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1 Introduction

A coordination problem is described by a static game with multiple Nash equilibria, one
of which yields each player his highest possible payoff in the game. Will societies success-
fully reach and sustain the optimal outcome in repeated coordination problems in the long
run? Despite the simple structure of coordination problems, formal theory has generated no
consensus on the question.

The most common approach to address coordination issues is an equilibrium approach.
By this approach, coordination is readily achieved as a Nash equilibrium of the repeated
game. The equilibrium approach requires that all individuals correctly anticipate, not just
actual behavior, but behavioral responses to successive layers of counterfactual events as well
(i.e, what happens if there is a deviation from the predicted outcome, and a deviation to
the predicted outcome of the deviation, and so on). For this reason, equilibria of repeated
games are sometimes interpreted as social norms that are enforced by commonly understood
“punishments” for deviant behavior. Unfortunately, Nash equilibrium models of repeated
games have little predictive content. Even the simplest games have a large multiplicity
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of outcomes. Furthermore, the source of this common understanding, particularly on

counterfactual events, is unclear.

This paper addresses the coordination question by examining the mechanics of an equilib-
rium process that abandons some arguably less attractive features of Nash equilibrium. The
process is assumed to operate in an ongoing society that faces a repeated game of common
interest. A common interest game, a term introduced by Aumann and Sorin (1989), is a
stage game in which there is a strictly Pareto dominant payoff profile. Our main result is
that for any common interest game, the Pareto dominant equilibrium is the unique, globally
absorbing state of this process in this sense: starting from any strategy profile, there is a
finite random stopping time at which the process settles on the Pareto dominant equilibrium
and never departs thereafter.

Specifically, we consider a model of a repeated game. Unlike the standard model, how-
ever, there is some inertia in the decisions opportunities of the players. Each period, with
positive probability a given player may be unable to change his actions. Moreover, the
game is played by an ongoing society of overlapping generations of individuals. Periodi-
cally, individuals “die” and are replaced with new entrants who inherit the same physical
characteristics as their “parents.” However, births and deaths are not observable across dif-
ferent lineages. Similar demographic structures are found in Blume (1994), Matsui and Rob

IThe clearest expression of this idea is the Folk Theorem. See, for example, Fudenberg and Maskin

(1986).



(1991), and Lagunoff and Matsui (1995). All individuals are fully rational in the sense that
they maximize discounted expected utility given beliefs about the future path of societal
behavior.

Despite the overlapping generations structure, if Nash equilibrium behavior is assumed,
then standard Folk Theorem types of results still hold since the environment is stationary
and each individual’s lifetime is stochastic in length. Whatever process determines the
beliefs of new entrants, these beliefs must be perfectly correlated with those of the currently
lived individuals whose beliefs, in turn, are always correct. Hence, in a Nash equilibrium,
successful coordination in behavior follows from assumed perfect correlation in beliefs.

The present paper emphasizes this “statistical view” of equilibrium as a process on beliefs
across generations. In a Nash equilibrium, the belief generating process is a degenerate one.
In standard models, “coordination failures” are then rooted in the perfect transmision of
inefficient norms across time. However, this need not be the case. We examine an alternative:
the self confirming equilibrium concept introduced by Fudenberg and Levine (FL) (1993).
The self confirming concept weakens the Nash concept by requiring only that all individuals
make correct predictions about the realized path of play while they remain in society. Unlike
in a Nash equilibrium, beliefs about out-of-equilibrium behavior need not be correct.

The self confirming equilibrium alternative admits the possibility of imperfect correlation
of beliefs of different individuals. This allows us to introduce noise or mutation in the belief
process of new entrants. Behavior then evolves over time due to accumulation of hetero-
geneous beliefs across generations. With an independence and a full support assumption
on mutation, the transmision of existing norms across generations is weak enough to allow
society to escape Pareto inferior behavior. Eventually, however, the equilibrium requirement
allows sufficient coordination to prevent departure from Pareto superior behavior.

To see how this works, Section 2 gives an example illustrating this result. It shows how
the self confirming concept strikes a balance between the coordinating role of equilibrium
on the one hand, and the lattitude needed to escape coordination failures on the other.
Section 3 describes the formal model. Both the demographic structure and the concept of
a self confirming equilibrium belief arrival process are described. Section 4 describes the
mutation assumptions and states the main result. We also examine what happens when the
crucial assumptions of the model are dropped. Section 5 relates the current paper to existing
literature. Finally, Section 6 proves the main result.



2 An Example

The importance of flexibility of beliefs in the equilibrium concept can be illustrated in the
following example. The simple 2 x 2 game below is a coordination game. There are two
Pareto ranked Nash equilibria, § = (5y,5p) and s* = (s¥, s%). The payoffs are specified
so as to emphasize that the following intuition is not specific to a “nongeneric” common
interest game.

Bob
s Sp
Ned sy |0, 6|1, 2
sy |1,0(3,5
Figure 1

Assume an infinitely repeated game with patient players. However, suppose that there is
some inertia so that each period there is some small probability that a player cannot change
his behavior. Let Ned and Bob denote the individuals alive at a time ¢y in which the current
profile is § = (Sy,Sp). Suppose that both believe that § is permanent, i.e., each believes
that the other will keep his current action forever. These beliefs are consistent with both
Nash and self confirming equilibrium.

