UHFDOO WKDW UHYLVLRQ DQG UHSODFHPHQW WLPHV RI RWKHU OLQHDJHV DUH QRW REVHUYDEOH� 7KHUHIRUH�
eDQ\ SXQLVKPHQW IRU IDLOLQJ WR OHDYH V DW WKH DSSURSLDWH WLPH PXVW EHJLQ DW VRPH SUHVSHFLnHG

FDOHQGDU WLPH� %XW HYHQ LI 1HG -U� KDG SODQQHG WR VZLWFK WR xV E\ VRPH FDOHQGDU GDWH KH PD\1

�



EH XQDEOH WR VZLWFK E\ WKDW VSHFLnF GDWH GXH WR LQHUWLD LQ WKH GHFLVLRQ SURFHVV� 7KHUHIRUH�
eWKH HYHQW WKDW D SXQLVKPHQW HQVXHV LI 1HG -U� VWLFNV ZLWK V RFFXUV ZLWK SRVLWLYH SUREDELOLW\

�DQ ?LQ�HTXLOLEULXP� HYHQW�� %XW JLYHQ WKH VWRFKDVWLF UHSODFHPHQW� WKH LQLWLDO JHQHUDWLRQ RI

1HG DQG %RE ZLOO UHPDLQ DOLYH DW DQ\ IXWXUH FDOHQGDU GDWH ZLWK SRVLWLYH SUREDELOLW\� 7KH\
eERWK IRUHFDVW WKDW V LV SHUPDQHQW� 7KHUHIRUH� UHYHUVLQJ WKH WUDQVLWLRQ LQ 7DEOH �� ZKHQ 1HG
e-U
V GHSDUWV IURP V DW VRPH GDWH� VD\� WLPH W � WKLV YLRODWHV WKH VHOI FRQnUPLQJ HTXLOLEULXP�1

eEHOLHI RI %RE RQ D VHW RI KLVWRULHV KDYLQJ SRVLWLYH SUREDELOLW\� +HQFH� QR GHSDUWXUH IURP V

RFFXUV ZLWK WKHVH LQLWLDO EHOLHIV RI 1HG DQG %RE�

:KDW WKLV H[DPSOH GHPRQVWUDWHV LV D EDVLF DV\PPHWU\ EHWZHHQ D 3DUHWR GRPLQDQW SURnOH
eV DQG RWKHU SURnOHV VXFK DV xV� 6WDUWLQJ IURP xV WKHUH LV D VHOI FRQnUPLQJ HTXLOLEULXP WUDQVLWLRQ

eWR V HYHQ WKRXJK WKH LQLWLDO JHQHUDWLRQ EHOLHYHG LQ WKH SHUPDQHQFH RI xV� +RZHYHU� QR VXFK
e eWUDQVLWLRQ LV SRVVLEOH IURP V � 7KH UHDVRQ LV WKDW� XQOLNH GHSDUWLQJ IURP V � 1HG -U� GRHV

QRW UHTXLUH WKH WKUHDW RI SXQLVKPHQW WR GHSDUW IURP xV� )RU H[DPSOH� LQ WKH 7DEOH � VFHQDULR�
eVWDUWLQJ IURP xV� 1HG -U� VWULFWO\ SUHIHUV WR LQLWLDWH WKH WUDQVLWLRQ IxV b� V J NQRZLQJ WKDW

e%RE -U� ZLOO IROORZ KLP� ,I WKH VDPH EHOLHI VHTXHQFH KDG RFFXUHG VWDUWLQJ IURP V � WKHQ
eLQGLYLGXDO 1HG -U� ZRXOG SUHIHU WR UHPDLQ LQ V � +H FDQ DFFRPSOLVK WKLV VLPSO\ E\ NHHSLQJ

eKLV DFWLRQ V � WKHUHE\ ?SUHWHQGLQJ� WR EH WKH VHQLRU 1HG� 6LQFH %RE -U� ZLOO RQO\ VZLWFK LI1

KH REVHUYHV D VZLWFK IURP 1HG
V OLQHDJH� 1HG -U� VKRXOG PDLQWDLQ KLV FXUUHQW DFWLRQ� +HQFH�
eWKH WUDQVLWLRQ IURP V WR xV GRHV QRW RFFXU� 7KH GLmHUHQFH EHWZHHQ 1HG -U�
V LQFHQWLYHV LQ

e eV YHUVXV xV FRPHV IURP WKH VLPSOH IDFW WKDW V 3DUHWR GRPLQDWHV xV� DQG WKH NQRZOHGJH WKDW

RWKHUV FDQQRW FRQGLWLRQ WKHLU EHKDYLRU RQ WKH UHSODFHPHQW EHWZHHQ 1HG DQG 1HG -U�

e7R VXPPDUL]H� WKH ?ULJKW LQLWLDO EHOLHIV� PDNH V � EXW QRW xV SHUPDQHQW� 7KHUH LV QRZ D

FOHDU UROH IRU QRLVH LQ VXFK D SURFHVV� $ ?PXWDWLRQ� SURFHVV RYHU EHOLHIV FDQ KLW XSRQ WKH

ULJKW VHTXHQFH RI EHOLHIV IRU GHSDUWLQJ RQ xV� DQG WKH ULJKW VHTXHQFH RI EHOLHIV IRU UHPDLQLQJ
eLQ V �

� A�i 6Lh4@* �L_i*

:H QRZ IRUPDOL]H WKH LQIRUPDO VWUXFWXUH RI WKH SUHFHGLQJ H[DPSOH� 7KHUH DUH Q SOD\HUV ZKR

SOD\ D VWDQGDUG UHSHDWHG JDPH� 7KH VWDJH JDPH LV GHVFULEHG E\ WKH WXSOH *  �6� X� ,� ZKHUH

,  I�� � � � � QJ LV WKH VHW RI DJHQWV� 7KH Q�IROG SURGXFW 6  d 6 LV WKH VHW RI SURnOHVL�, L

V  �V � � � � � V � � 6 DVVXPHG WR EH nQLWH� 6WDJH JDPH SD\RmV DUH GHnQHG E\ X  �X �� Q L L�,

ZKHUH X � 6 � � IRU HDFK L � ,� $ FRPPRQ LQWHUHVW JDPH LV D VWDJH JDPH ZLWK WKH SURSHUW\L

�WKDW WKHUH H[LVWV D VWULFWO\ 3DUHWR GRPLQDQW DFWLRQ SURnOH� 7KLV SURnOH ZLOO EH GHQRWHG E\

�7KLV VWULFWO\ GRPLQDQW SURnOH LV� RI FRXUVH� D VWULFW 1DVK HTXLOLEULXP RI *�

�



e e eV � 7KH FRUUHVSRQGLQJ SD\Rm WR HDFK SOD\HU LV X �V � s X � 7KH GHnQLWLRQ LV GXH WR $XPDQQL L

DQG 6RULQ �������

1RZ GHQRWH WKH EHKDYLRU SURnOH DW WLPH W E\ V�W�  �V �W�� � � � � V �W� �� 7KLV SUR�� Q

WnOH LV SHUIHFWO\ REVHUYDEOH WR DOO SOD\HUV� $ SHULRG W EHKDYLRU KLVWRU\ LV D WXSOH K s

�V���� V���� � � � � V�W b ��� RI DFWLRQ SURnOHV REVHUYHG E\ WLPH W� 7KH VHW RI SHULRG W EHKDYLRU
W � WKLVWRULHV LV JLYHQ E\ + � DQG OHW +  > + GHQRWLQJ WKH FROOHFWLRQ RI DOO �nQLWH� EHKDYLRUW �

� �KLVWRULHV� $Q LQnQLWH KLVWRU\ K � + GHVFULEHV WKH HQWLUH SDWK RI SOD\

:H DVVXPH WKDW LQ HDFK SHULRG WKHUH LV VRPH SUREDELOLW\ o ! � WKDW SOD\HU L LV XQDEOH

WR PRYH GXH WR LQHUWLD� /HW \ �W� GHQRWH WKH RXWFRPH RI L
V UDQGRP LQHUWLDO SURFHVV� WDNLQJL

YDOXH � LI L KDV D GHFLVLRQ RSSRUWXQLW\ DW WLPH W DQG YDOXH � LI QRW� 7KLV SURFHVV LV DVVXPHG

LQGHSHQGHQW DQG LGHQWLFDO DFURVV SOD\HUV DQG DFURVV WLPH� :KHWKHU RU QRW D SOD\HU LV XQDEOH

WR PRYH LV QRW GLUHFWO\ REVHUYDEOH WR WKH RWKHU SOD\HUV VR WKDW FHUWDLQ SRWHQWLDO SXQLVKPHQWV

PXVW RFFXU DORQJ WKH HTXLOLEULXP SDWK� 7KH UHVXOWV ZLOO DSSO\ WR D ?QHLJKERUKRRG� RI WKH

OLPLWLQJ FDVH RI o � � LQ ZKLFK WKHUH LV QR LQHUWLD�

7KH SOD\ DW DQ\ JLYHQ WLPH UHSUHVHQWV D VQDSVKRW RI D VRFLHW\ RI RYHUODSSLQJ JHQHUDWLRQV�

5HSODFHPHQW LV DVVXPHG WR WDNH SODFH VWRFKDVWLFDOO\ DQG DV\QFKURQRXVO\� 7KH SURFHVV LV

PRGHOOHG DV IROORZV� /HW p ! �� (DFK SHULRG� ZLWK SUREDELOLW\ Q�� b p� H[DFWO\ RQH RI WKH

Q SOD\HUV ?GLHV� DQG LV UHSODFHG E\ D VXFFHVVRU ZKR LQKHULWV WKH VDPH SUHIHUHQFHV DQG LQIRU�

PDWLRQ� 7KLV UHSODFPHQW LV L�L�G� DFURVV WLPH� :H UHIHU WR WKH LQGH[ ?L� QRZ DV WKH OLQHDJH

UDWKHU WKDQ WKH LQGLYLGXDO SHUVRQ� +HQFH� DQ LQGLYLGXDO IURP OLQHDJH L UHPDLQV ?DOLYH� LQ WKH

FXUUHQW SHULRG ZLWK SUREDELOLW\ p� /HW ] �W� GHQRWH WKH DFFXPXODWHG QXPEHU RI UHSODFHPHQWVL

WR WLPH W� LI M  ] �W� WKHQ WKH FXUUHQW HQWUDQW LV WKH MWK QHZERUQ LQGLYLGXDO LQ WKH LWKL

OLQHDJH� 7KH IXQFWLRQ ] �c� GHWHUPLQHV WKH HQWLUH DUULYDO SDWK IRU OLQHDJH L� /HW = GHQRWH WKHL

VHW RI SRVVLEOH DUULYDO SDWKV ]  �] � � � � � ] ��� Q

$V ZLWK WKH LQHUWLD� DQ LQGLYLGXDO GRHV QRW REVHUYH WKH DFWXDO UHSODFHPHQW RI LQGLYLGXDOV

IURP RWKHU OLQHDJHV� 7KLV DVVXPSWLRQ SOD\V DQ LPSRUWDQW UROH LQ HVWDEOLVKLQJ WKH UHVXOW�

7KH UHDVRQ IRU WKH SHUIHFWO\ DV\QFKURQRXV UHSODFHPHQW LV WR FDSWXUH WKH LGHD RI DQ RQJRLQJ

VRFLHW\ ZKHUH H[LVWLQJ QRUPV RI EHKDYLRU DUH VRFLDOO\ WUDQVPLWWHG WR QHZERUQV DV WKH\ HQWHU
�VRFLHW\� 7KH QHZERUQ LQKHULWV WKH FXUUHQW QRUPV IURP WKH HOGHUV�

:KHQ D QHZERUQ LQGLYLGXDO M IURP OLQHDJH L FRPHV LQWR WKH ZRUOG KH FKRRVHV D VWUDWHJ\

I ZKLFK PDSV KLVWRULHV LQWR WKH VHW RI DFWLRQV 6 � (DFK LQGLYLGXDO FDQ RQO\ FKDQJH KLVLM L

EHKDYLRU DW GHFLVLRQ RSSRUWXQLWLHV� )RUPDOO\� I � + d I�� �J � 6 � 7KH LQWHUSUHWDWLRQ LV LILM L

W\ �W�  � WKHQ WKLV QHZERUQ KDV D GHFLVLRQ RSSRUWXQLW\ LQ ZKLFK KH FKRRVHV DFWLRQ I �K � ���L LM

�7KH DVVXPSWLRQ WKDW LQGLYLGXDOV HQWHU VRFLHW\ ?RQH DW D WLPH� LV D FRQFHSWXUDO DQG WHFKQLFDO VLPSOLnFD�
WLRQ� $OO WKDW UHTXLUHG LV WKDW FRPSOHWH SRSXODWLRQ WXUQRYHU LV QRW SRVVLEOH LQ DQ\ SHULRG�

�



W,I \ �W�  � WKHQ KH KDV QR GHFLVLRQ RSSRUWXQLW\ DQG VR I �K � ��  V �W b ��� 1RWLFH WKDWL LM L

RQO\ SXUH EHKDYLRU VWUDWHJLHV DUH FRQVLGHUHG� :KLOH WKLV HQWDLOV VRPH ORVV RI JHQHUDOLW\ �HYHQ

ZLWK LQHUWLD�� LW VLJQLnFDQWO\ HDVHV WKH QRWDWLRQDO EXUGHQ ODWHU RQ�

(DFK QHZERUQ FKRRVHV D VWUDWHJ\ ZKLFK LV SRVVLEO\ GLmHUHQW WKDQ KLV SUHGHFHVVRU� /HW

I  �I � GHQRWH WKH HQWLUH WXSOH RI VWUDWHJLHV� RQH IRU HDFK LQGLYLGXDO ZKR DW VRPH SRLQWLM

�HQWHUV WKH JDPH� 7KH SDWK RI EHKDYLRU JHQHUDWHG E\ I LV GHQRWHG E\ aV�I�� 7KH HYHQW WKDW D
�SDUWLFXODU KLVWRU\ K LV UHDOL]HG LQ WKH LQnQLWH SOD\ SDWKV+ LV JLYHQ E\ WKH F\OLQGHU VHW &�K��

7KH VWUDWHJ\ WXSOH I �MRLQWO\ ZLWK o DQG p� GHWHUPLQHV D PHDVXUH x RQ WKH PHDVXUDEOH VHWI

�RI LQnQLWH SDWKV �+ �)�� +HUH� ) LV WKH VPDOOHVW }�DOJHEUD FRQWDLQLQJ DOO WKH }�DOJHEUDV

JHQHUDWHG E\ WKH F\OLQGHU VHWV &�K�� 7KHUHIRUH� x �&�K�� LV WKH SUREDELOLW\ WKDW WKH KLVWRU\I

K LV UHDOL]HG XQGHU VWUDWHJ\ SURnOH I �

W*LYHQ KLVWRU\ K � WKH H[SHFWHG XWLOLW\ IRU LQGLYLGXDO LM XQGHU VWUDWHJ\ WXSOH I DW WLPH W

LV JLYHQ E\ � �
� n; nW ~ W8 �I M K �  ( ��b p�p X �aV�I��n K � ���L x LI

~ W

ZKHUH WKH H[SHFWDWLRQ RSHUDWRU ( LV WDNHQ ZLWK UHVSHFW WR WKH PHDVXUH x JLYHQ KLVWRU\x II

WK � 2EVHUYH WKDW L
V GLVFRXQW IDFWRU LV KLV UHWHQWLRQ�UHSODFHPHQW UDWH p� :H FRXOG MXVW DV

HDVLO\ DOORZ IRU L WR GLVFRXQW VHSDUDWHO\�

(DFK LQGLYLGXDO LV DVVXPHG WR FKRRVH D VWUDWHJ\ WR PD[LPL]H KLV H[SHFWHG GLVFRXQWHG

XWLOLW\ VWUHDP JLYHQ KLV EHOLHIV DERXW RWKHUV
 VWUDWHJLHV� /HW ) GHQRWH WKH VHW RI VWUDWHJLHVL

IRU LQGLYLGXDOV LQ OLQHDJH L� $ EHOLHI � IRU LQGLYLGXDO LM LV D SUREDELOLW\ PHDVXUH RQ WKHLM

VSDFH )  d ) RI VWUDWHJ\ SURnOHV RI RWKHU OLQHDJHV �VHH 6HFWLRQ � IRU WKH IRUPDObL N� L N

�FRQVWUXFWLRQ�� ,QGLYLGXDOV ZLWKLQ D OLQHDJH DUH LGHQWLFDO LQ HYHU\ UHVSHFW RWKHU WKDQ WKHLU
WEHOLHIV� :H ZLOO ZULWH � �'MK � WR GHQRWH WKH UHJXODU FRQGLWLRQDO SUREDELOLW\ WKDW LM DVVLJQVLM

WWR RWKHUV
 VWUDWHJLHV� I � EHLQJ LQ WKH VHW ' JLYHQ WKH UHDOL]HG KLVWRU\ K � /HW j EH WKH VHWbL L

RI SRVVLEOH EHOLHIV IRU DQ LQGLYLGXDO RI OLQHDJH L�

5i*u �L?�h4�?} ,^��*�Mh��4

7KH VWDQGDUG UHTXLUHPHQWV RI UHSHDWHG JDPH 1DVK HTXLOLEULD GLFWDWH WKDW WKH SULRU EHOLHI

RI D QHZERUQ FRLQFLGH ZLWK WKH H[LVWLQJ SRVWHULRU RI KLV SUHGHVVRU� ZKLFK � LQ WXUQ� FRLQFLGHV

ZLWK WKH REMHFWLYH GLVWULEXWLRQ RYHU� QRW RQO\ WKH UHDOL]HG SDWK RI VRFLHWDO EHKDYLRU� EXW DOVR

� �)RUPDOO\� aV�I� FDQ EH UHFRYHUHG E\ LQGXFWLQJ RQ I � aV�I����  I�K � \��� �� aV�I����  
� �I��K � I�K � \����� \��� �� � � ��

�:H SRLQW RXW DQ DPELJXLW\ LQ QRWDWLRQ� 7KH WXSOH I LV WKH LQnQLWH FROOHFWLRQ �I �� +RZHYHU� DQLM

LQGLYLGXDO
V EHOLHI LV GHnQHG WR EH D SUREDELOLW\ PHDVXUH RQ ) ZKLFK FRQVLVWV RI WKH Qb� WXSOHV RI VWUDWHJLHV�
bL

RQH IURP HDFK RI WKH RWKHU OLQHDJHV� 6LQFH LQGLYLGXDO LM FDQQRW GLVWLQJXLVK WKH LGHQWLW\ RI LQGLYLGXDOV LQ RWKHU
OLQHDJHV� KLV EHOLHI QHHG QRW IRUPDOO\ GLVWLQJXLVK EHWZHHQ� VD\� I DQG I �NM N�M���

�



RYHU VXFFHVVLYH OD\HUV FRXQWHUIDFWXDO SRVVLELOLWLHV DV ZHOO� 7KH UHTXLUHPHQW WKDW LQGLYLGXDOV�

XSRQ HQWHULQJ VRFLHW\� PDNH LQVWDQWDQHRXVO\ FRUUHFW IRUHFDVWV DERXW FRXQWHUIDFWXDO HYHQWV

VHHPV H[FHVVLYH� 0RUH LPSRUWDQWO\� LW DOORZV QR ODWWLWXGH IRU VWRFKDVWLF YDULDWLRQ LQ EHOLHIV

RI QHZ PHPEHUV RI VRFLHW\�

7KLV SDSHU WKHUHIRUH H[DPLQHV DQ DOWHUQDWLYH HTXLOLEULXP FRQFHSW� :H DSSO\ WKH QRWLRQ RI
�VHOI FRQnUPLQJ HTXLOLEULXP �6&(� LQWURGXFHG E\ )XGHQEHUJ DQG /HYLQH �����D�� ,Q D 6&(�

LQGLYLGXDOV QHHG QRW KDYH PXWXDOO\ FRQVLVWHQW DQG FRUUHFW IRUHFDVWV DERXW FRXQWHUIDFWXDO

LQIRUPDWLRQ�

Q �7KH IRUPDO GHnQLWLRQ LV DV IROORZV� )LUVW� OHW x  d d j � GHQRWH WKH SURGXFWLML � M �

VSDFH RI EHOLHIV RI DOO LQGLYLGXDOV ZKR ZLOO� DW VRPH SRLQW� WDNH SDUW LQ WKH JDPH� /HW � EH

DQ HOHPHQW RI x� :H UHIHU WR � DV D EHOLHI UHDOL]DWLRQ�

e e#i�?�|�L? � $ VHOI FRQnUPLQJ HTXLOLEULXP �6&(� LV D FROOHFWLRQ RI VWUDWHJLHV I  �I ��LM

DQG D EHOLHI DQG DUULYDO UHDOL]DWLRQ ��� ]� VXFK WKDW

�L� $Q LQGLYLGXDO IURP OLQHDJH L ZKR HQWHUV DW WLPH W ZLWK EHOLHIV � FKRRVHV D VWUDWHJ\ LQ

) WR PD[LPL]HL K L
W( 8 �I M K � ���� L

WZKHUH ( LV WKH H[SHFWDWLRQ JLYHQ SUREDELOLW\ ��cMK � RYHU RWKHUV
 VWUDWHJLHV��

e e ��LL� 6XSSRVH WKDW HQWUDQW M IURP OLQHDJH L LV DOLYH DW WLPH W DQG OHW IQI  ��I � � I ��bLL LM M �

W
e7KHQ IRU x �DOPRVW HYHU\ KLVWRU\ K � +� DQG IRU DQ\ HYHQW &�K ��I

= n nn nW W
e ex �&�K �n K�G�  x �&�K �n K�� ���LM IIQI
L

I
bL

W,Q ([SUHVVLRQ ���� WKH WHUP &�K � LV DQ HYHQW WKDW RFFXUV GXULQJ WKH HQWUDQW
V OLIHWLPH VLQFH
WK LV D KLVWRU\ ZKLFK HQGV ZKHQ KH LV VWLOO DOLYH� +HQFH� LQ D VHOI FRQnUPLQJ HTXLOLEULXP