Now suppose a stochastic overlapping generations structure, whereby each period there
is a small but stationary probability that one of the two players is replaced. However, these
replacements are unobserved by the other player. One interpretation is that “Bob” and
“Ned” are two firms. The managers of each firm change periodically, but no one in firm
1 precisely observes the identity of the manager or decision maker in firm j. Let Ned Jr.
and Bob Jr. denote both individuals’ successors. Suppose that Bob is replaced by Bob Jr.
at time ¢; who is born with the belief that the Ned’s replacement, Ned Jr., will initiate a
switch toward the Pareto superior equilibrium s*. Bob Jr. believes that if he attempts to
preempt this switch by changing his own action to s%, no one will follow him. Bob Jr.’s
best response under this belief is to keep his current action until he sees a switch toward s*.
Since Ned and Bob Jr both keep their current action s while they face each other, each one’s
prediction of the other’s behavior is correct. For this reason, the scenario is consistent with
self confirming equilibrium.

However, this scenario is inconsistent with Nash equilibrium. The reason is that if Ned
were to defect to s3, Bob Jr. would then infer that Ned Jr. had replaced Ned and so Bob Jr.
will subsequently switch to s3. But if this switch is correctly anticipated by Ned, as required
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in a Nash equilibrium, then Ned would certainly defect to the dominant equilibrium. This
means that Ned’s original belief that Bob’s lineage remain unconditionally at s} forever is
misforecast. The difference between Nash and self confirming equilibrium occurs because
Ned’s incorrect forecast occurs only on the out-of-equilibrium event that he himself switches
to s3 which, given his beliefs, he would never do. Self confirming equilibrium beliefs admit
this possibility. Nash does not.

To continue, let 5 be the time at which Ned is replaced by Ned Jr. Since Bob Jr. remains
alive at any given future time with positive probability, Ned Jr’s beliefs must be consistent
with the in-equilibrium prediction of Bob Jr. Specifically, Ned Jr.’s belief must be such that
he anticipates that his switch to s} induces an immediate similar switch by Bob Jr. Given
this belief, if the probability of inertia is small and individuals are patient enough, then Ned
Jr.’s best response is indeed to switch to s};,. This entire scenario, sketched in the table
below, constitutes a self confirming equilibrium of the repeated game.

Individual Time Newborn’s belief
Bob Ned to “s forever”
Bob Jr. | Ned th “{5 — s*} only after Ned is replaced”
Bob Jr. | Ned Jr. | to “{5 — s*} at the next decision point”
Table 1

So far, the example outlines how new belief arrivals can create a self confirming equlibrium
transition to the dominant equilibrium, despite beliefs from the initial cohort which are
inconsistent with such a transition. This transition, with the initial beliefs of Bob and Ned,
is not possible in any Nash equilibrium.

Now suppose we start with s*. Substituting the two profiles in Table 1, can the same
sequence of beliefs generate an equilibrium transition from s* to 57 In fact, it cannot.

Since s* is the Pareto dominant payoff, no individual will depart from s* unless he
anticipates that his failure to do so will lead to a “punishment” phase. In the punishment
phase, individuals will move to some inferior profile(s) for some length of time. Failures to
follow the punishment strategy is followed by extended punishment phases, and so on. But
recall that revision and replacement times of other lineages are not observable. Therefore,
any punishment for failing to leave s* at the appropiate time must begin at some prespecified
calendar time. But even if Ned Jr. had planned to switch to sy by some calendar date he may
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be unable to switch by that specific date due to inertia in the decision process. Therefore,
the event that a punishment ensues if Ned Jr. sticks with s* occurs with positive probability
(an “in-equilibrium” event). But given the stochastic replacement, the initial generation of
Ned and Bob will remain alive at any future calendar date with positive probability. They
both forecast that s* is permanent. Therefore, reversing the transition in Table 1, when Ned
Jr’s departs from sj at some date, say, time ¢y, this violates the self confirming equilibrium
belief of Bob on a set of histories having positive probability. Hence, no departure from s*
occurs with these initial beliefs of Ned and Bob.

What this example demonstrates is a basic asymmetry between a Pareto dominant profile
s* and other profiles such as 5. Starting from s there is a self confirming equilibrium transition
to s* even though the initial generation believed in the permanence of 5. However, no such
transition is possible from s*. The reason is that, unlike departing from s*, Ned Jr. does
not require the threat of punishment to depart from s. For example, in the Table 1 scenario,
starting from s, Ned Jr. strictly prefers to initiate the transition {§ — s*} knowing that
Bob Jr. will follow him. If the same belief sequence had occured starting from s*, then
individual Ned Jr. would prefer to remain in s*. He can accomplish this simply by keeping
his action s}, thereby “pretending” to be the senior Ned. Since Bob Jr. will only switch if
he observes a switch from Ned’s lineage, Ned Jr. should maintain his current action. Hence,
the transition from s* to § does not occur. The difference between Ned Jr.’s incentives in
s* versus § comes from the simple fact that s* Pareto dominates s, and the knowledge that
others cannot condition their behavior on the replacement between Ned and Ned Jr.

To summarize, the “right initial beliefs” make s*, but not s permanent. There is now a
clear role for noise in such a process. A “mutation” process over beliefs can hit upon the
right sequence of beliefs for departing on s, and the right sequence of beliefs for remaining
in s*.

3 The Formal Model

We now formalize the informal structure of the preceding example. There are n players who
play a standard repeated game. The stage game is described by the tuple G = (.S, u; I) where
I ={1,...,n} is the set of agents. The n-fold product S = Xx;c;S; is the set of profiles
s = (s1,...,8,) € S assumed to be finite. Stage game payoffs are defined by u = (u;)ier
where u; : S — R for each ¢ € I. A common interest game is a stage game with the property
that there exists a strictly Pareto dominant action profile.? This profile will be denoted by

2This strictly dominant profile is, of course, a strict Nash equilibrium of G.



s*. The corresponding payoff to each player is u;(s*) = u}. The definition is due to Aumann
and Sorin (1989).