�6&(�� HDFK LQGLYLGXDO
V SUHGLFWLRQ DERXW RWKHUV
 VWUDWHJLHV LQGXFHV D FRUUHFW SUHGLFWLRQ

DERXW WKH GLVWULEXWLRQ RI REVHUYDEOH EHKDYLRU RI VRFLHW\� EXW RQO\ RQ WKRVH SDWKV WKDW DUH LQ

WKH VXSSRUW RI WKH UHDOL]HG GLVWULEXWLRQ ZKLOH WKDW LQGLYLGXDO UHPDLQV DOLYH� 'HnQLWLRQ � LV

DOPRVW LGHQWLFDO WR WKH GHnQLWLRQ RI 1DVK HTXLOLEULXP ZLWK DQ LPSRUWDQW TXDOLnFDWLRQ WKDW

LQ D 1DVK HTXLOLEULXP� H[SUHVVLRQ ��� KROGV IRU HYHU\ KLVWRU\ K� LQFOXGLQJ RXW�RI�HTXLOLEULXP

SDWKV� +HQFH� HYHU\ 1DVK HTXLOLEULXP RI WKH UHSHDWHG JDPH LV D 6&(� +RZHYHU� WKH FRQYHUVH

LV QRW WUXH�

�6LPLODU FRQFHSWV DUH IRXQG LQ .DODL DQG /HKUHU �����E� DQG %DWWLJDOOL DQG *XDWROL �������

�



#i�?�|�L? 2 $ VHOI FRQnUPLQJ HTXLOLEULXP �6&(� EHOLHI DUULYDO SURFHVV GHQRWHG E\ {� LV

GHnQHG DV D SUREDELOLW\ PHDVXUH RQ x d = WKDW MRLQWO\ GHWHUPLQHV WKH EHOLHIV DQG DUULYDO

WLPHV RI HDFK QHZERUQ� DQG VDWLVnHV� IRU {�DOPRVW HYHU\ ��� ]� SDLU� WKHUH LV D FROOHFWLRQ RI
eVWUDWHJLHV �I � WKDW� WRJHWKHU ZLWK ��� ]�� FRQVWLWXWH D VHOI FRQnUPLQJ HTXLOLEULXP�LM

%RWK WKH VHOI FRQnUPLQJ DQG WKH 1DVK EHOLHI SURFHVVHV VLPSO\ GHVFULEH DQ HYROXWLRQ RI EHOLHIV

LQ WKLV VRFLHW\ ZKLFK LV FRQVLVWHQW ZLWK HTXLOLEULXP EHKDYLRU� %RWK DUH DOVR HQGRJHQRXV

LQ WKH VHQVH WKDW WKH\ DUH UHVWULFWHG WR VDWLVI\ FHUWDLQ HTXLOLEULXP SURSHUWLHV� +RZHYHU�

'HnQLWLRQ � GHnQHV D ODUJHU FODVV RI EHOLHI SURFHVVHV WKDQ LI ?6&(� ZHUH UHSODFHG ZLWK

?1DVK� LQ WKH GHnQLWLRQ� 7\SLFDOO\� 1DVK EHOLHI SURFHVVHV DUH GHJHQHUDWH GLVWULEXWLRQV RQ

EHOLHI UHDOL]DWLRQV � WKDW DUH FRQVLVWHQW ZLWK D 1DVK HTXLOLEULXP� )RU H[DPSOH� LQ 6HFWLRQ

�� D 1DVK EHOLHI SURFHVV ZRXOG SODFH SUREDELOLW\ RQH RQ D UHDOL]DWLRQ RI EHOLHIV � ZKHUH
e e� �II JMK�  �� �K � +� VXFK WKDW aV�I �  xV� 7KDW LV� HDFK LQGLYLGXDO SUHGLFWV WKDW DOOLM bL

LQGLYLGXDOV IURP OLQHDJH L  �� � � � � Q� WDNH WKH DFWLRQ xV FRQVLVWHQW ZLWK WKH 3DUHWR LQIHULRUL

1DVK HTXLOLEULXP UHJDUGOHVV RI SDVW KLVWRU\�

e A�i �@�? +it�*|

8QOLNH 1DVK� D VHOI FRQnUPLQJ EHOLHI SURFHVV { PD\ EH VXEMHFW WR UDQGRP SHUWXUEDWLRQV RU

?PXWDWLRQV� LQ EHOLHIV WKDW JHQHUDWH UDQGRP oXFWXDWLRQV LQ EHKDYLRU� %HORZ� ZH IRUPDOO\

GHnQH WKUHH ?PXWDWLRQV RQ EHOLHIV� SURSHUWLHV�

6RPH QRWDWLRQ LV UHTXLUHG nUVW� 7KH NWK HQWUDQW RYHU DOO OLQHDJHV LV XQLTXHO\ GHWHUPLQHG3
N NE\ N  ] �W�� 'HQRWH E\ ] WKH KLVWRU\ RI DUULYDOV WKURXJK HQWUDQW N DQG OHW � GHQRWHLL

WKH Q�WXSOH RI UHDOL]HG EHOLHIV RI LQGLYLGXDOV DOLYH DW WKH WLPH RI WKH NWK QHZERUQ� 1RZ

OHW ~�N� GHQRWH WKH WLPH WKDW WKH nUVW N LQGLYLGXDOV RYHU DOO OLQHDJHV KDYH GLHG� )LQDOO\�3
�  ] �~�N�� GHQRWHV WKH nUVW QHZERUQ DIWHU WKH nUVW N HQWUDQWV KDYH GLHG�LL

�$�� �6WDWLRQDU\ 0DUNRY� 7KH EHOLHI SURFHVV { GHnQHV D VWDWLRQDU\ 0DUNRY SURFHVV RQ WKH

EHOLHI UHDOL]DWLRQV �� ZLWK WUDQVLWLRQ SUREDELOLWLHV H[SUHVVHG DV
nn Nb� Nb�{�I� � $Jn � � ] �N

IRU DQ\ PHDVXUDEOH VHW $ � j�

�$�� �,QGHSHQGHQW ,QFUHPHQWV� )RU DOO ]� IRU HDFK SDLU N DQG �� DQG HDFK SDLU RI %RUHO

VXEVHWV $ � j DQG $ � j �� � N N n n nr s r s r sn n n{ I� � $ J ? I� � $ Jn ]  { I� � $ Jn ] c { I� � $ Jn ]� � ! N � � ! N

�



�$�� �0D[LPDO 6XSSRUW� 7KHUH LV QR RWKHU 6&( EHOLHI SURFHVV WKDW VDWLVnHV �$�� DQG �$��

DQG KDV VWULFWO\ ODUJHU VXSSRUW WKDQ {�

,Q ZRUGV� E\ $VVXPSWLRQ �$�� WKH SURFHVV GHWHUPLQHV WKH EHOLHIV RI WKH NWK LQGLYLGXDO

WR HQWHU WKH ZRUOG� 7KLV EHOLHI GHSHQGV RQO\ WKH SUHYLRXV DUULYDOV DQG WKH EHOLHIV RI WKH

LQGLYLGXDOV IURP HDFK RI WKH Q OLQHDJHV ZKR DUH DOLYH MXVW SULRU WR WKH WLPH WKDW LQGLYLGXDO N

HQWHUV �WKLV LQFOXGHV N
V RZQ ?SDUHQW�� �

$VVXPSWLRQ �$�� VWDWHV WKDW WKH EHOLHI RI WKH HQWUDQW � LV GUDZQ LQGHSHQGHQWO\ RI WKH
�EHOLHI RI HQWUDQW N ZKR GLHV EHIRUH � HQWHUV� $VVXPSWLRQ �$�� LQ SDUWLFXODU GHVHUYHV VRPH

HODERUDWLRQ� 1RWLFH WKDW LW UHTXLUHV WKH EHOLHIV RI FHUWDLQ WHPSRUDOO\ VHSDUDWHG LQGLYLGXDOV

WR EH LQGHSHQGHQWO\ GHWHUPLQHG ZKLOH VWLOO VDWLVI\LQJ DQ HTXLOLEULXP FRQGLWLRQ� 7KH H[DPSOH

LQ 7DEOH � VKRZV WKLV LV SRVVLEOH� ,Q WKH H[DPSOH� LQGHSHQGHQFH LV RQO\ SRVVLEOH ZLWK WKH

EHOLHIV RI WZR LQGLYLGXDOV� %RE DQG 1HG -U� :KDW LW LPSOLHV LV WKDW QDWXUH LQGHSHQGHQWO\

GUDZV DPRQJ FRQGLWLRQDO EHOLHIV RI %RE -U RYHU WKH EHKDYLRU DIWHU WKH WLPH WKDW 1HG LV
�UHSODFHG� 7KH UHDOL]HG EHOLHI RI %RE -U� ?EULGJHV WKH JDS� EHWZHHQ WKH ROGHU 1HG DQG WKH

QHZ JHQHUDWLRQ VWDUWLQJ ZLWK 1HG -U� 7KH 6&( EHOLHI SURFHVV WKHUHIRUH DOORZV LQGHSHQGHQW

UDQGRPQHVV LQ WKH GHWHUPLQDWLRQ RI D QHZ HQWUDQW
V EHOLHIV� RQO\ RYHU EHOLHIV DERXW HLWKHU

SUREDELOLW\ ]HUR HYHQWV RU HYHQWV WKDW WDNH SODFH DIWHU DQ HQWLUH FRKRUW RI FRQWHPSRUDULHV KDYH

EHHQ UHSODFHG�

2EVHUYH WKDW QHLWKHU �$�� QRU �$�� LV QHFHVDULO\ DW RGGV ZLWK 1DVK HTXLOLEULXP� ,Q IDFW�

DQ\ 1DVK HTXLOLEULXP FDQ EH VXSSRUWHG E\ D EHOLHI SURFHVV ZKLFK VDWLVnHV ERWK �$�� DQG �$���

7KH UHDVRQ LV VLPSOH� ,Q D 1DVK EHOLHI SURFHVV� HDFK LQGLYLGXDO FRUUHFWO\ SUHGLFWV DOO RWKHUV


VWUDWHJLHV� +HQFH� EHOLHIV RI DOO LQGLYLGXDOV FRLQFLGH� VDWLVI\LQJ �$��� 2QH FDQ WKHUHIRUH GHnQH

WKH VXSSRUW RI { WR FRQVLVW RI D VLQJOHWRQ EHOLHI UHDOL]DWLRQ � WKDW LV FRQVLVWHQW ZLWK VRPH

1DVK HTXLOLEULXP� �$�� ZRXOG WKHUHIRUH EH YDFXRXV� ,W LV WKH IXOO VXSSRUW SURSHUW\ �$�� WKDW

FUHDWHV DQ LQFRQVLVWHQF\ ZLWK VRPH 1DVK HTXLOLEULD RI WKH JDPH� 7KLV DVVXPSWLRQ UHTXLUHV

DQ 6&( SURFHVV WR KDYH PD[LPDO VXSSRUW ZLWK UHVSHFW WR WKH nUVW WZR SURSHUWLHV� 7RJHWKHU

ZLWK WKH LQGHSHQGHQFH DVVXPSWLRQ� �$�� UXOHV RXW PRVW 1DVK HTXLOLEULD VLQFH WKH\ FDQ EH

UHSUHVHQWHG DV GHJHQHUDWH GLVWULEXWLRQV RQ WKH EHOLHI SURFHVV� 7KLV LV FULWLFDO LQ HVWDEOLVKLQJ

WKH UHVXOW EHORZ�

5
*LYHQ DQ 6&( SURFHVV {� RQH PD\ GHWHUPLQH WKH SDWK SURFHVV x  x G{ E\ LQWHJUDWLQJ{ I

RYHU WKH UHDOL]DWLRQV ��� ]� FRUUHVSRQGLQJ WR D VHOI FRQnUPLQJ HTXLOLEULXP� x LV D PHDVXUH{

�,W PD\ VHHP VWUDQJH DW nUVW WKDW SOD\HU FDQ KDYH EHOLHIV WKDW GHSHQG RQ WKH RUGHU RI DUULYDO LQ RWKHU
OLQHDJHV ZKRVH UHSODFHPHQW WLPHV KH FDQQRW REVHUYH� 7KH UHDVRQ WKLV LV QRW DV DEVXUG DV IURP nUVW JODQFH
LV WKDW LQGLYLGXDOV GR QRW ?FKRRVH� WKHLU EHOLHIV� $Q\ QRWLRQ RI HTXLOLEULXP SODFHV UHVWULFWLRQV RQ ZKDW
NLQGV RI EHOLHIV FDQ DULVH� ,Q SDUWLFXODU� WKH YHU\ GHnQLWLRQ HTXLOLEULXP UHTXLUHV WKDW UHSODFHPHQW WLPHV EH

FRQGLWLRQLQJ HYHQWV IRU WKH �HTXLOLEULXP� SURFHVV {� EXW QRW IRU WKH LQGLYLGXDOV WKHPVHOYHV�
�$VVXPSWLRQ �$�� FRXOG KDYH EHHQ UHSKUDVHG WKLV ZD\�

��



RQ VDPSOH SDWKV LQGXFHG E\ {� (YHU\ SDWK SURFHVV x LQ ZKLFK { VDWLVnHV DVVXPSWLRQV{

�$����$�� WXUQV RXW WR KDYH WKH VDPH DV\PSWRWLF SURSHUW\ LQ FRPPRQ LQWHUHVW JDPHV�

A�iLhi4 *LYHQ DQ\ VWDJH JDPH *� WKHUH H[LVWV DQ 6&( EHOLHI SURFHVV { VDWLVI\LQJ �$���
A�$��� 0RUHRYHU� LI * LV DQ\ FRPPRQ LQWHUHVW JDPH� WKHUH H[LVWV D p ! � DQG D Ao ! � VXFK

AWKDW LI � ! p w p DQG LI � � o � Ao� WKHQ IRU DQ\ 6&( EHOLHI SURFHVV { VDWLVI\LQJ �$����$���
�IRU DQ\ LQLWLDO KLVWRU\ K � DQG IRU x �DOPRVW HYHU\ K� WKHUH LV D nQLWH UDQGRP WLPH W�K� VXFK{

eWKDW V�W�  V IRU DOO W w W�K��

7KHRUHP � VWDWHV nUVW WKDW 6&( SURFHVVHV VDWLVI\LQJ �$����$�� H[LVW� 6HFRQG� LQ UHSHDWHG

FRPPRQ LQWHUHVW JDPHV ZLWK VXpFLHQWO\ SDWLHQW LQGLYLGXDOV DQG ZLWK VXpFLHQWO\ OLWWOH LQ�

HUWLD� VWDUWLQJ IURP DQ\ SURnOH� WKHUH LV VRPH VWRSSLQJ WLPH DW ZKLFK WKH 3DUHWR GRPLQDQW
eHTXLOLEULXP V ZLOO EH UHDFKHG� DQG RQFH WKHUH� VRFLHW\ QHYHU GHSDUWV� 7KH SURRI LV FRQWDLQHG