Now denote the behavior profile at time ¢ by s(t) = (s1(t),...,s,(t) ). This pro-
file is perfectly observable to all players. A period t behavior history is a tuple h! =
(s(1),s(2),...,s(t — 1)) of action profiles observed by time ¢. The set of period ¢ behavior
histories is given by H', and let H = U2, H' denoting the collection of all (finite) behavior
histories. An infinite history h> € H® describes the entire path of play

We assume that in each period there is some probability v > 0 that player ¢ is unable
to move due to inertia. Let y;(t) denote the outcome of i’s random inertial process, taking
value 1 if 7 has a decision opportunity at time ¢ and value 0 if not. This process is assumed
independent and identical across players and across time. Whether or not a player is unable
to move is not directly observable to the other players so that certain potential punishments
must occur along the equilibrium path. The results will apply to a “neighborhood” of the
limiting case of ¥ — 0 in which there is no inertia.

The play at any given time represents a snapshot of a society of overlapping generations.
Replacement is assumed to take place stochastically and asynchronously. The process is
modelled as follows. Let 6 > 0. Each period, with probability n(1 — §) exactly one of the
n players “dies” and is replaced by a successor who inherits the same preferences and infor-

“” now as the lineage

mation. This replacment is i.i.d. across time. We refer to the index
rather than the individual person, Hence, an individual from lineage ¢ remains “alive” in the
current period with probability 6. Let z;(f) denote the accumulated number of replacements
to time ¢; if j = 2;(t) then the current entrant is the jth newborn individual in the ith
lineage. The function z;(-) determines the entire arrival path for lineage i. Let Z denote the

set of possible arrival paths z = (21,..., 2,).

As with the inertia, an individual does not observe the actual replacement of individuals
from other lineages. This assumption plays an important role in establishing the result.
The reason for the perfectly asynchronous replacement is to capture the idea of an ongoing
society where existing norms of behavior are socially transmitted to newborns as they enter
society.®>  The newborn inherits the current norms from the elders.

When a newborn individual j from lineage ¢ comes into the world he chooses a strategy
fi; which maps histories into the set of actions S;. Each individual can only change his
behavior at decision opportunities. Formally, f;; : H x {0,1} — S;. The interpretation is if
y;(t) = 1 then this newborn has a decision opportunity in which he chooses action f;;(h, 1).

3The assumption that individuals enter society “one at a time” is a conceptural and technical simplifica-
tion. All that required is that complete population turnover is not possible in any period.



If y;(t) = 0 then he has no decision opportunity and so f;;(h’,0) = s;(t — 1). Notice that
only pure behavior strategies are considered. While this entails some loss of generality (even
with inertia), it significantly eases the notational burden later on.

Each newborn chooses a strategy which is possibly different than his predecessor. Let
f = (fi;) denote the entire tuple of strategies, one for each individual who at some point
enters the game. The path of behavior generated by f is denoted by 5(f).* The event that a
particular history h is realized in the infinite play paths H is given by the cylinder set C'(h).
The strategy tuple f (jointly with v and ) determines a measure py on the measurable set
of infinite paths (H*,F). Here, F is the smallest o-algebra containing all the o-algebras
generated by the cylinder sets C'(h). Therefore, 117(C(h)) is the probability that the history
h is realized under strategy profile f.

Given history A, the expected utility for individual 7 under strategy tuple f at time ¢
is given by
U1 = By [0 = 0 uts()] ] ()
T=t
where the expectation operator £, is taken with respect to the measure py given history
h'. Observe that i’s discount factor is his retention/replacement rate 6. We could just as
easily allow for 7 to discount separately.

Each individual is assumed to choose a strategy to maximize his expected discounted
utility stream given his beliefs about others’ strategies. Let F; denote the set of strategies
for individuals in lineage i. A belief ¢;; for individual ¢j is a probability measure on the
space F; = Xy F}, of strategy profiles of other lineages (see Section 6 for the formal

> Individuals within a lineage are identical in every respect other than their

construction).
beliefs. We will write ¢;;(D|h") to denote the regular conditional probability that ij assigns
to others’ strategies, f_;, being in the set D given the realized history h'. Let ®; be the set

of possible beliefs for an individual of lineage .
Self Confirming Equilibrium

The standard requirements of repeated game Nash equilibria dictate that the prior belief
of a newborn coincide with the existing posterior of his predessor, which , in turn, coincides
with the objective distribution over, not only the realized path of societal behavior, but also

“Formally, 3(f) can be recovered by inducting on f: 3(f)(1) = f(By(1) ), 3(f)(2) =
SO, F(RO, (1) y(2) ). ...

°We point out an ambiguity in notation. The tuple f is the infinite collection (fi;). However, an
individual’s belief is defined to be a probability measure on F'_; which consists of the n—1 tuples of strategies,
one from each of the other lineages. Since individual ij cannot distinguish the identity of individuals in other
lineages, his belief need not formally distinguish between, say, fr; and fi(i1)-



over successive layers counterfactual possibilities as well. The requirement that individuals,
upon entering society, make instantaneously correct forecasts about counterfactual events
seems excessive. More importantly, it allows no lattitude for stochastic variation in beliefs
of new members of society.

This paper therefore examines an alternative equilibrium concept. We apply the notion of
self confirming equilibrium (SCE) introduced by Fudenberg and Levine (1993a).° In a SCE,
individuals need not have mutually consistent and correct forecasts about counterfactual
information.

The formal definition is as follows. First, let ® = X} ; x%2; ®;;, denote the product
space of beliefs of all individuals who will, at some point, take part in the game. Let ¢ be
an element of ®. We refer to ¢ as a belief realization.

Definition 1 A self confirming equilibrium (SCE) is a collection of strategies f* = (f};),
and a belief and arrival realization (¢, z) such that

(i) An individual from lineage ¢ who enters at time ¢ with beliefs ¢ chooses a strategy in
F; to maximize

Ey [Ui(f] h')] (2)

where Fj is the expectation given probability ¢(:|h") over others’ strategies.

(ii) Suppose that entrant j from lineage i is alive at time ¢ and let f\f = ((f5)52;, f-4)-
Then for pp-almost every history h € H, and for any event C(h'),

g (COH)| W)y = puy-(C(RY)| ). (3)

In Expression (3), the term C'(h) is an event that occurs during the entrant’s lifetime since
h' is a history which ends when he is still alive. Hence, in a self confirming equilibrium
(SCE), each individual’s prediction about others’ strategies induces a correct prediction
about the distribution of observable behavior of society, but only on those paths that are in
the support of the realized distribution while that individual remains alive. Definition 1 is
almost identical to the definition of Nash equilibrium with an important qualification that
in a Nash equilibrium, expression (3) holds for every history h, including out-of-equilibrium
paths. Hence, every Nash equilibrium of the repeated game is a SCE. However, the converse
is not true.

6Similar concepts are found in Kalai and Lehrer (1993b) and Battigalli and Guatoli (1988).



Definition 2 A self confirming equilibrium (SCE) belief arrival process denoted by , is
defined as a probability measure on ® x Z that jointly determines the beliefs and arrival
times of each newborn, and satisfies: for m-almost every (¢, z) pair, there is a collection of
strategies (f;;) that, together with (¢, z), constitute a self confirming equilibrium.

Both the self confirming and the Nash belief processes simply describe an evolution of beliefs
in this society which is consistent with equilibrium behavior. Both are also endogenous
in the sense that they are restricted to satisfy certain equilibrium properties. However,
Definition 2 defines a larger class of belief processes than if “SCE” were replaced with
“Nash” in the definition. Typically, Nash belief processes are degenerate distributions on
belief realizations ¢ that are consistent with a Nash equilibrium. For example, in Section
2, a Nash belief process would place probability one on a realization of beliefs ¢ where
oi;({f*;}h) = 1, Yh € H, such that §(f*) = 5. That is, each individual predicts that all
individuals from lineage ¢ = 1,...,n, take the action s; consistent with the Pareto inferior
Nash equilibrium regardless of past history.

4 The Main Result

Unlike Nash, a self confirming belief process m may be subject to random perturbations or
“mutations” in beliefs that generate random fluctuations in behavior. Below, we formally
define three “mutations on beliefs” properties.

Some notation is required first. The kth entrant over all lineages is uniquely determined
by k = 3, 2(t). Denote by z* the history of arrivals through entrant k and let ¢* denote
the n-tuple of realized beliefs of individuals alive at the time of the kth newborn. Now
let 7(k) denote the time that the first & individuals over all lineages have died. Finally,
k=Y, 2zi(T(k)) denotes the first newborn after the first k entrants have died.

(A1) (Stationary Markov) The belief process 7 defines a stationary Markov process on the
belief realizations ¢, with transition probabilities expressed as

m({¢n € A} "1,
for any measurable set A € ®.

(A2) (Independent Increments) For all z, for each pair k and k, and each pair of Borel
subsets A, € ¢, and A, € Dy,

7 ({ox € Ay N {o € A}| 2) = 7 ({on € A}

Z) - ({¢k € Ak}‘ Z)



(A3) (Maximal Support) There is no other SCE belief process that satisfies (A1) and (A2)
and has strictly larger support than 7.

In words, by Assumption (A1) the process determines the beliefs of the kth individual
to enter the world. This belief depends only the previous arrivals and the beliefs of the
individuals from each of the n lineages who are alive just prior to the time that individual £
enters (this includes k’s own “parent”) .

Assumption (A2) states that the belief of the entrant s is drawn independently of the
belief of entrant k& who dies before x enters.” Assumption (A2) in particular deserves some
elaboration. Notice that it requires the beliefs of certain temporally separated individuals
to be independently determined while still satisfying an equilibrium condition. The example
in Table 1 shows this is possible. In the example, independence is only possible with the
beliefs of two individuals: Bob and Ned Jr. What it implies is that nature independently
draws among conditional beliefs of Bob Jr over the behavior after the time that Ned is
replaced.® The realized belief of Bob Jr. “bridges the gap” between the older Ned and the
new generation starting with Ned Jr. The SCE belief process therefore allows independent
randomness in the determination of a new entrant’s beliefs, only over beliefs about either
probability zero events or events that take place after an entire cohort of contemporaries have
been replaced.