LQ 6HFWLRQ ��

+i��t�|�?} �i_ @?_ �LM

,Q REWDLQLQJ WKLV UHVXOW� D JRRG GHDO RI VWUXFWXUH KDV EHHQ LPSRVHG� ,W LV ZRUWK UH�

YLVLWLQJ WKH ([DPSOH LQ 6HFWLRQ � WR XQGHUVWDQG H[DFWO\ ZK\ WKH UHVXOW IDLOV ZKHQ WKH

PDLQ DVVXPSWLRQV DUH GURSSHG� 7KHUH DUH WKUHH FUXFLDO SURSHUWLHV� ��� XQREVHUYDEOH UH�

YLVLRQV�UHSODFHPHQWV ��� EHOLHI PXWDWLRQ� DQG ��� VHOI FRQnUPLQJ HTXLOLEULXP �UDWKHU WKDQ

1DVK��

�� N?LMtih�@M*i +i��t�L?t%+iT*@Ui4i?|t 6XSSRVH WKDW UHYLVLRQV�UHSODFHPHQWV ZHUH
� eREVHUYHG E\ DOO� 7KHQ WKH WUDQVLWLRQ IV � xVJ FDQ EH VKRZQ WR RFFXU LQnQLWHO\ RIWHQ�

7KH UHDVRQ LV WKDW SXQLVKPHQWV FDQ QRZ EH FRQGLWLRQHG RQ WKH HQWU\ WLPHV RI QHZ

LQGLYLGXDOV� +HQFH� %RE -U� FDQ H[SHFW WKDW DW WKH GDWH RI 1HG -U�
V HQWU\� 1HG -U�
eZLOO GHSDUW IURP V �XQGHU WKUHDW RI SXQLVKPHQW� ZLWKRXW FRQWUDGLFWLQJ 1HG
V EHOLHIV

eWKDW V LV SHUPDQHQW�

1DWXUDOO\ WKH XQREVHUYDELOLW\ DVVXPSWLRQ LV UHVWULFWLYH� +RZHYHU� WKH DVVXPSWLRQ RI

FRPSOHWH LQIRUPDWLRQ DERXW HQWU\ WLPHV LV DOVR UHVWULFWLYH� $ UHDVRQDEOH H[WHQVLRQ LV WR

H[DPLQH ZKHWKHU LPSHUIHFW REVHUYDELOLW\ FDQ UHVWULFW WUDQVLWLRQV IURP 3DUHWR VXSHULRU

SURnOHV�

�� �i*�iu ��|@|�L? 6XSSRVH WKDW EHOLHIV GR QRW PXWDWH� 7KHQ WKH WUDQVLWLRQ IxV �
eV J QHHG QRW RFFXU� ,Q SDUWLFXODU� ZLWKRXW HLWKHU RI $VVXPSWLRQV �$�� RU �$�� DOO

VXEVHTXHQW LQGLYLGXDOV PD\ KDYH WKH VDPH EHOLHIV DV %RE DQG 1HG� DQG VR WKH WZR

�1DWXUDOO\� LI UHYLVLRQ GDWHV ZHUH QRW VWRFKDVWLF WKHQ WKLV ZRXOG KDYH WKH VDPH DmHFW DV WKHLU EHLQJ

REVHUYHG�

��



OLQHDJHV UHPDLQ LQ xV SHUPDQHQWO\� 0RUH VSHFLnFDOO\� RQH PLJKW DVN ZK\ WKH IXOO VXSSRUW

DVVXPSWLRQ ZLWKRXW �$�� LV QRW LWVHOI VXpFLHQW IRU WKH UHVXOW� 2QH PLJKW LPDJLQH

D SURFHVV LQ ZKLFK DIWHU HYHU\ WLPH W D QHLJKERUKRRG RI WKH 7DEOH � EHOLHIV RFFXUV

ZLWK SRVLWLYH SUREDELOLW\� +RZHYHU� ZLWKRXW �$��� WKH SURFHVV PD\ SODFH GLPLQLVKLQJ

SUREDELOLW\ PDVV RQ WKH QHLJKERUKRRG DV WLPH SDVVHV VR WKDW LQnQLWH UHFXUUHQFH LV

QRW JXDUDQWHHG� 7KH ,QGHSHQGHQW ,QFUHPHQWV SURSHUW\ �$�� JXDUDQWHHV WKDW LI WKH
��QHLJKERUKRRG RFFXUV RQFH� LW RFFXUV LQnQLWHO\ RIWHQ�

�� 5�, )LQDOO\� VXSSRVH WKDW WKH 1DVK HTXLOLEULXP FRQFHSW UDWKHU WKDQ 6&( LV FRQVLG�
eHUHG� 7KHQ� DJDLQ� WKH WUDQVLWLRQ IxV � V J QHHG QRW RFFXU� ,Q SDUWLFXODU� LQ D 1DVK

HTXLOLEULXP 1HG FRUUHFWO\ DQWLFLSDWHV %RE -U�
V EHKDYLRU RQ WKH RXW�RI�HTXLOLEULXP HYHQW
e eWKDW 1HG KLPVHOI VZLWFKHV WR V � 7KHUHIRUH� 1HG VKRXOG WKHQ VZLWFK WR V DQWLFLSDWLQJ1 1