Observe that neither (A1) nor (A2) is necesarily at odds with Nash equilibrium. In fact,
any Nash equilibrium can be supported by a belief process which satisfies both (A1) and (A2).
The reason is simple. In a Nash belief process, each individual correctly predicts all others’
strategies. Hence, beliefs of all individuals coincide, satisfying (A1). One can therefore define
the support of 7 to consist of a singleton belief realization ¢ that is consistent with some
Nash equilibrium. (A2) would therefore be vacuous. It is the full support property (A3) that
creates an inconsistency with some Nash equilibria of the game. This assumption requires
an SCE process to have maximal support with respect to the first two properties. Together
with the independence assumption, (A3) rules out most Nash equilibria since they can be
represented as degenerate distributions on the belief process. This is critical in establishing
the result below.

Given an SCE process 7, one may determine the path process . = [ ppdm by integrating
over the realizations (¢, z) corresponding to a self confirming equilibrium. g, is a measure

"It may seem strange at first that player can have beliefs that depend on the order of arrival in other
lineages whose replacement times he cannot observe. The reason this is not as absurd as from first glance
is that individuals do not “choose” their beliefs. Any notion of equilibrium places restrictions on what
kinds of beliefs can arise. In particular, the very definition equilibrium requires that replacement times be

conditioning events for the (equilibrium) process 7, but not for the individuals themselves.
8 Assumption (A2) could have been rephrased this way.
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on sample paths induced by 7. FEvery path process u, in which 7 satisfies assumptions
(A1)-(A3) turns out to have the same asymptotic property in common interest games:

Theorem Given any stage game G, there exists an SCE belief process m satisfying (A1)-
(A3). Moreover, if G is any common interest game, there exists a §>0 and a v > 0 such
that if 1 > 6 > & and if 0 < v < 4, then for any SCE belief process 7 satisfying (A1)-(A3),
for any initial history h°, and for p.-almost every h, there is a finite random time t(h) such
that s(t) = s* for all t > t(h).

Theorem 1 states first that SCE processes satisfying (A1)-(A3) exist. Second, in repeated
common interest games with sufficiently patient individuals and with sufficiently little in-
ertia, starting from any profile, there is some stopping time at which the Pareto dominant
equilibrium s* will be reached, and once there, society never departs. The proof is contained
in Section 6.

Revisiting Ned and Bob

In obtaining this result, a good deal of structure has been imposed. It is worth re-
visiting the Example in Section 2 to understand exactly why the result fails when the
main assumptions are dropped. There are three crucial properties: (1) unobservable re-
visions/replacements (2) belief mutation, and (3) self confirming equilibrium (rather than

Nash).

1. Unobservable Revisions/Replacements Suppose that revisions/replacements were
observed by all.” Then the transition {s* — 5} can be shown to occur infinitely often.
The reason is that punishments can now be conditioned on the entry times of new
individuals. Hence, Bob Jr. can expect that at the date of Ned Jr.’s entry, Ned Jr.
will depart from s* (under threat of punishment) without contradicting Ned’s beliefs
that s* is permanent.

Naturally the unobservability assumption is restrictive. However, the assumption of
complete information about entry times is also restrictive. A reasonable extension is to
examine whether imperfect observability can restrict transitions from Pareto superior
profiles.

2. Belief Mutation Suppose that beliefs do not mutate. Then the transition {5 —
s*} need not occur. In particular, without either of Assumptions (A2) or (A3) all
subsequent individuals may have the same beliefs as Bob and Ned, and so the two

9Naturally, if revision dates were not stochastic then this would have the same affect as their being
observed.
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lineages remain in s permanently. More specifically, one might ask why the full support
assumption without (A2) is not itself sufficient for the result. One might imagine
a process in which after every time ¢ a neighborhood of the Table 1 beliefs occurs
with positive probability. However, without (A2), the process may place diminishing
probability mass on the neighborhood as time passes so that infinite recurrence is
not guaranteed. The Independent Increments property (A2) guarantees that if the

neighborhood occurs once, it occurs infinitely often.!”

3. SCE Finally, suppose that the Nash equilibrium concept rather than SCE is consid-
ered. Then, again, the transition {§ — s*} need not occur. In particular, in a Nash
equilibrium Ned correctly anticipates Bob Jr.’s behavior on the out-of-equilibrium event
that Ned himself switches to sj3. Therefore, Ned should then switch to s}, anticipating
that Bob Jr. will follow. This means that either Bob and Ned could not have believed
that 5 was permanent, or Bob Jr. and Ned Jr. could not have believed that a departure
was possible. The result then fails since if the current generation remains uncondition-
ally in s, all subsequent generations must share the same beliefs and remain there as
well.

5 Related Literature

There is an important distinction between this and previous stability results in two models of
rational agents where beliefs evolve, at least implicitly, in similar demographic frameworks.
Matsui and Rob (1991) consider forward looking behavior in a similar model of population
replacement in a repeated, random matching setting. Their requirement that behavior be
rationalized by some belief places restrictions on admissible behavioral mutations. Lagunoff
and Matsui (1995) explicitly incorporate belief arrivals in the same demographic structure
as here. In that paper stability and path properties of differing mechanisms for public goods
provision are studied. Both of these papers place few restrictions on the belief process.
Global absorbtion is possible in those models only because there is some behavioral inertia
relative to discounting, i.e. if y(1—9) is large, but not too large. In all three models if y(1—4)
is large enough, all static Nash equilibria are absorbing states. The difference occurs in the
fully rational case, i.e., when v(1—9) is small. In those models the process cycles between all
profiles. By contrast, global stability of Pareto dominance is obtained here when (1 — ¢) is
small. The trade-off is that while the results here do not rely on inertia, this paper requires
that beliefs be consistent with a self confirming equilibrium of the repeated game. As a
result, this model has very distinct path properties.