WKDW %RE -U� ZLOO IROORZ� 7KLV PHDQV WKDW HLWKHU %RE DQG 1HG FRXOG QRW KDYH EHOLHYHG

WKDW xV ZDV SHUPDQHQW� RU %RE -U� DQG 1HG -U� FRXOG QRW KDYH EHOLHYHG WKDW D GHSDUWXUH

ZDV SRVVLEOH� 7KH UHVXOW WKHQ IDLOV VLQFH LI WKH FXUUHQW JHQHUDWLRQ UHPDLQV XQFRQGLWLRQ�

DOO\ LQ xV� DOO VXEVHTXHQW JHQHUDWLRQV PXVW VKDUH WKH VDPH EHOLHIV DQG UHPDLQ WKHUH DV

ZHOO�

D +i*@|i_ w�|ih@|�hi

7KHUH LV DQ LPSRUWDQW GLVWLQFWLRQ EHWZHHQ WKLV DQG SUHYLRXV VWDELOLW\ UHVXOWV LQ WZR PRGHOV RI

UDWLRQDO DJHQWV ZKHUH EHOLHIV HYROYH� DW OHDVW LPSOLFLWO\� LQ VLPLODU GHPRJUDSKLF IUDPHZRUNV�

0DWVXL DQG 5RE ������ FRQVLGHU IRUZDUG ORRNLQJ EHKDYLRU LQ D VLPLODU PRGHO RI SRSXODWLRQ

UHSODFHPHQW LQ D UHSHDWHG� UDQGRP PDWFKLQJ VHWWLQJ� 7KHLU UHTXLUHPHQW WKDW EHKDYLRU EH

UDWLRQDOL]HG E\ VRPH EHOLHI SODFHV UHVWULFWLRQV RQ DGPLVVLEOH EHKDYLRUDO PXWDWLRQV� /DJXQRm

DQG 0DWVXL ������ H[SOLFLWO\ LQFRUSRUDWH EHOLHI DUULYDOV LQ WKH VDPH GHPRJUDSKLF VWUXFWXUH

DV KHUH� ,Q WKDW SDSHU VWDELOLW\ DQG SDWK SURSHUWLHV RI GLmHULQJ PHFKDQLVPV IRU SXEOLF JRRGV

SURYLVLRQ DUH VWXGLHG� %RWK RI WKHVH SDSHUV SODFH IHZ UHVWULFWLRQV RQ WKH EHOLHI SURFHVV�

*OREDO DEVRUEWLRQ LV SRVVLEOH LQ WKRVH PRGHOV RQO\ EHFDXVH WKHUH LV VRPH EHKDYLRUDO LQHUWLD

UHODWLYH WR GLVFRXQWLQJ� L�H� LI o��bp� LV ODUJH� EXW QRW WRR ODUJH� ,Q DOO WKUHH PRGHOV LI o��bp�

LV ODUJH HQRXJK� DOO VWDWLF 1DVK HTXLOLEULD DUH DEVRUELQJ VWDWHV� 7KH GLmHUHQFH RFFXUV LQ WKH

IXOO\ UDWLRQDO FDVH� L�H�� ZKHQ o��bp� LV VPDOO� ,Q WKRVH PRGHOV WKH SURFHVV F\FOHV EHWZHHQ DOO

SURnOHV� %\ FRQWUDVW� JOREDO VWDELOLW\ RI 3DUHWR GRPLQDQFH LV REWDLQHG KHUH ZKHQ o��b p� LV

VPDOO� 7KH WUDGH�Rm LV WKDW ZKLOH WKH UHVXOWV KHUH GR QRW UHO\ RQ LQHUWLD� WKLV SDSHU UHTXLUHV

WKDW EHOLHIV EH FRQVLVWHQW ZLWK D VHOI FRQnUPLQJ HTXLOLEULXP RI WKH UHSHDWHG JDPH� $V D

UHVXOW� WKLV PRGHO KDV YHU\ GLVWLQFW SDWK SURSHUWLHV�

��7KH SURRI XWLOL]HV /DZV RI /DUJH QXPEHUV DUJXPHQWV �WKH %RUHO &DQWHOOL /HPPDV�� ZKLFK UHTXLUHV LQGH�

SHQGHQFH� )XOO VXSSRUW FRQGLWLRQV E\ WKHPVHOYHV DUH QRW VXpFLHQW�

��



,Q DGGLWLRQ WR WKH WZR SDSHUV FLWHG DERYH� WKH G\QDPLFV RI WKLV PRGHO WHQG WR ZRUN LQ
��D ZD\ WKDW LV� URXJKO\ VSHDNLQJ� UHPLQLVFHQW RI VRPH IDPLOLDU HYROXWLYH DSSURDFKHV� %RWK

.DQGRUL� 0DLODWK� DQG 5RE �.05� ������� DQG )RVWHU DQG <RXQJ �)<� ������� IRU H[DPSOH�

GUDZ SUHGLFWLRQV LQ UHSHDWHG FRRUGLQDWLRQ JDPHV IURP WKH LQWHUDFWLRQ RI P\RSLF EHVW UHVSRQVH

G\QDPLFV �?DGDSWDWLRQ�� DQG UDQGRP PXWDWLRQ LQ EHKDYLRU RI UDQGRPO\ PDWFKHG LQGLYLGXDOV

GUDZQ IURP D ODUJH SRSXODWLRQ� 7KH\ VKRZ WKDW WKH SURSRUWLRQ RI WLPH VSHQW E\ WKH SURFHVV

RQ FHUWDLQ HTXLOLEULXP SURnOHV FRQYHUJHV WR RQH DV WKH UDWH RI PXWDWLRQ RQ EHKDYLRU FRQYHUJHV

WR ]HUR� 7ZR LPSRUWDQW GLmHUHQFHV EHWZHHQ WKLV PRGHO DQG WKHVH DUH WKDW� nUVW� PXWDWLRQ LQ

WKLV PRGHO RSHUDWHV QRW GLUHFWO\ RQ EHKDYLRU LWVHOI EXW RQ WKH SULRU EHOLHIV RI QHZ LQGLYLGXDOV

DV WKH\ HQWHU VRFLHW\� VHFRQG� EHFDXVH ZH FRQVLGHU VHOI FRQnUPLQJ HTXLOLEULD RI WKH IXOO\

UHSHDWHG JDPH� LQGLYLGXDOV KHUH DUH QRW DVVXPHG WR EH P\RSLF� $ VWURQJHU ?VHOHFWLRQ� UHVXOW

LV REWDLQHG VLQFH JOREDO FRQYHUJHQFH WR 3DUHWR GRPLQDQW EHKDYLRU KHUH WDNHV SODFH DOPRVW

VXUHO\ UDWKHU WKDQ LQ SUREDELOLW\�

7KH WUDGH�Rm ZLWK WKH HYROXWLYH OLWHUDWXUH LV WKDW E\ UHWDLQLQJ WKH DVVXPSWLRQ RI HTXL�

OLEULXP LQ VRPH IRUP� D FHUWDLQ GHJUHH RI FRRUGLQDWLRQ RI EHOLHIV LQ WKLV SDSHU LV DOUHDG\

SUHVXPHG� ,W LV QRW FOHDU JHQHUDOO\ WR ZKDW H[WHQW FDQ WKH FRRUGLQDWLRQ RI EHOLHIV DVVXPHG
��LQ HTXLOLEULXP EH UHOD[HG� ,GHDOO\� DVVXPSWLRQV WKDW LQFOXGH ERWK IRUHVLJKW DQG PXWDWLRQ

DOORZ ERWK FRRUGLQDWHG SXQLVKPHQWV IRU VRFLDO QRUPV� DQG HYHQWXDO GHSDUWXUH IURP QRUPV

HQIRUFHG RQO\ ZLWK H[FHVVLYHO\ VRSKLVWLFDWHG SXQLVKPHQWV �L�H� WKRVH WKDW RSHUDWH RQ KLJK

RUGHUV RI FRXQWHUIDFWXDOV�� 3UHVXPDEO\� WKHUH LV D ODUJH PLGGOH JURXQG RI SURFHVVHV WKDW LQ�

YROYH IRUHVLJKW DQG PXWDWLRQ EXW DUH OHVV H[WUHPH WKDQ WKH 6&( DQG ,QGHSHQGHQW ,QFUHPHQWV

DVVXPSWLRQV XVHG KHUH� 7KH KDUG SUREOHP LV LGHQWLI\LQJ ZKLFK NLQGV RI UHVWULFWLRQV DUH PRVW

SODXVLEOH IRU ZKLFK HQYLURQPHQWV� )XWXUH HmRUWV PLJKW EH GLUHFWHG WRZDUG DSSOLFDWLRQV WR

UHVROYH WKLV LVVXH�

S �hLLu Lu A�iLhi4

, �t|i?Ui

7KH SURRI RI H[LVWHQFH RI D SURFHVV VDWLVI\LQJ WKH DVVXPSWLRQV LV FRQVWUXFWLYH� )L[ DQ
�LQLWLDO KLVWRU\ K � 5HFDOO WKDW ) GHQRWHV WKH VHW RI VWUDWHJLHV I � + d I�� �J � 6 IRU DQL L L

LQGLYLGXDO IURP OLQHDJH L� /HW ' GHQRWH WKH %RUHO VHWV JHQHUDWHG E\ WKH ZHDN WRSRORJ\ RQL

��%LQPRUH ������ GLVWLQJXLVKHV EHWZHHQ WKH HYROXWLYH DQG HGXFWLYH DSSURDFKHV� WKH ODWWHU GHnQLQJ LQWUR�

VSHFWLYH EHKDYLRU WKDW PD\ RU PD\ QRW LQFOXGH SHUIHFW IRUHVLJKW DVVXPHG LQ HTXLOLEULXP PRGHOV� $ UHFHQW

VXUYH\ RI WKH HYROXWLYH DSSURDFK LV IRXQG LQ 0DLODWK �������
��8VLQJ D UHTXLUHPHQW VLPLODU WR WKDW IRXQG LQ .DODL DQG /HKUHU �����D�� WKH 3DUHWR GRPLQDQW RXWFRPH