19The proof utilizes Laws of Large numbers arguments (the Borel Cantelli Lemmas), which requires inde-
pendence. Full support conditions by themselves are not sufficient.
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In addition to the two papers cited above, the dynamics of this model tend to work in
a way that is, roughly speaking, reminiscent of some familiar evolutive approaches.'' Both
Kandori, Mailath, and Rob (KMR) (1993), and Foster and Young (FY) (1991), for example,
draw predictions in repeated coordination games from the interaction of myopic best response
dynamics (“adaptation”) and random mutation in behavior of randomly matched individuals
drawn from a large population. They show that the proportion of time spent by the process
on certain equilibrium profiles converges to one as the rate of mutation on behavior converges
to zero. Two important differences between this model and these are that, first, mutation in
this model operates not directly on behavior itself but on the prior beliefs of new individuals
as they enter society; second, because we consider self confirming equilibria of the fully
repeated game, individuals here are not assumed to be myopic. A stronger “selection” result
is obtained since global convergence to Pareto dominant behavior here takes place almost
surely rather than in probability.

The trade-off with the evolutive literature is that by retaining the assumption of equi-
librium in some form, a certain degree of coordination of beliefs in this paper is already
presumed. It is not clear generally to what extent can the coordination of beliefs assumed
in equilibrium be relaxed.!? Ideally, assumptions that include both foresight and mutation
allow both coordinated punishments for social norms, and eventual departure from norms
enforced only with excessively sophisticated punishments (i.e. those that operate on high
orders of counterfactuals). Presumably, there is a large middle ground of processes that in-
volve foresight and mutation but are less extreme than the SCE and Independent Increments
assumptions used here. The hard problem is identifying which kinds of restrictions are most
plausible for which environments. Future efforts might be directed toward applications to
resolve this issue.

6 Proof of Theorem

Existence

The proof of existence of a process satisfying the assumptions is constructive. Fix an
initial history h°. Recall that F; denotes the set of strategies f; : H x {0,1} — S; for an
individual from lineage i. Let D; denote the Borel sets generated by the weak topology on

UBinmore (1987) distinguishes between the evolutive and eductive approaches, the latter defining intro-
spective behavior that may or may not include perfect foresight assumed in equilibrium models. A recent
survey of the evolutive approach is found in Mailath (1993).

12Using a requirement similar to that found in Kalai and Lehrer (1993a), the Pareto dominant outcome
can be shown again to be globally absorbing in a model of rational learning. The conditions, however, are
quite strong. See an earlier version of this paper: Lagunoff (1995).
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F;. The open sets of this topology are generated by sets of the form

Dn(fi) = {fz € F;:

UF(fIR®) = UF(fis f4lh®) <m, ¥m=1,..., M|

where 7 > 0 and U™, m = 1,..., M is any finite collection of bounded continuous functions.
D_; is the product sigma algebra of F'; = X 4 F}.

We define the set of possible beliefs, ®;, as the space of probability measures on (F_;, D_;).
Now endow ® with the weak™ topology which can be generated by open sets of the form:

No(¢) = {b€®i: |Eg[UN(fIR)] — EG[U7(FIRO)]] <my ¥m=1,..., M}  (4)

where n > 0 and U/", m =1,..., M is any finite collection of bounded continuous functions.
A standard Theorem of Alouglu shows that ®; is compact in this topology. Let G denote
the Borel o-algebra generated by the product topology on @ = x; x; ®;;.

To construct an SCE belief process 7 satisfying (A1)-(A3), fix an arrival realization z. A
conditional belief process w(+|z) is a measure on (®,G). Let z(t) = 3, z;(t) denoting the latest
individual to be born by time ¢. Define the subsequence {k,,} of k =1,2,... recursively by

z(0) =k
2(7’(!@1)) = kQ
E(T(kg)) = kg

Each successive k,, denotes a complete turnover in the population of all contemporaries of
individual k,, 1. Now suppose that entrant k,, is from lineage 7. Suppose that k,, remains
alive until time ¢ = 1;,,.'* The set of admissible beliefs for this individual is given by

3SCE f*, Vh"", /f up gy (COR™)| Ry, = pp-(C(R™)| h), s = ace. h}
| (6)

The set @, is the subset of beliefs in ® for m each of which is consistent with some SCE

(i)km = {stm € CI>7;

that continues until history h*” at which time individual k,, dies and is replaced.

To satisfy (A1)-(A3) we now construct the process iteratively from the marginals 7, (+|2*)
defined on ®;. Without loss of generality, reorder the subsequence {k;,} so that k,, = m.
Consider m = 1. Since ®; is compact, a measure 7 (-|2') with full support on ®; exists.

13Time v, is not to be confused with 7(k,,) which is the time that all individuals up to and including
entrant k,, have died. Generally, 7(k,) > vp.
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Now suppose that the product measure 7y x --- x 7,,, has full support on ®; x --- x ®,,.
Inductively, define the product measure m X -+ X Tppq on @1 X --- X &, by

T X X Tt (A X oo X A |27 = X X T (AL X X A [2™) - Tt (A |2

where A, is a Borel subset of ®;. This construction satisfies the Independent Increments As-

4

sumption (A2). The Kolmogorov Existence Theorem'® asserts that these finite dimensional

distributions extend to a measure, 7(-|z), on (®,G).