FDQ EH VKRZQ DJDLQ WR EH JOREDOO\ DEVRUELQJ LQ D PRGHO RI UDWLRQDO OHDUQLQJ� 7KH FRQGLWLRQV� KRZHYHU� DUH

TXLWH VWURQJ� 6HH DQ HDUOLHU YHUVLRQ RI WKLV SDSHU� /DJXQRm �������

��



) � 7KH RSHQ VHWV RI WKLV WRSRORJ\ DUH JHQHUDWHG E\ VHWV RI WKH IRUPL n nQ Rn nP � P �A A A' �I � s I � ) � n8 �I MK � b 8 �I � I MK �n � s� �P  �� � � � �0s L L L L bLL L

PZKHUH s ! � DQG 8 � P  �� � � � �0 LV DQ\ nQLWH FROOHFWLRQ RI ERXQGHG FRQWLQXRXV IXQFWLRQV�L

' LV WKH SURGXFW VLJPD DOJHEUD RI )  d ) �bL bL M� L M

:H GHnQH WKH VHW RI SRVVLEOH EHOLHIV� j � DV WKH VSDFH RI SUREDELOLW\ PHDVXUHV RQ �) �' ��L bL bL

1RZ HQGRZ j ZLWK WKH ZHDN
 WRSRORJ\ ZKLFK FDQ EH JHQHUDWHG E\ RSHQ VHWV RI WKH IRUP�

n nQ Rn nP � P �A1 ��� s � � j � n( >8 �I MK �@ b ( >8 �I MK �@n � s� �P  �� � � � �0 ���As L � L L�

PZKHUH s ! � DQG 8 � P  �� � � � �0 LV DQ\ nQLWH FROOHFWLRQ RI ERXQGHG FRQWLQXRXV IXQFWLRQV�L

$ VWDQGDUG 7KHRUHP RI $ORXJOX VKRZV WKDW j LV FRPSDFW LQ WKLV WRSRORJ\� /HW * GHQRWHL

WKH %RUHO }�DOJHEUD JHQHUDWHG E\ WKH SURGXFW WRSRORJ\ RQ x s d d j �L M LM

7R FRQVWUXFW DQ 6&( EHOLHI SURFHVV { VDWLVI\LQJ �$����$��� n[ DQ DUULYDO UHDOL]DWLRQ ]� $3
FRQGLWLRQDO EHOLHI SURFHVV {�cM]� LV D PHDVXUH RQ �x�*�� /HW x]�W�  ] �W� GHQRWLQJ WKH ODWHVWLL

LQGLYLGXDO WR EH ERUQ E\ WLPH W� 'HnQH WKH VXEVHTXHQFH IN J RI N  �� �� � � � UHFXUVLYHO\ E\P

x]���  N�

x]�~�N ��  N� �

���
x]�~�N ��  N� �

���

(DFK VXFFHVVLYH N GHQRWHV D FRPSOHWH WXUQRYHU LQ WKH SRSXODWLRQ RI DOO FRQWHPSRUDULHV RIP

LQGLYLGXDO N � 1RZ VXSSRVH WKDW HQWUDQW N LV IURP OLQHDJH L� 6XSSRVH WKDW N UHPDLQVPb� P P

��DOLYH XQWLO WLPH W  y � 7KH VHW RI DGPLVVLEOH EHOLHIV IRU WKLV LQGLYLGXDO LV JLYHQ E\P� �=nn e y y yP P Px
e ej  � � j n � 6&( I � �K � x �&�K �M K�G�  x �&�K �M K�� x b D�H� KN N L N I IIQIP P P
N

I
bL

���
x7KH VHW j LV WKH VXEVHW RI EHOLHIV LQ j IRU P HDFK RI ZKLFK LV FRQVLVWHQW ZLWK VRPH 6&(NP

yPWKDW FRQWLQXHV XQWLO KLVWRU\ K DW ZKLFK WLPH LQGLYLGXDO N GLHV DQG LV UHSODFHG�P

N7R VDWLVI\ �$����$�� ZH QRZ FRQVWUXFW WKH SURFHVV LWHUDWLYHO\ IURP WKH PDUJLQDOV { �cM] �N

GHnQHG RQ j � :LWKRXW ORVV RI JHQHUDOLW\� UHRUGHU WKH VXEVHTXHQFH IN J VR WKDW N  P�N P P

� x&RQVLGHU P  �� 6LQFH j LV FRPSDFW� D PHDVXUH { �cM] � ZLWK IXOO VXSSRUW RQ j H[LVWV�� � �

��7LPH y LV QRW WR EH FRQIXVHG ZLWK ~�N � ZKLFK LV WKH WLPH WKDW DOO LQGLYLGXDOV XS WR DQG LQFOXGLQJ
P P

HQWUDQW N KDYH GLHG� *HQHUDOO\� ~ �N � ! y �P P P

��



x x1RZ VXSSRVH WKDW WKH SURGXFW PHDVXUH { d c c c d { KDV IXOO VXSSRUW RQ j d c c c d j �� P � P

x x,QGXFWLYHO\� GHnQH WKH SURGXFW PHDVXUH { d c c c d { RQ j d c c c d j E\� P�� � P��

P�� P P��{ dc c cd{ �$ dc c cd$ M] �  { dc c cd{ �$ dc c cd$ M] � c{ �$ M] �� P�� � P�� � P � P P�� P��

ZKHUH $ LV D %RUHO VXEVHW RI j � 7KLV FRQVWUXFWLRQ VDWLVnHV WKH ,QGHSHQGHQW ,QFUHPHQWV $V�P N

��VXPSWLRQ �$��� 7KH .ROPRJRURY ([LVWHQFH 7KHRUHP DVVHUWV WKDW WKHVH nQLWH GLPHQVLRQDO

GLVWULEXWLRQV H[WHQG WR D PHDVXUH� {�cM]�� RQ �x�*��

7R VKRZ WKDW WKH PHDVXUH { LV DQ 6&( SURFHVV� ZH FDQ FRQVWUXFW IRU DOPRVW HYHU\ UHDO�
xL]DWLRQ RI { DW OHDVW RQH 6&( FRQVLVWHQW ZLWK WKDW UHDOL]DWLRQ� )RU HDFK � � j DQG HDFKP P

PP  �� �� � � �� OHW I GHQRWH D VHOI FRQnUPLQJ HTXLOLEULXP FRQVLVWHQW ZLWK � � %\ WKH GHnQL�P

P e e PWLRQ LQ ���� RQH VXFK I PXVW H[LVW� 1RZ OHW I VDWLVI\ aV�I �  aV�I � LQ WKH WLPH LQWHUYDO
e P>~�N �� ~�N � �� 7KDW LV� I JLYHV ULVH WR WKH VDPH SDWK DV I LQ WKH WLPH IURP WKH GHDWKPb� P

RI WKH nUVW N HQWUDQWV WR WKH WLPH RI GHDWK RI WKH nUVW N HQWUDQWV� %\ FRQVWUXFWLRQ� HDFKPb� P

e eLQGLYLGXDO
V FKRLFH I LV D EHVW UHVSRQVH WR I � 6LQFH WKH SRSXODWLRQ WXUQRYHU IURP ~�N �Pb�LM bL
eWR ~�N � LV FRPSOHWH� WKHUH DUH QR IRUHFDVWLQJ LQFRQVLVWHQFLHV DORQJ WKH SDWK aV�I �� )LQDOO\�P

xVLQFH WKH SURFHVV {�cM]� DVVLJQV IXOO VXSSRUW WR HDFK RI WKH j � DVVXPSWLRQ �$�� LV VDWLVnHG�N
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