To show that the measure 7 is an SCE process, we can construct for almost every real-
ization of 7 at least one SCE consistent with that realization. For each ¢,, € ®,, and each
m=1,2,..., let f™ denote a self confirming equilibrium consistent with ¢,,. By the defini-
tion in (6), one such f must exist. Now let f* satisfy 5(f*) = 5(f™) in the time interval
[7(km-1), 7(km) ). That is, f* gives rise to the same path as f™ in the time from the death
of the first k,,_; entrants to the time of death of the first k,, entrants. By construction, each
individual’s choice f; is a best response to f*;. Since the population turnover from 7(km_1)
to 7(k,,) is complete, there are no forecasting inconsistencies along the path §(f*). Finally,
since the process m(-|z) assigns full support to each of the @, assumption (A3) is satisfied.
(]

Global Absorbtion

Now let G denote a common interest game. To prove global convergence of the path
process to the Pareto dominant outcome, it will suffice to prove that for a large enough ¢
and small enough ~v: for a set of histories h having p,-probability one there is an unbounded
sequence of random stopping times {t,,(h)}o°_, with ¢1(h) < t2(h) < - - - such that s(t,,(h)) =
s* for all m, and for some m, s(t) = s* for all t > t,,,(h).

For the sequel we will consider the subsequence {k,,}, which, recall, is defined in (5)
as a complete turnover in the population of entrants. We first prove the following Lemma
concerning the Baire subsets of ®. These are Borel sets that can be generated by sets of
the form {¢ € ®: H(¢) > a} where o > 0 and H is a real valued, continuous, measurable
function defined on ®.

Lemma 1 Fiz z. Then for any nonempty open Baire set B C &,

({6, € B}, io.m|z) = 1 (7)

4See Billingsley (1986), Theorem 36.2, p.510.
15Tn the compact Hausdorff space ®, Baire sets are also Borel sets, however, the converse is not necessarily
true. See Royden (1988).
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Lemma 1 states that with probability one it is the case that for infinitely many m, the
belief of entrant k,, lies in the set B.

proof of Lemma 1 Observe that by the Independent Increments and Maximal Support
Assumptions, (A2) and (A3), the support of 7(:|¢*™, z) on beliefs ¢y, ., is the entire space
Py, .- By a theorem in Royden (p. 351, exercise 24a), open Baire sets with nonempty
intersection with the support of 7 have positive measure. It follows that

T({@hnes € BY2) = @ >0

Let Ay,... = {¢k,.., € B}. By (A2) the {A;, } as defined are mutually independent, and
> T(Ag,,|2) = 0o. Therefore, the second Borel-Cantelli Lemma implies 7( Ay, , i.0. m‘z) =
1. Hence the result. O

For each i, let uf = u;(s*). Now fix some € > 0 and suppose that the kth entrant is from
lineage 7. Define the open set

Bi(h) ={¢ € Oy : ISCE [*, Es[Ui(f*| )] > v} — ¢} (8)

In (8), Bi(h) is the neighborhood of beliefs that puts an individual from lineage i within €
of u} under some SCE profile f*.

Lemma 2 For each i and each m = 1,2,..., Bi(h"%*")) is an open Baire set. Moreover,
there is a 6. € (0,1) and 5. € (0,1) such that if 6 > 6. and v < 7, then BZ(hT(km)) 1
nonempty.

proof of Lemma 2 Observe that as a function of ¢, the function E4[U;(f*|h™* )] is con-
tinuous and G-measurable. Therefore, B?(h™*=)) is an open Baire set. It suffices to prove
that BI(h™%m)) is nonempty for large enough 6 and small enough ~.

Fix i. Let p;[t] be a random variable denoting ¢’s first decision point after time ¢. Now fix
m. Without loss of generality, assume that there are ¢ individuals who do not choose s* at
the time of replacement 7(k,,) of the first k,, entrants. That is, s;(7(kn,)) # 55, i=1...,q.
Now define the sets:

Dy, = {sip[r(km)]) = 57 implies sz(pa[pr[(km)]]) = 55}
Dy, = A{sapalpa[r(km)]]) = s5 implies s5(ps[pa(p1[7(km)]]]) = 55

Di, = {Si(plI[/OtI—l SR ’pl[T(km)] s ’H) =s;, VZ}
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The set Dj, for instance, is the event that ¢ = 1 choosing s} at the first opportunity after
7(ky,) implies that i = 2 will choose s} at the first opportunity after p;[7(k;,)]. Now define
the sets {C% }4_, by

Cn = NDy,

C2 = nNL,Di 9)

so that C'! is the event that i = 1’s switch to st induces an immediate chain reaction of all
q — 1 other switches to s*.

Recall that we have supressed the notational dependence of the path process pp« on
parameters v and 6. Given e, we now show that there is a retention probability 6. and a
revision probability 7., and a belief ¢* such that

/ uf\f*(Cfn‘ h)d¢* =1 implies ¢* € B/(h), and f; is optimal against belief ¢* (10)
f—i 77

Observe first that the behavior profile reaches s* in event C? if i chooses/keeps si. More-
over, the expected time, p;[p;i_1[... p1[7(kn)] - . ]], to reach s* from time 7(k,,) monotonically
increases in 7. Therefore, if i chooses/keeps s; under f, then Eu[U;(f5, f—i| h)] — u* as
6 — 1 and as v — 0. Property (10) is then satisfied for some 0 < 6. < 1 and 1 > v, > 0.

Note that if an individual from lineage i has belief ¢* he adopts/keeps s; without delay.
Since s* is a Nash equilibrium of the stage game, remaining in s* is a self confirming equi-
librium of the repeated game. Now let ¢, and 7. denote the infimum and supremum, resp.
which satisfy the property in (10). Hence, for each § > 6. and each v < 7., ¢* € Bi(h7#*m)).
We conclude that B?(h7%*m)) is nonempty. O

By applying Lemmas 1 and 2, it follows that for each z,
m(BY( h™*m)), i.0.m ‘ z) =1

That is, within lineage ¢, there are infinitely many individuals who acquire beliefs in a
set B'(h). By taking e sufficiently small, if ¢ € B'(h™*m)) then i’s expected payoff is
approximately u}. It must follow that there is some time t,, > 7(k,,) at which s(t,,) = s*.
That is, behavior hits the optimal profile s* at time ¢,,. But since 7(k;) < 7(k2) < --- 00 we
have established an infinite set of stopping times {t,,} with t; <ty < {3 < ---00 on a set of
fi--probability one histories such that s(t¢,,) = s* for each m, and for any ¢ there is some m
for which t,, > t. This proves the first part.

Given the construction of stopping times above, Fix an entrant k from lineage 7 and
a stopping time t¢,,. Let A, = {s(t) # s*, for some t > t,} denoting the event of a
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departure from s* after t,,. Define the belief ¢* € ®}, to satisfy

R (Ay,, | h'm)dg™ =0
where strategy f; is a best response to this belief. This belief places probability zero on a
departure from s* after ¢,,. Clearly, a best response to this belief is to keep s} at least until
one observes a defection from s*. Assume that f is such a best response. If individuals
from all lineages have this belief, then f* = (f7)" is clearly a self confirming equilibrium.

Given some real number 1 > 0, define the neighborhood

Nil#) = {0 00s [ e, |1 <} ()
Lemma 3 For any n > 0, N;]m(¢*) 15 a nonempty open Baire set.

proof of Lemma 3 Clearly N, ,,(¢*) is nonempty as it contains ¢*. As with Lemma 2
observe that as a function of ¢, the function [, [Lf\fi*(Atm‘ hi=)d¢ is continuous and G-
measurable. But then the definition in equation (11) conforms with the definition of a Baire
set. O

Observe then by Lemma 1, given an arrival realization z the set N, (¢*) must re-occur
for infinitely many m under 7(+|2).

Now observe that if for some individual ¢/, f;(h',1) # s} for some A’ in a self con-
firming equilibrium path, then any contemporary of 7 must have a belief ¢ satisfying
T g (Atm‘ hi'=)d¢ = 1 since A,, includes tail events. That is, if there is any depar-
ture from s* at any time after ¢,,, then one’s beliefs must assign probability one to A, .
Hence, for n small, then for entrant k, ¢, € Nf]m(gb*) implies that for any history A’ such
that k is alive at time ¢, [,  pp s (Ay, N C(R')| h'™)d$ = 0. That is, k places probability
zero on a departure from s* while he remains alive. Clearly a best response for £ is to keep

his action in s believing with certainty that others do so as well. It follows from the SCE
assumption for profile f* that for all histories A in which & remains alive,

(A, ) = 0 (12)

That is, the true distribution s« must assign 0 probability of a departure from s* by time
t if k had not been replaced. However, since k’s death is unobservable to those in other
lineages. the other lineages cannot condition on the replacement time of k.

18



Now suppose that some entrant ¢ chooses fy(h, 1) # s} after some history h in the support
of s« Let I(k) denote the set of individuals from other lineages who enter when £ is alive.
Then, by equation (12), any contemporary of k, i.e. any individual k' where k' € I(k)
cannot be the first to depart from s* without violating the SCE assumption on a set of paths
having positive probability. It follows that ¢ ¢ I(k). For ¢’s departure to be consistent with
SCE, it must be the case that ¢ enters the world after all contemporaries of k have died.
Since k' € I(k) never initiates a switch from s*, no contemporary of &k’ believes that k' ever
initiates a switch. Since this is true for all &' € I(k) it follows from the SCE requirement that
¢ ¢ I(1(k)) where I(I(k)) denotes the contemporaries of the contemporaries of k. Inducting
on this definition, it follows that ¢ ¢ I(I(---I(k)---)). That is, since no contemporary of
no contemporary of, ... individual k ever initiates a switch, individual ¢ cannot belong to
these sets. This implies that ¢ = oo, contradicting the fact that some finite ¢ switches from
s* after some finite history h.

We have now established that there is some stopping time that hits beliefs ¢ € Nf]m(gb*)
for all £ alive when s* is played; given these beliefs, no future individual will ever have a
belief that entails that he defect from s*. This proves the second part, and we conclude the
proof. oo

A Remark about the Proof It is worth re-emphasizing why the transition {5 — s*} occurs
infinitely often, yet the transition {s* — §} does not occur at all after some stopping time
with probability one. First, recall that beliefs from the set N, ,,(¢*) re-occur for infinitely
many m. At one such time, no individual departs s* without the threat of punishment,
i.e., subsequent departures from s* by others. Since revision times and birth/death times
are not observed across lineages, departures from s* must be conditioned on calendar dates.
However, due to the stochastic switching times, these departures are in-equilibrium events.
Therefore, such departures from s* must violate beliefs in N, ,,,(¢*) of those who may still
be alive at the threatened departure date. Hence, SCE is violated. On the other hand,
starting from s such calendar time departures are not required to induce an individual to
unilaterally switch. Hence, once those with beliefs in IV, ,,,(¢*) exit the population, and the
“right” belief sequence occurs in their replacments, one of the replacements may initiate a
unilateral departure from s which induces others to follow.
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